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1. INTRODUCTION

In actuarial science, it is often of interest to compare stochastically extreme
claim amounts from heterogeneous portfolios. In this regard, in the present work,
we compare the extreme order statistics arising from two heterogeneous portfolios
in the sense of the usual stochastic ordering. It is assumed that the portfolios
belong to the general exponentiated location-scale model. The general exponen-
tiated location-scale model includes several important statistical models such as
generalized exponential distribution, generalized Weibull distribution, generalized
Pareto distribution and many more. The exponentiated location-scale model has
three types of parameters: location, scale and shape(or skewness) parameters.
Location parameter is useful in modeling the insurance related data, since an in-
surance company suffers a claim from policyholder after a certain period of time
from the date of beginning of the policy. Also, most of the data dealing with
health care costs and economy are skewed. In finance, an investigator may often
have small gains, but occasionally may have a few large losses. In this case, the
data will invariably be negatively skewed. If, howeve, we have a reverse situation,
the data in this case will be positively skewed. Thus, fitting skewed models to
these types of data in finance and some other fields is a very important issue.
in order to fit a skewed data, we require a model having a skewness parameter.
The general exponentiated location-scale model possesses this kind of flexibility.
For this reason, such a general model is useful for fitting various kinds of data
sets. In practical situations, the extreme claim amounts play an important role
as these provide useful information for determining annual premium. In actuarial
science, it is an important issue in expressing preferences between random future
gains or losses. In this direction, comparisons of claim amounts in two hetero-
geneous portfolio of risks based on different stochastic ordering such as usual
become very useful. Order statistics have received a great amount of atention
from various authors. It plays an important role in several areas of probability
and statistics such as reliability theory, queueing theory, and survival analysis.
Let X1., < ... < X,,., denote the order statistics corresponding to the random
variables X1, ..., X,, where Xi., and X,,.,, corresponds to the sample minimum
and sample maximum, respectively. The results of stochastic comparisons of the
order statistics with independent and dependent sampling units can be seen in
Dykstra et al. (1997), Zhao and Balakrishnan (2011), Li and Li (2015), Tor-
rado (2015), Torrado and Kochar (2015), Kochar and Torrado (2015), Kundu et
al. (2016), Kundu and Chowdhury (2016, 2018, 2019, 2020), Chowdhury and
Kundu (2017, 2018), Hazra et al. (2017), Fang and Zhang (2013), Fang and Xu
(2021), Das et al. (2019), Kundu et al. (2021), Chowdhury et al. (2021), and
the references there in for a variety of parametric models. The assumption in
the papers lies in the fact that each of the order statistics Xi.,, Xom, ..., Xpmn
occurs with certainty and the comparison is carried out on the minimums or the
maximums of the order statistics. Now, it may so happen that the order statistics
experience random shocks which may or may not result in its occurrence and it
is of interest to compare two such systems stochastically with respect to vector
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or matrix majorization. A random variable X is said to follow the exponentiated
location-scale model if it’s cumulative distribution function is given by

(1.1) Fx(z;),0,a) = [F <$;A)r,w>x,

where A € R, a > 0,0 > 0 and F is the baseline distribution function. Here,
A, 0 and « are respectively known as the location, scale, and shape parameters.
We write X ~ ELS(\,0,«) if X has the distribution function given by .
The probability density function of the exponentiated location-scale model with
is denoted by fx. In particular, when a = 1, the model given in (|1.1))
reduces to the location-scale family of distributions. Further, when o = 1 and
A =0, reduces to the scale family and when o« =1 and 6 =1, becomes
location family. The model in coincides with the exponentiated-scale family
when the location parameter A is equal to 0. Thus is a general family of
distribution with great flexibility.

Let us assume series and parallel systems consist of n independent com-
ponents in working conditions. Each component of the system receives a shock
which may cause the component to fail. Let the random variable X; denote life-
time of the ith component in the system which experiences a random shock at
binging. Also, suppose that I,,, denotes independent Bernoulli random variables,
independent of X;s, with E(1),) = p;, where p; will be called shock parameter
hereafter. Then, the random shock impacts the ith component (I,, = 1) with
probability p; or doesn’t impact the ith component (I, = 0) with probability
1 — p;. Hence, the random variable Y; = I, X; corresponds to the lifetime of
ith component in a system under shock. Fang and Balakrishnan (2018) have
compared two such systems with generalized Birnbaum—Saunders components.
Similar comparisons are carried out in the context of the insurance where largest
or smallest claim amounts in a portfolio of risks are compared stochastically. One
may refer to Barmalzan et al. (2017), and Balakrishnan et al. (2018).

The survival function of Y7, = min{Y3,...,Y,} is given by
(1.2)
_ n T — M\
Fy,., (z3p, ). 0,0) = le- [1 — F ( 0 Z)] , ¢ >max{\;, i=1,...,n},
i=1 !
and the cumulative distribution function of Y;,.,, = max{Yy,...,Y,} is given by
(1.3)
a T — A
Fynm(x;N,/N\,Q,Qz) = H [1 — Di [1 — P ( 7 Z>” , x>max{\;,i=1,...,n},
i=1 :
where ¢ = (1, -+ ,z,) € I"™ be any real vector and I™ denote a n-dimensional
Euclidean space where I C R. Hereafter, we assume that Y7% (Y,) denotes
similarly the smallest (largest) order statistic arising from Y;* = L. X7, i =
1,...,n, where X7, ..., X} are independent non-negative random variables with

177

X; ~ ELS(\;,07,a7),i =1,...,n and Ip,..., I are independent Bernoulli
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random variables, independent of X s, with E(Ip;) =pf,i=1,...,n. Let

S0 = {250 s g > 0 and 1 < (g > (S > (D).
Np = {(%Zg,%;n) czp > L >0,y > 0,2 < (2)xj,u < (2)y), 2 < (Z)Zj}7

U { (%%ga%m) Wi Ty Yky 21> 07 w; < (>)wjaxi > (g)l'j,yi > (<>yj7 }
n = .

zi 2 ()7

The rest of this paper is organized as follows. In Section 2, we introduce some
definitions and fundamental lemmas. In Section 3, we establish some ordering
properties for the smallest and largest order statistics of the ELS model with
associated random shocks. In Section 4, some special cases of our main results
are added. Section 5 provides applications of the established results. Finally, in
Section 6, we include some concluding.

2. PRELIMINARIES

In this section we provide some preliminary definitions and lemmas which
will be useful in the sequel. To compare lifetimes of series and parallel systems,
stochastic orders have been extensively used in the literature. Below, we present a
few of them. Throughout the paper, we use the notations R = (—o0, +00), Ry =

(0,+00) and a *2" b means that a and b have the same sign. Let X be non-
negative random variable with distribution function F', and density function f.
The survival function, hazard rate, and reversed hazard rate are F = 1 — F,
rx = %, and Tx = %, respectively.

Definition 2.1. Let X and Y be two absolutely continuous random
variables with respective supports (Ix,ux) and (ly,uy), where ux and uy may
be positive infinity, and [x and [y may be negative infinity. Then, X is said
to be smaller than Y in usual stochastic (st) order, denoted as X <4 Y, if
Fx(t) < Fy(t) for all t € (—o0, +00).
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Let £ = (z1,...,xn) € I" and y = (y1,...,yn) € I" be any two real vectors

with z(y),...,2(,) being the increasing arrangement of the components of the
vector . The following definitions may be found in Marshall et al. (2011).

Definition 2.2. (i) The vector g is said to majorize the vector y (written
m
as ¢ >vy) if

J J

D oriy <Y Yy J=1..n=1 and Y wi =Dy
=1 =1

i=1 i=1

w
(77) The vector g is said to weakly supermajorize the vector y (written as > y)
if
J J
Zx(i) < Zy(i) forj=1,...,n;
i=1 i=1

(791) The vector g is said to weakly submajorize the vector y (written as x >, v)
if
n n
Zx(l) > Zy(l) for j = 1,... , Ny
i=j i=j

p
(1v) The vector g is said to be p-larger than the vector y (written as ¢ >vy) if

J J

Hx(i) < Hy(i) forj=1,...,n;

i=1 =1

rm
(v) The vector g is said to reciprocally majorize the vector y (written as g > g)

if

= forj=1,...,n.
-1 Y0 3 Y0
. . m w p ™m
It is not difficult to show that 2>y =z>y=>2z>2y=2>vy

Definition 2.3. A function ¢ : I"™ — R is said to be schur-convex
(schur-concave) on I™ if

ggg implies  ¢(z) = ()Y(y) forall g,y e l™.

