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1. INTRODUCTION

GARCH models are prominent stochastic models in finance, designed to

capture the time-varying conditional volatilities and heavy tail phenomenon of

financial time series. We refer to Bollerslev ([5]); Bougerol and Picard ([6]);

Nelson ([16]); Basrak et al. ([1]); Berkes et al. ([3]), and for its estimation, to Hall

and Yao ([9]); Berkes and Horváth ([2]); Francq and Zaköıan ([8]). In ordinary

discrete time GARCH models, time series are assumed to be equally spaced.

However, in some situations, time series are often observed irregularly. This

phenomenon happens, for instance, in tick-by-tick data and daily data which is

not observed on weekends and holidays. To accommodate the irregularity of time

spaces, several authors have made efforts to extend the discrete time GARCH

model to a continuous time counterpart. Nelson ([15]) demonstrated that the

discrete time GARCH process with Gaussian innovations is a finite approximation

of a bivariate diffusion process. Therein, the limiting diffusion process is driven by

two independent Brownian motions, which unfortunately undermines the spirit of

GARCH processes since they are originally designed to have a single innovation

sequence. Later, Klüppelberg et al. ([12]) proposed a continuous time GARCH

(COGARCH) process driven by a Lévy process, which can be seen as an analogue

of discrete time GARCH process. Also, Maller et al. ([13]) demonstrated that the

discrete time GARCH process embeds in COGARCH processes and further, the

embedded GARCH process converges in a strong sense to the original COGARCH

process that embeds it as the discrete grid used for obtaining the embedded

process gets finer (cf. Theorem 2.1 of [13]). For more details, we refer to Kallsen

and Vesenmayer ([11]).

Concerning the estimation of COGARCH parameters, Haug et al. ([10])

considered a method of moment estimator which is suitable for equally spaced

time series and verified its consistency and asymptotic normality under some

regularity conditions, which, however, is not directly applicable to irregularly

spaced time series. On the other hand, Müller ([14]) proposed an MCMC-based

estimation for COGARCH(1,1) models driven by a compound Poisson process,

which is suitable for irregularly spaced time series, which, however, has a defect

that computation is somewhat intensive. Maller et al. ([13]) proposed using a

Gaussian maximum likelihood estimator (MLE) in COGARCH(1,1) models but

its asymptotic properties such as consistency and asymptotic normality has not

been thoroughly investigated yet in the literature. Motivated by this, we are led

to study the asymptotic behavior of the MLE in COGARCH(1,1) models. Since

some empirical study to evaluate finite sample performance has been already

implemented by [13], here we focus on the rigorous verification of the asymptotic

properties of the MLE.

The organization of this paper as follows. In Section 2.1, we give a brief
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review for COGARCH(1,1) processes. In Section 2.2, we present the main result

of this paper. In Section 3, we provide the proof for the result presented in Section

2.2.

2. THE COGARCH(1,1) MODEL AND ESTIMATION

2.1. COGARCH(1,1) Processes

In this subsection, we summarize the COGARCH(1,1) process. Let (Ω,F , P,

{Ft : t ≥ 0}) be a filtered probability space satisfying the usual conditions:

• F0 has all the measurable sets of P -measure 0,

• each Ft is right continuous, i.e., Ft =
⋂

t<s Fs.

Let L := {Lt,Ft : t ≥ 0} be a càdlàg Lévy process with characteristic triplet

(γ, φ,Π) satisfying
∫

R
min{1, x2}Π(dx) < ∞. The characteristic function of Lt

is given by

u 7→ EeiuLt = exp

{

itγu − tφ2u2

2
+ t

∫

R

{eiux − 1 − iux1(|x|≤1)}Π(dx)

}

.

which is called Lévy-Khintchine’s representation (cf. Theorem 43 of Chapter I of

Protter ([17])). In this paper, we assume φ = 0.

Let η◦ > 0, ϕ◦ > 0, and β◦ > 0 satisfying η◦ > ϕ◦. Define ∆Ls := Ls −Ls−

and

Xt := η◦t −
∑

0<s≤t

log
(

1 + ϕ◦(∆Ls)
2
)

,

which is a càdlàg process. Let σ2
0 be an integrable random variable which is

independent of {Lt}. Define

σ2
t :=

(

β◦

∫ t

0
eXsds + σ2

0

)

e−Xt− ,

which is a càglàd process. According to Proposition 3.2 of Klüppelberg et al.

([12]), the process {σ2
t } satisfies the stochastic integral equation

(2.1) σ2
t − σ2

0 =

∫ t

0
(β◦ − η◦σ2

s)ds + ϕ◦
∑

0<s<t

σ2
s(∆Ls)

2.

Note that due to φ = 0, L is a quadratic pure jump, i.e., [L, L]t − [L, L]0 =
∑

0<s≤t(∆Ls)
2 (cf. p. 71 of [17]) and (2.1) is rewritten as

(2.2) σ2
t − σ2

0 =

∫ t

0
(β◦ − η◦σ2

s)ds + ϕ◦

∫

(0,t)
σ2

sd[L, L]s,
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i.e., {σ2
t+} is the almost surely unique and càdlàg solution of the stochastic dif-

ferential equation

dσ2
t+ = (β◦ − η◦σ2

t )dt + ϕ◦σ2
t d[L, L]t.

Later, we take σ2
0 so that the solution is strictly stationary (see (3.1)). Finally,

we define the integrated COGARCH(1,1) process as

Gt :=

∫

(0,t]
σsdLs, t ≥ 0.

2.2. Gaussian ML Estimation

In this subsection, we consider the maximum likelihood estimation method

as proposed by Maller et al. ([13]) and study its asymptotic properties. Particu-

larly, we consider the situation in which {Gt : t ≥ 0} is observed discretely with

irregular time spaces. For each n ∈ N, we set N = Nn ∈ N,

0 = t0 < t1 < ··· < tN < ∞, ∆tk := tk − tk−1,

and

Ynk := Gtk − Gtk−1
,

where {∆tk} are allowed to be nonidentical. By putting ∆ := ∆n :=

max{∆t1, ...,∆tN}, we assume that ∆ → 0 and tN → ∞ as n → ∞.

Let θ◦ = (β◦, ϕ◦, η◦)′ be the vector of (unknown) true parameters. Let

θ = (β, η, ϕ)′ and

Θ := {θ = (β, η, ϕ) : β∗ ≤ β ≤ β∗, η∗ ≤ η ≤ η∗, ϕ∗ ≤ ϕ ≤ ϕ∗, η − ϕ ≥ c∗},

where 0 < β∗ < β∗ < ∞, 0 < η∗ < η∗ < ∞ , 0 < ϕ∗ < ϕ∗ < ∞, and 0 < c∗ < ∞.

We assume that θ◦ ∈ Θ.

Following [13], we set σ̃2
n,k(θ) (k = 0, 1, 2, ..., N) to be the solution of the

recursion formula:

σ̃2
n0(θ) :=

β

η − ϕ
,

σ̃2
nk(θ) := β∆tk + e−η∆tk σ̃2

n,k−1(θ) + ϕe−η∆tkY 2
nk for k = 1, 2, ..., N.

More precisely,

σ̃2
nk(θ) = β

k−1
∑

i=0

∆tk−ie
−η(tk−tk−i) + e−ηtk σ̃2

n0(θ) + ϕe−ηtk

k
∑

i=1

eηtk−iY 2
n,k−i+1,
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which can be viewed as an estimate of σ2
tk

when θ = θ◦. By observing the argu-

ment:

E
{

(Gt+h − Gt)
2|Ft

}

=

(

σ2
t − β◦

η◦ − ϕ◦

)(

exp{(η◦ − ϕ◦)h} − 1

η◦ − ϕ◦

)

+
β◦h

η◦ − ϕ◦
,

provided that E{L2
1} = 1 and {σ2

t } is strictly stationary (see the proof of Propo-

sition 5.1 of [12]), we use the terms:

ρ̃2
nk(θ) :=

(

σ̃2
n,k−1(θ) −

β

η − ϕ

)(

exp{(η − ϕ)∆tk} − 1

η − ϕ

)

+
β∆tk
η − ϕ

as estimates of conditional variances of Ynk when θ = θ◦.

Let m = mn be a positive integer. Then we define a Gaussian log-likelihood

function of θ = (β, ϕ, η) as

LN (θ) :=
N
∑

k=m

lnk(θ)∆tk, lnk(θ) = −
(

Y 2
nk

ρ̃2
nk(θ)

+ log
ρ̃2

nk(θ)

∆tk

)

,

which is slightly different from that of [13] in which ∆tk does not appear. Below,

we show that θ̂n, a measurable maximum point of LN , i.e.,

LN (θ̂n) = max
θ∈Θ

LN (θ)

is consistent and asymptotically normal under some regularity conditions such as

C1: θ◦ ∈ Θ. ∆ → 0 and tN → ∞. tm = o(tN ) and e−η∗tm = O(∆1/2).

C2: φ = 0, i.e., {Lt : t ≥ 0} is a quadratic pure jump.

C3: E{L1} = 0, E{L2
1} = 1, and E{L4

1} < ∞; Ψ(2) < 0, where Ψ(z) :=

log Ee−zX1 .

C4: θ◦ is an interior point of Θ; tN∆ → 0; E|Gh|4+δ = O(h) for some

δ > 0;
∫

R
x3dΠ(x) = 0.

The following is the main result of this paper, the proof of which is presented

in the next section.

Theorem 2.1. Under C1-C3,

(2.3) θ̂n
P−→ θ◦.

Suppose that C4 also holds. Then,

(2.4)
√

tN (θ̂n − θ◦) ⇒ N(0, τΣ−1),

where

τ :=

∫

R

x4Π(dx) = lim
h↓0

hE
{

(Gh − G0)
4|F0

}

{E {(Gh − G0)2|F0}}2

and Σ is a positive definite matrix presented in Proposition 3.3.
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3. PROOFS

In what follows, K denotes a generic constant. We begin with the existence

of a strictly stationary solution of (2.2). Let {L∗
t } be an independent copy of

{Lt : 0 ≤ t < ∞}. We extend the time domain of {Lt} and {Xt} to R by letting

Lt := −L∗
(−t)− for −∞ < t < 0

and

Xt := η◦t +
∑

t<s≤0

log
(

1 + ϕ◦(∆Ls)
2
)

for −∞ < t < 0.

