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Abstract:

e Bias reduction in tail estimation has mainly been performed in case of Pareto-type models; see for
instance Drees (1996), Peng (1998), Feuerverger and Hall (1999), Beirlant et al. (1999, 2002), Gomes
and Martins (2002) and Caeiro et al. (2005, 2009). In that context, Beirlant et al. (2009) and
Papastathopoulos and Tawn (2013) constructed distributional models that are based on second order
rates of convergence for distributions of peaks over thresholds (POT). Such approach also allows to
connect the tail and the bulk of the distribution.

Bias reduction for all max-domains of attractions, i.e. without restricting to the Pareto-type case,
received much less attention up to now. Here we extend the second-order refined POT approach
started in Beirlant et al. (2009) providing a bias reduction technique for the classical generalized
Pareto (GP) approximation for POTs. We consider parametric and nonparametric modelling of the
second order component.
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2 J.Beirlant, G.Maribe, Ph. Naveau and A. Verster

1. INTRODUCTION

Extreme value (EV) methodology starts from the assumption that the distribution of the avail-
able sample X1, Xo,..., X, belongs to the domain of attraction of a generalized extreme value
distribution, i.e. there exists sequences (by,), and (a, > 0), such that as n — oo

maX(Xl,Xg, .. .,Xn) —b

Gn

(1.1) = —a Y,

where P(Y; < y) = exp(—(1 + £y)~V¢), for some € € R with 1 + &y > 0. The parameter ¢ is
termed the extreme value index (EVI). It is well-known (see e.g. Beirlant et al., 2004, and de
Haan and Ferreira, 2006) that ((1.1)) is equivalent to the existence of a positive function ¢ +— oy,
such that

X -t F(t +yot) GP -1
1.2 Pl—>ylX >t)=—%—"">— H =(1 /€
(1.2) ( o Y| ) a0 t—xy He (y) = (1+¢&y) ;
where F(r) = P(X > x) and x; denotes the endpoint of the distribution of X. The conditional
distribution of X — ¢ given X > ¢ is called the peaks over threshold (POT) distribution, while
H £G P is the survival function of the generalized Pareto distribution (GPD).

Estimation of £ and tail quantities such as return periods is then based on fitting a GPD
to the observed excesses X — t given X > ¢. The main difficulty in such an EV application
is the choice of the threshold ¢. Most often, the threshold ¢ is chosen as one of the top data
points X,,_ , for some k € {1,2,...,n} where X1, < Xy, <... <X, denotes the ordered
sample. The parameters (£, o) are then estimated by fitting the GPD ng (%) to the spacings
Xn,n - ank,ru IR ankJrl,n - ank,n-

The limit result in requires ¢ to be chosen as large as possible (or, equivalently, k as
small as possible) for the bias in the estimation of £ and other tail parameters to be limited.
However, in order to limit the estimation variance, ¢ should be as small as possible, i.e. the
number of data points k used in the estimation should be as large as possible. Several adaptive
procedures for choosing ¢t or k have been proposed, but mainly in the Pareto-type case with
&£ >0, i.e. when

(1.3) F(z) = 274 (),
for some slowly varying function ¢, i.e. satisfying % — 1 ast — oo, for every y > 1. One then
@3

typically assumes a second-order specification of ([1.3)) of the type

(1.4) %—1:@ (yfﬁ—l),

where 6, = &(t) = tP4(t), with 8 > 0 and ¢ slowly varying at infinity.

As an alternative, bias reduction techniques have been proposed in the Pareto-type case
€ > 0, among others in Feuerverger and Hall (1999), Beirlant et al. (1999, 2002) and Gomes and
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Bias Reduced Peaks over Threshold Tail Estimation 3

Martins (2002). However while the bias is reduced, the variance is increased. In Caeiro et al.
(2005, 2009) methods are proposed to limit the variance of bias-reduced estimators assuming a
third-order slow variation model. These methods focus on the distribution of the log-spacings
of high order statistics. Other construction methods for asymptotically unbiased estimators of
¢ > 0 were introduced in Peng (1998) and Drees (1996).

Another approach consists of proposing penultimate limit distributions. In case £ > 0, Beirlant
et al. (2009) proposed an extension of the Pareto distribution (EPD) to approximate the tail
probability of the POT distribution P (% > y|X >t) as t — oo

(15) HED () = 1= HED () =y (140, (0797 = 1))y > 1,

with d; satisfying d; | 0 as t — oo and p = —B€. In the literature, the second order parameter p
typically is estimated externally with a different sequence of extreme order statistics than with
& and 4, or it is given an appropriate ’canonical’ value such as -1. We suppress the notation p
from the extended distribution notation.

