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Abstract:

e In this paper we propose an iteratively reweighted adaptive elastic net estimation method
for conditional heteroscedastic time series models. The sign consistency and the asymptotic
normality of the estimator are investigated. Compared with the Lasso method, the elastic
net is more efficient for autoregressive time series models, because it benefits not only from
the selection of the Lasso but also from the grouping effect inherited from the ridge penalty.
The Monte Carlo simulation studies based on an AR-ARCH model are reported to assess the
finite-sample performance of the proposed elastic net method.
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1. INTRODUCTION

The Lasso introduced in [10] is a shrinkage and selection method for linear re-
gression models. As variable selection is of increasing importance in big data analysis,
the lasso is much more appealing owing to its sparse representation. However, the litera-
ture about the penalization techniques mainly deals with homoscedastic linear regression
models, see, e.g., [2], [5], [9], [15], [16], and [18], among others. The investigation of
the Lasso type estimator for heteroscedastic models started relatively late. Recently, [11]
and [12] analysed the weighted lasso type estimators in a linear heteroscedastic regres-
sion model setting. [17] derived an iteratively reweighted adaptive lasso algorithm for
time series models under conditional heteroscedasticity, and proved that the resulting
estimator has sign consistency and asymptotic normality. The proposed method can be
applied to various AR-ARCH type processes.

In this paper, we generalize the results of [17] to the adaptive elastic net method.
That is, we consider the model similar to the one used by [17], but suggest the use
of an iteratively reweighted adaptive elastic net algorithm. The elastic net introduced
by [19] is a convex combination of the Lasso and ridge penalty. The ridge part of the
penalty shrinks the estimated coefficients of all the variables and induces coefficients of
correlated variables to be close to one another. The Lasso part of the penalty shrinks and
selects the coefficients of the variables. As discussed in [4], the elastic net benefits from
the selection of the Lasso, as well as from the finite-sample grouping effect inherited
from the ridge penalty. This makes the elastic net particularly useful for estimating the
autoregressive time series models, since this estimation procedure leaves out irrelevant
variables but does not exclude correlated variables that may be relevant as part of a

group.

In the next section, we introduce the iteratively reweighted adaptive elastic net
algorithm for high-dimensional sparse linear regression models under conditional het-
eroscedasticity. The sign consistency and the asymptotic normality of the weighted
adaptive elastic net estimators of the parameters are also addressed. Section 3 gives
the Monte Carlo simulations based on a specific AR-ARCH model, evaluating and com-
paring the performance of the proposed adaptive elastic net algorithm and the adaptive
Lasso method. The proof of the theorem is given in Appendix.

Throughout the paper, all limits are taken as n — oo, unless specified other-
wise. The symbol C' denotes an absolute positive constant whose value may vary at

each occurrence. — denotes convergence in distribution, P, denotes convergence in
probability, Z stands for a standard normal random variable. For any two real sequences
{an} and {by,}, a;, ~ by, means that there are constants ¢ > 0 and C' < oo such that
¢ < ap /by, < C for all sufficiently large n.
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2. THE ITERATIVELY REWEIGHTED ADAPTIVE ELASTIC NET ALGO-
RITHM

We now introduce the model and the basic ideas of the algorithm. The model
discussed here is similar to the one used by [14] and [17]. We consider a stationary ran-
dom process Y; € R and a possibly infinite vector of covariates of stationary processes,
Xitoo = (X1, Xt 2,...), t € Z,Z = {0,£1,+£2,...}, obeying the model

Q2.1 Y, = X B% +e, teL,

where 8% = (87,89, ...) satisfying >-2°, |8?|? < +00, & is zero mean and indepen-
dent of the covariates X; , and

et =01Z;, o1 =g(ad;Lecy), t€LZ,

where Z;, t € Z, are i.i.d. standardized .v.’s, ¢ is a positive function, Lo+ = (L1, Lo+,
...) is a possibly infinite vector of covariates of stationary processes L;;, t € Z, and
al = (af,a9,...) is a parameter vector. Here the covariates X; o, and Loo; can
contain lagged versions of Y; and (e¢, o), respectively, which allows flexible modelling
of autoregressive processes and a class of conditional variance models such as GARCH

type models.

