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Abstract:

e Bias reduction in tail estimation has received considerable interest in extreme value
analysis. Estimation methods that minimize the bias while keeping the mean squared
error (MSE) under control, are especially useful when applying classical methods
such as the Hill (1975) estimator. In the case of heavy tailed distributions, Caeiro et
al. (2005) proposed minimum variance reduced bias estimators of the extreme value
index, where the bias is reduced without increasing the variance with respect to the
Hill estimator. This method is based on adequate external estimation of a pair of
parameters of second order slow variation under a third order condition. Here we
revisit this problem exploiting the mathematical fact that the bias tends to 0 with
increasing threshold. This leads to shrinkage estimation for the extreme value index,
which allows for a penalized likelihood and a Bayesian implementation. This new
approach is applied starting from the approximation to excesses over a high threshold
using the extended Pareto distribution, as developed in Beirlant et al. (2009). We
present asymptotic results for the resulting shrinkage penalized likelihood estimator
of the extreme value index. Finite sample simulation results are proposed both for
the penalized likelihood and Bayesian implementation. We then compare with the
minimum variance reduced bias estimators.
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1. INTRODUCTION

In this paper we consider the estimation of the extreme value index £ and
tail probabilities P(X > z) for x large, on the basis of independent and identically
distributed observations X1, Xo, ..., X, which follow a Pareto-type distribution
with right tail function (RTF) given by

(1.1) F(z)=1-F(z)=P(X > z) =2 Y%(z)

where /¢ is a slowly varying function at infinity, ¢.e.

£t
E((ij))%l as t — oo, for every y > 1.

The most famous estimator of & was first derived by Hill (1975) as a maximum
likelihood (ML) estimator approximating the RTF of the excesses —|X >t over
a large threshold ¢ by a simple Pareto distribution with RTF 3~ 1/¢:

(1.2) F(ty)/F(t) =~y V¢, t large.

When setting t = X,,_ , where Xy, < X3, < ... < X,,,, the ML estimator is
given by

k
n An—j+ln
(1.3) Hyin =1 Z .

nkn

A simple estimator of a tail probability P(X > x) with x large, introduced in
Weissman (1978), is then obtained from (1.2) setting ty = = and estimating
P(X > t) by the empirical proportion k/n:

R k T —1/Hy
(1.4) po = & ( ) |

n Xn—k,n

In practice, a way to verify the validity of model is to check whether the Hill
estimates are stable as a function of k. However in most cases the stability is not
visible, which can be explained by slow convergence in . For this reason bias
reduced estimators have been proposed which lead to plots that are much more
horizontal in k£ which facilitates the analysis of a practical case to a great extent.
Here we can refer to Peng (1998), Beirlant et al. (1999, 2008), Feuerverger and
Hall (1999), Caeiro et al. (2005, 2009) and Gomes et al. (2000, 2007) for bias-
reduced estimators based on functions of the top k order statistics. Several of
these methods focus on the distribution of log-spacings of high order statistics.

Beirlant et al. (2009) proposed a more flexible model capable of capturing the
deviation between the true excess RTF F(ty)/F(t) and the asymptotic Pareto
model. For a heavy tailed distribution , this deviation can be parametrized
using a power series expansion (Hall, 1982), or more generally via second-order
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slow variation (Bingham et al., 1987). More specifically in Beirlant et al. (2009)
the subclass F (&, 7) of the Pareto-type tails ((1.1) was considered satisfying

(1.5) F(z) = Ca V¢ (1+¢716(n)),

with §(x) eventually nonzero and of constant sign such that |§(z)| = 27 ¢s(x) with
7 < 0 and /s slowly varying. It was shown that under F(§,7) as t — oo

(ty) A _
ls/g}:f T = Gesr(y)| =o(0(t)])

with Gg s the RTF of the extended Pareto distribution (EPD)

(1.6) Geor(y) = {y(1+6 -y} Ve, y>1,

with 7 < 0 < £ and 0 > max(—1,1/7). This shows that the EPD improves the
approximation with an order of magnitude. Then ML estimation of the pa-
rameters (£, d) based on a set of excesses (Y}, := Xpn—jt1n/Xn—km, j=1,...,k)
was used to obtain a bias reduced estimator é%f of £. Bias reduction of the
Weissman estimator of tail probabilities can analogously be obtained using

k _ x
SEP VA~ ~
(1.7) Pk = nng,ék,‘? <Xnk,n> 7

where (ék,gk) denote the ML estimators based on the EPD model, and where
7 is a consistent estimator of 7, to be specified below, which was shown not to
affect the asymptotic distribution of (&, ).