The following definitions related to matrix majorization may be found in
Marshall et al. (2011).
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Definition 2.4. (i) A square matrix II,, of order n, is said to be a
permutation matrix if each row and column has a single entry 1, and all other
entries as zero;

(74) A square matrix P = (p;;), of order n, is said to be doubly stochastic if p;; > 0,
foralli,j=1,...,n, 33 pij=1,j=1,...,nand Y0 p;y=1i=1,...,m
(7i7) A square matrix T, is said to be T-transform matrix if it has form T,, =
wl+(1—w)II; where 0 < w < 1, I is the identity matrix and II is the permutation
matrix. Let Ty, = w1+ (1—wq)Il and T, = wal 4 (1—w3z)IIs be two transform
matrices, where 0 < wi,we < 1 and II; and Il are two permutation matrices that
interchange two coordinates. Then, we say Ty, and T, have the same structure
if Il = Ily, where Iy and Ils are permutation matrices with the same dimension,
otherwise they are different structures.

Definition 2.5.  Consider the m x n matrices A = {a;;} and B = {b;;}

with rows ay,...,a, and by, ..., by, respectively.

(1) A is said to be larger than B in chain majorization, denoted by A >> B,
if there exists a finite set of n x n T-transform matrices 711, -+, T} such that
B = ATy - Ty;

(74) A is said to majorize B, denoted by A > B, if A = BP, where the nxn matrix

P is doubly stochastic. Since a product of T-transforms is doubly stochastic, it

follows that A >> B = A > B;

(7i7) A is said to be larger than the matrix B in row majorization, denoted by
m

Am>wB, if a;>b; fori=1,...,m. It is clear that A > B = Am>wB;

(1v) A is said to be larger than the matrix B in row weakly majorization, denoted

w
by AS B, if a;>b; fori = 1,...,m. Tt is clear that A' > B = A > B. Thus it
can be written that A>>B = A>B=A'> B= A>B.

Also, we introduce the following notations.
(1) Dy ={(x1,...,2p): 1 = -+ =y >0}
(17) e ={(x1,...,zp) : 0< 1 < -+ - < T}
_( h(p1) h(p2) --- h(pn)
i) (h(g). ) = (M) ) R
The following two Lemmas are used to prove the two Theorems 2.17 and 2.18.

Lemma 2.1. A differentiable function ® : RS — R, satisfies
(2.1) ®(A) > (L)P(B) forall A,B such that A € Uy, A >> B

if and only if
(1) ®(A) = ®(AII) for all permutation matrice II and for all A € Us, and
4

(1) Y- (aix — aij) [Pir(A) — ®4(A)] > ()0 for all j,k = 1,2 and for all A € Us,,
i=1
where (I)ij (A) = 90(4) .

Oaj
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Lemma 2.2.  Let the function 7 : Ri — R, be differentiable and the
functin @, : Ri" — Ry be defined as

n

P (A) = H Y(a1i, azi, asi, as;).
i=1

Assume that ®o satisfies . Then for A € U,, and B = AT,,, we have ®,,(A) >
(<)®,(B), where T, is the T-transform matrix.

Proof:  The proofs of Lemmas 2.1-2.2 are similar to those of Theorems
2 and 3 Balakrishnan et al. (2015), and Marshall and Olkin (1997) . O

3. MAIN RESULTS

In this section we establish some ordering properties for the smallest and
largest order statistics of the ELS model with associated random shocks. We now
consider the following assumption.

Assumption 3.1 Suppose X1, ..., X, are independent non-negative random vari-
ables with X; ~ ELS()\;,0;,;), and I, ,...,Ip, are independent Bernoulli ran-
dom variables, independent of X;s, with E(l,,) = p;;i = 1,...,n. Further,
suppose X7,..., X, are independent non-negative random variables with X" ~
ELS(A;,07,a7), and I, ..., Ix are independent Bernoulli random variables, in-
dependent of X's, with E(Ix) =pj,i=1,...,n.

Theorem shows that usual stochastic ordering holds between two parallel
systems of heterogeneous components under random shocks for fixed 6 and «.

Theorem 3.1.  Let Assumption 3.1 hold and h : [0,1] — R be a differ-
entiable, increasing and strictly convex function. Also, \; = A}, 8; = 07 = 0 and
a; = of = «, where i = 1,...,n. Then, h(;g) >w h(pj) implies Y., > Y5

provided ) € Dy, h(p) € D+, and h(p) = (h(p1), ..., h(pn)).

Proof:  The cumulative distribution function of Y,,.,, is given by

n

=il (5]

=1

where h(p;) = u;. Let us define ¢; (u) = Fy,, (z). Differentiating 1 (u), partially,

with respect to u;, we get

ont (1o (=) )
(3.1) — >w1(g> <o,

1— h=Y(u) <1 _ Fa (%)
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so, 91 (u) is decreasing in each u;. Again, it can be shown that
(3.2)

dh=1(uj) a [T dh~ 1 (u;) a [ z—=X\;
Oen(w) Oa(w) . <1—F (91)) @ <1‘F (5 )>
8ui B 6uj N =)\ N A

1—h‘1(Uj)<1—Fa( 7 )) 1—h—1(ui)<1—F0<(x_9 ))
9

8u<1 - hl(u)(ll— Fo (T)) - dhdL(U) (1 - <x 7 A) > >0,

1
1—h=1(u) <1—F&(”%/\)

Dy, for i < j taking A; > A; and u; > u; and noticing that h~!(u) is increasing
in u, it can be written that

Now,

implying that ) is increasing in u. Thus, as A € D4, h(p) €

() ()
< ;
1— hY(u;) (1 2 (L‘ji) ) 1—hY(u,) (1 e (L—QM) )
Again, if h(u) is convex in w, then u; > u; gives dh;;g“i) > dh;;guj ) which yields

(o () (e ()
1— h_l(Uj)(l _ Fao <%> ) B 1—h=1(u;) <1 — Fe (z_@)"

N . OP1(n)  OY1(u)
Substituting the above result in (3.2]), we get “Pu T ouy < 0. Thus, by Lemma

3.1 of Kundu et al. (2016), ¥ (u) is Schur concave in y. Thus the result is proved
by Theorem A.8 of Marshall et al. (2011). O

Theorem 3.2 shows that the majorized shape parameter vector leads to smaller
systems lifetime in the sense of the usual stochastic ordering when the location
and scale parameter vectors are constant and shock parameter vectors are het-
erogeneous.

Theorem 3.2.  Let Assumption 3.1 hold and h : [0,1] — R be a differ-
entiable and decreasing function. Also, \j = A\ = A\, 6; = 07 = 0, and o] = 3,

w
where i = 1,...,n. Then, o > 8 implies Y., <g Y,',,, provided q, 3, h(p) € €.