Note that {Lt : t ∈ R} and {Xt : t ∈ R} are càdlàg processes and still have inde-

pendent and strictly stationary increments. We define

(3.1) σ2
u := β◦

∫ u

−∞
eXv−Xu−dv for u ≤ 0.

Lemma 3.1. Suppose that C3 holds. Then, σ2
u is square integrable.

Proof: Note that

E

{∫ u

−∞
eXv−Xu−dv

}2

= lim
h→∞

E

{∫ u

u−h
eXv−Xu−dv

}2

< ∞,

(cf. the proof of Proposition 4.1 of [12]). This completes the proof.

It can be easily checked that {σ2
u} with σ2

0 =
∫ 0
−∞ eXv−X0−dv is the almost

surely unique strictly stationary solution of (2.2).

3.1. The Proof of Consistency

In this subsection, we assume that C1-C3 hold. Note that

σ2
0(θ) := β/η + ϕ

∫

(−∞,0)
eηuσ2

ud[L, L]u

is integrable, since

E

∫

(−∞,0]
eηuσ2

ud[L, L]u = lim
h→∞

E

∫

(−h,0]
eηuσ2

ud[L, L]u = Eσ2
0

∫ ∞

0
e−ηudu < ∞.

We set

σ2
t (θ) := β/η + (σ2

0(θ) − β/η)e−ηt + ϕe−ηt

∫

(0,t)
eηsσ2

sd[L, L]s, (t > 0)

which is a càglàd process.
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Lemma 3.2. {σ2
t (θ)} is strictly stationary and satisfies the stochastic dif-

ferential equation

(3.2) dσ2
t+(θ) = (β − ησ2

t (θ))dt + ϕσ2
t d[L, L]t.

Especially, σ2
t (θ) ≥ β/η and Eσ4

t (θ) < ∞.

Proof: Note that

σ2
t+(θ) − σ2

0+(θ) =
(

σ2
0(θ) − β/η

) (

e−ηt − 1
)

+ ϕe−ηt

∫

(0,t]
eηsσ2

sd[L, L]s.

By using Fubini’s theorem, we can see that

∫ t

0
(β − ησ2

s(θ))ds =

∫ t

0
(β − ησ2

s+(θ))ds

=

∫ t

0

{

−η(σ2
0(θ) − β/η)e−ηs − ϕηe−ηs

∫

(0,s]
eηuσ2

ud[L, L]u

}

ds

=
(

σ2
0(θ) − β/η

) (

e−ηt − 1
)

− ϕ

∫ t

0
ηe−ηs

∫

(0,s]
eηuσ2

ud[L, L]uds

=
(

σ2
0(θ) − β/η

) (

e−ηt − 1
)

− ϕ

∫

(0,t]

{∫ t

u
ηe−ηsds

}

eηuσ2
ud[L, L]u

=
(

σ2
0(θ) − β/η

) (

e−ηt − 1
)

− ϕ

∫

(0,t]

(

e−ηu − e−ηt
)

eηuσ2
ud[L, L]u

=
(

σ2
0(θ) − β/η

) (

e−ηt − 1
)

− ϕ

∫

(0,t]
σ2

ud[L, L]u + ϕe−ηt

∫

(0,t]
eηuσ2

ud[L, L]u,

and which implies (3.2). Now that the strict stationarity can be easily checked,

σ2
0(θ) ≥ β/η obviously implies σ2

t (θ) ≥ β/η. Moreover,

σ2
0(θ) ≤

β

η
+

∞
∑

j=0

e−ηj

∫

(−j−1,−j]
σ2

ud[L, L]u,

which indicates the square integrability since E{
∫

(0,1] σ
2
ud[L, L]u}2 < ∞ due to

C3. This gives the lemma.

Lemma 3.3. σ2
0(θ

◦) = σ2
0 a.s. Hence, σ2

t (θ
◦) = σ2

t a.s. for every t ≥ 0

and σ2
t ≥ β◦/η◦.
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Proof: By using Fubini’s theorem, we obtain

σ2
0(θ

◦) = β◦/η◦ + ϕ◦

∫

(−∞,0)
eη◦uσ2

ud[L, L]u

= β◦/η◦ + ϕ◦

∫

(−∞,0)
eη◦u

(

β◦

∫ u

−∞
eXv−Xu−dv

)

d[L, L]u

= β◦/η◦ + β◦ϕ◦

∫ 0

−∞

(

∫

(v,0)
eη◦u−Xu−d[L, L]u

)

eXvdv

= β◦

∫ 0

−∞
eη◦vdv + β◦ϕ◦

∫ 0

−∞

(

∫

(v,0)
eη◦u−Xu−d[L, L]u

)

eXvdv

= β◦

∫ 0

−∞

(

eη◦v−Xv + ϕ◦

∫

(v,0)
eη◦u−Xu−d[L, L]u

)

eXvdv.

On the other hand, we have

eη◦v−Xv = exp







−
∑

v<s≤0

log(1 + ϕ◦(∆Ls)
2)







=
∑

v<w≤0



exp







−
∑

w≤s≤0

log(1 + ϕ◦(∆Ls)
2)







− exp







−
∑

w<s≤0

log(1 + ϕ◦(∆Ls)
2)









+ 1

= −ϕ◦
∑

v<w≤0

exp







−
∑

w≤s≤0

log(1 + ϕ◦(∆Ls)
2)







(∆Lw)2 + 1

= −ϕ◦

∫

(v,0]
eη◦w−Xw−d[L, L]w + 1,

and thus,

σ2
0(θ

◦) = β◦

∫ 0

−∞

{

1 − ϕ◦e−X0−(∆L0)
2
}

eXvdv.

Since (∆L0)
2 = 0 = X0− a.s., we obtain

σ2
0(θ

◦) = β◦

∫ 0

−∞
eXv−X0−dv = σ2

0 a.s.

This verifies the uniqueness of the solution of (3.2) and completes the proof.

The following proposition plays a key role in proving the consistency.

Proposition 3.1. If σ2
0(θ) = σ2

0 a.s., then θ = θ◦. Hence,

Υ(θ) := −E

{

σ2
0

σ2
0(θ)

+ log σ2
0(θ)

}

, θ ∈ Θ
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has the unique maximum at θ = θ◦. Moreover, Υ(θ) is uniformly continuous in

θ ∈ Θ.

Proof: Suppose that σ2
0(θ) = σ2

0, a.s. Then, we have
∫

(−∞,0)

{

ϕeηu − ϕ◦eη◦u
}

σ2
ud[L, L]u = β◦/η◦ − β/η, a.s.

Also, by the strict stationarity, for every t,
∫

(−∞,t)

{

ϕeη(t−u) − ϕ◦eη◦(t−u)
}

σ2
ud[L, L]u = β◦/η◦ − β/η, a.s.

which implies σ2
t (θ) = σ2

t , a.s. Moreover, both the processes are càglàd processes

and so are indistinguishable. Thus, we have
∫ t

0
(β − ησ2

s)ds + ϕ

∫

(0,t)
σ2

sd[L, L]s =

∫ t

0
(β◦ − η◦σ2

s)ds + ϕ◦

∫

(0,t)
σ2

sd[L, L]s.

Suppose that ϕ◦ 6= ϕ. Then,
∫

(0,t)
σ2

sd[L, L]s =
1

ϕ − ϕ◦

∫ t

0

{

β◦ − β + (η − η◦)σ2
s

}

ds,

which implies that there exist constants α, γ such that

σ2
t = σ2

0 +

∫ t

0
(α + γσ2

s)ds.

If γ 6= 0, σ2
t = γ−1{(α + γσ2

0)e
γt − α}, which contradicts the strictly stationarity

of {σ2
t }. On the other hand, if γ = 0, σ2

t = σ2
0 +αt. In this case, α 6= 0 contradicts

the strictly stationarity of {σ2
t } as well. Thus, α = γ = 0, which in turn produces

σ2
t = σ2

0 a.s. for every t > 0. Then, we should have

0 = β◦ − η◦σ2
0 + ϕ◦σ2

0{[L, L]1 − [L, L]0} a.s.

However, the above is also false since [L, L]1− [L, L]0 is independent of σ2
0. There-

fore, ϕ = ϕ◦. If η 6= η◦, then σ2
t = c for some constant c. Thus from the same

reasoning, we conclude that η = η◦, and β◦ = β.

Now, we have that for h > 0, η1, η2 satisfying η∗ ≤ η2 < η1 ≤ η∗,
∥

∥

∥

∥

∥

∫

(−∞,0)
|eη1u − eη2u|σ2

ud[L, L]u

∥

∥

∥

∥

∥

2

=

∥

∥

∥

∥

∥

∫

(−∞,0)
eη2u|e(η1−η2)u − 1|σ2

ud[L, L]u

∥

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

∥

sup
−h<u<0

|e(η1−η2)u − 1|
∫

(−∞,0)
eη2uσ2

ud[L, L]u

+e−η2h

∫

(−∞,−h]
eη2(u+h)σ2

ud[L, L]u

∥

∥

∥

∥

∥

2

≤
(

sup
−h<u<0

|e(η1−η2)u − 1| + e−η2h

)

∥

∥

∥

∥

∥

∫

(−∞,0]
eη2uσ2

ud[L, L]u

∥

∥

∥

∥

∥

2

,
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which implies

lim
δ→0

sup
|η1−η2|<δ

∥

∥

∥

∥

∥

∫

(−∞,0)
eη1uσ2

ud[L, L]u −
∫

(−∞,0)
eη2uσ2

ud[L, L]u

∥

∥

∥

∥

∥

2

= 0.

This in turn implies that Υ is continuous. So the proposition is established.

The proof of the consistency is based on the uniform convergence of the like-

lihood function, which can be obtained from the ergodic theorem and smoothness

condition on the likelihood function.

Lemma 3.4. Let σ2
n,k−1(θ) := σ2

tk−1
(θ). Then,

1

tN

N
∑

k=m

{

σ2
n,k−1

σ2
n,k−1(θ)

+ log σ2
n,k−1(θ)

}

∆tk
P−→ E

{

σ2
0

σ2
0(θ)

+ log σ2
0(θ)

}

.

Proof: Since

sup
tk−1<u≤tk

|σ2
n,k−1(θ) − σ2

u(θ)|

≤ ϕeη∆tk

∫ tk

tk−1

σ2
t d[L, L]t +

(

1 − e−η∆tk
)

ϕ

∫ tk−1

−∞
e−η(tk−1−t)σ2

t d[L, L]t

and

sup
tk−1<s≤tk

σ2
s(θ) ≤ σ2

tk−1
(θ) + ϕ

∫ tk

tk−1

σ2
t d[L, L]t,

we have that E suptk−1<s≤tk
σ4

s(θ) < ∞ and

max
m≤k≤N

∥

∥

∥

∥

∥

sup
tk−1<u≤tk

|σ2
n,k−1(θ) − σ2

u(θ)|
∥

∥

∥

∥

∥

2

= o(1).