The observed data consists of (X,,, Y;,), where

Y1 X110 Xip, ey
Y’Vl = I Xn = . ) 182 - ) 591 - Yn - Xnﬁ?w
Yn Xn,l to Xn,p" :(p)n

where p,, is the number of possible parameters which increases with sample size n, ,62
0 _ 0

is the restriction of 8% to its first p,, coordinates, € = (£¥, ..., £2)".

The fact Y52, |72 < +oc implies that there is a positive sequence a,, decreas-
ing to zero such that lim,, ., P(maxj<i<p |¢) — ;| < a,) — 1 holds. Thus, for a
sufficiently large n we can approximately write

(2.2) e = 01Zi, 0r=galag; Ly ,), 1<t<n,

here a and L?l’t are the restrictions of a2, and Lo to their first p,, coordinates, re-
spectively, and g,, is the restriction of g that corresponds to a! and Lg’t. Without loss
of generality we assume that only g, of the p,, parameters are non-zero. That is, B% =
(8Y,...,60,0,...,0) = (B%(1)",0"). In a similar manner, X,, = (X, (1), X,(2))
and X;,, = (X¢n (1), X¢.0(2)'), where Xy ,, is the ¢-th row of X,,.

We now introduce the adaptive elastic net algorithm based on an iteratively reweight-
ed technique which is similar to the approaches in [7], [8], and [17]. Rewrite Model (2.1)
as

(2.3) Y, =X},8%+ 72, 1<t<n,
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where fft = Uith ﬁtm = O%Xt,n- It is obvious that the error Z; is homoscedastic.

Since we have no a priori information about the conditional standard deviation oy,
at first step we assume homoscedasticity. Then we use a weighted adaptive elastic net
algorithm to estimate ﬁg in each iteration step. That is,

IBn,elastic ()‘TM Tns wn)

. 1/2
@4 =argmin(Yo = XaB)Wi(Ya = XuB) + Mall 1811 + 9258
where A, > 0, 7, > 0, 1 = diag(vn), vn = (Un1,-- s Vnp,) = [Bnininl ™
Yo = diag(un), un = (Uni,---,Unp,) = |16n,im't2‘77—2’ Bn,im‘ﬂ and f@n,mm are
two initial estimators of [32 for some 71 > 0 and 7 > 0, and W,, = diag(wy),

Wy, = (Wn 1y .oy Wnp) = (&,ﬂ, ey &g}l), On,t 1s a suitable estimator of 0. Moreover,

let &y, (B, clastic Xn, Yn) and Ly, 1(8,, crastic; Xn, Yn) be the suitable known plug-in
estimators for o and L?l’t, respectively. For relevant literature on estimation methods
for the conditional variance part, see e.g. [7], [8], [17], and the references therein. For
example, if the error process is an ARCH(p) model as in the simulation studies of Sec-
tion 3, the usual maximum likelihood methods can be applied to estimate the unknown
parameters of the conditional variance part based on the residuals from step 2 of the

following algorithm.

The iteratively reweighted adaptive elastic net algorithm:

1.Letk =1, wi? - 1. Determine the initial values of vy,,u,, Ay and v,.
2. Calculate the estimator ,Bgf - B clastic(Ans Yns wlf _1]) of 32 for Model (2.3)

using the weighted adaptive elastic net algorithm (2.4), compute the residuals s,[f -

Y, — X,8H.

[K)

3. Estimate the conditional variances o'y = gn(a[f ]; L,

it ), 1 <t < n, where
ol = @&, (80 X, Y,), LI = L,,,(84;:X,,, Y,) based on Model (2.2) and the
residuals from step 2.
4. Calculate new weights ka]t = gn(a,[f]; Lﬂ)_l. Let wi = (wgf}l, . ka]n)
5. Let k = k41 and back to step 2 until a specified stopping criterion is satisfied.
Return estimate Bgﬁ I,

As stated in [17], a plausible stopping criterion should measure the convergence
of aLk], where aﬂd = (agf}l, - aﬂf}n)’ . One can stop the algorithm if HUL’“] —O'Lkil} lly < ¢
for some small ¢ > 0. It is suggested that, under certain conditions, £ = 2 is sufficient

to get an optimal estimator if n is large.