Fitting the extended Pareto distribution H EP to the relative excesses {%, j =

1,...,k} leads to estimates of £ that are more stable as a function of k compared to the original
ML estimator derived by Hill (1975)

k
FH X “An—j+ln
gk,n - E )

nkn

??'\P—‘

which is obtained by fitting the Pareto distribution Hgép . Denoting the maximum likelihood
estimators of £ by é,fp , it can indeed be shown under the assumption that the EP model for the
excesses X/t is correct and that p is estimated consistently, that the asymptotic bias of éfp

0 as long as k(k/n)"2° — X\ > 0 as k,n — oo, while the asymptotic bias of é,fn is only 0 when

. 2
k(k/n)~2’ — 0. On the other hand, the asymptotic variance of kaP equals <k7p> 5k, , Where 5:

is the asymptotic variance of ffn

In case of a real-valued EVI, for the selection of an appropriate threshold or the construc-
tion of bias-reduced methods, only a few methods are available. Dupuis (1999) suggested a
robust model validation mechanism to guide the threshold selection, assigning weights between
0 and 1 to each data point where a high weight means that the point should be retained since a
GPD model is fitting it well. However, thresholding is required at the level of the weights and
hence the method cannot be used in an unsupervised manner. Buitendag et al. (2019) present a
ridge regression method to reduce the bias of the generalized Hill estimator proposed in Beirlant
et al. (2005).

In this paper we concentrate on bias reduction when fitting the GPD to the distribution
of POTs X —¢|X > ¢ using maximum likelihood estimation. We hence extend the second-order
refined POT approach based on ﬁgf from to all max-domains of attraction. Here the
corresponding basic second order regular variation theory can be found in Theorem 2.3.8 in de
Haan and Ferreira (2006) stating that

L6 P >yl X > 8) — (14 &)

= —1- < /
o 51) = (14 &y) Mo 5((1+€)0),
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4 J.Beirlant, G.Maribe, Ph. Naveau and A. Verster

with §(t) — 0 as t — x4 and V¢ 5(x) = % (“’"ggfﬁ_l - “”2—1 which for the cases { =0 and p =0
is understood to be equal to the limit as & — 0 and p — 0. We further allow more flexible
second-order models than the ones arising from second-order regular variation theory such as in
using non-parametric modelling of the second-order component and the flexible semipara-
metric GP modelling introduced in Tencaliec et al. (2019). This newly proposed method can

also be applied to the specific case of Pareto-type distributions.

In the next section we propose our extended GPD models, and detail the estimation
methods. Some basic asymptotic results are provided in section 3. In the final section we
discuss simulation results and some practical case studies.

2. TRANSFORMED AND EXTENDED GPD MODELS

In this paper we propose to approximate the POT distribution with an extended GPD model
with survival function

©): BP9y = AEP ) {1+ 08, (BEP(D)

where

o 6 =0(t)—>0ast—xy,
e B,(1) =0 and lim,_ou'"¢B,(u) = 0 for every 0 < e < 1,

e B, is twice continously differentiable.

Here the parameter 7 represents a second order nuisance parameter. For negative d-values one
needs d; > {min, (1 — - (uB,(u))}~! to obtain a valid distribution.

Note that this model is a transformation model G (ﬂ gP (%)) where the transformation func-

tion G¢ : (0,1) = (0,1),u — u(l + 0:B;(u)) satisfies G’T(u) — 1 ast — oo for every u € (0,1) as
follows from ([L.2).

Also, model (£) generalizes the EPD model replacing the Pareto survival function y—1/¢
(¢ > 0) by the GPD survival function H, ng (€ € R), and considering a general function B, (u).

We here detail a parametric and non-parametric estimation procedure for (£, o) under (€) based
on excesses Y = Xpn_jt1n—Xn—kn (j =1,...,k), while considering external estimation of the
parameters in the B, component of the model. In this we use the reparametrization (&, 7) with
7 = {/o. Modelling the distribution of the exceedances Y with model (£) leads to maximum
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Bias Reduced Peaks over Threshold Tail Estimation 5

likelihood estimators based on the excesses Y, = Xp_jy10 — Xpnkn (= 1,...,k):
. . k
(&6, 7E,0F) = argmax Zlog (1 + Oy (14 Ty}yk)ﬂ/g))
j=1
i T
(2.1) +Zlog{g(1+7m7k)—1f1/g}
j=1

with by (u) = %(uBn(u)) for a given choice of B,,.
Estimates of small tail probabilities P(X > ¢) are then obtained through

S kap (70 con [ map
Pk (X > C) = EH&{E éE (C - Xn—k,n) I+ 5k BT) Héf (éE (C - Xn—k,n) :
k k

A general approach to choose the parameters contained in the B;,, component can be to minimize
the variance of the obtained estimates of £ over kK = 2,...,n. See also the simulation section 4.

A parametric approach (Ep). The second-order result ((1.6) leads to the parametric choice

B 5(u) = “7; (“_212*1 - “_z*1> in case £ + p # 0 and & # 0.

Model (€) allows for bias reduction in the estimation of (£, 7) under the assumption that the
corresponding second-order model is correct for the POTs X — t|X > t. Note that here
the B, component contains two parameters { and p. So in this component ¢ and p will be
substituted with an external value.

