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1. INTRODUCTION

Functional data analysis (FDA) is concerned with data which are viewed as
functions defined over some set T'. Examples of functional data can be found in
several application domains such as meteorology, medicine, economics and many
others (for an overview, see Ramsay and Silverman, 2002). Comprehensive sur-
veys about functional data analysis can be found in Ferraty and Vieu (2006),
Horvath and Kokoszka (2012), Ramsay et al. (2009), Ramsay and Silverman
(2002, 2005), Zhang (2013) and in the review papers Cuevas (2014) and Valder-
rama (2007). Many papers available in the literature are devoted to estimation
and classification of functional data, e.g., cluster analysis (Jacques and Preda,
2014; Tokushige et al. 2007; Yamamoto and Terada, 2014), confidence inter-
vals (Lian, 2012), discriminant analysis (Goérecki et al., 2014; James and Hastie,
2001; Preda et al., 2007), estimation (Attouch and Belabed, 2014; Chesneau et al.,
2013; Cuevas et al., 2006, 2007; Prakasa Rao, 2010), principal component analysis
(Berrendero et al., 2011; Boente et al. 2014; Boente and Fraiman, 2000; Jacques
and Preda, 2014), variable selection (Gregorutti et al., 2015). Hypothesis testing
problems for functional data are also commonly considered, e.g., heteroscedas-
tic ANOVA problem (Cuesta-Albertos and Febrero-Bande, 2010; Zhang, 2013),
paired two-sample problem (Martinez-Camblor and Corral, 2011), the one-way
ANOVA and MANOVA problem (Abramovich et al., 2004; Cuevas et al., 2004;
Horvéath and Rice, 2015; Goérecki and Smaga, 2015, 2017), testing equality of
covariance functions (Zhang, 2013), two-sample Behrens-Fisher problem (Zhang
et al., 2010b).

In this paper, the two-sample problem for functional data which are from
the same subject (probably submitted to different conditions) is considered. We
follow the notation of Martinez-Camblor and Corral (2011). Suppose we have a
functional sample consisting of independent trajectories Xi(¢),..., X, (¢) from a
stochastic process which may be expressed in the following form

(1.1) Xi(t) = m(t) +ei(t), t€[0,2],

where ¢;(t) are random functions with E(e;(t)) = 0 and covariance function
C(s,t). Hence, the null hypothesis is of the form

(1.2) Hy: m(t) =m(t+1), Vt €[0,1].

Concerning t € [0,2], we ignore (possible) period in which the subject is not
monitored.

To illustrate the testing problem described above, we consider the orthosis
data. Seven volunteers (n = 7) were participated in the experiment. First,
they were stepping-in-place without orthosis. Second, they did the same with a
spring-loaded orthosis on the right knee. Under each condition, the moment of
force at the knee was computed at 256 time points, equally spaced and scaled
to the interval [0, 1]. So the orthosis data can be represented as curves. We are



4 Lukasz Smaga

interested in testing if the mean curves of all volunteers are different under these
two conditions (see Figure 1). As the curves obtained without and with orthosis
are from the same subjects (volunteers), we have a paired two-sample problem
for functional data. The detailed description of the experiment and its analysis
are presented in Section 6.
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Figure 1: The mean curves of all volunteers of the 10 raw orthosis curves
under without orthosis (¢ € [0,1]) and with spring 1 (¢ € [1, 2])
conditions.

For testing (1.2), Martinez-Camblor and Corral (2011) proposed to use the
test statistic

1
(1.3) C, = n/o (X(t) = X(t + 1)) dt,

where X (t) =n=1 3" | X;(t), t € [0,2]. This test statistic is based on a simple
idea that the null hypothesis should be rejected whenever the “between group
variability” measured by the difference between sample means is large enough at
a prescribed significance level. As in the standard ANOVA test statistic, appro-
priate “within group variability” measure may be also contained as denominator
in C,,. However, then it seems to be impossible to find the exact sampling dis-
tribution of such statistic, even under Gaussianity assumption. Moreover, since
Martinez-Camblor and Corral (2011) used an asymptotic test (large sample sizes
may be required) and such a denominator tends to some parameter connected
with covariance function as n — 0o, the denominator could be replaced by that
parameter. Then it could be incorporated to the numerator so that it is only nec-
essary to calculate the asymptotic distribution of the test statistic and replaced
by an estimator in that distribution. This reasoning can be used in homoscedas-
tic as well as heteroscedastic case. Bearing in mind this motivation, Martinez-
Camblor and Corral (2011) used only the numerator (i.e., C,), and avoided the
homoscedasticity assumption in such a way (see also Cuevas et al., 2004, for
similar argumentation).
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Martinez-Camblor and Corral (2011) derived a random expression of their
test statistic (1.3), and approximated the null distribution by a parametric boot-
strap method via re-sampling some Gaussian process involved in the limit ran-
dom expression of C,, under the null hypothesis. Moreover, Martinez-Camblor
and Corral (2011) considered nonparametric approach and proposed bootstrap
and permutation tests. Although these methods work reasonably well in finite
samples, they may be time-consuming. In this paper, we present the Box-type
approximation (Box, 1954; Brunner et al., 1997; also called two-cumulant ap-
proximation, see Zhang, 2013) for the asymptotic distribution of C,, under the
null, and we propose the new test based on this approximation. It is shown to be
root-n consistent. The new testing procedure is also much less computationally
intensive than the re-sampling and permutation tests of Martinez-Camblor and
Corral (2011). Moreover, it is comparable with these tests in terms of size control
and power.

This paper is organized as follows. Section 2 presents the Box-type approx-
imation for the asymptotic null distribution of test statistic C,, and the new test
based on this approximation. Its root-n consistency is proved in Section 3. In
Section 4, an intensive simulation study providing an idea of the size control and
power of the new testing procedure and the tests proposed by Martinez-Camblor
and Corral (2011) is given. The comparison of computational time required to
perform the considered tests is presented in Section 5. Section 6 contains a real-
data example of the use of those tests to the orthosis data. Some concluding
remarks are given in Section 7. In the Appendix, proofs of theoretical results,
numerical implementation of the new test, R code which performs it and addi-
tional simulations are presented.

2. THE TESTING PROCEDURE

In this section, we describe and discuss the new testing procedure for (1.2)
which is based on the Box-type approximation for the asymptotic distribution of
the test statistic C,, given by (1.3) under the null.

Let Xi(t),...,Xn(t) be independent trajectories from a stochastic process
(with expectation function m(t) and covariance function C(s,t), s,t € [0,2])
expressed as in (1.1). For theoretical study, we list the following regularity as-
sumptions.

