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1. INTRODUCTION

Let X = {z;;} denote an r x ¢ contingency table, with z;; € N the entry
in row ¢ and column j, and let Ry, ....., R, be the sums of rows, C1,.....,C, the

sums of columns and N = )  R; = ) C;. Given the marginal sums R; and Cj,
( J
i=1,..,r,j=1,...,¢c, let

c r
F = X| inj:R’ia Zl’ij:Cj
7j=1 =1

be the reference set of all possible r x ¢ tables with the aforementioned marginal
sums. Then, under the hypothesis of row and column independence, it is well
known that for X € F,

[1R:! TIC;!
( J

(1.1) P(X)= N oy
]

A problem that is of interest is that of obtaining a table X € F which maximizes
(1.1), i.e. a maximum probability fixed marginals r x ¢ table (MPT). This problem
arises, for example, as part of the best known and most efficient algorithm for
calculating the p-value of Fisher’s exact test in unordered r X ¢ contingency tables:
the network algorithm of Mehta and Patel [2]. The application of this algorithm
to an observed r X c¢ table requires, for many of the nodes in the network, the
calculation of the longest subpath from each node to the terminal node, and this
involves (many) repeated applications of the calculation of maximum probability
r x ¢ tables (¢’ < ¢) for given fixed marginal sums.

Methods for obtaining these MPT's have been proposed by Mehta and Patel
[2] and by Joe [1]. The most general is that of Joe, which is based on a necessary
condition for the MPTs, and generally involves the (recursive) construction of a
subset of F in which the MPT's are contained, and obtaining these by inspecting
the probabilities of the tables of this subset. However, the computation time for
the Joe method grows exponentially when 7 or c¢ increase, and it is practically
unviable for relatively large values of r and c.

In the particular case of 2 x ¢ tables, Requena and Martin [3] present a
necessary and sufficient condition for the MPTs. Based on this characterization,
Requena and Martin [4] propose a general and very efficient method for obtaining
the MPTs, and Requena and Martin [5] present some modifications in the network
algorithm of Mehta and Patel for 2 x ¢ tables, which produce a drastic reduction
in computation time.

In order to obtain general and more efficient methods for obtaining the
MPTs, in the general case of r X ¢ tables, it is important that these methods
are based on necessary and sufficient conditions for the MPTs. In this sense,
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in this paper, two necessary and sufficient conditions are presented in order to
characterize the MPTs. However, this characterization is not a generalization of
the one previously shown in Requena and Martin [3]; it is completely different,
although logically in the particular case of 2 x c¢ tables, the characterization
presented in this paper is equivalent to that of Requena and Martin [3].

In Section 2 of this paper, we define and study the concepts of sequence and
loop which we will use in the characterization of the MPTs, which is presented in
Sections 3 and 5. In Section 3 we present the characterization as a more theoret-
ical result, while in Section 5, with a more applied purpose, the characterization
is presented in terms of a particular type of tables (U tables), which we define
and study in Section 4. Finally, in Section 6 we provide a necessary and sufficient
condition of the uniqueness of the MPT.

2. SEQUENCES AND LOOPS

The characterization of the MPTs which we set out in the following sections
is based on the concepts of sequence and loop. In order to define these concepts,
we will start by defining some operators, which are applied to an r x ¢ table

X = {‘TU}

We define the operator i[j] whose effect on X is to subtract 1 from z;
leaving all the other entries unchanged, and the operator [j]k whose effect on X is
to add 1 to zy; leaving all the other entries unchanged. Based on these operators,
we define the operator i[jlk as the composition of i[j] with [j]k (i[j] o [j]k =
i[j]k = [j]k o i[j]). It is clear that i[j]k changes the j-th column of the table
without altering its sum. Also, as i[j]i is the identity operator, i[j] and [j]i are
inverse of each other.

Definition 2.1.  Given an r x ¢ table X = {;;}, and given the rows
10,1y ..oy 1 (With 451 # 4p) and columns ji, ...., ji (not all equal), a sequence is
the composition of iy[j1]i; with i1[ja]ie, .... with igx_1[jk]ix, which for simplicity
we denote by io[jﬂil[jg]ig ..... Zk—l[]k]lk (1 <ip<randl<j, < C).

Definition 2.2.  Given an r x ¢ table X = {z;;}, a loop is a sequence in
which ik = io, i.e. io[jl]il[jg]ig ..... ik—l[jk]io-

From this point onward in the text, when we write a sequence as

it will be understood that it is a sequence for an unspecified set of columns

jl, ceees Jk-
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In terms of the effect of applying a sequence or a loop to a table X, we can
understand a sequence or a loop as a succession of operators ip_1[jn] and [jn]ip,
(or as a succession of operators in_1[jnlin), h = 1,2, ..., k, applied in a successive
manner: each operator is applied to the table obtained by applying the previous
one (the first one is applied to X ). For example, applying the sequence 1[2]2[3]4
to a 4 x 4 table has the effect of adding 1 in x43, subtracting 1 in x93, adding
1 in z9o and subtracting 1 in z12. A sequence applied to X does not alter the
column sums, but it alters the ig-th and the iz-th row sum. However a loop does
not alter neither the column sums nor the row sums.