Thus, we have

E

∣

∣

∣

∣

∣

1

tN

N
∑

k=m

{

σ2
n,k−1

σ2
n,k−1(θ)

+ log σ2
n,k−1(θ)

}

∆tk − 1

tN

∫ tN

tm

{

σ2
s

σ2
s(θ)

+ log σ2
s(θ)

}

ds

∣

∣

∣

∣

∣

≤ 1

tN

N
∑

k=m

E sup
tk−1<s≤tk

{∣

∣

∣

∣

∣

σ2
n,k−1

σ2
n,k−1(θ)

− σ2
s

σ2
s(θ)

∣

∣

∣

∣

∣

+
∣

∣log σ2
n,k−1(θ) − log σ2

s(θ)
∣

∣

}

∆tk → 0.

On the other hand, by the ergodic theorem,

1

tN

∫ tN

tm

{

σ2
s

σ2
s(θ)

+ log σ2
s(θ)

}

ds
P−→ E

{

σ2
0

σ2
0(θ)

+ log σ2
0(θ)

}

,

(cf. Lemma A.1). Hence, the lemma is validated.
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Lemma 3.5. There exists a constant c > 0 such that for all large n,

min
m≤k≤N

inf
θ∈Θ

σ̃2
nk(θ) ∧ min

m≤k≤N
inf
θ∈Θ

ρ̃2
nk(θ)

∆tk
> c a.s.

Proof: Since

σ̃2
nk(θ) ≥ β

k−1
∑

i=0

∆tk−ie
−η(tk−tk−i) a.s.,

we have that for all large n,

min
m≤k≤N

inf
θ∈Θ

σ̃2
nk(θ) ≥

β∗

2η∗
> 0 a.s.

and

min
m≤k≤N

{

inf
θ∈Θ

σ̃2
n,k−1(θ) − sup

θ∈Θ

β

η − ϕ

{

e(η−ϕ)∆tk − 1

(η − ϕ)∆tk
− 1

}}

≥ β∗

4η∗
> 0 a.s.

This completes the proof.

Now, we prove that {σ̃2
nk(θ)} approximates to {σ2

nk(θ)} well.

Lemma 3.6.

E

(

∫

(0,h]
Gs−σsdLs

)2

= O(h2) as h → 0.

Proof: From Corollary 4.1 of [12], we obtain

E|σ2
t − σ2

0|2 = 2{Var(σ2
0) − Cov(σ2

t , σ
2
0)} = 2 Var(σ2

0){1 − etΨ(1)},

i.e., E|σ2
t − σ2

0|2 = O(t) as t → 0. Further, for h > 0,

E

(

∫

(0,h]
Gs−σsdLs

)2

=

∫

(0,h]
E{G2

s−σ2
s}ds

=

∫

(0,h]
EG2

s−{σ2
s − σ2

0}ds +

∫

(0,h]
EG2

s−σ2
0ds.

Since

∣

∣EG2
s−{σ2

s − σ2
0}
∣

∣ ≤ E1/2G4
s−E1/2(σ2

s − σ2
0)

2 = O(s) as s → 0

and

E{G2
s−σ2

0} = E
{

E
(

G2
s−|F0

)

σ2
0

}

= O(s) as s → 0,

the lemma is established.
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Lemma 3.7. Suppose that e−η∗tm = O(∆1/2). Then,

max
m≤k≤N

‖σ2
nk(θ) − σ̃2

nk(θ)‖2 = O(∆1/2).

Proof: Since

σ̃2
nk(θ) = β

k
∑

i=0

∆tk−ie
−η(tk−tk−i) + e−ηtk σ̃2

n0(θ) + ϕe−ηtk

k
∑

i=1

eηtk−iY 2
n,k−i+1

and

k
∑

i=1

e−η(tk−tk−i)Y 2
n,k−i+1

=
k
∑

i=1

e−η(tk−tk−i)

{

[G, G]tk−i+1
− [G, G]tk−i

+ 2

∫

(tk−i,tk−i+1]
(Gu− − Gtk−i

)dGu

}

=
k
∑

i=1

e−η(tk−tk−i)

{

∫

(tk−i,tk−i+1]
σ2

ud[L, L]u + 2

∫

(tk−i,tk−i+1]
(Gu− − Gtk−i

)σudLu

}

,

we only have to deal with

(3.3) e−ηtk
∑

0<s≤tk

eηsσ2
sd[L, L]s − e−ηtk

k
∑

i=1

eηtk−i

∫

(tk−i,tk−i+1]
σ2

ud[L, L]u

and

(3.4)
k
∑

i=1

e−η(tk−tk−i)

∫

(tk−i,tk−i+1]
(Gu− − Gtk−i

)σudLu.

Note that (3.3) is bounded by

k
∑

i=1

(eη∆tk−i+1 − 1)e−η(tk−tk−i)

∫

(tk−i,tk−i+1]
σ2

ud[L, L]u

=
k
∑

i=1

(eη∆tk−i+1 − 1)e−η(tk−tk−i)

∫

(tk−i,tk−i+1]
σ2

udu

+

k
∑

i=1

(eη∆tk−i+1 − 1)e−η(tk−tk−i)

∫

(tk−i,tk−i+1]
σ2

ud {[L, L]u − u} ,

where the second term is a sum of martingale differences. Thus, the L2-norm of

(3.3) is O(∆1/2) uniformly in m ≤ k ≤ N , since

E

(

∫

(s,t]
σ2

ud {[L, L]u − u}
)2

= E

(

∫

(0,t−s]
σ2

ud {[L, L]u − u}
)2

= Eσ4
0 · E[L, L]21 · (t − s).

Moreover, since (3.4) is also a sum of martingale differences, the L2-norm of (3.4)

is O(∆1/2) due to Lemma 3.6. Hence, the proof is completed.
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For vector x = (x1, x2, x3)
′, we denote |x| :=

√
x′x.

Lemma 3.8.

max
m≤k≤N

∥

∥

∥

∥

sup
θ∈Θ

1

ρ̃2
nk(θ)

∣

∣

∣

∣

∂

∂θ
ρ̃2

nk(θ)

∣

∣

∣

∣

∥

∥

∥

∥

2

< ∞.

Proof: Due to Lemma 3.5, we have

sup
θ∈Θ

1

ρ̃2
nk(θ)

∣

∣

∣

∣

∂

∂θ
ρ̃2

nk(θ)

∣

∣

∣

∣

≤ K sup
θ∈Θ

{∣

∣

∣

∣

∂

∂θ
σ̃2

n,k−1(θ)

∣

∣

∣

∣

+ O(∆tk)σ̃
2
n,k−1(θ)

}

≤ K

{

1 +
k−1
∑

i=1

e−(η∗/2)(tk−1−tk−i−1)Y 2
n,k−i−1

}

.

Further, according to the proof of Lemma 3.7,

max
m≤k≤N

∥

∥

∥

∥

∥

k−1
∑

i=1

e−(η∗/2)(tk−1−tk−i−1)Y 2
n,k−i−1 −

∫

(0,tk−1]
e−(η∗/2)(tk−1−s)σ2

sd[L, L]s

∥

∥

∥

∥

∥

2

→ 0.

Since

max
m≤k≤N

∥

∥

∥

∥

∥

∫

(0,tk−1]
e−(η∗/2)(tk−1−s)σ2

sd[L, L]s

∥

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

∥

∫

(−∞,0]
e−(η∗/2)sσ2

sd[L, L]s

∥

∥

∥

∥

∥

2

< ∞,

the lemma is validated.

In fact, Lemma 3.10 below shows a more general result. However, Lemma

3.8 is sufficient to verify the consistency. Finally, we verify the uniform conver-

gence of the likelihood function. In what follows, we denote

ρ2
nk(θ) :=

(

σ2
n,k−1(θ) −

β

η − ϕ

)(

exp{(η − ϕ)∆tk} − 1

η − ϕ

)

+
β∆tk
η − ϕ

and ρ2
nk := ρ2

nk(θ
◦).

Proposition 3.2.

sup
θ∈Θ

∣

∣

∣

∣

1

tN
LN (θ) − Υ(θ)

∣

∣

∣

∣

= oP (1).

Proof: We have

1

tN

N
∑

k=m

lnk(θ)∆tk

=
1

tN

N
∑

k=m

{lnk(θ) − E(lnk(θ)|Fn,k−1)}∆tk +
1

tN

N
∑

k=m

E(lnk(θ)|Fn,k−1)∆tk

=
1

tN

N
∑

k=m

{lnk(θ) − E(lnk(θ)|Fn,k−1)}∆tk − 1

tN

N
∑

k=m

{

ρ2
nk

ρ̃2
nk(θ)

+ log
ρ̃2

nk(θ)

∆tk

}

∆tk,
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where the first term is a sum of martingale differences, which converges to 0 in

probability. Then, we obtain from Lemmas 3.5 and 3.7 that

max
m≤k≤N

∥

∥

∥

∥

ρ2
nk

ρ̃2
nk(θ)

− ρ2
nk

ρ2
nk(θ)

+ log ρ̃2
nk(θ) − log ρ2

nk(θ)

∥

∥

∥

∥

1

≤ K max
m≤k≤N

(

∥

∥σ2
n,k−1

∥

∥

2
+ 1
)

∥

∥σ̃2
n,k−1(θ) − σ2

n,k−1(θ)
∥

∥

2
−→ 0

and

max
m≤k≤N

sup
θ∈Θ

∣

∣

∣

∣

∣

ρ2
nk(θ)

∆tkσ
2
n,k−1(θ)

− 1

∣

∣

∣

∣

∣

= O(∆),

which implies

1

tN

N
∑

k=m

{

ρ2
nk

ρ̃2
nk(θ)

+ log
ρ̃2

nk(θ)

∆tk

}

∆tk − 1

tN

N
∑

k=m

{

σ2
n,k−1

σ2
n,k−1(θ)

+ log σ2
n,k−1(θ)

}

∆tk

= oP (1).

Note that due to Lemma 3.4, the pointwise convergence holds:

(3.5)
1

tN

N
∑

k=m

lnk(θ)∆tk
P−→ Υ(θ), for each θ ∈ Θ.