Assumptions:

Al.  The mean function m(t) € L?[0,2] and tr(C) df f02C(t,t) dt < oo, where
L?([0,2]) denotes the set of all square-integrable functions over [0, 2].
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A2.  The subject-effect function vy (t) ©f x, (t) — m(t) satisfies

2

2
E|vi|*=FE (/0 v3(t) dt> < 0.

A3.  For any t € [0,2], C(t,t) > 0, and max,¢(y 2] C(t,1) < oo.

A4, Forany (s,t) € [0,2]%, E (vi(s)vi(t)) < C < oo, where C is certain constant
independent of any (s,t) € [0, 2]2.

The given assumptions are quite common in functional data analysis liter-
ature (see, for instance, Zhang, 2013; Zhang and Liang, 2014). Assumption Al is
regular. It guarantees that as n — oo, the sample mean function will converge to
Gaussian process weakly. Assumptions A2-A4 are additionally imposed to obtain
the consistency of estimator of the covariance function. The uniformly bound-
edness of E (vi(s)vi(t)) in assumption A4 is satisfied when the subject-effect
function v (¢) is uniformly bounded in probability over [0, 2].

Under assumption A1, by (4.7) in Zhang (2013), we have E| X1||? = ||m/||*>+
tr(C) < oo. Hence, using the central limit theorem for random elements taking
values in a Hilbert space (see, for example, Zhang, 2013, p. 91) and the continuous
mapping theorem as in the proof of Theorem 1 in Martinez-Camblor and Corral

(2011), under the null hypothesis, we obtain C, KN I€]1%, as n — oo, where KN
denotes convergence in distribution, and £(t),t € [0, 1] is a Gaussian process with
mean zero and covariance function

(2.1) K(s,t) = C(s,t) — C(s,t + 1) = C(s + 1,£) + C(s + 1, t + 1), s, € [0, 1]

(see the proof of Theorem 1 in Martinez-Camblor and Corral, 2011, for more
details). Under assumptions Al and A3, we have tr(K) is finite, where we use
the fact C(s,t) < (C(s,s)C(t,1))/? < maxe(o,2] C(¢,t) < oo. Thus, Theorem 4.2
in Zhang (2013) implies [|¢]|* has the same distribution as Y,y AxAk, where
Ar, k = 1,2,..., is a sequence of independent random variables following a
central chi-squared distribution with one degree of freedom, and A\, £k =1,2,...,
is the non-negative sequence, satisfying Ay > Ao > .-+ > A > -+ > 0 and
> ren Az < 00, of the eigenvalues of K(s, t) given by (2.1). Since Cp 4 €112, as
n — oo, we conclude that

(2.2) Cn 5 C5 = My
keN

under the null and assumptions A1l and A3. Hence, the test statistic C,, converges
in distribution to a central x2-type mixture (see Zhang, 2005), under the null and
assumptions Al and A3. On the basis of (2.2), the asymptotic null distribution
of C,, is known except the unknown eigenvalues A\, k = 1,2,..., of K(s,t). These
unknown eigenvalues can be estimated by the eigenvalues Moy k=1,2,... , of the
following estimator of K(s,t):

(2.3) K(s,t) =C(s,t) —C(s,t+1) = C(s+1,8) + C(s + 1,t + 1), s,t €[0,1],
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where C(s,t) = (n — 1)"' 27 (Xi(s) — X (s))(Xi(t) — X (1)), s,t € [0,2] is the
unbiased estimator of C(s,t) (see Zhang, 2013, p. 108). Moreover, it is often
sufficient to use only the positive eigenvalues of K(s, t). With the sample size n
growing to infinity, the estimator K(s, t) is consistent in the sense of the following

lemma. Let 5 denote convergence in probability.

Lemma 2.1.  Under the model (1.1) and assumptions A1-A4, we have

~

K(s,t) 5 K(s,t) uniformly over [0, 1]?, as n — o0o.

We now apply Box-type approximation (Box, 1954; Brunner et al., 1997)
for approximating the asymptotic null distribution of C,. This method is also
known as two-cumulant approximation (see Zhang, 2013). It is an example of the
approximation methods using cumulants, which are often considered in functional
data analysis (see, for example, Goérecki and Smaga, 2015; Zhang, 2013; Zhang
and Liang, 2014; Zhang et al., 2010b), so we also may name it “two-cumulant
approximation”. The key idea of this method is to approximate the distribution
of Cj by that of a random variable of the form ﬁxg, where the parameters 8 and
d are determined by matching the first two cumulants or moments of C; and ﬁxfl.
By the results of Zhang (2013, Sections 4.3 and 4.5), we have
(2.4) 5 tr(K®?) i tr?(K)

' tr(K) tr(K®2)’

where tr(K) = fol K(t,t) dt and K®? & fol K(s,u)K(u,t) du. The approximation
of the distribution of Cj by that of 5X3 seems to be sensible, since Cjj is a x2-type
mixture which is nonnegative and generally skewed, and so Bx2% is. Thus, Cj
and Bxfl with # and d as in (2.4) have the same range, mean and variance and
similar shapes. However, the distributions of these random variables are usually
not the same. Moreover, the conditional distributions of the parametric and non-
parametric bootstrap and permutation statistics of Martinez-Camblor and Corral
(2011) can be different of the distribution of Bx3. Fortunately, these distribu-
tions are very similar to each other, and the distribution of szl can have flexible
shapes and be adaptive to different shapes of the underlying null distribution of
Cp, which is confirmed by simulation studies of Section 4. From those simula-
tion studies, we can observe that both the previous and new approximations give
very similar and satisfactory results for small and moderate sample sizes. The
same holds for large samples. For instance, when n = 2000, the empirical sizes
of the parametric and nonparametric bootstrap, permutation and new testing
procedures were equal to 5.2%, 4.8%, 5.2%, 4.8%, respectively, and the empirical
power of all tests was equal to 100%. These results suggest that the type I error
rate (resp. power) of each test tends to the nominal significance level or to value
close to it (resp. one) as n — oo.

The natural estimators of 5 and d are obtained by replacing the covariance
function K(s,t) in (2.4) by its estimator K(s,t) given by (2.3), i.e.,
. 3K
i (K)

) e )
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Therefore, under the null, C,, ~ Bxé approximately, and hence the new test (the
BT test) for (1.2) is conducted by computing the p-value of the form

(2.6) PO > Ca/B),

or for given significance level «, the estimated critical value of C,, given by
(27) én,a = BXZ:O/

where X%,a denotes the upper 100a percentile of x2. The critical region of the
new testing procedure is of the form {C, > Bxfza}. In the following theorem,

we show that the estimated critical value én,a tends to theoretical critical value
Coa = 5X§ o+ @ n — oo. The consistency of the estimators 3 and d is also proved
there.

Theorem 2.1. Under the assumptions of Lemma 2.1, as n — oo, we
have 3 Lt 8 and d&q. Moreover, we have C;W i Con = Bxfw, as n — oo.