Proof:  The cumulative distribution function of Y;,.,, is given by

P, (@) =] {1 ~ () [1 _po (‘”” - A)] } ,

n
=1
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where h(p;) = u;. Differentiating Fy,,, (z), partially, with respect to a;, we get
Y

OFy, ., (x) _ W~ (u)F* (#52) In[F (TA)]FY (x) <0,

da; 1—h1(u )(1—F"‘Z( A))

so, Fy, ., (z) is decreasing in each ;. Again, it can be shown that
(3.3)

OFy,,. (x) OFy,, (x) sign b~ (u;) % (Z52) In[F (%52)] b (uy)Fe (252) In[F (%52)] ‘
(

N I (e fef>) 1) (1 P (252 )
Now,

2 (o) oo (552 () o
implying that Fe(23%)

is decreasing in «. Again, as h(u) is decreas-
1—h=1(u) <1—Fa(xg’\))

ing in wu, then

o h™!(u) sign oh~1(u)
au(l — h_l(u)(l — Fo (W\)) - T <0,

h=1(u)
1—h=1(u)(1-Fo(252)
for ¢ < j taking a; < o and u; < u; and noticing that h~Y(u) is decreasing in wu,
it can be written that
() 0 (552)

1 —h=1(uy) (1 — F9 (JC?‘)) 1—h(uy)(1— Fes (IE)\)
A

implying that is decreasing in u. Thus, as @ € e, h(p) € e+,

which implies
h_l(uj)Faj (w%g/\) ln[F (TA)] > h_l(uj)Fo‘i (.TE)\) ID[F (@)]
1—h—1(uJ‘)(1—FaJ( A)) 1—-h— (u])<1_Fai(
L e (557 lF (5]
(

=

1—h- (uz)<1 — Fai
Hence, substituting the above results in 1) we get 3F>gg: (@ _ aan&,; @) <.
Thus, by Lemma 3.3 of Kundu et al. (2016), it can be proved that Fy,, (z) is
Schur-convex in ¢. Thus the result is proved by Theorem A.8 of Marshall et al.

(2011). O
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Theorem 3.3.  Let Assumption 3.1 hold and h : [0,1] — R be a dif-

ferentiable and decreasing function. Also, \; = A\; = A, 6; = 07 = 0, and
af = B, where i = 1,...,n. Then, ¢~ !>, B~ implies Yy <ot Y, provided,

Q‘7@a h(]g) SONEH

Proof:  The cumulative distribution function of Y., can be expressed

as the function of a;, where a; = a%_, i =1,...,n. We denote it by ¥(a), where
a=(ay,...,ap), and

- L — )\

_ I VN PO
wate) =] [ [1- 7% (22)]].

=1
where h(p;) = w;. It can be shown that the partial derivative of 15(a), with
respect to a; increasing in ¢ = 1,...,n. Thus, by Lemma 3.1 of Kundu et al.
(2016), it can be proved that i»(a) is Schur-convex in @. Thus the result is
proved by Theorem A.8 of Marshall et al. (2011). O

Theorem 3.4 shows that Y., is smaller than Y}, with respect to the usual
stochastic ordering when a vector of scale parameters is p-larger than that of
another vector of the scale parameters with some additional conditions when the
location and shape parameter vectors are constant and shock parameter vectors
are heterogeneous. Similar result also hold under reciprocally majorized based
conditions among the scale parameters.

Theorem 3.4.  Let Assumption 3.1 hold and h : [0,1] — R be a differ-
entiable and decreasing function. Also, \; = X} = A, 0 = §;, and o; = o) = «,
where ¢ = 1,...,n. Then,

P
(i) >4 implies Y., <st Y.y, provided ¢, 4, h(p) € D,, and ur(u) is increasing
in u;

(i) § = 0 implies Yy <ot V.

n:n’

provided 0,9, h(p) € e, and 7(u) is increasing

in u.

Proof(i) : The cumulative distribution function of Y,,., can be expressed
as the function of a;, where a; =1Inf;, i = 1,...,n. We denote it by ¥3(a), where

a=(ay,...,ay), and

i) =TT |10 )l = P - ).

i=1

where h(p;) = u;. Differentiating 3(a), partially, with respect to a;, we get
OUs(@) b (ug)e % (z — A)F(e % (z — A))F®(e % (z — )

Oa; T 1—h 1 (u)(1 — Fe(e=%(xz — N))) ¥s(e) <0,
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so, ¥3(a) is decreasing in each a;. Again, it can be shown that

(3.4)
20ole)  D0008) s adagle il A2 WP )
0a;  Day — 1 (uy) (1= Fo(e=a (z = V)
- ah*(u» @ (2 — A)F(e % (x — \)F(e~%(z — \))
— h(u;)(1 = Foe(z — X)) '
Now,
0 F¥e %z — A sign a _ I
Oa(l — hl(u)((l — }a(ez)(x — )\)))> = —ae %z — N)(1 - h7Hu)) x 7(e™ %z — \))

x Fe %z — X)) <0,

implying that l_h,l(igx((le:;?(;i‘l)(z_ sy 18 decreasing in a. Again, as h(u) is de-
creasing in u, thenFang, L. and Balakrishnan, N. (2018). Ordering properties of
the small25 est order statistics from generalized Birnbaum?Saunders models with

associated 26 random shocks, Metrika, 81, 1, 19-35.
g h’l(u) sign 8h71(u)
ou\1l—h"Y(u)(1— Fe(e=(x — N))) ou

implying that T—h=T(u )({L:;(C}L()e*a(x ) is decreasing in u. Thus, as §, h(}g) € Dy,

<0,

for i < j taking a; > a; and u; > u; and noticing that A~ Y(u) is decreasing in w,
it can be written that

P )@ X))
1= h7u)(1 = Fo(e % (z = X)) ~ 1—h='(u)

As ur(u) is increasing in u, then

ah™(uj)e™% (z — N)F(e™% (z — X)) F*(e % (z — \)) <
1= h7Huy)(1 = Fo(e% (z = X)) g
ah™uy)e % (x — N)F(e™% (x — \))F(e~%(z — \))
1—h 1 (u)(1 — Fe(e=%(xz — N)))

oYs(a)  Ovs(a)
Hence, from (|3.4]), we get Ba ~ oa 2 0. Thus, by Lemma 3.1 of kundu et

J
al. (2016), it can be proved that 13(a) is Schur-convex in g. Thus the result is
proved by Lemma 3.1 of Khaledi et al. (2002).

Proof(ii) : The cumulative distribution function of Y;,.,, can be expressed
as the function of b; = 6%,1’ = 1,...,n. We denote it by 4(b), where b =

(b, .. bn).

n

st =TI [1 ) — F (b — ).

=1
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where h(p;) = u;. Differentiating 14(b), partially, with respect to b;, we see that
¥4(b) is increasing in each ¢ = 1,--- ,n. Thus, by Lemma 3.1 of Kundu et al.
(2016), it can be proved that 14(b) is Schur-convex in b. Thus the result is proved
by Lemma 4.1 of Hazra et al. (2017).

Theorem 3.5 shows that the majorized shape parameter vector leads to
smaller systems lifetime in the sense of the usual stochastic ordering when the
location and scale and shock parameter vectors are heterogeneous.

Theorem 3.5.  Let Assumption 3.1 hold and h : [0,1] — R be a differ-
entiable and decreasing function. Also, \; = A}, 0; = 07, and o] = 3;, where

w
i=1,...,n. Then, o > [ implies Yy, <st Y., provided a, 5, h(p), A, 0, € 4.

Proof:  The cumulative distribution function of Y,,.,, is given by

Fy,(x) = ﬁ [1 = h7 ) [1 - <x EAH } ’

i=1

where h(p;) = u;. Differentiating Fy,,, (), partially, with respect to a;, we get

“L(uy)Foi (2724 In L
1—h 1(“1’)(1 — Fea <9>>

7

so, Fy, ., (x) is decreasing in each «;. Again, it can be shown that

0Py, (1) _ Py (x) g (WP (572 IlF (252 )]
Oay da; 1—h1(w) <1 — Fai (%) >
g (e ()

1— h=1(u)) <1 _F (x;;f) > '

Now,

0 e (%) )sign 1 <.%'—)\> <:L'—/\>

Ao = (1-h F® In[F <0,

3a<1—h1(u)(1_pa (2 ( (u)) 7 n| ; ]
afz=2

implying that Fo(*52) is decreasing in a. Again, as h(u) is decreas-

1-h=1(u) | 1-Fo(%52)

ing in u, then?
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h™! (u)
1—h=1(u)(1-Fo(252)

(= f)é-g (ﬁ)> Gr(50) e (55 et <o

Fe(252)
1—h=1(u)(1— Fa(l‘gA

o (1 ) - e (550) e (557

x (1 —-ht(u) <o,

implying that is decreasing in u. Again,

implying that ] is decreasing in A. Also,

af T—X

)
1—h=1(u)(1-Fo(Z52)
for ¢ < j taking o < o, u; < uj, Aj < Aj, 6; < 6; and noticing that h=Y(u) is

decreasing in u, it can be written that

implying that is decreasing in 0. Thus, as @, 8, h(p), A, 8, € €4,

~Huy) P ( > _ h=1(u;) Fi <“’;;j>
1—h=Y(uy)( 1 — Fo )) ) 1—h_1(uj)<l—Faz (””J*J)>
ui) e (252 ) h )P (252