If F satisfies F(£,7), it is shown in Beirlant et al. (2009) that U(z) := Q(1—z~!)
(x > 1), with Q(p) = inf{z : F(x) > p} (p € (0,1)), satisfies

(1.8) U(x) = C%2% (14 a(z))

with a(z) = §(Q(1—x~1)){1+0(1)} = §(Cx){1+0(1)} as z — oco. In particular
a is eventually nonzero and of constant sign and |a(x)| = zP¢,(x) with ¢, slowly
varying and p = 7. Here we assume |{,(z)| = Cy(1 4 o(1)) as x — oo for some
constant C, > 0.

The following asymptotic results have been derived for Hj,, and é,]g\/[n’: assum-

ing that F satisfies F(&,7), and Vka(n/k) — X\ € R and pr, = p + 0p(1) as
k,n — oo and k/n — 0, the following asymptotic results hold for the EPD-ML
estimator 5%114 and Hy, ,,:

(19) \/E(Hk,n - f) —d N (Alfpagz) )

(1.10) VE (é,ﬂﬁf - g) Y (0,52 <1;p>2> .



An estimator py, of p can be taken from Fraga Alves et al. (2003) using
k = ki = [n'~¢] for some € > 0. The required consistency for pi, was ob-

tained under (1.8).

Asymptotic results of the type and (1.10) are typical for bias reduced es-
timators when both ¢ and a(n/k) or § are jointly estimated at every k value:
for larger values of k corresponding to vka(n/k) — X # 0, bias reduced esti-
mators still have asymptotic bias 0 in contrast to the Hill estimator, but their
variance is increased by a factor ((1 — p)/p)? compared to Hy,. In a pioneer-
ing paper, Caeiro et al. (2005) proposed to estimate (n/k)"Pa(n/k) at a high
level k = k1 = |n'~¢], leading to a corrected Hill estimator (denoted below by
CHy, ) with asymptotic variance €2 and excellent bias and MSE characteristics.
To obtain the normal asymptotic behaviour of such minimum variance reduced
bias estimators one needs a third-order slow variation condition which is more

restrictive than (1.8)) or condition F(&, 7).

Up to now, to the best of our knowledge, the fact that 6(t) — 0 as t — oo, or
a(n/k) — 0 as n/k — oo has not been exploited in the literature. However,
this calls for shrinkage estimators. Such shrinkage approach can be implemented
by putting a penalty on § in an ML procedure, leading to penalized ML. Al-
ternatively a penalty on § can be naturally introduced in a Bayesian approach
putting an appropriate prior on this parameter. Here we investigate the use of
shrinkage estimation when modelling the distribution of the vector of excesses
Yy = (Yjrj=1,...,k) with an EPD. In section 2 we show that a quadratic
penalty, or equivalently a normal prior, on § with zero mean and variance U,%’n,
depending in an appropriate way on k and n, leads to interesting asymptotic MSE
results for £. In section 3 we consider the finite sample behaviour of the penal-
ized likelihood and Bayes approach, and make a comparison with the minimum
variance reduced bias estimator, and consider a practical case.