Here -
= (i) (et m) &

in which the classical estimator of £ (with §; = 0), or an appropriate value &y, is used to substi-
tute £. A consistent estimator of p is provided in Fraga Alves et al. (2003). Another option is to
choose (&, ) minimizing the variance in the plot of the resulting estimates of £ as a function of k.

A non-parametric approach (Ep). In practice a particular distribution probably follows laws
of nature, environment or business and does not have to follow the second-order regular variation
assumptions as in . A non-parametric approximation of u — uB,;(u) can be obtained from
an estimator G, of Gy, , or equivalently G, of Gy, , of the transformation Gy(u) = u(1+3; B, (u))

(u € (0,1)) at some particular ¢, or k.. Indeed, using @,(CT)(U) — u as an approximation of

u +— O, uBy(u), and reparametrizing J; by d5/df,, we obtain I;n,k* (u) = -1+ %éém)(u) as an
estimator of by,.

For any t, an estimator Gy of G can be obtained using the Bernstein polynomial algorithm from
Tencaliec et al. (2019). The Bernstein approximation of order m of a continuous distribution
function G on [0, 1] is given by

G () = iG <731> (T) (1 —uw)™ I uwelo1].

J=0
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6 J.Beirlant, G.Maribe, Ph. Naveau and A. Verster

As in Babu et al. (2002) one then replaces the unknown distribution function G itself with the
empirical distribution function G,, of the available data in order to obtain a smooth estimator

of G: .

. . (] m . »

GO () = ZGn <m> < ; ) W (1 —u)™ .

7=0

Note that Gy is the distribution function of H, ng (Y/o). Hence, in the present application, data
from G, are only available after imputing a value for (£,7). This then leads to the iterative
algorithm from Tencaliec et al. (2019), which is applied to every threshold ¢, or every number
of top k data.

(i) Set starting values (é,io), ﬂgo)). Here one can use (£M%, 7ML from using Gy (u) = w.

(ii)  Tterate for r = 0,1,... until the difference in loglikelihood taken in (él(;), ﬂir)) and (A,(:H), %IETH))
is smaller than a prescribed small value:

A , : ~1/8"
(a)  Given ( ](J),%,ir)) construct rv’s Zj = (1 + %,ET)Y]»,,C) *

(b)  Construct Bernstein approximation based on Z;;, (1 < j < k)
Gy =S G (LY (™) w1 wymi
Pw=3 6 (5) (7 )wa-v

with G}, the empirical distribution function of ijk

(¢)  Obtain new estimates (A,(:H), %,ETH)) with ML:

j=1

k
(EHD 2 D) = argmax {Z log{g\™ (1 +7Z;,) V%))

k
* Zlog{%(l + TZj,k)ll/f}}

j=1

with g,(cm) denoting the derivative of é,(fm).

As noted in Tencaliec et al. (2019) a theoretical study of these estimates is difficult and has not
been established.

Remark 1. The estimation methods described above of course can be rewritten for the specific
case of Pareto-type distributions where the distribution of POTs Y = % | X > t are approximated
by transformed Pareto distributions. The model (&) is then rephrased as

") Efy) =8 () {1+aB,(HE (1)}

The likelihood estimation method, now based on the exceedances Y;, = Xy ji1.0/Xn—kn (4 =
1,...,k), is then adapted to

k k
R N _ 1
(2.2) (67T, 04 ") = argmax ¢ > log (1 + 0by (Y ,kl/f)) +) 1og{g(yj7k)—1—1/€}
j=1 j=1
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Note that the (Ep™) approach using the parametric version By(u) = u™? — 1 for a particular
fixed p < 0 equals the EPD method from Beirlant et al. (2009), while (Ep™) is new.

Estimators of tail probabilities are then given by

A k - N N _
BEH(X > 0) = AL (¢ Xoon) (14607 By (Bl (¢/ Xaorn)) )

3. BASIC ASYMPTOTICS UNDER MODEL (&)

In this section we discuss the asymptotic properties of the maximum likelihood estimators
solving and . To this end, as in Beirlant et al. (2009), we develop the likelihood
equations up to linear terms in J; since dp — 0 with decreasing value of k. Below we set
Hy(y) = (14 7y)~'/¢ when using extended GPD modelling, while Hy(y) = y~/¢ when using
extended Pareto modelling under £ > 0.

Eztended Pareto POT modelling. The likelihood problem was already considered in Beir-
lant et al. (2009) in case of parametric modelling for B,. We here propose a more general
treatment. The limit statements in the derivation can be obtained using the methods from Beir-
lant et al. (2009). Denoting the log-likelihood function in by ¢, the likelihood equations
are given by

9y _ k. 1xk A 0(Yj.%))Ho (Vi k) log Yj &
(3.1) {agf - *+?Za 110ngJr Z] 1 1+J6kbn(H9( ) ;

ool = 51 by(Ho(Yin)) - 5kZ] 1 b3 (Ho(Yjk)).