Which implies
— ai [T =\
h1(uj)Fe (—ij) h—l(ui)Fal(xgz\z)

1- h—l(uj)<1 _ Fo; (%) ) ) 1—h(u;) (1 - F"‘l’(%ﬁ")) |

Hence substituting the above results, we get OFypn (@) aFY"”?(I) < 0. Thus by

Oa; Oa
Lemma 3.3 of Kundu et al. (2016), it can be proved that Fy,_, (J:c) is Schur-convex
in . thus the result is proved by Theorem A.8 of Marshall et al.(2011) O

Theorem 3.6.  Let Assumption 3.1 hold and h : [0,1] — R be a differ-
entiable function. Also, \j = X\ = A\, 0; =07 =0, af = 3;, wherei = 1,...,n.
Then,

w n n
(i) @ > B implies Y., <o Y7, provided @, B € ey, [[ pi < ] p}.
i=1 i=1

n n
(ii) 7! =4 @_1 implies Y1., <st Y7%,,, provided @, B € e, [Ipi <IIp;
i=1 i=1
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Proof(i) : The survival function of Yi., is given by

b=l ()]

where h(p;) = wu;. To prove the required result, it sufficient to show that

Fy,,, () < Fyx (x), which is equivalent to proving that [T, [1 — Foi (232) } <

[T 1 7% (52) | snce [ < Flot Lot ota) =TT, [1- P (52) |
i=1 i=1

Differentiating ¢(q), partially,iwith respect to oy, we get

) P ()R,
Oa 1—Faz( - ) ’

so, ¢(q) is increasing in each «;. Again, it can be shown that

00(@)  99(Q) sign Foi (252) W[F (552)]

0
Oa; daj 1— Foj (22
(35) ’ a; (T—A Hx—)A
Fei (552) In[F (%52)]
L—Fei (552)
Now,
0 FQ(%) sign T— A T— A
— F“ In|F’ <0,
da (1 — e W)) g ) )
af T—A
implying that :ngi—z is decreasing in . Thus, as o € €4, for ¢ < j taking

0
a; < oy, it can be written that

) ()

1— Foi (222) 7 1 - Fog (222

which implies

P ) lF ()] P () Wl (5)
e () ‘”

op(@)  0d()
Hence, from (3.5)), we get —-— — —-— = 0. Thus, by Lemma 3.3 of Kundu et
i J

al. (2016), it can be proved that ¢(q) is Schur-concave in . Thus the result is
proved by Theorem A.8 of Marshall et al. (2011).

Proof(ii) : The survival function of Yj., can be expressed as the function
of ¢; = i, i=1,...,n. We denote it by 15(c), where ¢ = (c1,...,¢y), and

~TTnfi-#t (552




Ordering properties of the smallest and largest... 15

where h(p;) = w;. To prove the required result, it is sufficient to show that

¥5(a) < 5(B), which is equivalent to proving that J[;, [1 — F%i (”cof‘)] <

1

1T [I_Fﬁi (I?)] since H i < H p;- Let ¢(c) = [}, [1_FC" (m?)} It
=1

can be shown that the partial derlvatlve of ¢(¢), with respect to ¢;, is decreasing

in each ¢;. Thus, by Lemma 3.1 of Kundu et al. (2016), it can be proved that
@(¢) is Schur-concave in ¢. Thus the result is proved by Theorem A.8 of Marshall

et al. (2011).

Theorem 3.7.  Let Assumption 3.1 hold and h : [0,1] — R be a differen-
tiable function. Also, \; = \] = X, 8; = 07 =0, and o] = §3;, Where i=1,.
Then, a>B implies Y1., <st Y7, provided @, 3 € Dy, H p; < H jo
=1

Proof:  The survival function of Y7., can be expressed as the function of
d;, where d; = Ina;, i = 1,...,n. We denote it by 1s(d), where d = (dy, ..., d,).

- edi [T — A
~=i1_]1pz-[1—F ( 5 H

where h(p;) = wu;. To prove the required result, it is sufficient to show that
Ye(a) < ¢6(B), which is equivalent to proving that [];, p; [1 — F™i (u) <
121 7 (572) | snee T < Tt Lot ot@) =TT [1- 77 (254

[4
=1 =1
Differentiating 16(d), partially, with respect to d;, we get

I GO LG )
ad; 1 — Feii (222) ¢(d) =20

so, ¢(d) is increasing in each d;. Again, it can be shown that

(3.6)
0(d)  90(d) jign e FE (252) In[F (252)]  ehiFe" (232 A) I[F (252)]
o 04 L FY () = F ()
Now,

el e e K G B
EaCON

—Fe (5
d; > dj, it can be written that

implying that is decreasing in d. Thus, as d € D, for i < j taking

P (et) P (o
L= (552) T 1= R (53
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which implies
E () E (554)]  eBE (27) lr (25
L-Fe (58 7 ()

o¢(d)  0¢(d)
Hence, from (3.6]), we get ~od T od < 0. Thus, by Lemma 3.1 of Kundu et
al. (2016), it can be proved that ¢(d) is Schur-concave in d. Thus the result is

proved by Lemma 3.1 of Khaledi et al. (2002). O

Theorem 3.8.  Let Assumption 3.1 hold and h : [0,1] — R be a differen-

tiable function. Also, \j = A = X\, 0 =§;, and oy; = of = o, wherei =1,...,n.
n n

Then, 9! >,, §~" implies V1., <q Y7, provided 9,8 € 1, [[ pi < I p}, and
i=1 i=1

7(u) is increasing in u.

Proof:  The survival function of Y7.,, can be expressed as the function of
e;, where e; = 9%_, i =1,...,n. We denote it by ¥7(e), where ¢ = (e1,...,e,),
and
n
rte) =TI m|1 = FCete =),
i=1
where h(p;) = w;. To prove the required result, it is sufficient to show that

PYr(971) < 7(871), which is equivalent to proving that [}, [lFo‘(eli(x — )\))] <

n n

Ty |17 o = ) snce F s < T 97 Tet o) =TT, [1-F (et = ).
i=1 i=1

Differentiating ¢(e), partially, with respect to e;, we get

90(e)  a(a = Ni(eile — N)F*(ei(z = A)
de; T 1—F(ej(x —N)) #e) <0,

so, ¥7(e) is decreasing in each e;. Again, it can be shown that

90(e) 9908 sign ax — N(ej(a — X)F*(ej(x — A)
de; 86]' 1- Fa(ej(x - )‘))
oz = NF(ei(x = N)F(ei(z — V)
1 — Fo(ei(x — N))

% (1 folé«fjg:(; i);\))) sgna(x — N)7(e(x — X)) F%(e(x — X)) =0,

implying that % is inscreasing in e. Thus, us § € €4, for ¢ < j taking

e; > ej, it can be written that
Frle(z—2) o Fei(z =)
1—Fo(e(x—AN) ~ 1—Fe(ej(z—N)’
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As 7(u) is increasing in u, then

a(z = Nr(ei(z = M) F* ez = A) _ alz = Nr(ej(x — A)F(ej( — A))
1—F(ei(x —N)) - 1 —Fe(ej(z—N))

od(e)  0¢(e)
Hence, from (3.7)), we get De T o < 0. Thus, by Lemma 3.1 of Kundu et

al. (2016), it can be proved that ¢(e) is Schur-concave in e. Thus the result is
proved by Theorem A.8 Marshall et al. (2011). O

Theorem shows that if both the location and shock parameter vectors i.e. the
matrix of location and shock parameters of one system majorizes the other when
the scale and shape parameter vectors remain constant do not lead to better
system reliability.