Below, we verify the uniform convergence. Letting l̇nk(θ) := ∂
∂θ lnk(θ), we have

1

tN
sup

|θ1−θ2|<h
|LN (θ1) − LN (θ2)| ≤

1

tN

N
∑

k=m

sup
θ∈Θ

∣

∣

∣
l̇nk(θ)

∣

∣

∣
∆tkh

since θ1 + λ(θ2 − θ1) ∈ Θ for any λ ∈ (0, 1). Moreover, due to Lemmas 3.1, 3.5,

and 3.8,

max
m≤k≤N

E sup
θ∈Θ

∣

∣

∣l̇nk(θ)
∣

∣

∣ ≤ max
m≤k≤N

E sup
θ∈Θ

{

Y 2
nk

ρ̃2
nk(θ)

+ 1

} ∣

∣

∣

∣

1

ρ̃2
nk(θ)

∂

∂θ
ρ̃2

nk(θ)

∣

∣

∣

∣

≤ K max
m≤k≤N

E

{

Y 2
nk

∆tk
+ 1

}

sup
θ∈Θ

∣

∣

∣

∣

1

ρ̃2
nk(θ)

∂

∂θ
ρ̃2

nk(θ)

∣

∣

∣

∣

= max
m≤k≤N

E

{

E(Y 2
nk|Ftk−1

)

∆tk
+ 1

}

sup
θ∈Θ

∣

∣

∣

∣

1

ρ̃2
nk(θ)

∂

∂θ
ρ̃2

nk(θ)

∣

∣

∣

∣

≤ K max
m≤k≤N

E
{

σ2
tk−1

+ 1
}

sup
θ∈Θ

∣

∣

∣

∣

1

ρ̃2
nk(θ)

∂

∂θ
ρ̃2

nk(θ)

∣

∣

∣

∣

≤ K max
m≤k≤N

∥

∥

∥

∥

sup
θ∈Θ

∣

∣

∣

∣

1

ρ̃2
nk(θ)

∂

∂θ
ρ̃2

nk(θ)

∣

∣

∣

∣

∥

∥

∥

∥

2

< ∞.

Therefore, we obtain

(3.6) lim
h→0

lim sup
n→∞

E
1

tN
sup

|θ1−θ2|<h
|LN (θ1) − LN (θ2)| = 0.
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Now, for given h > 0, take finitely many open balls Bh(θi) := {θ ∈ Θ : |θ −
θi| < h} with θi ∈ Θ such that Θ ⊂ ⋃i Bh(θi). Then,

sup
θ∈Θ

∣

∣

∣

∣

1

tN
LN (θ) − Υ(θ)

∣

∣

∣

∣

≤ max
i

sup
θ∈Bh(θi)

∣

∣

∣

∣

1

tN
LN (θ) − 1

tN
LN (θi)

∣

∣

∣

∣

+ max
i

∣

∣

∣

∣

1

tN
LN (θi) − Υ(θi)

∣

∣

∣

∣

+ max
i

sup
θ∈Bh(θi)

|Υ(θi) − Υ(θ)| .

Thus, we obtain from (3.5) that for every ǫ > 0,

lim sup
n→∞

P

(

sup
θ∈Θ

∣

∣

∣

∣

1

tN
LN (θ) − Υ(θ)

∣

∣

∣

∣

> ǫ

)

≤ lim sup
n→∞

P

(

sup
|θ1−θ2|<h

∣

∣

∣

∣

1

tN
LN (θ1) −

1

tN
LN (θ2)

∣

∣

∣

∣

>
ǫ

3

)

+P

(

sup
|θ1−θ2|<h

|Υ(θ1) − Υ(θ2)| >
ǫ

3

)

,

so that the uniform convergence is achieved by letting h → 0 thanks to (3.6) and

Proposition 3.1.

The Proof of Consistency. Let ǫ > 0 and Bǫ(θ
◦) := {θ ∈ Θ : |θ − θ◦| <

ǫ}. Then, Θ − Bǫ(θ
◦) is compact, since Θ is taken as a compact subset in R

3.

Hn =

{

θ ∈ Θ : Υ(θ) < Υ(θ◦) − 1

n

}

, n ∈ N

constitute a collection of open subsets relative to Θ, which covers Θ − Bǫ(θ
◦)

since Υ(θ) < Υ(θ◦) for each θ ∈ Θ − Bǫ(θ
◦) (cf. Proposition 3.1). By virtue of

compactness, there is n0 ∈ N such that Θ − Bǫ(θ
◦) ⊂ Hn0

, i.e.,

sup {Υ(θ) : θ ∈ Θ − Bǫ(θ
◦)} ≤ Υ(θ◦) − 1

n0
.

Therefore, by Proposition 3.2, we have that with probability tending to 1,

sup

{

1

tN
LN (θ) : θ ∈ Θ − Bǫ(θ

◦)

}

≤ Υ(θ◦) − 1

2n0
.

On the other hand,

1

tN
LN (θ◦)

P−→ Υ(θ◦),
1

tN
LN (θ◦) ≤ 1

tN
LN (θ̂n).

Hence, limn→∞ P
(

θ̂n ∈ Bǫ(θ
◦)
)

= 1.
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3.2. The Proof of Asymptotic Normality

In this subsection, we assume that C1-C4 hold. By Taylor’s theorem, we

have

0 =
1√
tN

N
∑

k=m

l̇nk(θ̂n)∆tk(3.7)

=
1√
tN

N
∑

k=m

l̇nk(θ
◦)∆tk +

{

1

tN

N
∑

k=m

l̈nk(θ
∗
n)∆tk

}

·
√

tN (θ̂n − θ◦),

where

l̇nk(θ
◦) =

∂

∂θ
lnk(θ

◦) =

(

Y 2
nk

ρ̃2
nk(θ

◦)
− 1

)

1

ρ̃2
nk(θ

◦)

∂

∂θ
ρ̃2

nk(θ
◦),

l̈nk(θ) =
∂

∂θ∂θ′
lnk(θ) =

(

1 − 2
Y 2

nk

ρ̃2
nk(θ)

)

1

ρ̃2
nk(θ)

∂

∂θ
ρ̃2

nk(θ)
1

ρ̃2
nk(θ)

∂

∂θ′
ρ̃2

nk(θ)

+

(

Y 2
nk

ρ̃2
nk(θ)

− 1

)

1

ρ̃2
nk(θ)

∂2

∂θ∂θ′
ρ̃2

nk(θ).

More precisely,

l̈nk(θ
∗
n) =







∂
∂θ′

∂
∂β lnk(θ

◦ + λ1(θ̂n − θ◦))
∂

∂θ′
∂
∂η lnk(θ

◦ + λ2(θ̂n − θ◦))
∂

∂θ′
∂

∂ϕ lnk(θ
◦ + λ3(θ̂n − θ◦))







for some λ1, λ2, λ3 ∈ (0, 1).

Let ∂q

∂βi∂ηj∂ϕl be a differential operator of order q, where q, i, j, l are non-

negative integers with i + j + l = q. Observe that

1

∆tk

∂q

∂βi∂ηj∂ϕl
ρ̃2

nk(θ)(3.8)

=
∂q

∂βi∂ηj∂ϕl
σ̃2

n,k−1(θ) + O(∆tk)







∑

p≤q

∑

a,b,c

∂p

∂βa∂ηb∂ϕc
σ̃2

n,k−1(θ) + 1






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uniformly in θ ∈ Θ, and

∂q

∂βa∂ηb∂ϕc
σ̃2

nk(θ)(3.9)

=
∂q

∂βa∂ηb∂ϕc

{

β
k−1
∑

i=0

∆tk−ie
−η(tk−tk−i)

}

+(−1)q1(a = 0, c = 0)ϕ
k
∑

i=1

(tk − tk−i)
qe−η(tk−tk−i)Y 2

n,k−i+1

+(−1)q−11(a = 0, c = 1)
k
∑

i=1

(tk − tk−i)
q−1e−η(tk−tk−i)Y 2

n,k−i+1

+
∂q

∂βa∂ηb∂ϕc

βe−ηtk

η − ϕ
.

Define

∂q

∂βa∂ηb∂ϕc
σ2

t (θ) :=
∂q

∂βa∂ηb∂ϕc

β

η

+(−1)q1(a = 0, c = 0)ϕ

∫

−∞<s<t
(t−s)qe−η(t−s)σ2

sd[L, L]s

+(−1)q−11(a = 0, c = 1)

∫

−∞<s<t
(t−s)q−1e−η(t−s)σ2

sd[L, L]s.

Below, we show that a nice approximation to
{

∂
∂θσ2

nk(θ)
}

is achievable similarly to

Lemma 3.7. For a random vector X = (X1, X2, X3)
′, we denote ‖X‖2 :=

√
EX′X.

Lemma 3.9.

max
m≤k≤N

∥

∥

∥

∥

∂

∂θ
σ̃2

nk(θ) −
∂

∂θ
σ2

nk(θ)

∥

∥

∥

∥

2

= O(∆1/2).

Proof: We can express

k
∑

i=1

(tk − tk−i) e−η(tk−tk−i)Y 2
n,k−i+1

=
k
∑

i=1

(tk − tk−i) e−η(tk−tk−i)

{

∫

(tk−i,tk−i+1]
σ2

u d[L, L]u + 2

∫

(tk−i,tk−i+1]
(Gu− − Gtk−i

)σu dLu

}

and
∣

∣

∣

∣

∣

k
∑

i=1

(tk − tk−i) e−η(tk−tk−i)

∫

(tk−i,tk−i+1]
σ2

ud[L, L]u −
∫ tk

0
(tk − u)e−η(tk−u)σ2

ud[L, L]u

∣

∣

∣

∣

∣

≤
k
∑

i=1

sup
u∈(tk−i,tk−i+1]

∣

∣

∣(tk − tk−i) e−η(tk−tk−i) − (tk − u)e−η(tk−u)
∣

∣

∣

∫

(tk−i,tk−i+1]
σ2

ud[L, L]u

≤ K
k
∑

i=1

∆tk−i+1e
−η(tk−tk−i)(tk − tk−i + 1)

∫

(tk−i,tk−i+1]
σ2

ud[L, L]u.
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By virtue of the above facts, the lemma can be proven in the same fashion to

prove Lemma 3.7.