2. Shrinkage estimators of the EPD parameters

2.1. Penalized likelihood and Bayesian interpretation

ML estimation of the EPD parameters (,d), given a value of 7, follows by
maximizing the log-likelihood

[log yj + log(1 + {1 — 57, })]
1

| =

Her(€0ly) = —logg = (¢ +1)

J

k
(2.1) +%Zlog(1+5{1—(1+7)y;k}).
j=1

k
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Shrinkage estimators are then obtained by putting a penalty on §. Below it
will be shown that a quadratic penalty is appropriate in view of the asymptotic
results for the penalized maximum likelihood (PML) estimators (£ ,f’ > 5,1; ,,). These
estimators are then obtained by optimizing the log-likelihood

2

1 1
2.2 T lpen\S, = 7 5 — W5
(2.2) lpen(€,0]y) lep(€,0ly) W%Uz,n

k k
where w > 0 serves as a tuning constant regulating the amount of penalty, and
Uz ,, indicating the penalty rate as a function of k. From the asymptotic analysis
below, it follows that o2 = (k/n)~%" is appropriate.

Alternatively, from a Bayesian perspective, a shrinkage estimator is obtained
by considering the posterior mode estimators (f,]f, 5,? ) of the log-posterior

(2.3 108 p(€,0ly) = 1L (€ 0ly) + 1 log(€,0).

where (&, ) denotes the prior density on (§,4). Following a objective Bayesian
point of view, we assign a maximal data information (MDI) prior to £, which for
a general parameter 6 is defined as m(0) x exp(E(log f(Y|#))). The concept of
MDI priors was introduced in Zellner (1971) in order to maximize the information
contributed by the data density, relative to that of the prior density. Beirlant et
al. (2004) derived that the MDI for a Pareto distribution is given by

(2.4) m(€) ¢ —.

Next, in correspondance with the choice for the penalized log-likelihood (2.2)), we
here choose a normal prior on § with mean 0 and variance a,% o+ We also truncate
it from the left in order to comply with the restriction 6 > max(—1,1/7):

1 62

1 —35% ~
= Tom© 7k /(1= ®(max(—1,77) /og,)) -

(2.5) m(9)

2.2. Asymptotic results for the penalized ML estimator f,f

In the Appendix we derive that the first order approximations (é,f , 5,5 ) of
the penalized ML estimators are given by

élf = Hkm"‘&f (1 _Ek,n(T))7

o 1-H
552W<Ek,n(7)— ! )

where



and

w cP ~ o ~
Dip = kf; - (1 — 21 = &) Epn(7) + (1 — 2607 — {077 Bp(27)
k.n

~r(1— Ek,n(f))Ek,n(T)).

These expressions are identical to the asymptotic EPD-ML estimators derived in

34
k2

As an external estimator of 7 we use 7 = pg ./ Hp Wlth Pr,n taken from Fraga
Alves et al. (2003). Moreover we set ¢ = £2(1 —2p)(1 — p)?. The following result
is derived in the Appendix.

Beirlant et al. (2009) except for the extra term in the expression of D

Theorem. Let F' € F(&, 1) with |a(x)] = xPCe(1 + o(1)) as © — oo. As-
sume that \Vka(n/k) — X\ as k,n — oo, k/n — 0. Setting U,%’n = (k/n)=%r, it
follows that 2y ,, := vk (élf — §> 1s asymptotically normal with asymptotic mean
and variance given by

_ Ap CC?%w
2. Eo(Bpn) = N ;
( 6) ( k, ) 1—pCC§w+P4)\2

_ 2pP Nt 1-p\? | ¢Ch? (Cw
2. 0o(Zkn) = 2 .
21 VereGen) = Grercaaap \\5 ) F o e

O
Minimizing MSE«(Zk,) = Ego(Ekn) + Vars(Zg,,) with respect to w, after
some lengthy calculations, leads to the asymptotically optimal value
Wopt = Ca_2'
One then obtains from ([2.6) and (2.7) that

B (Eh) = 10—

1—- pm’
Var® (Zp,) = ( )\2p wat {(@—p)?p°N* + ¢+ 20p" N},
from which
(2.8) MSEP (Sgn) = €2 + Np e = 2p)

(1 =2p)(1 —p)? + p*A*

Since the right hand side of (2.8)) is an increasing function in A? it follows that

MSEOpt( kn) < )\hm MSEopt( ) - MSEOO (\/%( I]C\/[nL §)> - 52(1?))2

Also, expanding the right hand side of (2.8)) for A2 — 0 leads to

2

p
(1-p)?