Theorem 3.9. For n = 2, let Assumption 3.1 hold. Further, let h :
[0,1] — Ry be a differentiable and strictly increasing concave function. Then,
fori=1,2,if0; =0 = o; = o = 0, and (h(p), ) € P, we have that

(40 ho ) o (HOD 10D ),

implies Y{"y >4 Yi.2, provided 7(u) is increasing in u.
Proof : With u; = h(p1), ua = h(p2), we have p1 = h™1(u1),ps = h~(u2),

where h~! denotes the inverse of the function k. From (1.2), the survival function
of Yi:2 iS,

2
Fyp, (39,1, 6,0) = Hh_l(ui) [1 —F? <x _9)\1>] ,x>max{\;, i=1,...,n}.
i=1

Note that the function Fy,,(z;u, A, 0,0) is permutation invariant in (u;, A;), and

so condition (i) of Theorem 2 of Balakrishnan et al. (2015) is satisfied. Next,
we have to show that condition (i7) of Theorem 2 of Balakrishnan et al. (2015)
also holds. The assumption (u, \) € P implies that (u3 —u2)(A1 — A2) < 0. This
implies that u; > ug and Ay < Ay or u; < ug and A1 > Ao. We proof only for
the case when uq > uo and Ay < Ag. The proof for the other case is similar. The
partial derivatives of Fy,,(z;u, ), 0, 0) with respect to u; and \; are

aFYLz (CC;LL,Z\,@,@) ahél(ui) ~
aui h—l(ui) Yi:2 (3«"7%2\,9,9),

oN; - 1_ f® (w—g)\z)
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For fixed x > max{\;, i = 1,...,n}, let us define the function ¢(u, )) as follows:

8Fy12 xT5u, )\ 0 (9) 8Fy12
plu) = (1 =) (— )
OFy,,(z;u,),0,0) 8Fy12xu>\99
A
+ (M1 — ( o >

Oh~—l(u1)  Oh~(uz)

8u1 aug '
— — — F .
(Ul u2><h—1(ul) h—l(u2)) X Y1;2(337%2\7979)

SCORIESICORICON
1—F9($ *1) 1—F9($ 72)

X FYLQ ((E; u, A, 0, 0)-

(3.8) + (A1 = A2)

Since h is strictly increasing and concave, then for u; > ug and A\; < Ay, we have

ahfl(uﬂ 8}171(1@)
ou1 < Ouso

h=Yur) = h7t(uz)

(3.9)

o .. L
Furthermore, ﬁ is increasing in t for # > 0. For the reversed hazard rate
function 7 that is increasing, we have

(3.10) f(x_aAl)z (J’;AQ),

and

7 (ac )\1) F9 (x—9>q) 7 (ac )\2) FH (x—ekg)
>
1 _ F@ (:)370/\1) - 1 _ F@ (:)370/\2) ’

Combining 1' and 3.1()|) and (I3.11|), we see that p(u, ) < 0. Condition (ii)
Theorem 2 of Balakrishnan et al. (2015) is satisfied, which completes the proof.

(3.11)

Counterexample 3.1 Let the baseline distribution function be F(t) =
Tl t > 0. Take h(p) = —Inp. Here, the baseline reversed hazard rate function
is decreasmg and h(p) is decreasing and convex. Thus, the assumptions of the
Theorem 3.9 are violated. Let us take 0 = 0y =07 =05 = a1 = ay = o] =
o = 1.5, (A1, A2) = (0.3,0.9), (A}, A\3) = (0.54,0.66), (p1,p2) = (e "4, e7%%) and
(p%,p5) = (e7044 ¢7046) Consider the T-transform matrix Tp ¢ = ( 82 gg )

It can be shown that
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which implies fpr)  ipo) >> h(p*l) h(}?) . Under this set up,

I?YW(Q) = 0.2597610428, Fy; (2) = 0.2599036428, Fy,,(5) = 0.06532417018,
Fys, (5) = 0.06516286182, which readily shows that Y7% 2 Yi.o.

The following theorem extends Theorem [3.8| when two sets of n-independent
observations from E'LS distribution. The generalization is the direct result of the
Theorem 3.8 and Lemma 5 of Balakrishnan et al. (2018). So, the proof is omitted.

Theorem 3.10.  Let Assumption 3.1 hold and h : [0,1] — Ry be a
differentiable and strictly increasing concave function. Further, let Ty, be a T-
transform matrix. Then, for i = 1,...,n, if 6; = 0] = o, = o] = 0, and

(h(p), ) € P,, we have that

~

h(pi) h(p3) --- h(py) hpi) h(p2) -+ h(pa)
()= () e

implies Y7, 25t Y1, provided 7(u) is increasing in u.

Theorem 3.11.  Let Assumption 3.1 hold. Further, let T, ,...,Ty,
have the same structure. Suppose h : [0,1] — R, is a differentiable and strictly
increasing concave function. Then, fori =1,...,n,if0;, = 0] = o; = o = 0,
and (h(p), ) € P,, we have that

h(pi) h(P3) - hipy) h(p1) h(p2) -+ hips)
(}@1 )1\032 )@l >:< )1\011 )\P;z )i >Tw1...ka,

implies Y{%,, > Yi.n, provided 7(u) is increasing in u.

Proof:  Since a finite product of T-transform matrices with the same
structure is also a T-transform matrix, so, the desired result is obtained from
Theorem 3.9. [

Our next Theorem shows that the result in Theorem [B.10] holds for T-transform
matrices with different structure.

Theorem 3.12.  Let Assumption 3.1 hold. Further, letT,,,, ..., Ty, k >
2, have different structures. Suppose h : [0,1] — R is a differentiable and strictly
increasing concave function. Then, for i = 1,...,n, if 0; = 0] = a; = of =0,
(h(p),d) € Py and (h(p), M) Tw, - - - Tw, € Pn, we have that

h(pi) hp3) -+ h(py) h(p1) h(p2) --- h(pa)
(}21 )\p; ){% >:< )i011 )1\022 )i >Tw1---kav

implies Y7%, >st Y1, provided 7(u) is increasing in u.
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Proof:
h(Pl)(i) h(pn)(i) _( hp1) - h(pn) -

( )\gl) )\g) = )\1 )\n Twl...Twi,fOT‘Z—l,...,k‘.
Assume Vl(i), ceey n(i), 1 = 1,...,k, are independent sets of random variables
with .

V) ~ BLS(\Y,0;,0;) where 6; = 67 = a; = af =0, j = 1,...,n and i =
1,..., k. From the assumption of the theorem, it follows that

h(p1)® ... h(p,)® ,
< )\(i) )\(i) e P, fori=1,... k.
1 n

From these observations and the results of Theorem 3.9, it then follows that
1 k—2 k—1
Yl:n gst Vl(:n) <st cee <st ‘/1(»” ) gst ‘/1(” ) gst Yf;n-

Which completes the proof of the theorem. O

The following example illustrates the result established in Theorem [3.11

Example 3.1 Suppose X1, X2 and X3 are independent non-negative ran-
dom variables with X; ~ ELS()\;,0;,;), and I, I,,, and I,, are independent
Bernoulli random variables, independent of X;s, with E(lp,) = pi,i = 1,2,3.
Further, suppose X7, X5 and X are independent non-negative random variables
with X ~ ELS(\;,07,a;), and I, Ij; and I are independent Bernoulli ran-
dom variables, independent of X7's, with E(ly:) = pj,i = 1,2,3. Consider a
baseline distribution with distribution function F(z) =1 —e™*, x > 0. Consider
the T-transform matrices as follows:

0.7 0 0.3 04 0.6 0
Too=( 0 1 0 |, The=| 06 04 0 |,
03 0 0.7 0 0 1
0.6 0 0.4
Toa=| 0 1 0
04 0 0.6
1

Suppose h(p) = 1:%]0. Then, for 6; = 0 = oy = of = 1,7 = 1,2,3, let
()\1,A2,)\3) = ( ,3,4), ( T, ;,/\:o';) = (3.06,2.76, 3.17), (pl,pg,pg) = (0.4,0.3,0.2)
and (p7,p3,p3) = (0.285,0.317,0.273). It is easy to observe that (h(p),)) €
Py, (h(p), M) To7 € Psand (h(p), A)To.7To.6 € P3and (h(p*), A") = (h(p), A)To.710.6T0.4-

So, from Theorem we have Y{%3 >4 Yi.3.