Logically, if one removes pairs of inverse operators from a sequence (or
loop) in an appropriate way, one would obtain a new and more reduced sequence
(or loop), but one which would have the same effect on X as the previous one.
In this sense, we give the following definition:

Definition 2.3.  Given an r x ¢ table X = {z;;}, two sequences (or two
loops) are equivalent when they have the same effect on X.

Thus, we have classes of equivalent sequences (or loops). Within a same
class, the difference between two sequences (or two loops) is a set of pairs of
inverse operators.

In the same way, we will define the equivalence between a sequence (or
loop) and a group of several sequences (or loops), based on the understanding
that the sequences (or loops) which compose the group are applied in a successive
manner: each sequence (or loop) is applied to the table obtained by applying the
previous one.

Because the effect of an operator [j]i on X is to add 1 to x;;, and the effect
of an operator i[j] is to subtract 1 from z;;, and denoting the number of operators
7] and ¢[j] in the loop by n;; and n;j, respectively, any loop can be represented by
means of a table D = {d;;}, defined as d;; = n;; — ngj, i=1,.,rand j =1,..., c
It is easy to see that a table D defined thus has all its marginal sums equal to 0.
Reciprocally, any table D = {d;;}, with d;; being integer numbers and marginal
sums equal to 0, will represent a loop or a group of loops. Moreover, applying a
loop to a table X is equivalent to adding the corresponding table D to it, thereby
obtaining a new table X’ with entries :z:;j = xj; +d;j, and with the same marginal
sums as X. But X’ is not necessarily an r x ¢ table, because some of the entries
a:;j could be negative. If this happens (although we can consider such a loop) we
would not consider that table X’. This is taken into account in Section 3.

Example 2.1. Let us consider the loop 2[1]3[4]1[1]3[2]4[3]2. Applying this
loop to a 4 x 4 table X, we will obtain a new 4 x 4 table X’. Let us see it for
some i’s and j’s. For ¢ = 2 and j = 1, because there is only one operator 2[1]
(n’91 = 1) and no operator [1]2 (ng1 = 0), doa;1 = 0 — 1 = —1 and we have to
subtract 1 from g1 (2'91 = x91 — 1). Likewise, for i = 3 and j = 1 there are two
operators [1]3 (ng1 = 2) and no operator 3[1] (n's; = 0), therefore dg; =2—0 =2
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and we have to add 2 to x31 (2'31 = z31 + 2). In a similar way for the other i’s
and j’s. The complete table D that represent this loop is

-1 0 1
-1 0 1

2 -1 0 -1
1 1 -1 0

and adding this table D to the table X we obtain the table X".

If in a sequence (or loop) B we invert the order of the iy’s and also of the
jn's (each operator would be substituted by its inverse one), we will obtain a
new sequence (or loop): we will call it inverse of B. For example, the sequence
inverse of 1[2]2[3]4 is 4[3]2[2]1. Furthermore, if D = {d;;} represents a loop B,
then —D = {—d;;} will represent the inverse of B.

Let us now define a particular type of loop which we will use in the char-
acterization of the MPTs.

Definition 2.4. For 1 < k < min(r, ¢), an order k simple loop, is a loop
iolj1)i1[g2].----ik—1[jk]éo in which all the k rows ig, i1,...., ix_1 are different and
all the k columns ji, ...., ji are different. We will call these the k£ rows and the k
columns of the loop.

Observe that such simple loop leaves r-k rows and c-k columns of X un-
changed.

In order to distinguish them from the general case, we will write the tables
D which represent order k simple loops as E = {e;;}. In an order k simple loop,
since all of its rows 45, (and all of its columns jj,) are different, both n;; and n';;
can only be equal to 1 or 0, and n;; + n';; < 1. Therefore, the corresponding
table E will have all of its entries e;; equal to 0, except for a 1 and a -1 in each
of the k rows and in each of the k& columns of the loop. Moreover, any table FE of
this type will represent an order k simple loop. For example, the table

-1 0 1 0
-1 1.0 0 O
0 0 -1 0
0O 0 0 0 O

represents the order 3 simple loop 2[1]3[4]1[2]2.