Numerical implementation of the BT test is described in the Appendix.
This testing procedure is very easy to implement in the R language (R Core
Team, 2015). In the Appendix, we also present and describe the R code which
performs the new test.

3. ASYMPTOTIC POWER UNDER LOCAL ALTERNATIVES

In this section, we investigate the asymptotic power of the BT test under
two kinds of local alternatives. Power of tests under similar types of alternatives
was studied in the literature concerning the functional data analysis (see, for
example, Zhang et al., 2010a, Zhang and Liang, 2014). The formulas for the
asymptotic powers of the BT test are given in the proofs of Theorems 3.1 and
3.2.

First, we consider the local alternatives of the form H {711) cm(t)—m(t+1) =
n~7/2d(t),t € [0, 1], where 7 € [0,1) is fixed and d(t) is any fixed real function such
that ||d|| € (0,00). So, we study the power behavior when the alternatives tend to
the null hypothesis (1.2) with a rate slightly slower than n~/2. In the following
result, we establish the asymptotic power of the BT test tends to one, as n — oo,
under H {711) and under gaussianity assumption of processes X;(t),i = 1,...,n in
model (1.1).

Theorem 3.1.  Under model (1.1), where X;(t),i = 1,...,n are Gaus-

sian processes, assumptions A1-A4 and the local alternatives H ;11)7 T €[0,1), the
asymptotic power of the BT test tends to 1 as n — oo.
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We now consider the local alternatives, which tend to the null hypothesis
(1.2) with the root-n rate, i.e., HSZ) cm(t)—m(t+1) = n~Y2d(t),t € [0,1], where
d(t) is any fixed real function such that ||d|| € (0,00). Here, we do not assume
gaussianity of the observations, but the asymptotic power of the BT test tending
to 1 is obtained when the information provided by d(t) diverges to infinity. This
is presented in the following theorem.

Theorem 3.2.  Under model (1.1), assumptions Al-A4 and the local
(2)

> as n — oo, the asymptotic power of the BT test tends to 1 as

alternatives H
ld|| — oc.

Theorems 3.1 and 3.2 indicate that the BT test can detect the local al-
ternatives H 81) and H fi) with probability tending to one under the assumptions

given above. By the definition of Zhang and Liang (2014), we obtain that the
BT test is root-n consistent.

4. SIMULATIONS

Simulations are conducted to compare the empirical sizes (type I error
rates) and powers of the BT test with those of Martinez-Camblor and Corral
(2011). As we mentioned, Martinez-Camblor and Corral (2011) proposed three
approximation methods for the null distribution of C, based on the asymptotic
distribution (the A test), on bootstrap (the B test), and on permutation (the
P test). Additional simulations considering different dependency structure than
that in this section are given in the Appendix. All simulations were conducted
with the help of the R computing environment (R Core Team, 2015).

functions s J N functions

mos() S R mos()

M 00 Rl S o ma(0)

| \ o ma() \ e —oe maa()
f \ ) / maa(t)
| S \
|

Figure 2: The shapes of functions m; ;(t),t € [0, 1] used in simulations of
Section 4.
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Table 1: Empirical sizes (as percentages) of all tests obtained in model
MO. The column “R” refers to different residual types (N —
normal, L — lognormal, M — mixed).

1 26 101 251
R n p A B P BT A B P BT A B P BT

N 25 000 6.9 68 60 6.5 61 62 49 61 53 54 50 53
025 68 71 64 68 68 6.9 59 7.1 52 56 51 53

050 7.2 76 64 7.1 72 70 62 6.7 51 57 46 52

35 000 55 61 57 61 48 45 40 47 43 45 41 43
025 54 61 54 55 54 56 51 51 42 44 36 4.2

050 59 60 51 59 54 56 52 57 44 43 37 42

50 000 54 52 48 52 60 61 57 58 6.5 58 57 6.1
025 52 57 51 50 63 6.6 6.5 64 63 57 59 57

050 53 54 50 50 72 71 63 70 54 51 49 52

L 25 000 6.8 6.7 6.7 64 54 57 57 55 51 48 55 50
02 7.2 74 72 71 51 53 51 49 57 58 57 56

050 7.2 80 79 76 52 53 53 54 56 59 60 59

35 000 54 53 48 53 55 50 52 52 48 50 48 438
025 47 43 46 45 52 52 50 52 50 48 48 4.7

0.50 47 49 47 46 59 59 57 57 47 46 45 46

50 000 50 53 49 51 53 53 49 48 49 49 52 53
025 58 57 57 56 50 51 45 47 47 49 46 438

0.50 55 55 57 58 50 53 51 51 44 46 44 46

M 25 000 51 56 48 52 56 60 56 56 58 56 58 56
025 57 53 52 50 52 56 54 56 62 6.0 58 5.7

050 58 61 56 59 59 59 56 61 61 61 53 6.0

35 000 53 55 52 53 49 47 45 47 45 48 47 438
025 48 50 47 49 49 53 48 50 48 50 49 46

050 49 53 47 48 51 52 45 53 46 57 44 46

50 000 51 51 50 51 55 53 54 52 58 57 56 58
025 49 49 49 47 53 55 50 50 62 61 55 6.1

0.50 45 48 45 46 57 58 55 55 59 64 56 6.0

4.1. Description of the simulation experiments

To be consistent with the results of Martinez-Camblor and Corral (2011)
for the A, B and P tests, we present similar simulation experiments to those in
that paper. We generated X;(t) = m(t) + ;1(t) and X;(¢t + 1) = ma(t) + 2(t)
for t € [0,1], i = 1,...,n, where m;(t) and €;;(t) are described below. Sample
sizes n = 25,35, 50 are considered. Let

) = WGXP(—&)I[OJ](W my,1(t) = v/ 13t/(2m) eXP(—13t/2)I[0,1} (t),
ma,1(t) = /11t/(27) exp(—11t/2)I g 11 (t), ms1(t) = V5% exp(=Tt)Ijg (1),
moa(t) = (sin(2rt%))° o 1) (1),  maa2(t) = (sin(2mt?))* I (1),

maos(t) = (sin(2mt?)) iy (t),  map(t) = (sin(2mt®/))2 16 4)(1).

Figure 2 depicts the shapes of m; ;(t). Because of the choice of m;(t),i = 1,2,
we considered eight models. In models M0-M3, m; = mg1 and mg = m,1,

Jj = 0,...,3 respectively, and in models M4-M7, m1 = mgo and mg = m;2,
7 =0,...,3 respectively.

m(),l(t

f)
f)
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Table 2: Empirical powers (as percentages) of all tests obtained in model
M1. The column “R” refers to different residual types (N —
normal, L — lognormal, M — mixed). The empirical power in the
omitted rows is always 100%.