For the two initial estimators 3,, ;i1 and B, ;0. as stated in [17], there are
several options available. When p,, < n, one can simply choose the OLS estimator.
Alternatively, one can select the lasso estimator as 3,, ;,,;1, the ridge regression estimator
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as By, init2» or set both B,, ;.41 and B,, ;40 equal the elastic net estimator.

Next we show the sign consistency and asymptotic normality of the non-vanishing

components of ,Bw. Let b, = min{|B%(1)|}, Wi = diag(wlf]), xE = wilx,,

Y =l ty, T = LWy, = T = 1%/ X, Let W0 and T be the
true matrices, and the submatrices to 89 (1) are denoted as T (1),T9(1), [n(1), £1(1)
and X5 (1). Similarly to [12] and [17], we require the following assumptions.

Assumption (A):

(Al) {Y}, X¢1,...,Xtm,0t}tez is weakly stationary for all m > 1, {Z;}ez is an
ii.d. standardized random sequence and E(Z}) < oo, Z; is independent of X o, for
any t € Z, and E(o}) < oo.

(A2) E(X};) =1foranyi>1landt € Z.
(A3) Thereis a positive sequence {vy, } such that maxi <<y, || X¢.n(1)|ls = Op(vn/qn)-
(A4) There are constants a7 > 0 and as > 0 such that

lim P(a1min{|B,, ;i1 (1)|™} < by) =0, lim P(agmin{|B,, ;i2(1)|?} < by) = 0.
n—00 n—00

(A5) There exists a positive sequence {r,, } with r, — oo such that

ILm P(max{|Sn,init1(2)|™} > rnfl) =0.

(A6) There are positive constants Ao min < Ao,maz and A1 mi, such that the eigenvalues
satisfy

lim P()\Qmin < Amzn(l—‘n(l)) < )\maaz(rn(l)) < )\O,maz) - 17

n—oo

and

lim P min < Amin(T0(1)) < Amae(T9(1))) = 1.

n—oo

(A7) There are constants 0 < A2 i, and A3 min > 0 such that the eigenvalues satisfy

lim P()\Q’mm < )\mm(Dn) < )\mam(Dn)) =1,

n—oo

and
lim P()\3’mm < )\mm(En) < Amaz(En)) = 17
n—o0

where

D, = (F00) + 225,00 Fo) (1) + ()
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o (Fn(l) . %22(1)>_1Fn(1) (Fn(l) + %22(1)) -1

(A8) There is a positive constant g,,;, such that

A~

for all large enough n and 3,, in an open neighbourhood of ,62.

(A9) For all n and any 1 < ¢t < n, the estimators &, and I:m are consistent for a% and

L?lyt, and there is a sequence {h,,} with hnn_1/2 — 0 such that

1035 9% Loet) 2 = g0 (@ (8% X Vo), Ean(8% X, Y)) 72| = Oy /).

(A10) There are positive constants Cy, Cy and d with 1 < d < 2 such that, for any
te Z,

P(|et| > z) < Cy exp(—Coa?).

(A11)
0 (IOgn)I{dzl\}/%ZS(l+Qn))1/d -0, Q \/’%’zn -0
o) % -0, @ \/ﬁ(logn)”dﬂigii(1+pnfqn))1/d -0,
® s o, Chrd
@ 5 = 0, @h"\}/gqinﬁo,

— 0.

Similar assumptions as in (A1)-(A11) are also imposed in [17] to study the asymp-
totic behaviour of the iteratively reweighted adaptive lasso algorithm. Assumption (A1)
is standard for variable selection in a time series setting. Assumption (A2) is the usu-
al scale standardization required in a lasso setting without loss of generality (see e.g.
[6]), because {X;;} is stationary and hence its mean and variance are constants. As-
sumption (A3) characterises the structure of regressors. For instance, if {X;, (1)} is
stationary and ,6% contains a finite number of non-zero components, then we can choose
vp, = Op(1) for Assumption (A3) to hold. Assumptions (A4) and (AS5) actually assume
that the weights v,, and u,, are not too large for 5;-) 2 0 and not too small for B? =0.
They also mean that the initial estimators can distinguish between zero and non-zero
components of the parameter vector well. For the Lasso initial estimators, Assumptions
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(A4) and (A5) can be derived from sharp thresholds and sign consistency of the Lasso
estimate under some additional mild assumptions (see, e.g., [13] and [16]). Assump-
tion (A6) is needed to address heteroscedasticity in high-dimensional regression models
(see, for example, [3]). Since we deal with the weighted adaptive elastic net algorithm,
additional similar assumptions such as (A7) are also needed here. It is worth mentioning
that, under certain conditions, D,, — I'%(1) — 0 and E,, — T',(1) — 0 as n — oc.
Assumptions (A8) and (A9) are standard in heteroscedastic regression and Assumption
(A10) excludes heavy-tailed errors.