MSEP (Zgn) = &+ A2 (14 0(1)).
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We can conclude that the asymptotic MSE of the optimal penalized estimator
is uniformly smaller than the MSE of the EPD-ML estimator as given in ,
while for smaller A this asymptotic MSE follows the asymptotic MSE of the
Hill estimator, given in , up to terms of order A2. Hence with the penalty
w/a,%m = C;%(k/n)* = a *(n/k) in (2.2)), the penalized ML estimator asymp-
totically follows the better of the two existing estimators as a function of A or k.

Replacing (ék, 5k) by (é,f ,S,f ) in ﬁff: , it follows from the proof of Theorem 5.2
in Beirlant et al. (2009) that the resulting tail probability estimator ﬁi ;; satisfies

the following asymptotic result under the conditions of the Theorem:
when p, = P(X > x,) satisfies np, /k — 0 and log(np,)/vk — 0, then

vk Do
log(k/(npn))>" pn
is asymptotically normal with the same limit distribution as in the Theorem.

Hence the asymptotic MSE behaviour for the tail probability estimator has the
same characteristics as the tail index estimator.

—1)

From the simulations it will follow that the choice w = 1 and the use of esti-
mator of p taken from Fraga Alves (2003) yields good results. However, in order
to alleviate the problem of choosing the number of top order statistics k that are
used in the estimation procedure, one can choose w adaptively with each sam-
ple aiming for a plot of é,f as a function of k which is as horizontal as possible.
Setting é,f = é,f (w) in order to emphasize the dependence of the penalized ML
estimator on w, a possible choice of w is obtained by minimizing the variance of
the resulting estimators for k =1,...,n:

(29) Wmoy = argminwsi (éP(w)> )

2

with 5267 (@) = 7y S () — &)

3. Simulations and practical case studies

Both the Bayes maximum a posteriori probability estimator and the pe-
nalized maximum likelihood estimator are implemented in R using the general
optim function with default parameters.

We performed a simulation study, taking 1000 repetitions of samples of size
n = 200,500, 1000 studying the finite sample behaviour of flf (W) for different
distributions. The bias and RMSE are plotted as a function of k.

The following distributions are used:



e The extreme value distribution (EV) with F(z) = exp(—(1 + &x)~1/¢) (1 +
&x > 0) taking £ = 0.25 in which case p = —0.25 and C, = 1.

e  The Fréchet distribution with F(z) = 1 — exp(—z~/¢) taking £ = 0.5 in
which case p = —1 and C, = 0.25.

e The Burr distribution with F(z) = (1 + x)~*3 so that £ = 0.75 and p =
—0.75 and C, = 1.

e The loggamma distribution with F(z) ~ constant x x=2(logz)? so that
¢ = 0.5, which does not belong to the class F(&, 7).

First in Figures 1-4 we pAlotted the bias and the RMSE of tAhe Hill estimator Hy,
the EPD-ML estimator f,]yL, the penalized ML estimator 55(1) with w = 1, the

Bayesian estimator é,]f (1) with w = 1, and the minimum variance reduced bias
estimator C'Hj, from Caeiro et al. (2005) given by

Bkl(ﬁkl) nY Pk
Hy = Hy, [1 - 2020 (2 ,
CHy = Hy, ( 1— pr, (k;)

with

Br(p) = (%)p{(% Z?ZI(%)io (% i ZJ’) B (% Z?=1(%)7”Zj>}

(@) (i z) - (RS 0)>z)

where Z; := j(log Xn—jt1,n — log Xp—jn) (j =1,2,...), and k1 = [n*%].

)

In Figure 5 we briefly report on the effect of the choice of w using w = 1 and
W = Wmy and compare these with the optimal asymptotic RMSE expression from

23).

We conclude from the simulations that the finite sample behaviour of the pro-
posed estimators follows the characteristics predicted by the asymptotic analysis
to a great extent: for small k£ the shrinkage estimators flf and f,? show a similar
behaviour as the Hill estimator, while for larger k the proposed estimators tend
to follow the characteristics of the bias reduced EPD-ML estimator. In between
these two k-regions the shrinkage estimators make a transition from the EPD-
ML to the Hill RMSE curve. Only in the Frchet case the Hill estimator shows
a smaller RMSE than the shrinkage estimators for small k, while the shrinkage
estimators then still show a much smaller RMSE than the EPD-ML estimator.