Lemma 3.10. For any p > 0 and any nonnegative integer q,

(3.10) max
m≤k≤N

E sup
θ

∣

∣

∣

∣

∣

1

σ̃2
n,k−1(θ)

∂qσ̃2
n,k−1(θ)

∂βi∂ηj∂ϕl

∣

∣

∣

∣

∣

p

∨ E sup
θ

∣

∣

∣

∣

1

σ2
0(θ)

∂qσ2
0(θ)

∂βi∂ηj∂ϕl

∣

∣

∣

∣

p

< ∞

and

max
m≤k≤N

E sup
θ

∣

∣

∣

∣

1

ρ̃2
nk(θ)

∂qρ̃2
nk(θ)

∂βi∂ηj∂ϕl

∣

∣

∣

∣

p

∨ E sup
θ

∣

∣

∣

∣

1

ρ2
nk(θ)

∂qρ2
nk(θ)

∂βi∂ηj∂ϕl

∣

∣

∣

∣

p

< ∞.

Proof: Assume that p > 1. In view of (3.9), we have

∣

∣

∣

∣

∣

1

σ̃2
n,k−1(θ)

∂qσ̃2
n,k−1(θ)

∂βa∂ηb∂ϕc

∣

∣

∣

∣

∣

≤ K
1 +

∑1
l=0

∑k
i=1 (tk − tk−i)

q−l e−η(tk−tk−i)Y 2
n,k−i+1

β/η + ϕ
∑k

i=1 e−η(tk−tk−i)Y 2
n,k−i+1

.

Since x
c+x ≤ x1/p holds for every x > 0 and c > 0, letting Bj := {i : j ≤ ti < j +1,

i ≤ k}, we have

E sup
θ

∣

∣

∣

∣

∣

∑k
i=1 (tk − tk−i)

q e−η(tk−tk−i)Y 2
n,k−i+1

β/η + ϕ
∑k

i=1 e−η(tk−tk−i)Y 2
n,k−i+1

∣

∣

∣

∣

∣

p

≤ E sup
θ

∣

∣

∣

∣

∣

∣

[tk]
∑

j=0

([tk] − j + 1)q

∑

i∈Bj
e−η(tk−ti)Y 2

n,i+1

β/η + ϕ
∑

i∈Bj
e−η(tk−ti)Y 2

n,i+1

∣

∣

∣

∣

∣

∣

p

≤ E sup
θ

∣

∣

∣

∣

∣

∣

∣

1

ϕ

[tk]
∑

j=0

([tk] − j + 1)q





∑

i∈Bj

e−η(tk−ti)Y 2
n,i+1





1/p
∣

∣

∣

∣

∣

∣

∣

p

≤ KE

∣

∣

∣

∣

∣

∣

∣

[tk]
∑

j=0

([tk] − j + 1)q e−η∗/p([tk]−j)





∑

i∈Bj

Y 2
n,i+1





1/p
∣

∣

∣

∣

∣

∣

∣

p

≤ K

∣

∣

∣

∣

∣

∣

∣

[tk]
∑

j=0

([tk] − j + 1)q e−η∗/p([tk]−j)



E
∑

i∈Bj

Y 2
n,i+1





1/p
∣

∣

∣

∣

∣

∣

∣

p

< ∞

uniformly in m ≤ k ≤ N . Similarly, we also have

1

σ2
0(θ)

∂qσ2
0(θ)

∂βi∂ηj∂ϕl
≤ K

1 +
∑1

l=0

∫ 0
−∞ (−u)q−l eηuσ2

ud[L, L]u

β/η + ϕ
∫ 0
−∞ eηuσ2

ud[L, L]u
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and

E sup
θ

∣

∣

∣

∣

∣

∫ 0
−∞ (−u)q eηuσ2

ud[L, L]u

β/η + ϕ
∫ 0
−∞ eηuσ2

ud[L, L]u

∣

∣

∣

∣

∣

p

≤ E sup
θ

∣

∣

∣

∣

∣

∣

∞
∑

j=0

(j + 1)q

∫ −j
−j−1 eηuσ2

ud[L, L]u

β/η + ϕ
∫ −j
−j−1 eηuσ2

ud[L, L]u

∣

∣

∣

∣

∣

∣

p

≤ E sup
θ

∣

∣

∣

∣

∣

∣

1

ϕ

∞
∑

j=0

(j + 1)q

(∫ −j

−j−1
eηuσ2

ud[L, L]u

)1/p
∣

∣

∣

∣

∣

∣

p

≤ KE

∣

∣

∣

∣

∣

∣

∞
∑

j=0

(j + 1)q e−(η∗/p)j

(∫ −j

−j−1
σ2

ud[L, L]u

)1/p
∣

∣

∣

∣

∣

∣

p

≤ K

∣

∣

∣

∣

∣

∣

∞
∑

j=0

(j + 1)q e−(η∗/p)j

(

E

∫ −j

−j−1
σ2

ud[L, L]u

)1/p
∣

∣

∣

∣

∣

∣

p

< ∞.

Therefore, we obtain (3.10).

Now, due to (3.8),

∣

∣

∣

∣

1

ρ̃2
nk(θ)

∂qρ̃2
nk(θ)

∂βi∂ηj∂ϕl

∣

∣

∣

∣

≤ K

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ)

∂qσ̃2
n,k−1(θ)

∂βi∂ηj∂ϕl

∣

∣

∣

∣

∣

+O(∆tk)







∑

p≤q

∑

a,b,c

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ)

∂pσ̃2
n,k−1(θ)

∂βa∂ηb∂ϕc

∣

∣

∣

∣

∣

+ 1







uniformly in θ ∈ Θ. Further, a similar argument can be applied to

supθ

∣

∣

∣

1
ρ2

nk
(θ)

∂qρ2
nk

(θ)

∂βi∂ηj∂ϕl

∣

∣

∣ . Hence, the lemmas is proved.

Below, we establish a central limit theorem for the asymptotic normality.

To this end, we show that the score function can be approximated by a sum of

square integrable martingale differences. For vector x = (x1, x2, x3)
′, we denote

|x| :=
√

x′x. And for random vector X = (X1, X2, X3)
′, we denote ‖X‖1 := E|X|.

Lemma 3.11. Suppose that tN∆ → 0. Then,

1√
tN

N
∑

k=m

(

Y 2
nk

ρ̃2
nk(θ

◦)
− 1

)

1

ρ̃2
nk(θ

◦)

∂

∂θ
ρ̃2

nk(θ
◦)∆tk

=
1√
tN

N
∑

k=m

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)

1

ρ2
nk(θ

◦)

∂

∂θ
ρ2

nk(θ
◦)∆tk + oP (1)(3.11)

=
1√
tN

N
∑

k=m

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)∆tk + oP (1).(3.12)
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Proof: Due to Lemmas 3.5, 3.7, 3.9, and 3.10, we have

∥

∥

∥

∥

(

Y 2
nk

ρ̃2
nk(θ

◦)
− Y 2

nk

ρ2
nk(θ

◦)

)

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ

∥

∥

∥

∥

1

= E

{

Y 2
nk

∣

∣

∣

∣

(

1

ρ̃2
nk(θ

◦)
− 1

ρ2
nk(θ

◦)

)

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ

∣

∣

∣

∣

}

= E

{

E
{

Y 2
nk|Ftk−1

}

∣

∣

∣

∣

(

1

ρ̃2
nk(θ

◦)
− 1

ρ2
nk(θ

◦)

)

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ

∣

∣

∣

∣

}

= E

∣

∣

∣

∣

(

ρ2
nk(θ

◦)

ρ̃2
nk(θ

◦)
− 1

)

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ

∣

∣

∣

∣

≤
∥

∥

∥

∥

ρ2
nk(θ

◦) − ρ̃2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∥

∥

∥

∥

2

∥

∥

∥

∥

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ

∥

∥

∥

∥

2

≤ K
∥

∥σ2
n,k−1(θ

◦) − σ̃2
n,k−1(θ

◦)
∥

∥

2

∥

∥

∥

∥

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ

∥

∥

∥

∥

2

= O(∆1/2)

uniformly in m ≤ k ≤ N , and

∥

∥

∥

∥

Y 2
nk

ρ2
nk(θ

◦)

{

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ
− 1

ρ2
nk(θ

◦)

∂ρ2
nk(θ

◦)

∂θ

}∥

∥

∥

∥

1

= E

{

E(Y 2
nk|Ftk−1

)
1

ρ2
nk(θ

◦)

∣

∣

∣

∣

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ
− 1

ρ2
nk(θ

◦)

∂ρ2
nk(θ

◦)

∂θ

∣

∣

∣

∣

}

=

∥

∥

∥

∥

1

ρ̃2
nk(θ

◦)

∂ρ̃2
nk(θ

◦)

∂θ
− 1

ρ2
nk(θ

◦)

∂ρ2
nk(θ

◦)

∂θ

∥

∥

∥

∥

1

≤ K

{∥

∥

∥

∥

∥

∂σ̃2
n,k−1(θ

◦)

∂θ
−

∂σ2
n,k−1(θ

◦)

∂θ

∥

∥

∥

∥

∥

1

+
∥

∥σ̃2
n,k−1(θ

◦) − σ2
n,k−1(θ

◦)
∥

∥

2

∥

∥

∥

∥

∥

1

ρ2
n,k(θ

◦)

∂ρ2
nk(θ

◦)

∂θ

∥

∥

∥

∥

∥

2

}

= O(∆1/2),

uniformly in m ≤ k ≤ N . Thus, (3.11) follows.

Further, note that

1

ρ2
nk(θ

◦)

∂

∂θ
ρ2

nk(θ
◦) =

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

+O(∆)

{∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

+ 1

}
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uniformly in m ≤ k ≤ N and

E

∣

∣

∣

∣

∣

1√
tN

N
∑

k=m

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)∆tk

∣

∣

∣

∣

∣

≤ 1√
tN

N
∑

k=m

E

(

Y 2
nk

ρ2
nk(θ

◦)
+ 1

)

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

∆tk

≤ 1√
tN

N
∑

k=m

2E

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

∆tk = O(t
1/2
N ),

so that (3.12) holds. This completes the proof.

The following proposition and lemma are concerned with the stability of

the sum of conditional variances of the score function.

Proposition 3.3. Suppose that C2-C3 hold and
∫

R
x3dΠ(x) = 0. Then,

as h ↓ 0,

E
{

(Gt+h − Gt)
4|Ft

}

= h

(∫

R

x4Π(dx) + o(1)

)

σ4
t ,(3.13)

E
{

(Gt+h − Gt)
2|Ft

}

= h(1 + o(1))σ2
t(3.14)

uniformly in t ≥ 0, and therefore,

τ :=

∫

R

x4Π(dx) = lim
h↓0

hE
{

(Gt+h − Gt)
4|Ft

}

{E {(Gt+h − Gt)2|Ft}}2 for every t ≥ 0.