Extended Generalized Pareto POT modelling. The likelihood equations following from ({2.1]) up
to linear terms in §; are now given by

Bl = —E 4 &Y log(1+7Yk) + 5 S8, b (Ho(Y ) Ho(Yi ) log(1 + 7Yj)
3%6 - 57{_1+<1+§> Zg 11+Tlek

B T Uy (o (V) (T (Lt 7Y~ Ve
ol = i (oY) - 0 S5 b3 (Hy(V; 1),

from which

(8 Xk by(Hy, (Yik))
P e, (Vi)
(3.2) £ 0 log(1 4 #Y5k) = ~ % S by (Hy, (Y50)) Hy, (Yik) log(1+ 7Y k),

1 k 1 _ 1 5 1
DY Hm,k—wﬁlgg { >k 1bs7< (V) Hj, (Vi)
b Ny (H, (V) Hy, (Vi) sty |

Under the extended model we now state the asymptotic distribution of the estimators ( f )

and éer To this end let Q denote the quantile function of F, and let U(x) = Q(1 —x~1) denote
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1 the corresponding tail quantile function. Model (£) assumption can be rephrased in terms of U:

U(vz)—U(v) _ h{ (JZ‘)

5 oU(v)
N )

o0 5 By(1/),

> where he(z) = (25 — 1)/€ and 6(U) regularly varying with index p < 0. Moreover in the mathe-
s matical derivations one needs the extra condition that for every €, > 0, and v, vx sufficiently
4 large

U(vz)—U(v) _h (I‘)
(&) : v ¢ — 2B, (1/z)| < ex®|B,(1/x)| max{z", z"}.

5(U(v)) ! - ! ’

s Similarly, (€) is rewritten as
-
Ehy. 2L — 00 6B, (1/z).

s The analogue of (&) in this specific case is given by

o

EN |22 — 2B, (1/2)| < exf|B,(1/x)| max{z”, 27"},

7 with §(U) regularly varying with index p < 0.
s Finally, in the expression of the asymptotic variances we use

1 1 1
Eb, = /O by (u)du, EB, = /O B, (u)du, EC, = /0 u® By (u)du.

o The proof of the next theorem is outlined in the Appendix. It allows to construct confidence
o intervals for the estimators of & obtained under the extended models.
11 Theorem 1 Let k = k,, be a sequence such that k,n — oo and k/n — 0 such that VES(U(n/k)) —

12 A € R. Moreover assume that in (2.1) and (2.2), B, is substituted by a consistent estimator as
13 n — 00. Then

-

i.  when &> —1/2 with (&)

(Vi€ - 0. VRCE 1) sursi0.3)

14

9 1 _ (ECy)? 1 _ _EByECy,
o & | WP B E1H° T SRR
- 1 _ EByEC, 1 1— (EB,,)2>
(1463 €(0+HEDT  £2(1+¢)2 Eb
15 where
_ < 1 B (ECn)2> (1 B (EB,])2> B ( 1 EBnEC,]>2
(1+£)2(1+42¢) Eb2 Eb2 (1+¢)2 Eb2 ’

ii.  when & >0 with (£5)
(VREET =), VRGET = 01)) —a Ma(0,2%),

B EEb; —¢EB,
~ Eb}—(EBy)? \ —¢EB, 1

16

E+
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Bias Reduced Peaks over Threshold Tail Estimation 9

Remark 2. The asymptotic variance of é,?+ is larger than the asymptotic variance 2 of the
Hill estimator é,fn Indeed,

(EB,)? = ( log(1/u)by(u )du>2
( 01 (log(1/u) — 1)by(u )du)2
< ( 01 (log(1/u) — 1) du> (/01 b%(u)du)
= (Eb?)

where the above inequality follows using the Cauchy-Schwarz inequality.
Similarly, one can show that

- 1 1 2 1
(ECU)Q —¢ 2 (/O (uf _ 1+§)bndu> < A+200+ 5)2 (Eb%)

The asymptotic variance of ff equals

(14¢)? 1— (14621 +26)(EC,)?/(Eb;)
116)4(142¢ - EC,)(EB (EB,)?
b1 R () (B! - 25 + e

which can be shown to be larger than the asymptotic variance (1 + £)2/k of the classical GPD

maximum likelihood estimator. In the parametric case with B, (u) = “—; <“_2:;_1 - “_Z_1>,

one obtains EB, = (1+&)7 (1 —p)~', ECy = 1+&) 11 +26)7 (¢ —p+1)"" and Eb; =
2(1 +28)71(1 —2p)71(¢ — p+ 1)L Tt then follows that the asymptotic variance of é,f equals

a+9? (1-5)*
k (p> L

. 2
In case £ > 0 with By (u) = u~” — 1, the asymptotic variance of §£J+ is given by % (7) as
already found in Beirlant et al. (2009).

Finally, an asymptotic representation of \/E(SkE — 0) can be found at the end of the proof of
Theorem 1 in the Appendix. O

In the case studies in the next section asymptotic confidence intervals based on Theorem 1 can
be added to the analysis.