It is obvious that if one subtracts from a table D (different to any table E)
a table £ whose e;; # 0 have the same sign as the corresponding d;; in D, this will
result in another type D table (or type E). Therefore, it is easy to deduce that
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any table D is the sum of several type E tables, i.e. any loop (represented by D)
can be broken down into a group of simple loops, which together are equivalent
to D. For example:

0O 0 1 -1 0 0 0 O 0 0 0 O 0 0 1 -1
-1 3 -2 0 (-1 1 0 O 0 1 -1 0 0 1 -1 0
O -1 0 1| |0 0 0O + 0 0 0 O + 0 -1 0 1
1 -2 1 0 1 -1 0 O 0 -1 1 0 0 0 0 O

The loop represented by the table D on the left-hand side is broken down
into the (equivalent) group of three simple loops on the right-hand side (the first
and the second are order 2 and the third order 3).

Finally, for any r x ¢ table X = {x;;} and for any loop, from this point
onward we will use expressions of the type

2.1) Q=TT ™%

jeJ M

where J represents the set of columns j’s (which are not necessarily all different)
corresponding to the [j]’s of the operators a[j]b in the loop, and a and b are the
rows of these operators. In this type of expression, a one-to-one relation between
the terms of the product and the set of operators a[j]b of the loop is established.
For example, for the loop 2[1]4[5]1[3]2

g +1 w5 +1 xo3+1
Z21 T45 x13

Q=

3. CHARACTERIZATION OF THE MAXIMUM PROBABILITY
r x ¢ TABLES

The simple loops defined in the previous section are used in the following
result to characterize the MPTs.

Theorem 3.1.  The necessary and sufficient condition for X = {x;;} €
F to be an MPT is that
Tp; + 1
3.1 —>1
(3.1) 11 P
jeJ

for every order k simple loop E = {e;;} and every k, 1 < k < min(r, ¢), where J
is the set of the k columns of the loop, and for each j € J, b and a are the rows
such that ey; =1 and eq; = —1.
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Proof: Let X be an MPT, and let us consider X’ = X + E, for any
order k simple loop E, 1 < k < min(r, ¢). All of the elements of X and X’
will be identical, except x; = xp; + 1 and 2y; = x4 — 1 for j € J, and a, b
and J previously defined. Firstly, if £ is an order k simple loop such that xl’zj
is a negative integer (for some a and j), that is, X’ is not an r x ¢ table, then
zq; = 0 and, hence, the condition (3.1) is fulfilled for that E. Secondly, if (on
the contrary) F is such that X’ is an r x ¢ table (X' € F), then from expression

(1.1), and because P(X) > P(X’), we obtain

P(X) B H (I‘bj + 1)! (-Tfaj —1)! _ H Tpj +1 > 1.

P(X") Tpi! Tgi! N Tai

Therefore, for an MPT, (3.1) is fulfilled for all E of order k.

In order to prove the sufficient condition one must note, in the first place,
that if an r x ¢ table fulfils (3.1) for every simple loop, it will fulfil said expression
for an order k simple loop E, and also for the inverse loop —FE (which is also an
order k simple loop). For this reason

3.2 Tl oy

(3.2) E —

will also be fulfilled with a, b and J defined for £ as in the formulation of the
theorem. Thus, for each E, (3.1) and (3.2) will be fulfilled. The proof of the
sufficient condition in the case that there is only one r X ¢ table of F fulfilling
(3.1) is trivial. Therefore, we will assume that there is more than one. Let X € F
be an MPT which will obviously fulfil (3.1). It will be necessary to prove that
for any X’ € F satisfying (3.1) for all order k£ simple loops, P(X’) = P(X) must
be fulfilled.

It is clear that X’ can always be written as X’ = X + D, when D is a table
representing a loop (or group of loops), which can be broken down into a group
of tables E’s (simple loops). According to this type of decomposition (as we have
seen in the previous section), for any of these E’s, considering j € J, a and b
defined as before, the signs of e,; and e;; should be the same as those of their
corresponding d,; and dp; in table D. Moreover, because X’ fulfils (3.1) and (3.2)
for any of these E’s, we can write

Zhj Toj + dy,j
(3.3) Ea};j—i-l j.lgjxaj+daj+1 s1

for each F, and because X also fulfils (3.1), we have that

Ty +1
3.4 —2>1
(3.4) 1=
jeJ
for each E. From this expression, and because the dy;’s are positive and the d,;’s
are negative,
Tpj + dbj

I
(3.5) Q _H:caj+daj+1 >

jedJ
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will be fulfilled. Moreover, if any dy; > 1 or any |dsj| > 1 we will obtain Q' > 1,
which would contradict (3.3). Hence dy; = 1 and d,j = —1, and from (3.3) and
(3.5) we obtain

(3.6) 11 oty

T
jeJ @

Since the above is valid for any of the E’s in which D is broken down, on the one
hand we will obtain |dp;| < 1 for all h and [, hence for every dp; # 0 there will
be one and only one of the loops E’s such that ep; = dp;. On the other hand,
considering the expression (3.6) for all the E’s in which D has been broken down,
we will obtain