Further,

Σ := E
1

σ4
0(θ

◦)

∂

∂θ
σ2

0(θ
◦)

∂

∂θ′
σ2

0(θ
◦)

is positive definite.

Proof: We defer the proof of (3.13) and (3.14) to Lemma A.2. Since

E 1
σ4
0
(θ◦)

∣

∣

∂
∂θσ2

0(θ
◦)
∣

∣

2
< ∞ (cf. Lemma 3.10), Σ is well defined and symmetric.

Moreover, since we have that for λ ∈ R
3, λ′ ∂

∂θσ2
0(θ

◦) = 0 a.s. if and only if λ = 0,

Σ is positive definite.

For a matrix A = (aij)i,j=1,2,3, we denote |A| :=
(

∑

ij |aij |2
)1/2

.

Lemma 3.12.

1

tN

N
∑

k=m

1

σ4
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∂

∂θ′
σ2

n,k−1(θ
◦)∆tk

P−→ Σ.
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Proof: Notice

sup
u∈(tk−1,tk]

∣

∣

∣

∣

∣

1

σ4
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∂

∂θ′
σ2

n,k−1(θ
◦) − 1

σ4
u(θ◦)

∂

∂θ
σ2

u(θ◦)
∂

∂θ′
σ2

u(θ◦)

∣

∣

∣

∣

∣

≤ sup
u∈(tk−1,tk]

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)
− 1

σ2
u(θ◦)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂

∂θ
σ2

n,k−1(θ
◦)

1

σ2
n,k−1(θ

◦)

∂

∂θ′
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

+ sup
u∈(tk−1,tk]

1

σ2
u(θ◦)

∣

∣

∣

∣

∣

(

∂

∂θ
σ2

n,k−1(θ
◦) − ∂

∂θ
σ2

u(θ◦)

)

1

σ2
n,k−1(θ

◦)

∂

∂θ′
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

+ sup
u∈(tk−1,tk]

∣

∣

∣

∣

1

σ2
u(θ◦)

∂

∂θ
σ2

u(θ◦)
∂

∂θ′
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)
− 1

σ2
u(θ◦)

∣

∣

∣

∣

∣

+ sup
u∈(tk−1,tk]

∣

∣

∣

∣

1

σ2
u(θ◦)

∂

∂θ
σ2

u(θ◦)
1

σ2
u(θ◦)

(

∂

∂θ′
σ2

n,k−1(θ
◦) − ∂

∂θ′
σ2

u(θ◦)

)∣

∣

∣

∣

.

We concentrate on the third term since the other terms can be treated similarly.

Note that

sup
u∈(tk−1,tk]

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)
− 1

σ2
u(θ◦)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∂

∂θ
σ2

n,k−1(θ
◦)

1

σ2
n,k−1(θ

◦)

∂

∂θ′
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

≤ K sup
u∈(tk−1,tk]

|σ2
n,k−1(θ

◦) − σ2
u(θ◦)|

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

1

σ2
u(θ◦)

∂

∂θ′
σ2

u(θ◦)

∣

∣

∣

∣

∣

.

Since

sup
u∈(tk−1,tk]

|σ2
n,k−1(θ

◦) − σ2
u(θ◦)|

≤ ϕ◦eη◦∆tk

∫ tk

tk−1

σ2
t d[L, L]t + ϕ◦

(

1 − e−η◦∆tk
)

∫ tk−1

−∞
e−η◦(tk−1−t)σ2

t d[L, L]t,

we can have

max
m≤k≤N

∥

∥

∥

∥

∥

sup
u∈(tk−1,tk]

|σ2
n,k−1(θ

◦) − σ2
u(θ◦)|

∥

∥

∥

∥

∥

2

= o(1).

Similarly,

max
m≤k≤N

∥

∥

∥

∥

∥

sup
u∈(tk−1,tk]

∣

∣

∣

∣

∂

∂θ
σ2

n,k−1(θ
◦) − ∂

∂θ
σ2

u(θ◦)

∣

∣

∣

∣

∥

∥

∥

∥

∥

2

= o(1).
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Moreover, we have that for h > 0 and p > 1, q > 0,

∣

∣

∣

∣

∣

∫ h
−∞ (h − u)q e−η(h−u)σ2

ud[L, L]u

β/η + ϕ
∫ h
−∞ e−η(h−u)σ2

ud[L, L]u

∣

∣

∣

∣

∣

p

≤

∣

∣

∣

∣

∣

∣

∫ h
0 e−η(h−u)σ2

ud[L, L]u

β/η + ϕ
∫ h
0 e−η(h−u)σ2

ud[L, L]u
+

∞
∑

j=0

(j+1)q

∫ −j
−j−1 e−η(h−u)σ2

ud[L, L]u

β/η + ϕ
∫ −j
−j−1e

−η(h−u)σ2
ud[L, L]u

∣

∣

∣

∣

∣

∣

p

≤

∣

∣

∣

∣

∣

∣

(∫ h

0
e−η(h−u)σ2

ud[L, L]u

)1/p

+
1

ϕ

∞
∑

j=0

(j + 1)q

(∫ −j

−j−1
e−η(h−u)σ2

ud[L, L]u

)1/p
∣

∣

∣

∣

∣

∣

p

≤

∣

∣

∣

∣

∣

∣

(∫ h

0
σ2

ud[L, L]u

)1/p

+
1

ϕ

∞
∑

j=0

(j + 1)q e−η(h+j)

(∫ −j

−j−1
σ2

ud[L, L]u

)1/p
∣

∣

∣

∣

∣

∣

p

.

Thus, it can be seen that
∥

∥

∥

∥

∥

sup
u∈(tk−1,tk]

∣

∣

∣

∣

1

σ2
u(θ◦)

∂

∂θ′
σ2

u(θ◦)

∣

∣

∣

∣

∥

∥

∥

∥

∥

4

< ∞

and
∥

∥

∥

∥

∥

sup
u∈(tk−1,tk]

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

1

σ2
u(θ◦)

∂

∂θ′
σ2

u(θ◦)

∣

∣

∣

∣

∣

∥

∥

∥

∥

∥

2

≤
∥

∥

∥

∥

∥

∣

∣

∣

∣

∣

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∣

∣

∣

∣

∣

∥

∥

∥

∥

∥

4

∥

∥

∥

∥

∥

sup
u∈(tk−1,tk]

∣

∣

∣

∣

1

σ2
u(θ◦)

∂

∂θ′
σ2

u(θ◦)

∣

∣

∣

∣

∥

∥

∥

∥

∥

4

< ∞.

Therefore,

E sup
u∈(tk−1,tk]

∣

∣

∣

∣

∣

1

σ4
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∂

∂θ′
σ2

n,k−1(θ
◦) − 1

σ4
u(θ◦)

∂

∂θ
σ2

u(θ◦)
∂

∂θ′
σ2

u(θ◦)

∣

∣

∣

∣

∣

→ 0

uniformly in m ≤ k ≤ N . Then the lemma is validated by the ergodic theorem

(cf. Lemma A.1).

Now, we establish the asymptotical normality of the score function.

Proposition 3.4. Suppose that there exists δ > 0 such that E|Gh|4+δ =

O(h). Then,

1√
tN

N
∑

k=m

l̇nk(θ
◦)∆tk ⇒ N(0, τΣ).

Proof: Due to Lemma 3.11, it suffices to show that

1√
tN

N
∑

k=m

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)

1

σ2
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)∆tk ⇒ N(0, τΣ).
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Let λ be any vector in R
3 and

ξn,k−1 :=
1

σ4
n,k−1(θ

◦)

{

λ′ ∂

∂θ
σ2

n,k−1(θ
◦)

}2

.

Note that

∆tk√
tN

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)

1

σ2
n,k−1(θ

◦)
λ′ ∂

∂θ
σ2

n,k−1(θ
◦), k = m, ..., N

are row-wise martingale differences with respect to {Ftk : k = m, ..., N}. Since

due to Proposition 3.3 and Lemma 3.12

1

tN

N
∑

k=m

{

∆tk

(

E
{

Y 4
nk|Ftk−1

}

ρ4
nk(θ

◦)
− 1

)}

ξn,k−1∆tk
P−→ τλ′Σλ,

it suffices to verify Lindeberg’s condition for martingale differences (cf. Theorem

35.12 of Billingsley ([4])). For ǫ > 0 and A > 0, we have

N
∑

k=m

E

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

ξn,k−1
∆t2k
tN

I

{

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

ξn,k−1
∆t2k
tN

> ǫ

}

≤
N
∑

k=m

E

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

A
∆t2k
tN

I

{

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

A
∆t2k
tN

> ǫ

}

+
N
∑

k=m

E

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

ξn,k−1
∆t2k
tN

I {ξn,k−1 > A} ,

and further, due to Lemma 3.5 and the fact E|Gh|4+δ = O(h),

N
∑

k=m

E

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

A
∆t2k
tN

I

{

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

A
∆t2k
tN

> ǫ

}

≤
N
∑

k=m

E

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

A
∆t2k
tN

∣

∣

∣

∣

Y 2
nk

ρ2
nk(θ

◦)
− 1

∣

∣

∣

∣

δ/2(
A

ǫ

)δ/4 ∆t
δ/2
k

t
δ/4
N

≤ K
N
∑

k=m

E

∣

∣

∣

∣

Y 2
nk

ρ2
nk(θ

◦)
− 1

∣

∣

∣

∣

2+δ/2
∆t

2+δ/2
k

t
1+δ/4
N

≤ K
N
∑

k=m

{(

E|Ynk|4+δ

∆t
2+δ/2
k

+ 1

)}

∆t
2+δ/2
k

t
1+δ/4
N

≤ K
N
∑

k=m

{(

O(∆tk)

∆t
2+δ/2
k

+ 1

)}

∆t
2+δ/2
k

t
1+δ/4
N

→ 0,

and due to Proposition 3.3,

N
∑

k=m

E

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2

ξn,k−1
∆t2k
tN

I {ξn,k−1 > A}

=
N
∑

k=m

E

{

∆tk

(

E{Y 4
nk|Ftk−1

}
ρ4

nk(θ
◦)

− 1

)

ξn,k−1
∆tk
tN

I {ξn,k−1 > A}
}

≤ KE {ξ0I {ξ0 > A}} .