1 26 101 251
R n »p A B P BT A B P BT A B P BT
N 25 000 405 404 382 395 398 399 366 395 385 386 367 388
0.25 492 49.6 46.8 489 514 51.5 483 51.0 50.2 49.8 474 495
0.50 685 68.0 66.0 68.0 70.2 71.0 68.7 69.8 69.3 69.6 66.6 69.1
35 0.00 531 538 516 527 521 520 502 523 544 545 53.1 545
0.25 65.7 66.5 652 659 647 652 632 653 669 668 657 66.3
0.50 854 85.7 84.6 849 81.6 81.3 80.1 81.1 850 85.0 842 848
50 0.00 69.2 689 682 688 68.7 693 683 686 698 686 684 69.1
0.25 81.8 81.1 812 81.1 81.0 814 809 81.1 822 829 81.7 824
0.50 939 939 93.7 939 945 945 941 945 943 940 940 94.0
L 25 000 988 981 99.0 986 99.0 992 993 989 99.2 993 99.6 994
M 25 0.00 626 628 612 61.8 61.6 619 613 617 61.3 620 606 616
0.25 67.2 67.6 65.7 67.1 67.3 68.6 664 675 676 676 668 673
0.50 732 740 721 736 741 746 732 747 750 755 733 743
35 0.00 768 775 765 769 772 765 769 767 786 79.8 784 788
0.25 827 827 82.0 82.8 82.6 83.0 81.6 821 84.7 845 835 848
0.50 &87.5 88.1 874 871 87.3 872 86.5 87.0 885 881 882 883
50 0.00 89.9 90.7 90.0 90.0 909 91.0 91.2 914 91.0 91.1 90.8 913
0.25 93.7 93.8 929 93.6 943 940 939 939 944 943 945 945
0.50 96.1 96.0 95.8 96.1 97.0 97.1 969 971 973 975 972 974

Three different types of errors were considered. In the normal case, €;1(t) =
fBil (t) and Eig(t) = pEil(t) —|-§ 1-— p2Bi2(t), where p = 0,0.25,0.5, Bz‘l and BZ‘Q
are two independent standard Brownian Bridges, and £ = 0.05 for models M0O—
M3 and & = 0.5 for the remaining. In the lognormal (resp. mized) case, the error
functions are exp(e;;(t)), j = 1,2 (resp. €;1(t) and exp(e;a(t))), where €;;(t) are
as above. The errors functions exp(e;;(t)) are adequately centered.

In practice, the functional data are not usually continuously observed. The
points, at which the functional data are observed, are called the design time
points. So, the processes X;(t), X;(t 4+ 1),t € [0, 1] were generated in discretized
versions X;(t,), X;(t, +1), for r = 1,...,I and for I = 26,101,251, where the
values t, were chosen equispaced in the interval [0, 1].

Under various parameter configurations, the empirical sizes and powers (as
percentages) of the tests were calculated at the nominal significance level o = 5%
and based on 1000 replications. In Tables 1-7, the results for models M0-M6
are displayed. For model M7, the empirical powers were always 100%. The
empirical power in the omitted rows in these tables is always 100%. Similarly
as in Martinez-Camblor and Corral (2011), the p-values of the A, B and P tests
were estimated from 1000 replications.
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Table 3: Empirical powers (as percentages) of the A, B, P and BT tests
obtained in model M2. The column “R” refers to different resid-
ual types (N — normal, L — lognormal, M — mixed). The empir-
ical power in the omitted rows is always 100%.

1 26 101 251
R n »p A B P BT A B P BT A B P BT
N 25 0.00 493 49.0 469 485 50.0 50.1 48.0 49.6 49.1 498 46.5 487
0.25 60.7 62.1 588 60.6 619 625 59.5 61.7 63.0 628 592 622
0.50 786 79.0 77.0 786 795 794 785 793 794 794 Tr.7 79.1
35 0.00 624 616 603 612 654 652 64.1 64.8 63.1 622 60.7 62.1
025 768 773 759 7vr2 781 781 773 780 754 754 735 745
0.50 909 914 903 91.0 915 91.6 90.7 915 89.8 89.9 89.6 90.1
50 0.00 79.9 802 792 799 799 80.1 787 798 79.7 80.5 792 79.6
0.25 90.7 904 89.6 90.3 90.1 90.0 895 90.0 90.2 89.9 89.5 89.7
0.50 979 97.8 97.6 97.8 985 98.2 983 983 981 983 978 982
L 25 000 100 100 100 999 999 999 100 100 100 99.9 100 100
M 25 0.00 741 742 728 735 755 754 744 748 754 76.0 743 753
025 799 798 792 79.8 81.7 815 80.5 81.1 809 81.6 812 811
0.50 85.7 &85.6 84.0 855 86.8 87.5 859 872 857 858 851 857
35 0.00 875 878 875 874 893 89.7 892 893 879 88.0 872 88.0
0.25 927 925 922 924 93.0 924 923 929 920 91.8 91.8 917
0.50 959 96.0 95.7 959 959 958 958 957 952 948 946 95.0
50 0.00 97.8 976 978 97.7 97.0 969 97.0 96.7 97.6 97.7 97.7 975
0.25 989 988 98.8 989 985 985 98.6 985 987 98.6 987 98.6
0.50 994 99.2 99.2 995 99.3 994 994 993 994 994 994 99.5

4.2. Results

In this subsection, we describe the simulation results for the new method
and the tests of Martinez-Camblor and Corral (2011).

Tables 1 and 5 display the empirical sizes of the tests obtained in models M0
and M4. Based on the binomial proportion confidence interval, for the nominal
level o = 5%, the empirical size over the 1000 independent replications should
belong to the interval [3.6%,6.4%] (resp. [3.2%,6.8%]) with probability 95%
(resp. 99%). Therefore in Tables 1 and 5, when the rejection proportions are
outside the 95% significance limits, they are displayed in bold, and when they
are outside the 99% significance limits they are underlined. The results for the BT
test and the tests proposed in Martinez-Camblor and Corral (2011) are generally
quite satisfactory, and the nominal level is well respected in most cases by the
tests. Their empirical sizes are rarely larger than the upper endpoint of the 95%
confidence interval, and they are not less than lower endpoint of that interval.
Under normal and mixed cases, the B test is the most liberal of all the tests,
and it is slightly more liberal than the A and BT tests, which are more liberal
than the P test. Nevertheless, the P test is not conservative. Under lognormal
case, the empirical sizes do not express such a tendency in general. In model
MO and normal case, the empirical sizes of all tests decrease when I increases
for n = 25,35, and they increase when n = 50. In the other cases of model M0
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Table 4: Empirical powers (as percentages) of the A, B, P and BT tests
obtained in model M3. The column “R” refers to different resid-
ual types (N — normal, L — lognormal, M — mixed). The empir-
ical power in the omitted rows is always 100%.