The Bayesian implementation shows a smaller RMSE than the penalized ML
estimator, except for the Fréchet distribution where both RMSEs are compara-
ble. In the latter case é,]f shows a negative bias. Also note that the difference
between both the Bayesian and penalized likelihood implementation decreases as
n increases.

The results in case of the loggamma distribution are quite good. Hence it appears
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that the proposed method exhibits some robustness against deviations from the
underlying model.

When the plots of the shrinkage estimators are not systematically increasing
with increasing k as in the case of the Fréchet and the Burr distribution, it is
useful to use the choice w = wy,, when using the penalized ML estimator. In
the case of the Fréchet distribution with w,,; = 16, this adaptive choice of w
leads to a clear RMSE improvement in the transition zone (in k) between the
Hill and EPD-ML RMSE behaviour (see Figure 5, top). In the Burr case (see
Figure 5, bottom) where C,, = 1 and hence wyp: = 1 the choice w = 1 is best,
but the adaptive minimum variance choice w = wy,, is almost as good in RMSE
behaviour.

Overall, the proposed shrinkage estimators are competitive with respect to the
minimum variance reduced bias estimator C' H,.
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Figure 1: Bias (left) and root mean squared error (right) in case of the EV distribution
with & = 0.25 for sample sizes n = 200 (top), n = 500 (middle) and n = 1000 (bottom)
for the Hill estimator (H), the EPD-ML estimator £ ML (ML), the penalized ML estimator
£P(1) with w = 1 (PML), the Bayesian estimator £ (1) with w = 1 (B), and the minimum
variance reduced bias estimator C Hy, (CH).
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Figure 2: Bias (left) and root mean squared error (right) in case of the Fréchet dis-
tribution with £ = 0.5 for sample sizes n = 200 (top), n = 500 (middle) and n = 1000
(bottom) for the Hill estimator (H), the EPD-ML estimator é,éVIL (ML), the penalized
ML estimator £ (1) with w = 1 (PML), the Bayesian estimator £P (1) with w = 1 (B),
and the minimum variance reduced bias estimator C Hy, (CH).



13

Extreme value index Root mean squared error
o -~ .
< 7 i (Y H. |
o O P e/
S e o\ /
s o 0 |
S @ |
=
Ll o z u‘—|’ |
o
~
S |
l
© | 8 |
e g T T T \ S T T T \
0 50 100 150 200 0 50 100 150 200
K K
Extreme value index Root mean squared error
o ] . T
- . ’
| - I
] k/IL ’ CHI,
(o2} X .
S o A . b
— © % ]
> )
=
L o = ﬂ |
o
N~
S |
© 8 |
e N T T T T \ o
0 100 200 300 400 500
K
Extreme value index
Yo} o
(9] N
o o
n n
© = -
_ o EDJ o
i s
Yo} o o
N~ -
o o
n Yo}
© S
o o
0 200 400 600 800 1000 0 200 400 600 800 1000
K K

Figure 3: Bias (left) and root mean squared error (right) in case of the Burr distri-
bution with ¢ = 0.75 for sample sizes n = 200 (top), n = 500 (middle) and n = 1000
(bottom) for the Hill estimator (H), the EPD-ML estimator é,éVIL (ML), the penalized
ML estimator £ (1) with w = 1 (PML), the Bayesian estimator £P (1) with w = 1 (B),
and the minimum variance reduced bias estimator C Hj, (CH).
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Figure 4: Bias (left) and root mean squared error (right) in case of the loggamma
distribution with & = 0.5 for sample sizes n = 200 (top), n = 500 (middle) and
n = 1000 (bottom) for the Hill estimator (H), the EPD-ML estimator é,i”L (ML), the
penalized ML estimator ££(1) with w = 1 (PML), the Bayesian estimator £7(1) with
w =1 (B), and the minimum variance reduced bias estimator C H, (CH).
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Figure 5: Bias (left) and root mean squared error (right) in case of the Fréchet dis-
tribution with £ = 0.5 (top) and Burr distribution with £ = 0.75 (bottom) for sample
size n = 200 comparing the penalized ML estimator éf: (1) with w = 1, w = wyyy from
, and the optimal asymptotic RMSE from replacing A by CoyvVk(k/n)~".