Then by letting A → ∞, we establish the proposition.
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Note that every component of 1
tN

∑N
k=m l̈nk(θ

∗
n)∆tk is expressed as

1

tN

N
∑

k=m

∂2

∂βi∂ηj∂ϕl
lnk(θ

∗
n)∆tk =

1

tN

N
∑

k=m

∂2

∂βi∂ηj∂ϕl
lnk(θ

◦)∆tk

+
1

tN

N
∑

k=m

∂

∂θ′
∂2

∂βi∂ηj∂ϕl
lnk(δθ

∗
n + (1 − δ)θ◦)(θ∗n − θ◦)∆tk

with δ ∈ (0, 1). The rest of this subsection is devoted to verifying the convergence

of 1
tN

∑N
k=m l̈nk(θ

∗
n)∆tk.

Lemma 3.13.

1

tN

N
∑

k=m

(

1 − 2
Y 2

nk

ρ̃2
nk(θ

◦)

)

1

ρ̃2
nk(θ

◦)

∂

∂θ
ρ̃2

nk(θ
◦)

1

ρ̃2
nk(θ

◦)

∂

∂θ′
ρ̃2

nk(θ
◦)∆tk

P−→ −Σ

and

1

tN

N
∑

k=m

(

Y 2
nk

ρ̃2
nk(θ

◦)
− 1

)

1

ρ̃2
nk(θ

◦)

∂2

∂θ∂θ′
ρ̃2

nk(θ
◦)∆tk

P−→ 0.

Hence,

1

tN

N
∑

k=m

l̈nk(θ
◦)∆tk

P−→ −Σ.

Proof: For convenience, we set ∂1 := ∂
∂βi∂ηj∂ϕl and ∂2 := ∂

∂βa∂ηb∂ϕc to de-

note any differential operators of the first order. Due to Lemmas 3.5 and 3.7, we

have

E

{

Y 2
nk

∣

∣

∣

∣

1

ρ̃2
nk(θ

◦)
− 1

ρ2
nk(θ

◦)

∣

∣

∣

∣

∣

∣

∣

∣

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∣

∣

∣

∣

}

= E

{

ρ2
nk

∣

∣

∣

∣

1

ρ̃2
nk(θ

◦)
− 1

ρ2
nk(θ

◦)

∣

∣

∣

∣

∣

∣

∣

∣

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∣

∣

∣

∣

}

= E

{∣

∣

∣

∣

ρ2
nk(θ

◦)

ρ̃2
nk(θ

◦)
− 1

∣

∣

∣

∣

∣

∣

∣

∣

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∣

∣

∣

∣

}

≤ K
∥

∥σ̃2
n,k−1(θ

◦) − σ2
n,k−1(θ

◦)
∥

∥

2

∥

∥

∥

∥

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∥

∥

∥

∥

2

−→ 0,

uniformly in m ≤ k ≤ N , since

max
m≤k≤N

∥

∥

∥

∥

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∥

∥

∥

∥

2

< ∞
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(cf. Lemma 3.10). Moreover, due to Proposition 3.3,

1

t2N

N
∑

k=m

E

{

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)2(
∂1ρ̃

2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

)2
}

∆t2k

=
1

t2N

N
∑

k=1

E

{

∆tk

(

E
(

Y 4
nk|Ftk−1

)

ρ4
nk(θ

◦)
− 1

)

(

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

)2
}

∆tk

=
K

t2N

N
∑

k=1

E

(

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

)2

∆tk −→ 0,

so that we get

1

tN

N
∑

k=m

(

Y 2
nk

ρ2
nk(θ

◦)
− 1

)(

∂1ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

)

∆tk = oP (1),

i.e.,

1

tN

N
∑

k=m

(

Y 2
nk

ρ̃2
nk(θ

◦)
− 1

)

1

ρ̃2
nk(θ

◦)

∂

∂θ
ρ̃2

nk(θ
◦)

1

ρ̃2
nk(θ

◦)

∂

∂θ′
ρ̃2

nk(θ
◦)∆tk

P−→ 0.

Similarly, we can see that

1

tN

N
∑

k=m

(

Y 2
nk

ρ̃2
nk(θ

◦)
− 1

)

1

ρ̃2
nk(θ

◦)

∂2

∂θ∂θ′
ρ̃2

nk(θ
◦)∆tk

P−→ 0.

On the other hand, we have

E
1

ρ̃2
nk(θ

◦)

∣

∣∂1ρ̃
2
nk(θ

◦) − ∂1ρ
2
nk(θ

◦)
∣

∣

∣

∣

∣

∣

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∣

∣

∣

∣

≤ K
∥

∥∂1σ̃
2
n,k−1(θ

◦) − ∂1σ
2
n,k−1(θ

◦)
∥

∥

2

∥

∥

∥

∥

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∥

∥

∥

∥

2

−→ 0,

and

E

∣

∣

∣

∣

1

ρ̃2
nk(θ

◦)
− 1

ρ2
nk(θ

◦)

∣

∣

∣

∣

∣

∣

∣

∣

∂1ρ
2
nk(θ

◦)
∂2ρ̃

2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∣

∣

∣

∣

= E

∣

∣

∣

∣

ρ2
nk(θ

◦)

ρ̃2
nk(θ

◦)
− 1

∣

∣

∣

∣

∣

∣

∣

∣

∂1ρ
2
nk(θ

◦)

ρ2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∣

∣

∣

∣

≤ K
∥

∥σ̃2
n,k−1(θ

◦) − σ2
n,k−1(θ

◦)
∥

∥

2

∥

∥

∥

∥

∂1ρ
2
nk(θ

◦)

ρ2
nk(θ

◦)

∂2ρ̃
2
nk(θ

◦)

ρ̃2
nk(θ

◦)

∥

∥

∥

∥

2

−→ 0

uniformly in m ≤ k ≤ N . Therefore,

1

tN

N
∑

k=m

l̈nk(θ
◦)∆tk = − 1

tN

N
∑

k=m

1

σ4
n,k−1(θ

◦)

∂

∂θ
σ2

n,k−1(θ
◦)

∂

∂θ′
σ2

n,k−1(θ
◦)∆tk +oP (1).

Henceforth, the lemma is validated by Lemma 3.12.
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Lemma 3.14. We have

max
m≤k≤N

E sup
θ∈Θ

∣

∣

∣

∣

∂3

∂βi∂ηj∂ϕl
lnk(θ)

∣

∣

∣

∣

< ∞.

Hence,

1

tN

N
∑

k=m

∂

∂θ′
∂2

∂βi∂ηj∂ϕl
lnk(δθ

∗
n + (1 − δ)θ◦)(θ∗n − θ◦)∆tk

P−→ 0.

Proof: Observe that ∂3

∂βi∂ηj∂ϕl lnk(θ) is a finite sum of the terms:

Y 2
nk

ρ̃2
nk(θ)

3
∏

i=1

∂iρ̃
2
nk(θ)

ρ̃2
nk(θ)

,
Y 2

nk

ρ̃2
nk(θ)

1

ρ̃2
nk(θ)

∂

∂βa∂ηb∂ϕc
ρ̃2

nk(θ)
1

ρ̃2
nk(θ)

∂2

∂βi∂ηj∂ϕl
ρ̃2

nk(θ),

Y 2
nk

ρ̃2
nk(θ)

1

ρ̃2
nk(θ)

∂3

∂βa∂ηb∂ϕc
ρ̃2

nk(θ),

where ∂i, (i = 1, 2, 3) are differential operators of the first order. Now, by Lemmas

3.5 and 3.10,

E sup
θ

Y 2
nk

ρ̃2
nk(θ)

3
∏

i=1

∣

∣

∣

∣

∂iρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

≤ KE
Y 2

nk

∆tk

3
∏

i=1

sup
θ

∣

∣

∣

∣

∂iρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

≤ KE
ρ2

nk

∆tk

3
∏

i=1

sup
θ

∣

∣

∣

∣

∂iρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

≤ KE
(

σ2
n,k−1 + O(∆)

)

3
∏

i=1

sup
θ

∣

∣

∣

∣

∂iρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

≤ K‖σ2
n,k−1+O(∆)‖2

∥

∥

∥

∥

∥

3
∏

i=1

sup
θ

∣

∣

∣

∣

∂iρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

∥

∥

∥

∥

∥

2

≤ K‖σ2
n,k−1+O(∆)‖2

∥

∥

∥

∥

sup
θ

∣

∣

∣

∣

∂1ρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

∥

∥

∥

∥

4

∥

∥

∥

∥

sup
θ

∣

∣

∣

∣

∂2ρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

∥

∥

∥

∥

8

∥

∥

∥

∥

sup
θ

∣

∣

∣

∣

∂3ρ̃
2
nk(θ)

ρ̃2
nk(θ)

∣

∣

∣

∣

∥

∥

∥

∥

8

< ∞

uniformly in m ≤ k ≤ N . The other terms can be treated in essentially the same

fashion. Hence, the lemmas is asserted.

The following proposition is due to Lemmas 3.13-3.14:

Proposition 3.5.

1

tN

N
∑

k=m

l̈nk(θ
∗
n)∆tk

P−→ −Σ.

The Proof of Asymptotic Normality. (2.4) can be proven by using

standard arguments (cf. the proof of Theorem 2.2 in Francq and Zaköıan ([8]))

and the results in (3.7) and Propositions 3.3-3.5.
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APPENDIX

Lemma A.1. Suppose that C3 holds. Then,

1

tN

∫ tN

tm

{

σ2
s

σ2
s(θ)

+ log σ2
s(θ)

}

ds
P−→ E

{

σ2
0

σ2
0(θ)

+ log σ2
0(θ)

}

,(A.1)

1

tN

∫ tN

tm

1

σ4
s(θ

◦)

∂

∂θ
σ2

s(θ
◦)

∂

∂θ′
σ2

s(θ
◦)ds

P−→ E
1

σ4
0(θ

◦)

∂

∂θ
σ2

0(θ
◦)

∂

∂θ′
σ2

0(θ
◦).(A.2)

Proof: We only verify (A.1) since (A.2) can be proved similarly. Let h > 0

and

σ2
s(θ, h) := β/η + ϕ

∫

(s−h,s)
e−η(s−u)σ2

ud[L, L]u.