H (whl + 1)

hle D+

I zun

hleD—

(3.7) —1

where D+ and D— are the sets of subindices hl such that dyp; = 1 and dp; = —1,
respectively. Finally, from (1.1)

I[I u+D! I (zp—1)! I (zn+1)

P(X) _ hieD+ hleD— _ hieD+
P(X") [T zn! IT zw! I zu
heD+  hleD— heD—
is obtained, and from (3.7) we will obtain P(X’) = P(X). O

From this theorem, and from what has been said in the proof, the two
following results are easily deduced:

Theorem 3.2. If X is an MPT and E an order k simple loop for which
Ty +1
3.8 —— =1
(3:8) 11 o
jeJ

holds, where J, a and b are defined as in Theorem 3.1, then X' = X + FE is also
an MPT.

Theorem 3.3.  If two tables, X and X', belonging to F are MPTs, then
the difference between both tables is one or several simple loops, such that (3.8)
holds for X and for each of these simple loops. Moreover the following always
holds
|LIJ’hl - .CL‘hl| S 1 Vh,l

Finally, the following result extends expression (3.1) to any loop.
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Theorem 3.4.  Given the expression () defined in (2.1), if X is an MPT,
for any loop the following always holds

Tp; + 1 S
. = —>1
(3.9) Q=17 ">
jeJ

where J is the set of columns j’s corresponding to the [j|’s of the loop, and a[j]b
are the operators that compose the loop.

Proof:  From Theorem 3.1, for simple loops it is obvious that (3.9) is
fulfilled. In the case of non-simple loops, if the loop is represented by a table D,
it can be decomposed into a set of n simple loops. Representing the expression
(2.1) for the simple loop h (1 < h < n) by Qp, we will obtain that

Q=]]@n
h=1

and because @, > 1 for all A (from Theorem 3.1), we obtain @ > 1. Finally,
if the loop is not represented explicitly by any type D table, there will always
be an equivalent loop represented by a table D, and the difference between both
loops will only be a set of pairs of inverse operators. Without loss of generality,
let us suppose that the difference is the pair a[b], [b]a. Then, according to what
was said when defining expression (2.1), and decomposing (as before) the loop D
into n simple loops, we will obtain

1 n
Q= Tap + 1 H Q> 1.
Lab h=1
Therefore, to sum up, (3.9) is fulfilled for every loop. O

4. A PARTICULAR TYPE OF TABLES: THE U TABLES

We will now proceed to define and study a type of tables (U tables) that
is particularly important in a new characterization of the MPTs.

Definition 4.1. A U table is a table {u;;} with r rows and ¢ columns
(1 <i<randl1<j<c),in which u;; are strictly positive real values (u;; > 0)
and such that, for a given set of values r5,, 1 < h <r, upyq,j = rpup; for all j.

Given this definition, from this point onward 7y, = up41,;/un; will represent
the ratio between the consecutive rows h and h + 1 of the U table. On the other
hand, it is obvious that for any two rows h and i, the ratio 74; = u;j/up; is
constant for all j, and r;, = 1/ry;. In particular, rp, 541 = 7. Moreover, for
h < 1, rp; coincides with the product of the ratios between consecutive rows from
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row h to row i, i.e., rp; = rprpe1....ri—1 - S0 we will also denote this product by
rn.- For example, ri4 = rirors. Furthermore, it will always be understood that
Thh = 1.

Let us consider some properties of this type of table, the proofs for which
are very straightforward.

Property 4.1. If any row or column of a U table is multiplied by a
constant, or the rows (or columns) of a U table are interchanged, another U
table is obtained.

Property 4.2. For any two rows h and i of a U table, rp; = 1/r;, is always
fulfilled. Moreover, given the rows h, s and i (h < s <) of a U table, rp; = rpsry
will always hold.

Property 4.3. In a U table {u;;} the following always holds:

ubj -1

jeg tai

for every order k simple loop £ = {e;;}, and every k, 1 < k < min (r, ¢), where J
is the set of the k& columns of the loop, and for each j € J, b and a are the rows
such that e;; =1 and e,; = —1.

The following are two examples of U tables.

Example 4.1. A table {u;;} in which all the elements in each row are
equal (that is, u;; = A; > 0 for all j) is a U table.

Example 4.2. Given an r x ¢ table, with marginal sums {R;} and {C};},
the table of expected frequencies {E;;}, defined as E;; = R;C;/N ,is a U table.
In this case, the ratios between the rows are rp; = R;/Ry, . It would also be a U
table if R; and C; were strictly positive real values.

The following definition establishes a link between the U tables and the
r X c tables.

Definition 4.2.  We say that a U table {u;;} is associated with an r x c
table X = {x;;} if the following holds

(4.1) Oguij—xijgl Vi,j, 1§i§7’, 1§j§c
From this definition and from the definition of U tables, it is easy to deduce

that the U table associated with an r x ¢ table, if it exists, is not necessarily unique
(and generally it is not so).