1 26 101 251
R n »p A B P BT A B P BT A B P BT
N 25 000 193 196 180 184 314 316 309 309 314 327 317 317
0.25 25.1 252 236 243 469 462 473 453 463 46.3 47.0 445
0.50 39.6 39.6 389 392 762 759 782 754 80.0 817 819 805
35 0.00 26.0 257 260 263 466 459 473 46.1 50.5 50.7 50.1 49.6
0.25 37.1 377 368 369 672 683 697 678 732 737 746 733
0.50 60.3 604 604 59.7 96.2 955 96.2 96.0 97.7 975 982 977
50 0.00 40.3 41.2 401 398 775 778 785 772 829 829 837 825
0.25 54.1 539 545 533 95.0 949 96.1 951 97.6 97.7 974 97.7
0.50 84.6 84.2 84.6 834 100 100 100 100 100 100 100 100
L 25 000 704 71.7 756 715 979 979 988 981 99.2 99.1 994 99.3
025 915 919 944 911 99.8 99.8 100 99.7 100 100 100 100
0.50 999 999 999 99.8 100 100 100 100 100 100 100 100
35 0.00 93.0 927 947 926 100 100 100 100 100 100 100 100
025 999 999 100 99.7 100 100 100 100 100 100 100 100
50 0.00 100 100 999 100 100 100 100 100 100 100 100 100
M 25 0.00 335 341 346 329 628 626 648 622 66.6 673 699 670
0.25 39.6 404 406 394 711 715 751 706 771 776 794 76.6
0.50 46.8 469 474 456 79.1 80.0 82.0 79.3 84.7 844 855 842
35 0.00 48.6 48.7 50.0 480 872 870 89.0 876 90.7 90.6 92.8 90.6
0.25 57.2 56.8 583 569 928 93.0 935 926 953 956 962 953
0.50 65.3 655 66.1 653 96.0 96.1 96.6 96.1 979 978 981 98.0
50 0.00 75.0 751 758 748 994 996 996 99.6 99.8 99.5 99.8 99.9
0.25 83.0 82.8 831 81.8 99.8 99.8 100 99.8 100 100 99.9 100
0.50 894 89.1 89.3 888 99.9 999 100 100 100 100 100 100

and in model M4, this observation is not true generally, and the behavior of the
empirical sizes is more complicated when [ increases. Summarising, the new test
respects the nominal level a bit better than the A and B tests and may be more
liberal than the P test.

The empirical powers of the testing procedures obtained in models M1-M3
and M5-M6 are given in Tables 2—4 and 6-7. Similarly to the empirical sizes,
the empirical powers are also quite satisfactory. The observed differences among
the empirical powers of all tests are very small. In models M1-M2, the B test is
usually a bit better than the other tests, while in models M3 and M5-M6, the P
test has such property. In models M1-M2 and M5-M6, the empirical powers of
each test are similar among different I’s, while in model M3, they increase when
I increases. They also increase with n or p. Since in models M3 and M6 the
functions m; and mo are very close to each other, the observed empirical powers
are usually moderate. In the other models, they are generally quite high even for
small n and p in all considered situations. Thus, the empirical powers of the BT
test are comparable with those of the tests proposed by Martinez-Camblor and
Corral (2011), and their behavior is quite satisfactory.
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Table 5: Empirical sizes (as percentages) of the all tests obtained in
model M4. The column “R” refers to different residual types
(N — normal, L — lognormal, M — mixed).
1 26 101 251
R n p A B P BT A B P BT A B P BT
N 25 000 53 52 47 53 57 61 54 55 51 50 42 46
025 54 54 50 53 52 54 51 54 b4 54 43 54
050 52 51 46 52 50 51 45 49 57 58 47 56
35 000 49 50 43 47 6.8 6.7 64 6.7 47 50 45 48
025 55 57 49 57 6.8 7.0 6.5 6.8 49 48 44 49
050 59 63 56 63 6.7 6.6 63 64 49 50 51 52
50 000 63 61 57 60 58 57 55 59 49 51 49 49
025 63 64 59 64 53 55 48 52 53 55 50 54
050 59 64 54 62 53 54 50 52 55 58 52 56
L 25 000 40 44 44 44 56 56 55 56 54 53 52 52
025 39 40 40 40 6.0 6.0 6.2 59 56 b5 b4 54
050 37 41 41 38 59 63 64 6.1 48 50 51 438
35 000 44 49 49 49 46 47 49 48 54 57 52 53
025 42 41 45 42 42 44 48 45 53 53 55 5.1
050 44 46 48 45 46 49 56 52 54 52 51 52
50 0.00 50 52 52 50 49 54 51 52 48 55 51 52
025 54 52 57 56 53 52 50 50 49 59 55 54
050 58 57 57 58 62 58 56 57 53 57 56 54
M 25 000 56 51 53 54 57 60 59 56 63 62 61 6.2
025 55 53 51 54 57 64 54 59 62 62 6.1 6.3
050 56 55 53 54 6.6 6.8 62 6.6 6.6 6.2 61 59
35 0.00 54 58 55 55 58 59 57 58 47 48 46 4.6
025 52 54 51 51 59 58 59 59 51 54 46 5.1
050 58 56 49 51 59 6.1 56 58 54 53 52 51
50 000 78 80 75 75 64 70 6.6 6.7 57 61 6.5 59
02> 86 85 79 86 64 6.6 64 64 60 6.5 6.5 6.2
050 85 85 7.9 85 6.6 6.7 6.1 6.6 62 6.7 6.7 6.5
Table 6: Empirical powers (as percentages) of all tests obtained in model
M5. The column “R” refers to different residual types (N —
normal, L — lognormal, M — mixed). The empirical power in the
omitted rows is always 100%.
1 26 101 251
R n P A B P BT A B P BT A B P BT
N 25 000 719 719 720 715 743 742 737 733 720 732 739 722
0.25 89.4 89.2 89.7 89.0 90.5 89.5 905 89.6 87.3 884 89.0 87.5
0.50 99.3 99.2 99.6 99.5 99.2 99.0 994 99.2 993 992 994 99.1
35 0.00 914 91.8 915 914 922 93.6 935 928 924 924 925 918
0.25 99.1 989 992 99.1 99.1 99.1 994 99.1 99.1 99.1 99.5 99.3
50 0.00 994 99.6 99.8 99.7 99.7 99.6 99.7 99.7 99.6 99.8 99.8 99.8
L 25 0.00 994 99.2 993 989 996 99.6 99.7 995 993 993 99.6 994
0.25 999 999 999 999 100 100 100 100 100 100 100 100
35 000 999 999 999 999 100 100 100 100 100 100 100 100
M 25 000 958 966 973 964 974 977 981 979 965 96.2 96.6 96.3
0.25 988 98.6 98.7 987 99.1 99.2 993 99.2 985 98.8 99.0 98.7
0.50 99.8 99.8 99.8 999 99.8 999 99.8 99.8 99.8 99.8 99.7 99.8
35 0.00 999 999 999 999 999 99.8 100 100 99.9 999 99.9 999
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Table 7: Empirical powers (as percentages) of the A, B, P and BT tests
obtained in model M6. The column “R” refers to different resid-
ual types (N — normal, L — lognormal, M — mixed). The empir-
ical power in the omitted rows is always 100%.