Theorem 3.13.  Let Assumption 3.1 hold for n = 2. Suppose h :
[0,1] — Ry is differentiable and strictly increasing concave function. Further, let
7(u) and ur(u) are increasing in u. Then, if a; = o = «a, and (h(p), ), @) € Sz,

we have that

h(p1) h(p2) h(p1) h(p3)
A1 A9 >> T >\§ y
0 6, or 63

implies Y{%y 2 Yi.2.
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1), P2 =

Proof:  With u; = h(p1),us = h(p2), we have p1 = h™(u
2), the survival

h~'(uz), where h~! denotes the inverse of the function h. From (1.
function of Yi.o is,

2
Fy,, (w39, ), 8, 0) = Hh_l(ui) [1 - F“ (ac ;'Al>} ,x >max{\, i=1,...,n}.
i=1 ¢

Note that the function Fy,,(x;u, ), 0, ) is permutation invariant in (u;, A;, 6;)

and therefore condition (i) of Lemma 6 of Balakrishnan et al. (2018) is satisfied.
Next, we have to show that Condition (ii) of Lemma 6 of Balakrishnan et al.
(2018) also holds. The assumption (u, \,) € Sy implies that u; < (=)ug and

A1 = ()X and 6 > (<)02. We proof only for the case when u; < ug and A\; > Ao
and 01 > 05. The proof for the other case is similar. The partial derivatives of
Fy,,(x;u, ), 0, o) with respect to u; and \; and 6; are

8Fy1:2 (SU;%/N\Q’ Oé) ah_l(ui) B
= : FY1:2($;2~1’7 )\7 Q;a),

Ou; h=1(uy;) -
_ ) ~(x=X\; a [ z—=X\
Plnndbe) e, <12F(EA) )« s r o)
OFy,, (1. ).0. ) (z72) 7 (=52) P (52)

SRS

00;

—\;
1 Fe(o5h)

For fixed z > max{\;, i = 1,...,n}, let us define the function ¢(u, ), §) as follows:

=

8FY1:2(x;I~L,2\,Q,OJ) 8FY1 2( )‘ Qva)
Pl 2.0) = (1 - u2>< e~ — )
6FY12 L3 U, eva) 3FY1;2(903%’ZHQ704)
( ; Ao >
6FY1:2 (1',',@,2\,@, a) 6FY1:2 ($;Q,2\,Q,a)
61— 6 -
+ (& 2)< 90, 905 )

(3.12) + (61 — 6y) (011 (x ;1A1> 7 <$ ;1A1> I - 012 (x ;2A2> 7 <x ;2&) z2>

@ i = 1,2, is defined in Lemma 2.8
1= ()

of Torrado (2015). Since h is strictly increasing and concave function, then for

where I; = I(a, F® (x;fi)) =
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w1 < ug and A\ = Ao and 61 > 6, we have
8h_1(u1) 3h_1(u2)

8u1 8”2
Nl > .
(3.13) R an) © 7 )

1~ l‘—/\l $—)\1 1~ :L'—/\Q x—)\g
.14 -_— Fa _— gi ,Fa
19 g (A i (S22 < (52 e (522

and
(3.15)

1 .%'—)\1 - :B—)\l x—)\l 1 .Cl?—>\2 - iL‘—/\Q .%'—)\2
_ FOZ g _ 7FO¢

01 ( 01 >T < 91 ) e, ( 91 >) 02 < 0 )r ( 0 > fa ( 0 >)
combining (3.13), and (3.15)) in , we see that ¢(u, A,8) < 0. So con-

dition (ii) of Lemma 6 of Balakrishnan et al (2018) is satisfied, which completes
the proof. 0

Counterexample 3.2 Let the baseline distribution function be F(t) =
—1

et,t > 0. Here, 7(t) and ¢7(t) are decreasing. Take h(p) = p. Thus, the
assumptlon of Theorem 3.13 are violated. Let us take a1 = o = o] = o =

2, (01,62) = (5.2,2.7), (07,05) = (4.2,3.7), (A1,A2) = (2.2,2.5), (A\],A3) =
(2.32,2.38), (p1,p2) = (p},p5) = (0.2,0.2). Consider the T-transform matrix

Toe = < 0.6 0.4 > It can be shown that

04 0.6
h(pi)  h(p3) h(p1)  h(p2)
A ¥ = A1 A2 | Toe,
03 03 61 02
h(p1) h(p2) h(p1)  h(p3)
which implies A1 A2 >> Al A5 . Under this set up,
01 ) 07 o5

Fy,,(2.8) = 0.9999999923, Fy* (2.8) = 0.9999999918, Fy,,(5) = 0.8918294672,
Fy* = 0.9248659543, which readlly shows that Y7, ?_ést Yi.0.

The following theorem extends Theorem [3.12] when two sets of n-independent
observations are from ELS distribution. The generalization is the direct of the
Theorem 3.12 and Lemma 7 of Balakrishnan et al. (2018). So, the proof is
omitted.

Theorem 3.14.  Let Assumption 3.1 hold. Suppose h : [0,1] — R4
is differentiable and strictly increasing concave function. Further, let 7(u) and
ur(u) are increasing in w. Then, for i = 1,...,n and T-transform matrix T, if
a; = of = «a, and (h(p), A,§) € Sn, we have that

h(p1) h(p3) --- h(p}) h(p1) h(p2) --- h(pn)
YENNED VIR TS VA I B VD VD S
0 05 - 0% 0, Oy - 0,

implies Y%, Zs Yim.
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Theorem 3.15.  Let Assumption 3.1 hold and T, , . . ., Ty, be T-transform
matrices with same structures. Suppose, h : [0,1] — R4 is differentiable and
strictly increasing concave function. Further, let 7(u), and ur(u) are strictly
increasing in u,. Then, if a; = af = a,, and (h(p), ), €) € Sy, we have that

h(py) h(p3) --- h(py) h(p1) h(p2) -+ h(pn)
! A, AR - A\ Ao o A | Ty T,
0; 03 - 0F 0, 0y --- 0,

implies Y, Zs Yi.pn.

Proof:  Since, a finite product of T-transform matrices with the same
structure is also a T-transform matrix, so, the desired result can be obtained by
repeating the result of Theorem 3.13. O

Theorem 3.16.  Let Assumption 3.1 hold and Ty,,,...,Ty,, k > 2 be
T-transform matrices with different structures. Suppose, h : [0,1] — Ry is
differentiable and strictly increasing concave function. Further, let 7(u) and
ui(u) are increasing in w. Then, if a; = af = «a, and (h(p),),f) € S, and

(h(p); 2:)Tw, - Tw, € Spyi=1,...,k—1, we have

h(py) h(p3) --- h(py) h(p1) h(p2) -+ h(pn)
A% A5 AR — A\ X2 o An | Ty Ty
0; 05 - 0F 0, Oy - 0O,

implies Y, Zs Yip.

Proof:
WO(py) oo h (pn) hpy) - hipn)

AP = M o A | T .. Tw,fori=1,... k.

Hgi) e 07(:') 0, e 6,
Assume Vl(i), e Vn(i), i=1,...,k, are independent sets of random variables with
V;(Z) ~ ELS(/\y),H](.l),aj) whereay =af =a,j=1,...,nandi=1,..., k. From
the assumption of the theorem, it follows that

h(p)® .. h(pn)®
A AP | es,.

using the results of Theorem 3.13, it then follows that
k— k— *
)/I:n gst VSB gst e gst ‘/1(71 2 gst Vl(n 2 <st Yl:n'

Which completes the proof of the theorem. O
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Theorem 3.17. Let Assumption 3.1 hold for n = 2. Suppose h :
[0,1] — R4 is a differentiable and strictly increasing concave function. Fur-
ther, assume that 7(u) and uf(u) are increasing in u, and (h(p), ), 8, q) € Us,.

Then,

h(p1) h(p2) h(py) h(p3)
M A DY
o, 6 |77 e e |
o o o o5

implies Y%y Z2s Y1.2.

Proof:  With the help of Lemma 2.1, the proof follows from arguments
similar to those in the proof of Theorem 3.13. It is omitted for brevity. O

We present a counterexample to show that the comparison result may not
hold if the assumptions are not satisfied.