Given an r X ¢ table X = {z;;}, is there always a U table {u;;} associated
with it? In order for such a U table to exist, u;; = ;; + €;; would have to be
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fulfilled for all 4 and j, with 0 < ¢;; < 1. Now, because the ratios between the
rows in the U table would be

Thi = Uij/unj = (Tij + €i5)/ (Th; + €nj) V7

and so, for a given j, the minimum and the maximum value for r,; would be
xij/(xn; + 1) and (x;; + 1)/xp; , respectively, then, 7; should fulfil

m?n' < rp < M}?i )
where
my; = max {wi;/(zp; +1)} and My = min {(zi; + 1)/ }-
In the particular case of consecutive rows (i.e., i = h+ 1), the limits for the ratios
rp, would be
(4.2) Mp pp1 < Th < My 4 1<h<r.

Moreover, because 7p; = rprp41....7i—1, the limits for the products of ratios rp;
should likewise be

Therefore, in principle, in order for the said U table to exist, there must be a set
of ratios 7, that fulfil (4.2) and whose products rp; fulfil (4.3).

Remark 4.1. If X = {z;;} is an MPT, applying expression (3.1) to all
order 2 simple loops, we obtain ;5 /(xp; + 1) < (245 + 1)/, for all h, i, j and
j'. Hence the following will always be fulfilled

my; < Mg Vhyi, 1<h<i<m

Remark 4.2. For any two rows h and 4, and from the definition of the
limits m{, and My, we easily obtain that

My = 1/mg, -

. . : o o
We can use this expression to obtain my, and My, for p > q.

We will call these limits mjp ,  \, M}, ;, mp; and Mp, (for each ratio ry,
and each product r;) initial limits and, in general, we will refer to them (without
specifying the subindices) as limits m®’s and limits M°’s.

Example 4.3. In order for there to be a U table associated with the 3 x 3

table
16 10 6
11 7 5
5 2 2
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there must be a set of ratios, r; and ro, that fulfils (4.2) and whose product
rig = rire fulfils (4.3). In this case, the initial limits are: 0.714 < r; < 0.750,
0.417 < r9 < 0.429 and 0.294 < r13 < 0.300. In principle, we can take appropriate
values of r1 and ro in order to construct an associated U table.

If there are appropriate values of rj such that (4.2) and (4.3) are fulfilled,
and considering the initial limits m®’s and M°’s as the current limits for r; and
Thi, they can be redefined (in the sense that we will show below) given the limits
of the other products and ratios, thus obtaining new and more accurate limits
for rp, and 7p;. In general we will denote these new limits as mp; and Mp;.

For example, in 3 x c tables, for the product r13, because ri3 = riry, the
restriction m9ymgy < r13 < MM, must also be fulfilled, which means 73
should fulfil mq3 < r13 < Mi3, and the new limits will be

() o o : o (9] o

Likewise, for the ratio r1, because r; = r13/r2 , the restriction m9sm$, < r; <
M?P; M3, must also be fulfilled, and the new limits for r; will be

mi2 = max{m3y, mizms3y} and Mo = min{ M7y, M73M35}.
In a similar way, the new limits for 9 are
mas = max{msy;, mo;mis} and Mas = min{Ms,, M3 M}
Example 4.3 revisited. Starting from the previously calculated initial

limits in Example 4.3, we calculate the new limits at the second stage as indicated
in the previous paragraph, and we obtain

0.298 < r13 < 0.300, 0.714 <7y <0.720 and 0.417 < 79 < 0.420.

In 4 X ¢ tables, for the product r13, because from Property 4.2 ri3 = riry
and ri3 = r14/73, the restrictions m9ym$s < riz < MpyMSy and m{ymy, < riz <
M?P Mgy must also be fulfilled, which means 713 has to fulfil m3 < ri3 < M3,
and the new limits will be:

_ o (0] o (o] o
mi13 = max {m13a My9Mag, m147”43}

and
M3 = min {M73, MipMgs, M7y Mys}.

Likewise, for the ratio ro, because ro = r13/r1, re = ro4/r3 and ro = r14/(r173),
the following restrictions must be fulfilled:

(o] (e} (0] (0]
myymis < ro < My My,

(o] (o] (0] o
maogmys < ro < My, My,

(e} (e} (0] (0] (6] (0]
moymigmys < ro < Mgy M7y Mys.



14 Requena

Thus ro must fulfil that mog < ro < Mog, and the new limits will be:
_ o (o) (0] (o] o (o) (0] o]
Ma3 = max{mas, My Mi3, MyyMis, My MI4Ms},

Mg = min{ Mgy, Mgz, My3, Mg, My, Mgz, My, Mjs}.

In a similar way for r1, r3, r14 and ro4.