Assumption (A11) postulate properties required for deriving the asymptotics of
the proposed estimator. As a simple example, to better understand Assumption (Al11)
assume b, to be fixed and d = 1, @) and @) permit h,, ~ 1 and ¢, ~ n'/2%9 for any
0 < § < 1/4. With these choices we can choose A, ~ n1/4_5, Tn ~ n1/2+5, Up ~ 1
and vy, ~ n'/4=% by @), @, @ and 9), and p,, can grow with every polynomial order.
Obviously these selections satisfy Assumption (A11), and also Assumptions (A3)-(AS5)
and (A9). Moreover, by @ and 9), we obtain —*— — 0 as n — o0.

bnAnrn

The following theorem shows the sign consistency and asymptotic normality of
the estimator. The proof will be given in the Appendix. The sign consistency introduced
by [16] is stronger than the usual selection consistency which only requires the zeros to
be matched, but not the signs. The reason for using sign consistency is to avoid dealing
with situations where a model is estimated with matching zeros but reversed signs.

Theorem 2.1.  Under Assumption (A), it holds for all k > 1 that
(1) (sign consistency)

lim P(sign(Bl) = sign(By)) = 1,

n—oo

where sign(-) maps positive entry to 1, negative entry to -1 and zero to zero, that is, BEC ]
asymptotically matches the zeros and signs of ,62 with probability one.

(2) (asymptotic normality)

Vin(sa (k)L (BM (1) - 8(1) 2> 2,

where £, € R™ with ||€, ||, = 1, s2(1) = &, E,.&,, and s2(k) = &, Dy¢,, fork > 2.

3. SIMULATION STUDIES

In this section, we provide simulation studies to check the finite sample perfor-
mance of the iteratively reweighted adaptive elastic net algorithm (IRAEN) for an AR-
ARCH model. The comparison with the iteratively reweighted adaptive Lasso algorithm
(IRAL) introduced in [17] is also considered.
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We consider the following AR-ARCH model

Y, = Z@'YZ*@' + &¢,

el

and

_ _ 2 2
€ = 04 Ly, O = \/Oé(] + a1ef | + aogf o,

where the true values of the parameters are g = 0.02 and oy = ag = 0.49, Z; ~
N(0,1), ¢; = 0.95(¢~1 — 1)¢Vi, ¢ = 0.85, I = {1,4,9,16,...}. It is easy to see that
>ier|il =0.95 < 1and >, ; 7 < oo which imply the stationarity of Y;. Note that,
by the properties of the AR-ARCH model, EY;? = Eo? = ag/(1 — a; — az) = 1. This
implies that Assumption (A2) is satisfied.

Let p, = [24/n] and q,, = [\/Pn], Where n is the sample size. For example, when
n = 500, p, = 44, g, = 6 and I = {1,4,9,16,25,36}. If n = 1000, then p,, = 63,
gn = Tand I = {1,4,9,16,25,36,49}.

After generating data from the above AR-ARCH model with sample size n = 500
and n = 1000, respectively, we use two methods, IRAEN and IRAL, to estimate the
parameters ¢; and to check the sign consistency of the estimators. In the simulations,
we use the C), criterion to choose the appropriate \,, and 7,,. The two initial estimators
B init1 and By, ;0 are chosen to be the OLS estimator.

3.1. The iteratively reweighted adaptive elastic net algorithm

To apply the proposed iteratively reweighted elastic net algorithm, we consider
two cases: the homoscedastic case (kK = 1) and the heteroscedastic case with one addi-
tional replication (k = 2).