Then we have

E

∣

∣

∣

∣

1

tN

∫ tN

tm

{

σ2
s

σ2
s(θ)

+ log σ2
s(θ)

}

ds − 1

tN

∫ tN

tm

{

σ2
s

σ2
s(θ, h)

+ log σ2
s(θ, h)

}

ds

∣

∣

∣

∣

(A.3)

≤ E

∣

∣

∣

∣

{

σ2
0

σ2
0(θ)

+ log σ2
0(θ)

}

−
{

σ2
0

σ2
0(θ, h)

+ log σ2
0(θ, h)

}∣

∣

∣

∣

≤ EK
{

σ2
0|σ2

0(θ) − σ2
0(θ, h)|

}

≤ K‖σ2
0‖2‖σ2

0(θ) − σ2
0(θ, h)‖2 ≤ Ke−ηh.

Note that

σ2
s = β◦

∫ s

s−h
eXu−Xs−du + σ2

s−he−Xs−h−Xs−

and thus,

σ2
s

σ2
s(θ, h)

+ log σ2
s(θ, h) ∈ Gs

s−h,

where Gt
s := σ{σu, Lu − Ls : s < u < t}. Let

α(v) := sup
0≤t<∞

sup
{

P (A ∩ B) − P (A)P (B) : A ∈ Gt
−∞, B ∈ G∞

t+v

}

,

and define α∗ in the same way with replacing Gt
s by σ{σ2

u : s < u < t}. According

to the proof of Theorem 3.5 of Haug et al. ([10]), we can have

0 ≤ α(v) ≤ 6α∗(v) → 0 as v → ∞,

(cf. Fasen ([7])), which implies that
{

σ2
s

σ2
s(θ,h)

+ log σ2
s(θ, h) : s ≥ 0

}

is càglàd,

strictly stationary and strong mixing. Thus,

Zi :=

∫ i

i−1

(

σ2
s

σ2
s(θ, h)

+ log σ2
s(θ, h)

)

ds ∈ Gi
i−h−1, i = 1, 2, ...
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is strictly stationary and ergodic. Then, since by the ergodic theorem,

1

tN

∫ tN

tm

{

σ2
s

σ2
s(θ, h)

+ log σ2
s(θ, h)

}

ds =
1

tN

[tN ]
∑

i=[tm]+1

Zi + oP (1)

P−→ E

{

σ2
0

σ2
0(θ, h)

+ log σ2
0(θ, h)

}

owing to (A.3), by letting h → ∞, we get

1

tN

∫ tN

tm

{

σ2
s

σ2
s(θ)

+ log σ2
s(θ)

}

ds
P−→ E

{

σ2
0

σ2
0(θ)

+ log σ2
0(θ)

}

.

This completes the proof.

Lemma A.2. Suppose that C2-C3 hold and
∫

R
x3dΠ(x) = 0. Then, as

h ↓ 0,

E
{

(Gt+h − Gt)
4|Ft

}

= h

(∫

R

x4Π(dx) + o(1)

)

σ4
t ,

E
{

(Gt+h − Gt)
2|Ft

}

= h(1 + o(1))σ2
t

uniformly in t ≥ 0.

Proof: By the strict stationarity, it suffices to consider the case t = 0. For

h > 0,

(Gh − G0)
2 = 2

∫

(0,h]
Gu−dGu + [G, G]h = 2

∫

(0,h]
Gu−σudLu +

∫

(0,h]
σ2

ud[L, L]u,

(Gh − G0)
4 = 2

∫

(0,h]
G2

s−dG2
s + [G2, G2]h

= 4

∫

(0,h]
G3

s−σsdLs + 2

∫

(0,h]
G2

s−σ2
sd[L, L]s

+4

∫

(0,h]
G2

s−σ2
sd[L, L]s +

∫

(0,h]
σ4

sd[[L, L], [L, L]]s

+4

∫

(0,h]
Gs−σ3

sd[[L, L], L]s,

where

E

{

∫

(0,h]
G3

s−σsdLs

∣

∣

∣

∣

∣

F0

}

= 0.

Since
∫

R
x3dΠ(x) = 0,

E

{

∫

(0,h]
Gs−σ3

sd[[L, L], L]s

∣

∣

∣

∣

∣

F0

}

= 0.
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Thus, we have

E
{

(Gh − G0)
4|F0

}

= 6

∫

(0,h]
E
{

G2
s−σ2

s |F0

}

ds +

∫

R

x4Π(dx)

∫

(0,h]
E
{

σ4
s |F0

}

ds.

Let Zs =
∫

(0,s] Gu−σudLu. By the integration by parts and associativity

(cf. [17]), we can write

Zsσ
2
s+ = β◦

∫

(0,s]
Zu−du − η◦

∫

(0,s]
Zu−σ2

udu + ϕ◦

∫

(0,s]
Zs−σ2

ud[L, L]u +

∫

(0,s]
σ3

uGu−dLu

+

[

∫

(0,·]
(β◦ − η◦σ2

u)du + ϕ◦

∫

(0,·]
σ2

ud[L, L]u ,

∫

(0,·]
Gu−σudLu

]

s

.

Note that for F ∈ F0,

E

{

∫

(0,s]
Zu−du · 1F

}

=

∫

(0,s]
E {Zu−1F } du =

∫

(0,s]
E {E(Zu−|F0)1F } du = 0,

E

{

∫

(0,s]
Zu−σ2

udu · 1F

}

=

∫

(0,s]
E
{

Zuσ2
u1F

}

du.

Since
[

∫

(0,·]
(β◦ − η◦σ2

u)du + ϕ◦

∫

(0,·]
σ2

ud[L, L]u,

∫

(0,·]
Gu−σudLu

]

=

[

∫

(0,·]
(β◦ − η◦σ2

u)du,

∫

(0,·]
Gu−σudLu

]

+

[

ϕ◦

∫

(0,·]
σ2

ud[L, L]u,

∫

(0,·]
Gu−σudLu

]

= ϕ◦

∫

(0,·]
Gu−σ3

ud[[L, L], L]u,

we have

E

{[

∫

(0,·]
(β◦ − η◦σ2

u)du + ϕ◦

∫

(0,·]
σ2

ud[L, L]u,

∫

(0,·]
Gu−σudLu

]

1F

}

= 0

due to
∫

R
x3dΠ(x) = 0. Thus,

E
{

Zsσ
2
s1F

}

= (ϕ◦ − η◦)

∫ s

0
E
{

Zuσ2
u1F

}

du, E
{

Z0σ
2
01F

}

= 0,

which implies E
{

Zsσ
2
s1F

}

= 0 for each F ∈F0. This in turn implies E
{

Zsσ
2
s |F0

}

= 0 and

E
{

G2
s−σ2

s |F0

}

= E
{

G2
sσ

2
s |F0

}

= E

{

σ2
s

∫

(0,s]
σ2

ud[L, L]u + 2σ2
s

∫

(0,s]
Gu−σudLu

∣

∣

∣

∣

∣

F0

}

= ϕ−1
◦ E

{

σ2
s

{

σ2
s+ − σ2

0+ − β◦s + η◦
∫ s

0
σ2

udu

}∣

∣

∣

∣

F0

}

= ϕ−1
◦

{

E{σ4
s |F0} − (σ2

0 + β◦s)E{σ2
s |F0} + η◦

∫ s

0
E{σ2

sσ
2
u|F0}du

}

.
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Since σ2
s = β◦

∫ s
0 e−(Xs−−Xu)du + σ2

0e
−Xs− , we can have

E{σ2
s |F0} = β◦

∫ s

0
Ee−Xs−udu + σ2

0Ee−Xs = β◦

∫ s

0
Ee−Xudu + σ2

0Ee−Xs

= β◦

∫ s

0
Ee−Xudu + σ2

0Ee−Xs

=
β◦(esΨ(1) − 1)

Ψ(1)
+ esΨ(1)σ2

0.

Then, observing

σ4
s = β2

◦

{∫ s

0
e−(Xs−−Xu)du

}2

+ 2σ2
0e

−Xs−β◦

∫ s

0
e−(Xs−−Xu)du + σ4

0e
−2Xs− ,

we obtain

E
{

σ4
s |F0

}

= β2
◦E

{∫ s

0
e−Xudu

}2

+ 2β◦σ2
0E

{∫ s

0
eXu−2Xsdu

}

+ σ4
0Ee−2Xs

= β2
◦

{

2

Ψ(1)Ψ(2)
+

2

Ψ(2) − Ψ(1)

(

esΨ(2)

Ψ(2)
− esΨ(1)

Ψ(1)

)}

+2β◦σ2
0

esΨ(2) − esΨ(1)

Ψ(2) − Ψ(1)
+ σ4

0e
sΨ(2)

and

E
{

σ2
sσ

2
u|F0

}

= E
{

σ2
uE
{

σ2
s |Fu

}∣

∣F0

}

= E

{

σ2
u

β◦(e(s−u)Ψ(1) − 1)

Ψ(1)
+ e(s−u)Ψ(1)σ4

u

∣

∣

∣

∣

∣

F0

}

= E{σ2
u|F0}

β◦{e(s−u)Ψ(1) − 1}
Ψ(1)

+ e(s−u)Ψ(1)E
{

σ4
u|F0

}

=

{

β◦(euΨ(1) − 1)

Ψ(1)
+ euΨ(1)σ2

0

}

β◦{e(s−u)Ψ(1) − 1}
Ψ(1)

+e(s−u)Ψ(1)β2
◦

{

2

Ψ(1)Ψ(2)
+

2

Ψ(2) − Ψ(1)

(

euΨ(2)

Ψ(2)
− euΨ(1)

Ψ(1)

)}

+2e(s−u)Ψ(1)β◦σ2
0

euΨ(2) − euΨ(1)

Ψ(2) − Ψ(1)
+ e(s−u)Ψ(1)σ4

0e
uΨ(2).

Hence,

E
{

(Gh − G0)
4|F0

}

= 6

∫

(0,h]
E
{

G2
s−σ2

s |F0

}

ds +

∫

R

x4Π(dx)

∫

(0,h]
E
{

σ4
s |F0

}

ds

= h

(∫

R

x4Π(dx) + o(1)

)

σ4
0,

E
{

(Gh − G0)
2|F0

}

= h(1 + o(1))σ2
0.

This completes the proof.
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[10] Haug, S.; Klüppelberg, C.; Lindner, A. and Zapp, M. (2007). Method of
moment estimation in the COGARCH(1, 1) model, Econom. J., 10, 320–341.

[11] Kallsen, J. and Vesenmayer, B. (2009). COGARCH as a continuous-time
limit of GARCH(1, 1), Stochastic Process. Appl., 119, 74–98.
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