Remark 4.3. It is evident that the new limits will fulfil m}, < my; and
Mpy; < My, and if my; < Mp;, the new intervals (mp;, My;) will be contained
in the corresponding initial (current) intervals (mg,, Mp.), both for the ratios ry,
and for the products rp;.

Remark 4.4. For any two rows h and ¢, from Remark 4.2 and from the
definition of the new limits, we easily obtain that Mp; = 1/mg.

Now, taking the limits mp; and Mj; as the current limits for the ratios and
products, we can recalculate the limits in the same sense as before, obtaining new
limits (for the ratios and products) which we will also denote as my; and Mp;.
Thus we will have a recursive process, where, at each stage, the newly calculated
limits will have the same property as the current limits. At each stage, we always
obtain the new limits my; and My, for h < ¢, and we can use Remark 4.4 for
h > i. In general, and at any stage of the process, we will refer to these limits
(without specifying the subindices) as limits m’s and limits M’s.

In this process, because from Property 4.2, rp; = rhstsi, 1 < h <s<i<r,
and rp; = T [(rpria), 1 < B < h <i <i <r, it is easy to see that the general
expressions of the new limits, mp; and Mp;, for rp; (1 < h < i <7) in terms of
the current limits can be written as:

Mp; =
(4.4) max {mpsmsi, h<s<i; mpwmppmp;, 1<h <h<i<i'<r}
i/ ,h! s
Mp; =
(4.5) min {My M, h<s<i; MuMysMp, LSH<h<i<i<r},
i’ h!,s

where the terms on the right-hand side of the expressions correspond to the
current limits of the ratios and products (these will coincide with the initial
limits m®’s and M°’s in the first stage of the process), and where we understand
that mgyqy = Myq = 1.

In particular, taking i = h 4+ 1 in (4.4) and (4.5) we will obtain the limits
for the ratios ry:

(4.6) Myt = max {mpmppmingy, 1<K <h<i <r},
Z b
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(4.7) Mppy1 = m}ln { My Mpry My i1, 1<K <h<i <rj}.
,L/7 !

If all the intervals (mp; , Mp;) are not empty (mp; < Mp,;) (this we will see
in Section 5), and because the new intervals (mp;, Mp;) are contained in the
corresponding current intervals, the process will converge and we will be able to
obtain final limits for the ratios and products, and we will continue to represent
these by mp; and My;.

Example 4.3 revisited. For the 3 x 3 table of Example 4.3, given the
second stage limits, the new limits obtained at the third stage are the same limits
as at the second stage. Therefore, the final limits are

0.298 < r13 < 0.300, 0.714 < r; <0.720 and 0.417 < rp < 0.420.

Once the final limits have been obtained, we can answer the question posed
previously more precisely. Given an r X ¢ table X, in order for there to be a
U table associated with it, there must be a set of ratios r, that fulfils (4.2)
and whose products r; fulfil (4.3), but taking (in these expressions) the final
limits mp; and Mj; instead of the initial ones. In greater detail, and taking 7,
successively, there must be: first, a value r1 such that mis < r; < Mjo; second,
a value ro such that mog < ro < Mas and with the product riro = r13 such that
miz < rirg < Mys, i.e. a value r9 such that

max {mog, mi3/r1 } < re < min{Mas, Mi3/r },

and so on. Moreover, the associated U table {u;;} would be of the form: u;; =
z1j+e1j (0<e; <1)and ujj =uijry, 1<i<r,1<j<ec

We can express all this in general form by saying that, given an r x ¢ table
X, in order for there to be a U table associated with X, it must be possible to

take successively a set of ratios r,, h =1, 2, ....,7 — 1, such that
4.8 max {m r <rp, < min {M r
(4.8) pax {maper/ran } < < min {Moper/ron }

(in which rgp = 747541 - - - 71 and we understand that rp, = 1) and a set of €1
(1 <j <e¢) (for the first row of the U table) such that (4.1) is fulfilled.

Further on in this paper, we will see that an associated U table exists for
the MPTs, and only for these.

Example 4.3 revisited. Given de final limits we have calculated in this
example, in order to obtain a U table associated with the 3 x 3 table, we can take
r1 = 0.716 (for example). In this case, from (4.8) we have to take a value 7 such
that 0.417 < ro < 0.419: it may be ro = 0.418. With these ratios, and taking
appropriate values for €1, for example, €17 = 0.74, 12 = 0.02 and €13 = 0.99 (we
will see how to take these values in Section 5) we obtain the associated U table
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16 +0.74 10 +0.02 6+ 0.99
16.74 - 0.716 10.02 - 0.716 6.99 - 0.716 =
16.74-0.716 - 0.418 10.02-0.716 - 0.418 6.99-0.716 - 0.418

16.74 10.02 6.99
11.98 1.174 5.005
5.010 2.999 2.092

5. CHARACTERIZATION OF THE MPTs IN TERMS OF THE
U TABLES

In order to characterize the MPTs in terms of the U tables we will use
products of limits M’s, m’s, M°’s and m®’s (which we will denote by IIM, TIm,
IIM® and IIm®°, respectively), the subindices of which are chained in the sense
that we are going to define.