1 26 101 251
R n »p A B P BT A B P BT A B P BT
N 25 000 231 234 226 225 231 230 228 232 233 228 222 230
0.25 31.7 321 308 308 329 323 320 314 306 30.6 305 303
0.50 519 519 514 503 53.8 54.0 551 528 51.3 525 521 50.7
35 0.00 323 33.0 322 321 355 353 350 345 333 33.0 320 332
0.25 47.8 478 486 475 49.2 49.8 499 496 474 489 489 481
0.50 763 76.6 767 754 773 773 789 7T6.8 752 752 773 756
50 0.00 52.8 509 529 514 541 547 551 538 569 574 56.2 56.7
025 745 733 756 742 752 754 762 755 763 764 764 757
0.50 953 954 96.3 956 954 958 96.6 959 96.6 96.7 969 96.3
L 25 000 614 611 638 622 637 643 657 634 616 632 648 618
025 768 773 791 7T7.6 792 79.7 821 797 786 80.2 817 79.0
0.50 93.8 945 95.7 946 953 95.7 96.2 954 958 96.0 969 96.0
35 0.00 821 828 839 827 828 827 846 834 825 825 844 827
025 933 934 940 931 953 951 958 952 943 945 954 945
0.50 99.5 99.9 99.6 99.6 99.7 99.7 99.8 99.7 995 995 99.6 99.5
50 0.00 959 95.7 965 959 966 969 972 97.1 96.8 96.8 97.6 97.3
0.25 989 99.1 99.0 98.8 99.5 995 99.6 99.6 99.6 99.6 99.8 99.6
M 25 000 339 345 354 336 344 357 36.0 341 347 359 364 343
0.25 41.0 40.7 414 398 419 422 437 420 421 424 437 418
0.50 47.5 48.0 493 473 49.7 509 51.3 491 504 499 515 496
35 0.00 508 507 523 504 510 516 536 51.7 514 520 539 518
0.25 60.5 61.7 62.8 604 634 619 646 623 60.7 609 622 60.2
050 718 719 734 716 758 76.1 769 757 729 740 744 731
50 0.00 74.8 743 758 742 736 733 752 734 754 742 764 746
0.25 846 853 859 84.6 84.6 84.0 853 839 869 861 871 86.2
0.50 927 93.6 93.0 92,5 92.8 932 935 928 944 946 944 941

5. SPEED COMPARISON

In this section, we study how the computational time required to perform
the A, B, P and BT tests depends on the number of observations n and the
number of design time points.

In the experiments, the functional data were generated under models con-
sidered in Section 4. We changed n = 100, 200, ...,1000 and I = 500,1000. As
an example, Figure 3 shows the execution times against n for obtaining the final
p-values of the A, B, P and BT tests when the data were generated as in model
M4 under normal case and p = 0.5, I = 500 or I = 1000. The results obtained
in the other models are similar.

First of all, the BT test is the fastest among all considered ones, as was
expected. It may be extremely faster than the testing procedures of Martinez-
Camblor and Corral (2011), and works at most a few seconds. The execution
time for the A test almost does not depend on the number of observations. This
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follows from that in the implementation of the A test, the data are used only
to calculate the value of test statistic and the estimator of covariance function
(This is done only once.). However, the execution time for this testing procedure
increases significantly with an increase of the number of design time points, since
the generation of artificial trajectories of the Gaussian process & described in
Section 2 strongly depends on it. In most cases, the nonparametric bootstrap
and permutation methods are the slowest ones. Their execution times are quite
similar and increase much with an increase of n or I.

Summarizing, the BT test works very fast even for big data sets, in contrast
to the other testing procedures under consideration.

| =500 1= 1000

Computatonal ime [sec]

—— PR

o] = - - = P —— == R - - - = a

Figure 3: The execution times versus n for obtaining the final p-values of
the A, B, P and BT tests when the number I of design time
points in [0,1] as well as in [1,2] is equal to 500 or 1000. The
data were generated as in model M4 under normal case and
p=0.5.

6. APPLICATIONS TO THE ORTHOSIS DATA

In this section, we apply the new test and the testing procedures proposed
by Martinez-Camblor and Corral (2011) to real-data example, using orthosis
data, which are available on the website of Professor Jin-Ting Zhang (http:
//www.stat.nus.edu.sg/~zhangjt/books/Chapman/FANOVA.htm). These data
were used for illustrative purposes in many problems for functional data (see, for
instance, Abramovich et al., 2004; Gérecki and Smaga, 2015; Zhang and Liang,
2014).

Abramovich et al. (2004) reported the orthosis data were acquired and
computed in an experiment by Dr. Amarantini David and Dr. Martin Luc (Lab-
oratoire Sport et Performance Motrice, EA 597, UFRAPS, Grenoble University,
France). The aim of their research was to investigate how muscle copes with
an external perturbation. Seven young male volunteers participated in the ex-



Repeated measures analysis for functional data 17

periment. They wore a spring-loaded orthosis of adjustable stiffness under the
following four experimental conditions: a control condition (without orthosis);
an orthosis condition (with orthosis); and two spring conditions (with spring 1
or with spring 2) in which stepping-in-place was perturbed by fitting a spring-
loaded orthosis onto the right knee joint. All volunteers tried all four conditions
10 times for 20 seconds each. In order to avoid possible perturbations in the
initial and final parts of the experiment, only the central 10 seconds were used
in the study. The resultant moment of force at the knee was derived by means
of body segment kinematics recorded with a sampling frequency of 200 Hz. For
each stepping-in-place replication, the resultant moment was computed at 256
time points, equally spaced and scaled to the interval [0, 1] so that a time interval
corresponded to an individual gait cycle.