Counterexample 3.3 Let the baseline distribution function be F(t) =
1—exp(1—1%9), ¢t > 1. Here #(t) and t7(t) are decreasing. Take h(p) = eP, where
h(p) is convex. Thus, the assumption of Theorem 3.17 are not violated. Let us
set (a1, 2) = (0.2,0.5), (af,ad) = (0.44,0.26), (A1, 2) = (1,1.5), (A],N\5) =
(1.4,1.1), (01,62) = (4,2), (0T79§) = (2.4,3.6), (p1,p2) = (In(4),In(5)), (pfapﬁ) =

(In(4.8),1n(4.2)),. Consider a T-transform matrix Tpo = ( 8: gg ) Then, it
can be shown that
h(pi)  h(p3) h(p1)  h(p2)
A A5 B A A2
or oy |7 o e |T0%
o o5 a1 fe%)
h(p1) h(p2) h(pi) h(p3)
Which implies A1 A2 >> Ai Ai Finally Fy,,(5) —
o fa%) o as

Fy:,(5) = 0.4133022299, Fy,.,(7.5) — Fy (7.5) = —0.0324688838, which readily
shows that Y% 25 Yi.o.

In the following theorem, we present a generalization of Theorem 3.17 to
the case of n independent variables.

Theorem 3.18.  Let Assumption 3.1 hold. Further, let T, be a T-
transform matrix. Suppose h : [0,1] — Ry is a differentiable strictly increasing
concave function. Further, assume that 7(u) and ur(u) are increasing in u, and
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let (h(p)v %7 Qa Q‘) S UTL Then:

~

h(pi) h(p3) --- h(py) h(p1) h(p2) -+ h(pn)
VRS VP VA N IS VRS VT S I
o1 63 o, | | & 0o -+ O v
implies Y, Zs Yi.pn.
Theorem 3.19.  Let Ty,,..., Ty, be T-transform matrices with same

structure. Let Assumption 3.1 hold and h : [0,1] — Ry be a differentiable and
strictly increasing concave function. Further, assume that 7(u) and ur(u) are
strictly increasing in u, and (h(p), \,0,q) € U,. Then,

h(py) h(p3) --- h(py) h(p1) h(p2) -+ h(pn)
01 05 " B 01 O - by Ty - T
aT a; “ .. a::l/ al a2 .« e . an

implies Y%, Zs Yim.

The following theorem presents a generalization to the case of a finite num-
ber of T-transform matrices with different structures.

Theorem 3.20.  Let Assumption 3.1 hold. Further, letT,,,, ..., Ty, , k>
2 be T-transform matrices, with different structures. Suppose h : [0,1] —
Ry is a differentiable and strictly increasing concave function. Further, as-
sume that 7(u) and ui(u) are increasing in u, and (h(p),).0,a) € U, and

(h(]g),g\,Q,g)Twl co.Ty, €Up,i=1,...,k—1. Then,

h(pi) h(p3) --- h(p}) h(p1) h(p2) --- h(pn)
S Ny B A\ Ao A
0% 05 - 0 - 0, Oy - 0, Lo, - T

implies Y, Zs Yi.pn.

4. SOME SPCIAL CASES

In this section, we present some special cases of the results obtained in the
previous sections. We consider two special distributions - generalized gamma,
half - normal distributions. For these distributions, we present some comparisons
results using the general results established earlier. In terms of hazard rate func-
tion, the following theorems can be proved like the theorems above, which are

proved by reversed hazard rate function. To prevent recurrence, you can refer to
Das et al. (2021).
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4.1. Generalized gamma distribution

In this subsection, we consider the generalized gamma distribution with
density function

ft) ta_le_tb, a,b,t > 0.

It is easy to check that the hazard rate function of this distribution is increasing
for a,b > 1 and decreasing for 0 < a,b < 1(see Hazra et al., 2018). We now
consider the baseline distribution function to the generalized gamma distribution.

Theorem 4.1.  For a baseline distribution function F\(.), let X1, --- , X,
(X1, -+, X}}) be non-negative independent random variables with X; ~ ELS(\;, 0;,
i) [ X7 ~ ELS(pi, 04, 8i)], @ = 1,- -+ ,n. Further, let I, , Ip, [Tz, -+, Ips] be
a set of independent Bernoulli random variables, independent of X;[X/]'s with
E(Iy,) = pilE(Iyy) = pi], i = 1,--- ,n. Further, let h : [0,1] — Ry be a dif-
ferentiable, increasing and convex function. Then, for i = 1,2, if 0; = §; = §
and a; = ; = a > 1, r(x) is increasing. Suppose h(p) = ePIn(1 + p). Then, for

a,b>1, we have hp1)  h(p2) >> hipi)  hips) implies Y%y >4 Yi.0.
(91 92 51 52 '

Theorem 4.2.  For a baseline distribution function F(.), let X1,--- , X,
(X7, -+, X}) be non-negative independent random variables with X; ~ ELS(\;, 0;,
i) [ X7 ~ ELS(pi, 04, Bi)], @ = 1,- -+ ,n. Further, let I+, Ip, [Tz, , Ips] be
a set of independent Bernoulli random variables, independent of X;[X*]'s with
E(1y,) = pilE(Ipy) = pj], i = 1,--- ,n. Further, let h : [0,1] — R4 be a differ-
entiable, increasing and convex function. Further, let the baseline hazard rate
r(.) be increasing. If a; = 8; = o > 1 and (h(p), A,¢) € N2. Suppose h(p) = P2

h(p1) h(p2) h(pi) h(p3)
Then, for a,b > 1, we have A1 A9 >> 1 142 implies
91 02 51 52

Yy >at Y10

4.2. Half-normal distribution

Consider the probability distribution function of a half-normal distribution
given by
2
f(t) eTt,t > 0.
The hazard rate function of the above half-normal distribution is increasing (see

Hazra et al. (2018)). The distribution function of the half-normal distribution is
now taken as the baseline distribution function.
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Theorem 4.3.  For a baseline distribution function F(.), let X;,--- , X,
(X7, -+, X,) be non-negative independent random variables with X; ~ ELS(\;,
0i, i) (X; ~ ELS(pi, 04, Bi)), i = 1,- -+ ,n. Further, let Ip,,--- Iy, [Ipr, -+, Ipx]
be a set of independent Bernoulli random variables, independent of X;[X|'s
with E(Ip,) = pi[E(Iy:) = p;], i = 1,--- ,n. Further, let h : [0,1] — Ry be a
differentiable, increasing and convex function. Further, let the baseline hazard
rate r(.) be increasing. If 6; = 6; = 6 and (h(p), A, @) € N3. Let h(p) = —pln(1—

h(p1) h(p2) h(pi) h(p3)
p). Then A1 Ao >> 11 142 implies Y{%5 >4 Yi.0.
(o] [6%) /81 52

5. APPLICATIONS

In this section, we discuss application of few of our established results in
insurance and auction theory. Suppose Xi,---, X, are independent exponenti-
ated location-scale random variables with X; ~ ELS(\;, pi, ), for i =1, ,n,
and I, ,--- ,1Ip, are independent Bernoulli random variables, independent of the
X:s, with E(Ip,) = p;. Let Y; = I,,,X;, for i = 1,--- ,n. Suppose X; denotes
the total of random claims that can be made in an insurance period and I,,, de-
notes a Bernoulli random variables associated with X; defined as follows: I,,, =1
when ever the ith policyholder makes random claim X; and I,, = 0 whenever
he/she does not make make a claim. In setting, Y¥; = I, X; corresponds to the
claim amount in a portfolio of risks. The problem of comparison of number of
claims and aggregate claim amounts with respect to some well-known stochastic
orders is of interest on both theoretical and practical view points. Under some
conditions Theorems 3.2, 3.3, 3.4 respectively conclude that Y., in the weakly
supermajorized order, weakly submajorized order, p-larger and reciprocally ma-
jorized order is stochastically smaller. There are many real-life applications of
the ordering results. We discuss applications of few of our established results in
auction theory. Auction theory has been an interest topic to various scientists be-
cause of its usefulness for sale of variety of items or purchasing services. For more
details in auction theory, we refer to (Klemperer, (2004)).In real world,among all
types of auctions, the sealed-bid private-value auction is of theoretical interest.
Also, this type of auction has been used extensively. In this case, bidders hand in
their bids to the auctioneer simultaneously and can neither observe their rival bids
nor revise their own bids.The bidders having the highest bid wins. The bidders
with the lowest bid wins in the reverse auction. Consequently, the bidder pays
his own bid in the sealed-bid first-price auction (FPA). Few of our established re-
sults could be useful for some new light in the auction theory. Let the bids follow
exponentiated locatio-scale model. Then, under some conditions, Theorems 3.2,
3.3, 3.4 respectively conclude that the final price in the FPA with more hetero-
geneous shape parameters in the weakly super majorized order, reciprocal of the
shape parameters in the weakly submajorized, scale parameters in the p-larger
and reciprocally majorized orders is stochastically smaller.
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6. CONCLUDING