Remark 3. Since in model (£) the B, factor is multiplied by ¢;, the asymptotic distribution of
tail estimators based on (£) will not depend on the asymptotic distribution of the estimator of
B,. As in Beirlant et al. (2009) when using the EPD model in the Pareto-type setting, one can
rely in the parametric approach on consistent estimators of the nuisance parameter 7 using a
larger proportion k, of the data. Alternatively, one can also consider different values of 7 in the
parametric approach, and of (k,,m) in the non-parametric setting, and search for values of this
nuisance parameter which stabilizes the plots of the EVI estimates as a function of k using the
minimum variance principle for the estimates as a function of k. Clearly one loses the asymp-
totic unbiasedness in Theorem 1 if B, is not consistently estimated. For the moment no proof
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10 J.Beirlant, G.Maribe, Ph. Naveau and A. Verster

is available to show that the estimators of the parameters in the second order component B,
through the minimum variance principle are consistent. Note that the estimator of p presented
in Fraga Alves et al. (2003) has been shown to be consistent.

As becomes clear from the simulation results, in many instances the extreme value index estima-
tors are not very sensitive to such a misspecification, especially in the non-parametric approach
leading to Ep and EpT, and the proposed estimators can still outperform the classical maximum
likelihood estimators based on the first order approximations of the POT distributions. O

4. SIMULATIONS AND CASE STUDIES

Simulation results and practical cases are proposed in a Shinyapp written in R:
https://phdshinygao.shinyapps.io/ExtendedModels/

Under Simulations one finds simulation results with sample sizes n = 200 for different distribu-
tions from each max-domain of attraction. The bias and MSE for the different estimators are
plotted as a function of the number of exceedances k. Using the notation from the preceding
sections one has a choice to apply the technique with Hy equal to the GPD, respectively the
simple Pareto distribution (only when £ > 0).

Sliders are provided for the following parameters:

e in case of GPD modelling: p in Ep, and (k.,m) in Ep estimation,

e in case of Pareto modelling: p in Ep™, and (k.,m) in EpT estimation.

Again one can indicate to choose these parameters so as to minimize the variance of ék over
k =2,...,n. The value of { in the parametric function B¢ ; in Ep is imputed with the classical
GPD-ML estimator at the given value of k.

Also bias and RMSE plots of the corresponding tail probability estimates of p = P(X > ¢) are
given, where c is chosen so that these probabilities equal p = 0.005 or p = 0.003. Here the bias,
respectively RMSE, are expressed as the average, respectively the average of squared values, of
log(p/p).

One can also change the vertical scale of the plots, smooth the figures by taking moving averages
of a certain number of estimates. Finally one can download the figures in pdf.

While on the above link, several other distributions are used and sliders are provided for the
different parameters p, p, and (k., m), we collect here the resulting figures for estimation of
¢ and estimating 0.003 tail probabilities, when using the minimum variance principle for all
parameters, in case of the following subset of models:

e  The Burr(r,\) distribution with F(z) = (1+a7) > for # > 0 with 7 = 1 and A\ = 2, so
thatfz%:%andp:ﬁ:—%:—%.
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Bias Reduced Peaks over Threshold Tail Estimation 11

e  The Fréchet(2) distribution with F(z) = 1 — exp (—z~2) for > 0, so that £ = § and
p=p=—1L

e The standard normal distribution with £ =0 and p = 0.

e  The Exponential distribution with F(z) = e™** for 2 > 0, so that £ = 0 and p = 0.

e  The Reversed Burr distribution with F(x) = (1 + (1 — x)_T)_)‘ for x < 1 with 7 = 5 and
A =1,so0that { = —1/(7A) = —% with g = —1/A = —1.

o The extreme value Weibull distribution with F(z) =1 — e~ (1= for z < 1 with a = 4, so
that ¢ = —7 with p = —1.

We also compare the bias and RMSE results for é,f with those of the ridge regression estimator
presented in Buitendag et al. (2019). This regression method is constructed on the basis of a
regression model of the type

j -P
}/3:£+bn,k<k,_i_1> 7j:17"'7k>

where )
. fH
n—jn j,n

. X 1, 1\ .
Yj:(J‘f‘l) IOg—AH—log(l-i-f)—i-f ,i=1...,n—1
anjfl,n j+1,n J J

In case £ > 0, the results for é,f T are also compared with the corrected Hill method presented
in Caeiro et al. (2005) and (2009), also based on regression representations of top order statis-
tics X;,—j4+1,n, and which have been shown to have asymptotic bias 0 while keeping the same
asymptotic variance £2/k as the Hill estimator éfn under a third-order slow variation model.

In general the minimum variance principle works well, though in some cases some improved
results can be obtained by choosing specific values of the parameters p, p, and (k,, m). This is
mainly the case for the Pareto-type models when using Ep, such as for the Fréchet distribution.
Also, in case of tail probability estimation using Ep for cases with £ < 0 particular choices of
the corresponding parameters lead to improvements over the minimum variance principle.
Overall the Ep approach yields the best results, both in estimation of & and tail probabilities.
The improvement over the classical GPD maximum likelihood approach is smaller for Ep, and
in case of situations where the second order parameter p equals 0 then Ep basically equals the
ML estimators. Note that when p = 0 the conditions of the main theorem are not met, in which
case the GPD and the bias reductions are known to exhibit a large bias. This is typically the
case when £ = 0. This is also known to be the case using simple Pareto modelling when p = 0.
The proposed methods compare well with the ridge regression method. One exception is the
Fréchet distribution (see Figure 3) in which the ridge regression method offers exceptionally
good results.