For illustrative purposes, we use the orthosis data under the first (without
orthosis) and third (with spring 1) experimental conditions. For each volunteer,
we calculate the mean curve of the 10 raw orthosis curves under these conditions.
Figure 1 depicts the resulting curves. Of interest is to test if the mean curves of all
volunteers are different under these two conditions (¢ € [0, 1] - without orthosis;
t € [1,2] - with spring 1). This is a paired two-sample problem for functional
data. We applied the A, B, P and BT tests to this problem and the p-values of
these tests are equal to 0.001, 0, 0, 0.0008123766 respectively. Hence all testing
procedures suggest that the mean curves of all volunteers under without orthosis
and with spring 1 conditions are unlikely the same. From Figure 1, however, we
observe that the mean curves may be the same at the last stage of the experiment,
ie., for t € [0.8,1] U[1.8,2]. In this case, the p-values of the A, B, P and BT
tests are equal to 0.201, 0.204, 0.241, 0.2368321 respectively, and hence we fail
to reject the equality of mean curves of all volunteers under without orthosis
and with spring 1 conditions over [0.8,1] U [1.8,2]. Zhang and Liang (2014) also
observed similar behavior of orthosis curves at the last stage of the experiment
and confirmed its evidence by using appropriate tests. However, they considered
the orthosis data under all four experimental conditions in the context of the
functional analysis of variance.

7. CONCLUSIONS

In this paper, we studied the paired two-sample problem for functional
data. We proposed the test for this problem based on the test statistic consid-
ered by Martinez-Camblor and Corral (2011) and the Box-type approximation
for its asymptotic null distribution. This testing procedure is root-n consistent,
easy to implement and much less computationally intensive than the re-sampling
and permutation tests of Martinez-Camblor and Corral (2011). Moreover, it is
comparable with those tests in terms of size control and power, and its finite
sample behavior is very satisfactory. The illustrative real-data example indi-
cates that the decisions suggested by the new test and the testing procedures of



18 Lukasz Smaga

Martinez-Camblor and Corral (2011) seem to be similar in practice.
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A. PROOFS

In the proofs, we use similar techniques as in Zhang et al. (2010a) and
Zhang and Liang (2014).

Proof of Lemma 2.1:  Under assumptions A1-A4, from the proof of

Theorem 4.17 in Zhang (2013), it follows that C(s,t) TN C(s,t) uniformly over
[0,2]%, as n — oo. Hence, by (2.3) and the continuous mapping theorem, we

obtain K(s, ) 5 K(s, t). O

Proof of Theorem 2.1: By Lemma 2.1, we obtain K(s, ) £ K(s,t)
uniformly over [0, 1]2. Hence

1 1
lim tr(K) —/ lim K(¢,t) dt = / K(t,t) dt = tr(K),
0 0

n—oo n—o0
1 1
lim tr(K®?) = / / lim K2(s,t) dsdt = / / K?(s,t) dsdt = tr(K®?).

Therefore, by (2.5) and (2.7) and the continuous mapping theorem, we conclude

that

tr(K®?) p tr(K®?) tr2(K) p tr2(K)

B = — — = /87 CZ = — — = d
tr(K) tr(K) tr(K®2)  tr(K®?)
and (f’ma = Bxfi,a £ BX?I,ON as n — oo. The theorem is proved. O
Proof of Theorem 3.1: Under the local alternatives H (1) we have

1in >

(1.1)

1
Cp = n/o (X (1) —m()) — (X(t+ 1) —m(t + 1)) + (m(t) — m(t +1)))* dt

- /1 <n1/2(X(t) —m(t) = n!AX(+1) = m(t+ 1) + n(l—T)/2d(t))2 dt.
0
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Under gaussianity assumption, Theorem 4.14 of Zhang (2013, p. 109) implies
n'/2(X(t) —m(t)),t € [0,2] is a Gaussian process with mean zero and covariance
function C(s,t). Hence, the processes n'/?(X(t) — m(t)) and n'/2(X(t + 1) —
m(t+ 1)) for ¢ € [0,1] are also Gaussian processes with such parameters. Thus,
n'2(X(t) —m(t)) —n'2(X(t+1) —m(t+1)) +n=7/24d(t) is a Gaussian process
with mean n(1=7)/2d(t) and covariance function K(s,t) given by (2.1). By the
assumption of d € L%(]0,1]) and since tr(K) is finite as noted in Section 2, from
Theorem 4.2 in Zhang (2013, p. 86), it follows that C,, has the same distribution
as Zi,l AN A, 4+ 0l ) A2, where A, ~ x3(n 1_7)\_1A2) are independent

A are the decreasing-ordered eigenvalues of K(s,t), dEf fo t)dt, ¢r(t)
are the associated eigenfunctions of K(s,t), r = 1 2 ., and l is the number
of all positive eigenvalues. The possibility of [ = oo is permitted. Using above
observation and since > 00 A% = ||d||?, we calculate the expected value and
variance of the test statistic as follows

! 0
W)= ME(A)+nTT Y A2
r=1 r=Il+1
l
_Z)\ 1+n1 7')\ 1A2 ITZAZ
r=1 r=l+1
l
=Y A+ Td]? = te(K) + 0! d] %,
r=1
l l
Var(C Z)\ZVCLT’ )=2> A2(1+2n'TATAZ) =2) A2+ 4n'TTAY
r=1 r=1
:2tr(K®2)+4n1 TA2,

where A% of erzl A+-A2Z. The rest of the proof is divided into two cases.
Case 1. Let A, =0 forallr=1,...,I. Then, C, has the same distribution as

l 00 !
SoaA 0T A2 = ST A A a2,
r=1 r=1

r=1

where A, ~ x?. Hence, the distributions of C,, and C} + n'~7||d||* are the same,
where Cj is given in (2.2). Theorem 2.1 implies the asymptotic power of the BT
test is of the form P(Cp > Cpa) = P(CE > Coo —n'~7||d]|?) + 0(1), and it is easy
to see that this power tends to 1, as n — oo.

Case 2. Let A, # 0 for some r € {1,...,1}. Since A, ~ x3(n!="A 1A2), it has
the same distribution as (Y, + n(l~ T)/Q)\ 1/2AT)2, where Y, ~ N(0,1). Thus,

the distribution of C, is as that of Zr 1 Ar Y2+ 2mnI=T/2A\ Y + pl-7 D A2

where Y €' S AV2A,Y, /Ay ~ N(0,1). Therefore, (C, — E(C,))/Var(Cn) has

the same distribution as

S A (Y2 —1) N 2n1-1/2 A Y
\/2tr(K®2) +4nl=TA3 \/Qtr(K®2) + 4n1=TA%



20 Lukasz Smaga

Since 7 € [0,1), tr(K®2) is finite (by the Cauchy-Schwarz inequality) and 0 <
A2 <)\ erzl A2 < \]|d||? < oo, we have

l 2
A (Y2 -1
S AP a
\/ 2tr(K®2) + 4nl-7A3

and
2n(1_7—)/2A)\Y . 2A,Y

— 4y ~ N(0,1),
V200 (K9?) +4n1=m A3 [26r(KS2) /= + 443

as n — 00. By Theorem 2.1, we obtain

N o — tr(K) — 1—7 d 2
PCy > Cop) = 1— @ | Coa =) = 7]
\/2tr(K®2) T AnlTA2

+o(1),

where @ is the cumulative distribution function N(0,1). Hence, P(Cp, > Cp.o) —
1, as n — oo, because 7 € [0,1) and Copq, tr(K), tr(K®?) and A% > 0 are
finite. O