In this paper, when the matrix of parameters changes to another matrix of
parameters with respect to multivariate chain majorization, we study the usual
stochastic order of the smallest order statistics when each component receives
a random shock. Under certain conditions, by using the concept of vector ma-
jorization and related orders, we have also discussed stochastic comparison be-
tween series and parallel systems in the sense of the usual stochastic order under
random shock. We have then applied the results for some special cases of the ex-
ponentiated location-scale model with possibly different scale, location and shape
parameters to illustrate the established results.

ACKNOWLEDGMENTS

The authors are thankful to the Editor and an anonymous referee for some
useful comments and suggestions, which have resulted in improving the content
and the presentation of the paper.

REFERENCES

[1] BALAKRISHNAN, N.; HAIDARI, A. and MASOUMIFARD, K. (2015). Stochastic
comparisons of series and parallel systems with generalized exponential compo-
nents, IEFE Transaction on Reliability, 64, 1, 333-348.

[2]  BALAKRISHNAN, N.; NanDA, P. and Kavar, S. (2018). Ordering of series and
parallel systems comprising heterogeneous generalized modified Weibull compo-
nents, Applied Stochastic Models in Business and Industry, 34, 6, 816-834.

[3] BARMALZAN, G.; NAJAFABADI, A.T.P. and BALAKRISHNAN, N (2017). Order-
ing properties of the smallest and largest claim amounts in a general scale model,
Scandinavian Actuarial Journal 2017, 2, 105-124.

[4] CuowbDHURY, S. and KUNDU, A. (2017). Stochastic comparisons of parallel
systems with log-Lindley distributed components, Operations Research Letters 45,
3, 199-205.

[5] CuowDHURY, S. and KUNDU, A. (2018). Stochastic comparisons of parallel
systems with log-Lindley distributed components under random shocks, arXiv
preprint arXiv: 1804.04103.

[6] CHOWDHURY, S.; KunpU, A. and MisHRA, S. K. (2021). On comparison of

two parallel systems having Log-Lindley distributed components, ommunication in
Statistics - Theory and Methods http://doi.org/10.1080/03610926.2021.1910838.



Ordering properties of the smallest and largest... 29

[7]

[17]

[18]

Das, S.; Kavar, S. and CHOWDHURY, D. (2021). Ordering results on extremes
of exponentiated location-scale models, Probability in the Engineering and Infor-
mational Sciences, 35, 2, 331-354.

Das, S. and KAYAL, S. (2021). Ordering extremes of exponentiated location-
scale models with dependent and heterogeneous random samples, Metrika, https://
doi.org/10.1007/s00184-019-00753-2.

DvYksTRA, R.; KocHAR, SC. and RoJo, J. (1997). Stochastic comparisons of
parallel systems of heterogeneous exponential components, Journal of Statistical
Planning and Inference, 65, 203-211.

FanG, L. and BALAKRISHNAN, N. (2018). Ordering properties of the small-
est order statistics from generalized Birnbaum-Saunders models with associated
random shocks, Metrika, 81, 1, 19-35.

Fang, R.; L1, C. and L1, X. (2016). Stochastic comparisons on sample extremes
of dependent and heterogeneous observations, Statistics, 50, 4, 930-955.

FaNG, L. and ZHANG, X. (2013). Stochastic comparisons of series systems with
heterogeneous Weibull components, Statistic and Probability Letters, 83, 7, 1649-
1653.

Fang, L. and Xu, T. (2019). Ordering results of the smallest and largest order
statistics from independent heterogeneous exponentiated gamma random variables,
Statistica Neerlandica, 73, 2, 197-210.

Hazra, N.K.; Kurti, M.R.; FINKELSTEIN, M. and NanDA, A.K. (2017). On
stochastic comprarisons of maxima order statistics from the location-scale family
of distributions, Journal of multivariate Analysis, 16, 31-41.

Hazra, N.K.; Kuiti, M.R.; FINKELSTEIN, M. and NaNDA, A.K. (2018). On
stochastic comparisons of minimum order statistics from the location-scale family
of distributions, Metrika, 81, 2, 105-123.

KuALEDI, B.E. and KocHAR, S.C. (2002). Dispersive ordering among linear
combination of uniform random variables, Journal of Statistical planning and In-
ference, 100, 1, 13-21.

KLEMPERER, P. (2004). Auction: Theory and Practice, New York: Academic
Press.

KoCHAR, S.C. and TORRADO, N. (2015). On stochastic comparisons of largest
order statistics in the scale model, Communications in Statistics- Theory and Meth-
ods, 44, 19, 4132-4143.

Kunpu, A. and CHOWDHURY, S. (2016). Ordering properties of order statis-
tics from heterogeneous exponentiated Weibull models, Statistics and Probability
Letters, 114, 119-127.

Kunpu, A. and CHOWDHURY, S. (2018). Ordering properties of sample mini-
mum from Kumaraswamy-G random variables, Statistics, 52, 1, 133-146.

Kunpu, A. and CHOWDHURY, S. (2019). Ordering properties of the largest order
statistics from Kumaraswamy-G models under random shocks, Communication in
Statistics - Theory and Method, 50, 6, 1502-1514.

Kunpu, A. and CHOWDHURY, S. (2020). On stochastic comparisons of series
systems with heterogeneous dependent and independent location-scale family dis-
tributed components, Operation Research Letters, 48, 1, 40-47.



30

[23]

[24]

[27]

[28]

[29]

Abdolahi, Parham and Chinipardaz

KunpU, A.; CHOWDHURY, S. and BALAKRISHNAN, N. (2021). Ordering prop-
erties of the smallest and largest lifetimes in Gompertz-Makeham model, Commu-
nication in Statistics - Theory and Methods, DOI: 10.1080/03610926.2021.1919898.

Kunpu, A.; CHOWDHURY, S.; NanDpaA, A. K. and Hazra, N. K. (2016).
Some results on majorization and their applications, Journal of Computational
and Applied Mathematics, 301, 161-177.

Li, C. and L1, X. (2015). Likelihood ratio order of sample minimum from
heterogeneous Weibull random variables, Statistics and Probability Letters, 97,
46-53.

MARSHALL A.W. and OLKIN I. (1997). A new method for adding a parameter to
a family of distributions with application to the exponential and Weibull families,
Biometrika, 84, 641-652.

MARSHALL, A.W.; OLKIN, I. and ArRNOLD, B.C. (2011). Inequalities: Theory
of Majorization and Its Applications, 7Springer series in Statistics, New York.

TORRADO, N. (2015). On magnitude ordering between smallest order statistics
from heterogeneous beta distributions, Journal of Mathematical Analysis and Ap-
plications, 824-838.

TORRADO, N. and KOCHAR, S.C. (2015). Stochastic order relations among
parallel systems from Weibull distributions, Journal of Applied Probability, 52, 1,
102- 116.

ZuAo, P. and BALAKRISHNAN, N. (2011). Some characterization results for
parallel systems with two heterogeneous exponential components, Statistics, 45,
6, 593-604.



	INTRODUCTION
	PRELIMINARIES
	MAIN RESULTS
	SOME SPCIAL CASES
	Generalized gamma distribution
	Half-normal distribution

	APPLICATIONS
	CONCLUDING