In case of simple Pareto modelling for £ > 0 cases (see Figures 2 and 4) the Ep* and Ep* ap-
proaches yield serious improvements over the Hill estimator, with small bias for Ep™ and Ep™,
while the parametric approach Ep' naturally exhibits the best RMSE. The results obtained
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with proposed methods are comparable with the CH estimator (see Figures 2 and 4).

Under Applications the app also offers the analysis of some case studies, some of which are
discussed here in more detail. We use Belgian car insurance claim ultimates of a Belgian car
insurance portfolio discussed in Albrecher et al. (2017), and lifetime data discussed in Einmahl
et al. (2019). We then present estimates of &, o and tail probabilities P(X > x,,,) with
denoting the largest observation, so that the estimated probability is supposed to be close to
1/n. An option is provided in the Shinyapp to construct asymptotic confidence intervals for &
for the Ep and Ep™ based estimates of £, on the basis of Theorem 1.

In actuarial statistics, Pareto-type modelling is customary in case of car insurance claim mod-
elling. So here we provide both the plots of f,fn, Ept, Ep™ and the CH estimator (see top left
in Figure 9), as well as the GPD-ML, Ep, Ep and ridge regression estimator (bottom left in
Figure 9), and the corresponding tail probability estimates at the right hand side. Under the
Pareto approach, confining oneselves to £ > 0, the level 0.4 clearly appears for the EVI both
using Ept and EpT when using the minimum variance principle. The CH estimator also shows
a stable area around the value 0.5. The tail probability estimates of P(X > ) are close to
1/n for almost all k values while the plot of the classical estimates is difficult to interpret.
With GPD based modelling two EVI levels are visible, around 0.2 and 0.4, of which the lower
level is more clearly indicated when using Ep with k., = 427 and m = 25 as shown in Figure 9,
bottom left. The ridge estimator is stable at the value 0.4. The corresponding tail probability
estimates based on Ep are also stable at the value 1/n for a long k range.

In Einmahl et al. (2019) the life spans are studied for Dutch males and females reaching age
92 years and higher, considering their age at death. For every year, from 1986 till 2015, the life
spans of this subgroup were analyzed. The authors decided to use k = 1500 for every year when
using the classical GPD-ML estimators, and found an EVI estimate é between -0.1 and -0.15 for
females, while for males a value around -0.15 is common over the whole period. Here we restrict
ourselves to the female data from 1986. The results of Ep with asymptotic confidence intervals
as discussed in Remark 2 with p = —0.5 are shown in Figure 10 (left). While the classical GPD-
ML estimates decrease with increasing k& from 1 to 1500, the Ep estimates show a more stable
plot at a negative £ value which is rather between -0.05 and -0.1. The ridge regression method
shows a similar value for £ < 500. The corresponding tail probability estimates for a larger k
indicate a value closer to the tail probability estimate 1/n based on the empirical distribution
function, in contrast to the classical GPD approach.

5. CONCLUSIONS

In this contribution we have constructed bias reduced estimators of tail parameters ex-
tending the classical POT method. The bias can be modelled parametrically (for instance based
on second order regular variation theory), or non-parametrically using Bernstein polynomial
approximations. A basic asymptotic limit theorem is provided for the estimators of the extreme
value parameters which allows to compute asymptotic confidence intervals. A shinyapp has been
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constructed with which the characteristics and the effectiveness of the proposed methods are
illustrated through simulations and practical case studies. From this it follows that within the
proposed methods it is always possible to improve upon the classical POT method both in bias
and RMSE. This approach can also be used as a data analytic tool to enhance an extreme value
analysis.
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7. Appendix

In this section we provide details concerning the proof of Theorem 1.

Asymptotic distribution of é,er
From (3.1)) we obtain up to linear terms in dj, that (denoting &, for ékEJr)

SE by (v )

o =
* [ TCeeD
& = §£n+5k31(€),
with B = L3°8 y (v oy Vo log ¥ As kn — dk 0 we have BY
= 7 2=1b jk gYjr. Ask,n oo and k/n — 0 we have By’ —,

—£ fo uw)ulogudu = —EEB,,.
Using a Taylor expansion on the numerator of the right hand side of the first equation leads to

k k
%Z v, —%Z VIS~ (6 — 6 HBB,) (14 0p(1)),
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so that, with & Z (Y 1/5’“) —p Eb?, up to lower order terms

Jln

EDy (14 0p(1)).