Definition 5.1. We will say that IIM is a product whose subindices are
chained if it can be written as M;y;, M;,iy....M;, 5, . When i) = ig we will say
that the subindices of the product are circularly chained. We will say the same
for products IIm, IIM®°, and IIm°.

From this definition we see that the chained subindices of a product

Migiy Miyiy - My, i,

form a sequence ig[-]i1[-]ia.....in—1[-]in (without specifying the columns), and if
ip, = 1o they would form a loop. Let us give some examples. The subindices of
the product Moz M35 Ms4 are chained, and they form the sequence 2[-]3[-]5[-]4. The
subindices of the product migmsqmqams; are circularly chained, and they form
the loop 1[-]3[-]4]-]2[-]1. Logically there will be some products whose subindices
are not chained, e.g. Mi3Msy.

We will now provide a result about products of terms M’s, which we will
use in the characterization of the MPTs in terms of the U tables.

Theorem 5.1.  Given an MPT X = {z;;}, for a product of terms M’s
(ILM') whose subindices are circularly chained, the following will always hold

(5.1) M > 1.

Proof:  As we have seen previously, the terms M’s and m’s are obtained
by a recursive process from the M’s and m’s of the previous step. Specifically,
from (4.5), My, is either a product MpysMy; or a product Mpp Mp; Myr; of terms of
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the previous step, whose subindices (in both cases) are chained, and they form a
sequence beginning in row h and ending in row . Now, by going back one step in
the recursive process, the same can be applied to each of these Mj,s, Mg;, Mpps, .....
In this way, by going back to the initial step in the process, we will obtain that
My, can always be written as a product of terms M®°’s whose subindices are
chained, and they form a sequence beginning in row h and ending in row 1.

Thus, and in accordance with what has just been said, the product on the
left-hand side of (5.1), whose subindices are circularly chained, can always be ex-
pressed as a product IIM° whose subindices are circularly chained. Therefore, in
order to demonstrate the theorem we will have to prove that IIM° > 1 whenever
the subindices of the product are circularly chained, and they form a loop. Let
the product be

IMM° = M2, M, ..M

iot1 M igig e 1s—110

which, according to the definition of the terms M®’s, can be written as

S
HMO _ mihjh + 1
he1 Lip_1]n
where j1, jo, ...., Js are columns that correspond to the terms M°’s of the product,
and where i = 7. Then, if j; = jo = .... = j, it is evident that IIM° > 1. Oth-

erwise, we can consider the loop ig[j1]i1[jo]ia......is—1[js)i0, which is determined
by the subindices of the product, and from the expression (3.9) of the Theorem
3.4 one will obtain IIM®° > 1. O

The following result characterizes the MPTs in terms of the U tables.

Theorem 5.2.  Anr x c table X = {x;;} is an MPT if, and only if, a U
table {u;;} exists associated with it.

Proof:  Let {u;;} be a U table associated with X. From the Property

12 -

U
jeg W

4.3,

for every order k simple loop, 1 < k < min(r, ¢) , and J, @ and b defined as in
the said property. In addition, from (4.1) we will obtain

Taj < Ugj, Thy Supy;  and  xp + 1> up,.
Hence, for every order k simple loop, 1 < k < min (r, ¢),
Up; Tpj + 1
1= 2 <72
I, =10
jeJ jeJ

and, therefore, X fulfils the condition of Theorem 3.1 and will be an MPT.
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It remains to be demonstrated that if X is an MPT, there will always be
a U table associated with it. For this purpose, and in accordance with what was
said previously in Section 4, on the one hand we must demonstrate that there
will always be a set of ratios rp,, 1 < h < r, which fulfil (4.8).

Firstly, in order to demonstrate that we can always take at least one
value for each of the ratios r,, 1 < h < r, within the respective intervals
(M1, Mp pt1), which would be true if my; < Mp, for h < i, it will be sufficient
to prove that any of the expressions which appear on the right-hand side of (4.4)
is less than or equal to any of those on the right-hand side of (4.5), i.e.

Mhs’ s’i/(mhsmsi) - Mhs’Ms’iMisMsh Z 17

My My My | (mpsmesi) = Mpp Mo My MigMgp, > 1,
MpsMg; | (mpprmprimgr) = Mpg Mg My Mgy Mprp, > 1,
My My My | (i) = Mgy Mo My Miin Mo Mg, > 1,

for all s, b’ and ¢ within the established limits in (4.4) and (4.5), and all &', A"
and 7" with the same limits of s, A’ and 7', respectively. But all these inequalities
are true from Theorem 5.1, because the subindices of each one of the products
are circularly chained.