For the £ = 1 case, Table 1 reports the estimation results for two sample sizes n =
500 and n = 1000 based on 1000 replications. We hope that the covariates with non-
zero coefficients (relevant parameters) can be selected from the estimation procedure,
but the covariates with zero coefficients (irrelevant parameters) shouldn’t be included.
Table 1 shows the proportions of both the relevant and irrelevant included parameters
of all estimated parameters for the homoscedastic case. Proportion 1 (the accuracy rate)
denotes the proportion of the relevant included parameters and Proportion 2 (the error
rate) is the proportion of the irrelevant included parameters. The number of times each
parameter has been selected during 1000 simulations are also reported.

It is seen from Table 1 that the accuracy rate increases with larger sample size
n, while the error rate decreases in n. This is consistent with the theoretical results in
Theorem 1.

In a similar way, we apply the proposed iteratively reweighted elastic net algo-
rithm with k& = 2. Proportions of both the relevant and irrelevant included parameters
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o1 | P2 | P3| P4 ?s5 b6

n=500 | 866 | 691 | 622 | 834 568 506

n=1000 | 932 | 721 | 668 | 902 575 542
o7 | ds | P9 Proportion 1 | Proportion 2

n=500 | 454 | 482 | 864 81.25% 33.61%

n=1000 | 502 | 502 | 927 89.41% 29.66%

Table 1: Proportions of relevant included parameters and irrelevant included

parameters for the case of k = 1 using IRAEN.

of all estimated parameters and the number of times each parameter has been selected
during 1000 simulations for the heteroscedastic case are given in Table 2. Inspection of
Table 2 reveals that, as in the £ = 1 case, the accuracy rate increases with larger sample
size n, while the error rate decreases in n. Comparing two tables, we conclude that the
heteroscedastic case with £ = 2 has better selection properties than the homoscedastic
case k = 1 for the conditional heteroscedastic models.

Moreover, the plots in Figure 1 show the selection results for both the £ = 1
and k£ = 2 cases from one simulation with n = 500. For each plot, the vertical axis
represents the values of the estimated coefficients, the horizontal axis (bottom) represents
the values of In \,,, and the top shows the numbers of the non-zero coefficients selected
for different values of In A\,. The 44 curves illustrate the change of the values of 44
estimated coefficients with In A, changing. Note that there are only six non-zero positive
coefficients in the true model. It can be seen that, when k = 2, these six coefficients tend
to zero from positive side, while when k£ = 1, there exist some coefficients tending to
zero from negative side, which means that no matter what value In \,, takes, the sign
consistency may not be satisfied. This is consistent with the conclusions drawn from the
comparison of Tables 1 and 2. Figure 1 again visually displays that the heteroscedastic
algorithm with k£ = 2 outperforms its homoscedastic counterpart.

$1 | g2 | ¥3 | ¢4 Ps b6
n =500 | 938 | 415 | 395 | 969 383 363
n =1000 | 992 | 407 | 371 | 999 377 287
o7 | ds | o9 Proportion 1 | Proportion 2
n=500 | 322 | 345 | 979 94.92% 29.54%
n=1000 | 316 | 294 | 999 98.77% 21.98%
Table 2: Proportions of relevant included parameters and irrelevant included

parameters for the case of k£ = 2 using IRAEN

3.2. The iteratively reweighted adaptive Lasso algorithm

Next we report the estimation results using the iteratively reweighted adaptive
Lasso algorithm. Proportions of both the relevant and irrelevant included parameters
and the number of times each parameter has been selected during 1000 simulations for
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Figure 1:  Estimated coefficients for different \,, values withn = 500 and k = 1

(upper) or k = 2 (lower) using IRAEN

the homoscedastic case and the heteroscedastic case with n = 500 and n = 1000 are
given in Tables 3 and 4, respectively. Figure 2 shows the selection results for both the
k = 1and k = 2 cases from one simulation with n = 500. Similarly to the IRAEN
algorithm, Tables 3-4 and Figure 2 indicate that the heteroscedastic algorithm with k = 2
outperforms its homoscedastic counterpart.