Proof of Theorem 3.2:  Under the local alternatives Hl(n), by (1.1), we
have

¢.- [ (2R — ) AR 4 1) - m 1)+ d))

0

Similarly as in the proof of Theorem 1 in Martinez-Camblor and Corral (2011),
we obtain n'/2(X (t) —m(t)) —n'/2(X (t+1) —m(t+1)) +d(t) A &q(t), as n — oo,
where £4(t),t € [0,1] is a Gaussian process with mean d(t) and covariance function
K(s,t) given by (2.1). Hence, by the continuous mapping theorem, we have C,, A
l€4l1?, as m — oo. Since d € L%(]0,1]) and tr(K) < oo (see Section 2), Theorem 4.2
in Zhang (2013, p. 86) shows that ||¢4]|? has the same distribution as Zizl A A+
> 02 4107, where A, ~ X%()\_152) are independent, Ar are the decreasing-ordered

eigenvalues of K(s, t), def fo t)dt, ¢, (t) are the associated eigenfunctions
of K(s,t), r=1,2,..., and l1is the number of all positive eigenvalues (I = oo is
possible). Since A, has the same distribution as (Y + 02, )2, Y, ~ N(0,1),

the distribution of ||£4]|? is the same as that of Zr:l ANY2 +20,Y + 300,52

r=1"r>
where 0% e erzl 02 and Y aef Zizl )\%/25&/}/5)\ ~ N(0,1). Observing that

Yo 53 = ||d||?> and by Theorem 2.1, the asymptotic power of the BT test, as
n — oo, is given by P(Cp > Cna) = P(CE + 20,Y + ||d||?> > Co.a) + o(1), where
Cy and Cp o are given in (2.2) and Theorem 2.1. The rest of the proof runs as in
the proof of Proposition 4 in Zhang and Liang (2014) taking 6% = ||d||?. O
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B. NUMERICAL IMPLEMENTATION

As we mentioned in Subsection 4.1, in practice, the n functional observa-
tions are not continuously observed. Each function is usually observed on a grid
of design time points. In this paper, all individual functions X;(t) for ¢ € [0, 1]
and ¢t € [1,2] in the simulations and the example (also in the function BT.test
given in the next section) are assumed to be observe on a common grid of de-
sign time points that are equally spaced in [0,1] and in [1,2]. To implement
the new test when the design time points are different for different individual
functions, one first has to reconstruct the functional sample from the observed
discrete functional sample using some smoothing technique, then discretize each
individual function of the reconstructed functional sample on a common grid of
time points, and finally apply the test accordingly (see Zhang, 2013, or Zhang
and Liang, 2014, for more details).

Assume that 0 =t <tp <--- <fp=land 1 =t +1 <t +1 < --- <
tp, +1 = 2 denote a grid of design time points that are equally spaced in [0, 1]
and in [1, 2], at which the data are observed. Then, we have
P
n

DS (R () — Xt +1))? = ;cg,

p =1

1 P
N 1 . 1 -
= / K(t,t) dt ~ — E K(t;, t;) = —trace(K),
0 b= p

%

1
—n Y 7 2
Cy = /O(X(t) X(t+1))2 dt

1 PP 1 .
tr(K®2) = //KQSt) dsdt ~ —QZZK2(ti,tj):Ptrace(K2),

where K = (K(t;, )" j—1- For example, similar approximations have previously
been used by Zhang (2013, p. 117), and Zhang and Liang (2014). If the number
p is very small, then we can first reconstruct the data as described in the last
paragraph and then discretize the reconstructed functions on a greater number of
design time points. The estimated parameters 3 and d in (2.5) are approximately
expressed as
w trace(K?) 1 i trace?(K)
T trace(K) P - trace(K2)’

and hence the approximation of the p-value given in (2.6) is of the form

P(x5> Ca/B) = P(x3 > Cp /).

C. R CODE

The new test is performed by the R function BT.test given below. The
notations in the program are consistent with or similar to those used in the paper.



22 Lukasz Smaga

The argument x is a data frame or matrix of data, whose each row is a discretized
version of a function X;(t), ¢t € [0,2], i« = 1,...,n. It means that the columns
of x represent the values of the sample functions at the design time points. The
number of columns is even, and the first half of them is connected with the design
time points in [0, 1], and the second half with those in [1,2]. As outputs, we obtain
value of test statistic and p-value of the test.

BT.test = function(x){
n = nrow(x); p = ncol(x); CC = var(x)
Cn = n*sum((colMeans(x[, 1:(p/2)]) - colMeans(x[, (p/2+1):pl))~2)
KK = CC[1:(p/2), 1:(p/2)] - CC[1:(p/2), (p/2+1):p] -

CCL(p/2+1):p, 1:(p/2)] + CCL(p/2+1):p, (p/2+1):p]

A = sum(diag(KK)); B = sum(diag(KK%*%KK)); beta = B/A; d = (A"2)/B
p-value = 1 - pchisq(Cn/beta, d)
return(c(Cn/(p/2), p.value))

3

D. ADDITIONAL SIMULATIONS

In this section, we present some additional simulations suggested by one
of the reviewers. The simulation models are similar to those in Subsection 4.1,
but we consider the functional autoregressive process of order one (FARf(1))
instead of compound symmetric dependency structure. The FAR((1) process
was considered, for example, by Didericksen et al. (2012) or Horvath and Rice
(2015). The error functions are generated in the following way:

1
(4.1) ey(t) :n/o Ftu)essr(u) du+ EBy(t), t€ [0, 1],i=1,...,mj = 1,2,

where f is a kernel, n = 0.005,0.125 and £ = 0.05,0.5 for models M0-M3 and
M4-M7, respectively, and B;; are independent standard Brownian Bridges. If
I/l <1, then (4.1) has a unique stationary and ergodic solution (see Bosq, 2000,
n =& =1). We consider f(t,u) = cexp((t? + u?)/2), where ¢ = 0.3416 so that
| fIl = 0.5 (see Horvath and Rice, 2015). To obtain g, we use €; —» = £B;,
where B; is a standard Brownian Bridge, and then €; _1 and €;p are generated
according to (4.1). The errors functions €;; are adequately centered. The results
are given in Table 8. They are very satisfactory. The conclusions are similar to
those obtained in Subsection 4.2.
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