Secondly, we will demonstrate by induction that, given the final limits, there
will always be at least one set of these ratios (taken successively, r1, 79, ..., 7p_1)
that fulfil (4.8). We can always take one value for the first ratio r; from inside
(my2, Mi2), and it is obvious that this r fulfils (4.8).

Now we have to prove that if we take a subset of ratios r1, 79, ..., Th_1
(1 < h <) such that they fulfil (4.8), we can always take an r;, which also fulfils
(4.8). It is easy to see that if 71, 7o, ...., 7,1 fulfil (4.8), we will have
(5.2) Mgy < Togt < Mgy 1<s<s <h.

Now, for an ry, that fulfils (4.8) to exist it will be enough to prove that
(53) ms,thl/rsh < Ms’,h—&—l/rs’h st S/; I1<s<h 1< s < h.

For s = &' it is obvious that this inequality is fulfilled, because we have already
proved that my; < Mpy;. For s < ', and taking into account Remark 4.4, expres-
sion (5.3) is reduced to

Mg h41Mht1,s" < Tl 1<s<s <h
which is true, because from (4.4) and (5.2) we have
m57h+1mh+1,8/ S Mgg! S Tss! 1 S s < S/ S h

This is proved in a similar way for s > s'.
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Finally, given a set of ratios 71, 72, ...., rp—1 that fulfil (4.8), we must
demonstrate that there will always be a U table {u;;}, with ui; = x1; + €15
(0<e; £1)and wij = wijry, 1 <i<r, 1<j < ¢ which is associated
with X. In other words, we have to prove that there will always be values ¢1;,
1 < j < ¢, such that (4.1) is fulfilled, i.e., such that

0<(z1j+ey)rui—aiy <1 I1<i:<r,

from which it follows that the €15, 1 < j < ¢, should satisfy

(5.4) max {x”—xlj}galjg min {xw—iﬁ —mlj}.

1<:<r 714 1<i<r

Let us see that for every j there is a value £1; which satisfies (5.4). For this
purpose, it is enough to prove that for any 5 and any 7 and i’ the following holds

zij/ri < (zij +1) /1

For ¢ = 4/ it is trivial that this is true. For i < 4’ it is also true, because
4 /T1i = Ti, and because from (4.8) (taking s =4 and h+1 = ') and from the
definition of the limits M’s and the limits M°’s we can obtain

i < My < M3y < (2 + 1) [y vj.
This is proved in a similar way for i > ¢'. O

The last part of the proof of the Theorem 5.2 shows us how we can easily
obtain a U table associated with an MPT. This is summarized in the next result.

Corollary 5.1.  Given an MPT X = {x;;} and a set of ratios rj, 1 <
h < r, fulfilling (4.8), a table {u;;} with

where 11; = r72.....ri—1 and €1; satisfies (5.4) for all j, is a U table associated
with X.

6. ON THE UNIQUENESS OF A MAXIMUM PROBABILITY 7 x
c TABLE

The following result, based on the previous results, is a necessary and suf-
ficient condition which characterizes the uniqueness of an MPT.
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Theorem 6.1. An MPT X = {z;;} is unique if and only if

Tp; + 1
6.1 — > 1
(6.1) 11 o
JjeJ

for every order k simple loop E = {e;;} and every k, 1 < k < min (r, ¢), where J
is the set of the k columns of the loop, and for each j € J, b and a are the rows
such that ep; =1 and eq; = —1.

Proof: Let X be the unique MPT, which obviously will fulfil (3.1). If
(3.8) is fulfilled for a simple order k loop F, then, from Theorem 3.2, X' = X + F
would be an MPT, which would contradict the initial hypothesis and, thus, (6.1)
is fulfilled. Reciprocally, let X be an MPT fulfilling (6.1), and let us suppose
that X’ is also an MPT. Then, from Theorem 3.3, the difference between both
will be one or several simple loops, such that (3.8) will be fulfilled for X and for
each of these simple loops, which would contradict (6.1). Hence, X is the only
MPT. O]

7. CONCLUSIONS

The most efficient algorithm (network algorithm) to calculate the p-value
of the Fisher’s exact test in an r X ¢ table requires us to calculate many times
maximum probability r x ¢ (¢’ < ¢) contingency tables, and to perform a great
amount of comparisons in which the probabilities of these tables are involved.
At present, the general method to obtain maximum probability fixed marginals
contingency tables is based on a necessary condition for these tables, which makes
that method insufficiently efficient, especially for a relatively large r or ¢. In
this paper, we present two necessary and sufficient conditions for these maximum
probability tables. This characterization, especially that which is expressed based
on U tables, will allow us to construct a general algorithm for obtaining the
aforementioned maximum probability contingency tables.
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