. 1 1F .
@——ﬁj V) - G- 0 g

Hence, inserting this expansion into ék = é,fn + SkB,gl), finally leads to

R Eb? - ¢EB TR e
\/E(gk_é)(l-i-Op(l)) = WZE’BW\/% (fk,n_€> - WETZBT])Q\/E k;b”(yﬁk )
B .
= s —wp* (6 — ¢~ €058,
§EDB,
W Zb Y6 — aEb | |

with d; = 6(U(n/k)). We now show that this final expression is a linear combination of two zero
centered statistics (up to the required accuracy) which is asymptotically normal with the stated
asymptotic variance. To this end let Z,,_1,, < Z,,_p411, < ... < Z, 5, denote the top k + 1 order

statistics of a sample of size n from the standard Pareto distribution with distribution function
2z 271 2> 1. Then from (&)

| =
]~

<
Il
MR

élgn = (IOgU( n—j+1, n) lOgU(Zn—k:,n))

Ln—it1 ¢ Zn—k
lo W‘) [1—1— MU(Zp_1n))B <n’n>
1 g{( Zn—kn U Enten)) By Zn—j+1,n
Zn—kmn Zn— j+1 n)6:| }
+ 5 m B 5 J )
Op( )| ( ( k, ))” (Zn j+1,n) | ( Zn—kz,n

k
_5 Zl n]+1n+€5 nkn ZBn< nkn>
]71

Il
| =
]~

J

n k,n nj+1n

+0,(V)|6(U(Zn—.n) Z‘B ( n—k,n >|<Zn—j+1,n)€.

n Jj+1in Zn—k,n

Now log Z,—jiin — 108 Zpn—kn =da Ex—j+1k, the (kK — j + 1)th smallest value from a stan-

dard exponential sample Ei, ..., Ej of size k, so that + ZJ 1 log gnﬂzl o=y %Zle E; and

ng , By < n"]f_lnn) =dq %Z?_lB (e Bi) =4 %Z?:l B, (U;) where Uy, ... U is a uniform

(0,1) sample. Hence, since §(U(Zp—kn))/0(U(n/k)) —p 1 and %Z?zl B, (U;) =p EBy, we have
that 5,{7” — & — (0, BB, is asymptotically equivalent to % 2?21 E(E;—1) as VS, — .
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1 Similarly

Z, . -1/
i y e :1§k:b U (% Zin)
k k 4 K U(Zn—kn)
7=1 7j=1 ’
1 F Dp—it1 -1 Lp—k
- - b ”_J+”> [1+ S(U(Zy_ ) B <”_">
k; ! << Zn—kn U Zn—tn))Br Zn—j+1n

Zn—k n Zn— +1,n ) €:| e
+ 0 n—kn))||By | ——— o
op(W6(U(Zp—t0))| < zn_j+1,n> !< Zoom

30 ((ZJ“)I L U8 ()

ank,n Zn—j+1,n

+op,(W|6(U(Zn—kn)) | By (%) | <Z;;j:1nn>]>

7=1
1< 7 p
)y bl( nkn)B< nkn)< "k’">1+o1.
Tk k; "\ Zn-jsin) " \Zn—jrin Zn—ji1im ( p(1))
S' 5 U 6 1 d Zn—k,n B ank,n ank,n _Eb2 t
2 Since 6(U(Zn—kn))/0k —p 1 an kZ] 1 n Zn—j+1n M\ Zn 1m ) \Zojim —p o i
s follows that }CZ (Y]—kl/é) — 5kEb2 is asymptotically equivalent to %E?Zl bn(e_Ej) -,

o 3 Z] 1 bn(Uj) as \fdk — A, which is centered at 0 since E(b,(U)) = 0. The results incor-
5 porating 6 E+ follow similarly.

s Asymptotic distribution of éf
7 This derivation follows similar lines starting from (3.2)):

kzj L 0 (Hy, (Yir)) Hy, (Yk) log(1 + 7Y k) —p —EEBy,

? Z:1 b?y( :ék (Yjk)) __> Eb;,

kL=l b7( _ék(Yj,k))f_Iek (Y, k) —p by(1),

E Zuj=1 bn( ék(Yj,k))Hek(YJ, )m —p S(L+EEC, +by(1),

s as k,n — oo and k/n — oo, so that the system of equations is asymptotically equivalent to

F 5o bo(H, 5, (Yik))

5]4: - Eb2 ’
% ng 1 log(l + kY, ) &k + &0 BB,
F o Ay = i SOREC,

o Using a Taylor expansion on the numerator of the right hand side of the first equation leads to

k A
56, = 13 by (i) - 2226 ) + 1+ 050, (2 1))
=1

| =
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Imputing this in the second and third equation in & and 7, and expanding these equations
linearly around the correct values (£, 7), while using, as k,n — oo and k/n — 0

3
k21+7Y Z 1+r TP A+ o1+ 2)

leads to the linearized equations
4 ~ 2 72 C7
(G- ()« () (s e o0
= - (% Sh log(1+7Y50) — 5) + Bt T by (Ha(Yi),

: 1 EB,EC, 7 (ECy)?
(6=¢) (ater = 2™) + (% —1) (~rrofiras + O )
EC.
\ %Z?:l 1+lej,k - 1-1%) - EEbQT?l}; 1 by (Hp(Yj.1)).