In order to illustrate the use of the proposed method we consider the Secura
Belgian Re data introduced in section 6.2 in Beirlant et al. (2004). For k& < 100
the penalized ML estimator f,f (1) is quite constant and follows the Hill estimator
quite closely. This is in contrast with the EPD-ML estimates which vary a lot
in that region. The Bayesian estimates é,? (1) and CH estimates show somewhat
lower estimates. Beirlant et al. (2004) concluded that the Hill estimate in this
k-region is an appropriate choice and the adaptive choice k = 98 was proposed
as one of the largest k-values in this region. This proposal is also supported by
the present analysis, leading to an estimate £7(1) = 0.28.

4. Conclusion

We introduced the use of shrinkage estimators in tail estimation, in order
to obtain bias reduction jointly with good MSE behaviour. Shrinkage estimators
can be obtained through a penalized ML approach, or through a Bayesian imple-
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Figure 6: Estimates of ¢ for Secura Belgian Re data set: results for the Hill estimator (H),
the EPD-ML estimator £M% (ML), the penalized ML estimator £ (1) with w = 1 (PML), the
Bayesian estimator £7 (1) with w = 1 (B), and the minimum variance reduced bias estimator
CHj, (CH) (left), focused plot for k =1,...,100 (right).

mentation. For larger thresholds the proposed estimators follow the behaviour of
the classical Hill estimator with small bias and minimal variance, while the new
estimators are never worse than the corresponding bias reduced ML estimators
without penalization. The simulated MSE results are competitive with those of
other bias reduced estimators. In contrast to existing minimum variance bias
reduced estimators we only use second order slow variation conditions.
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5.

Appendix

Derivation of the expressions of (é,f ,3}: ). First consider the asymptotic

approximations of the penalize ML estimator of £ based on maximization of
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(2.2). From ({2.1))-(2.2)) using expansions in § — 0 we obtain

108 Len(€:0ly) = —(1+ ) log € — (146 -

w6? 2 1 5
— Z 1—y7,)2 —
kol 2116k ;( vin) Pt

+0(6%) + ¢,

where c is a constant only depending on O'k and 7. Note that 1 Z i=1 logyjr =
Hy . Then the score functions admit the following expansmns in 6 J O for
j=1,...k:

P 5o
2108 lpen (&, 0ly;) = = L log ik + (1 —yi) +O0(8%),
§ 5 &2

29
) 1 5
% log lpen (&, 0lyjx) = N (1-(@1- £7)yj, k)~ k(:]%n
0
g (1=201 = nyfy + (1= 267 — &r)yf3) + 0(5").

Derivation of Theorem. Note that as k,n — oo, k/n — 0 and Vka(n/k) — A,
we also have kakn — AN2C 2. Also as \Fa(n/k) — A we find using Ej, ,(s) —
1/(1 —¢&s) (see Theorem A.1 in Beirlant et al. , 2009) that
£Ce p!
DP = > + 0,(1).
R (I

Then, proceeding as in the proof of Theorem 3.1 in Beirlant et al. (2009), we
obtain with Ty, = VE(Hgn =€), Brn(s) = VE(Ern(s) — 12g) (s <0), that

Vi (& -¢) = @(Hk,n—g—&f:lfp)
= Tpp — %@S}j

p? 1
= Thn (1 eI ) €I+ e = 31— 7 >

_£C§/A2+p4/§(1_2p)( p)zEk‘,n(T) +Op(1)

_ p*(1 - 2p) . (((=p)E(1 = 2p)(1 — p)°
= Tim <1 + W) + Bin(F) ( e ) +op(1).

Using Theorem A.1 in Beirlant et al. (2009), (2.6) and (2.7) follow under
VEa(n/k) — \.
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