Using similar derivations as in the case é£+7 it follows that the right hand sides in (7.1]) can
be rewritten as a linear combination of two zero centered statistics from which the asymptotic

normality of (\/E(é,f - ), \/E(i - 1)) can be obtained, as stated in Theorem 1:
( (¢ (EBp)? 7 EB, EC
(6-) (1 58) + (31) (-0 v 585)
= - (% St log(1+7Yj,) — & — €5kEBn> + % (% S by(Hy(Yj)) — 5kEb3;) ;
- 1 EB,EC # ¢ (ECy)?
<5k' - 5) ((1+5)2 ~ TR ”) + (f - 1) (_‘(1+£)(1+T§) +E+6) )
_ k ¢EC, k i
= - (% > =1 ﬁ - ﬁ + f5szCn) - Eb%n (% > =1 by(Ho(Yjk)) — 5kEb,27> -

We hence obtain the following asymptotic representation

R t EB,
(e Foa) o (5 S ) (oot
where e 5 o
wo| e T ),
e~ BB (1+§)(1+2§)+5( +£) Eb’é
and

Lo (AT —€ - 66D,

1 2 3

\/%(UIE)7U]£)7U]§ ) — kzj 11+Tyk—ﬁ+f5kECn
kEj L by(Hy(Yj 1)) — 01 ED;,

is asymptotically normal with variance-covariance matrix

& & (1+¢)7? §EBy,
Sp=| -1+ E1+7P(1+2)7 —€EC,
¢EB, —¢EC, Eb;
Concerning SI;E we find the following representation:
(1)
2 92 L0 f%fg Ukz
(EV)VE (5 = 0c) = [ (00 1) + (~EB,/¢ (1 +OEC)W ™| = (il u®

Eb2 U}S?’)
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Figure 1: Burr distribution with & = 0.5 and p = —0.5. Estimation of £ (top) and tail probability
(bottom) using minimum variance principle, bias (left), RMSE (right): GPD-ML (full line), Ep
(dash-dotted), Ep (dashed) and ridge regression estimator (dotted).
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Figure 2: Burr distribution with £ = 0.5 and p = —0.5. Estimation of £ (top) and tail probability
(bottom) using minimum variance principle, bias (left), RMSE (right): Pareto-ML (full line),
Ep* (dash-dotted), Ept (dashed) and corrected Hill estimator (dotted).
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Figure 3: Fréchet distribution with £ = 0.5. Estimation of £ (top) and tail probability (bottom),
bias (left), RMSE (right): GPD-ML (full line), Ep with p = —2 (dash-dotted), Ep with (k«,m) =
(190, 150) (dashed), and ridge regression estimator (dotted).
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Figure 4: Fréchet distribution with £ = 0.5. Estimation of £ (top) and tail probability (bottom)
using minimum variance principle, bias (left), RMSE (right): Pareto-ML (full line), Ep™ (dash-
dotted), EpT (dashed) and corrected Hill estimator (dotted).
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Figure 5: Standard normal distribution (¢ = 0 and p = 0). Estimation of £ (top) and tail
probability (bottom) using minimum variance principle, bias (left), RMSE (right): GPD-ML
(full line), Ep (dash-dotted), Ep (dashed) and ridge regression estimator (dotted).
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Figure 6: The exponential distribution (¢ = 0 and p = 0). Estimation of ¢ (top) and tail
probability (bottom) using minimum variance principle, bias (left), RMSE (right): GPD-ML
(full line), Ep (dash-dotted), Ep (dashed) and ridge regression estimator (dotted).
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Figure 7: Reversed Burr distribution (£ = —0.2 and p = —1). Estimation of £ (top) and tail
probability (bottom) using minimum variance principle, bias (left), RMSE (right): GPD-ML
(full line), Ep (dash-dotted), Ep (dashed) and ridge regression estimator (dotted).
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Figure 8: Extreme value Weibull distribution (¢ = —0.25 and p = —1). Estimation of £ (top) and
tail probability (bottom) using minimum variance principle, bias (left), RMSE (right): GPD-ML
(full line), Ep (dash-dotted), Ep (dashed) and ridge regression estimator (dotted).
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Figure 9: Ultimates of Belgian car insurance claims: estimation of & with asymptotic confi-
dence intervals (left), tail probability estimation at maximum observation (right), Pareto-based
analysis (top) and GPD-based analysis (bottom): classical ML estimation (full line with dotted
confidence intervals), Ep (dashed with shaded confidence intervals) and Ep (dash-dotted). CH
(top left) and ridge regression (bottom left) estimators are indicated by dotted lines.
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Figure 10: Lifetime data from the Netherlands, female persons who died in 1986. Left: es-
timation of £ with asymptotic confidence intervals for classical ML estimation (full line with
dotted confidence intervals), Ep (dashed with shaded confidence intervals, p = —0.5) and ridge
regression (dotted). Right: tail probability estimation at maximum observation for classical ML
estimation (full line) and Ep (dashed).
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