1 | P2 | P3| P4 Ps5 b6
n=500 | 871 | 682 | 619 | 863 515 501
n=1000 | 927 | 710 | 612 | 893 555 519
o7 | dg | o9 Proportion 1 | Proportion 2
n=500 | 481 | 452 | 827 80.20% 31.95%
n=1000 | 506 | 471 | 931 88.37% 27.80%
Table 3: Proportions of relevant included parameters and irrelevant included

parameters for the case of £k = 1 using IRAL

Comparing Tables 1 and 2 with Tables 3 and 4, it is clear that the IRAEN algorithm
proposed in this paper uniformly improves the accuracy rate as compared to the IRAL
method, while the error rate is increased as a price to pay for using IRAEN algorithm.
This implies that the IRAL method excludes irrelevant variables more thoroughly. It is
also consistent with the conclusions of [19]. That is, if the covariates have grouping
effect (a group of variables among which the pairwise correlations are very high), then
the IRAL algorithm tends to arbitrarily select only one variable from the group, while the
IRAEN algorithm has the capacity of selecting groups of correlated variables. Generally
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o1 | 92 | 93 | ¢4 ¢s b6

n=500 | 930 | 399 | 358 | 971 338 296

n=1000 | 995 | 349 | 325 | 997 305 277
o7 | ds 0% Proportion 1 | Proportion 2

n=500 | 327 | 313 | 974 93.40% 26.35%

n=1000 | 253 | 252 | 1000 98.66% 19.98%

Table 4: Proportions of relevant included parameters and irrelevant included

parameters for the case of k = 2 using IRAL

44 44 42 37 29 11 3
_‘(2 —]
C —
L o T
o -
=
iT) —
[=] (o]
O o
i [ [ [ | | | |
9 -8 -7 5 -5 -4 -3
Log Lambda
43 43 42 38 29 9 4
wn
£ w7
= > ]
§ o 4
% o : _ . —‘—%«h_h
L s
< T T T T T T T
-7 £ -5 -4 -3 -2 -1
Log Lambda
Figure 2:  Estimated coefficients for different \,, values withn = 500 and k = 1

(upper) or k = 2 (lower) using IRAL

speaking, the IRAEN algorithm produces a sparse model with good estimation accuracy,
while encouraging a grouping effect. This makes the IRAEN algorithm particularly
useful for estimating the models containing several correlated variables such as the AR-
ARCH type processes.
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APPENDIX

Proof of Theorem 2.1: The basic ideas of the proof are mainly from [12] and [17].
Since we are dealing with the elastic net algorithm, we need some extra steps to achieve
our goal.

Let [ X, = inf {C> 0|E (]X|/C)] < 1} be the Orlicz norm of a random

variable X, where 14(z) = exp(z?) — 1, 1 < d < 2. Denote e,, ; the jth unit vector in
R9. For any vector a and b, a =4 b means that sign(a) = sign(b). Let k > 2, the case
k = 1 can be proved in a similar way.

(I) The sign consistency

The Karush-Kuhn-Tucker (KKT) conditions yield that (Y,, — X, ,6)’(W,[lk_1])2

(Yo —=X08) + Anl|Z18l, + 72|55 2|2 is minimised by 8 = (B(1)’,0') if and only
if

/ _ An ) .
G XY WY, — XoB) — B = - Ungsign(B;), it B #0,

A
< Loy, if =0,

(32) XT W) (Yn — XuB)| < 5

J

where X? is the j-th column of X,,. Let
~ -1
(1) = B901) + - (FP) + 225(1)) 7 X (1) (W%

o ([ + () s)0),

and
5ifl<1>:(ﬁk]<1>+l"zz<1>) T
(p[kl LY LA ) TIX, (1) (Wl 1)2e0
(33) —2—;( 1) + (1>) (1),

where s0(1) = ¥1(1)sign(8°(1)). In addition, let s = (6[k]( 1),0") and BL{C] =
(B2 (1). 0.

First we show

(3.4) lim P(B) #s 8)) =0
Let 1 = e (TR(1) + 2255(1)) ' X, (1) (Wil )20, 1oy = ¢ (TI(1) + 22

e
Yo(1 )) sp(1), and let Ay = {f|m ;| > §|8Y, forsome j < g,} and Ay =
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{%m&j’ > \5?!, for some j < g,}. Thus, to prove (3.4), it is enough to show
that P(A;) - 0asn — oo forj =1,2.

For P(A;), we obtain
Pldn) = P(% B Il = £ )
< P ma W2 )+ (G ma -l 2 )
(3.5) +P(5 max [nd; o] > ),

where 70, = e/, (T9(1) + 225(1 >>*1Xn<1>/<w79>2€2 and 0" = e, (T9(1) +
Im3(1) " Xy ( ) (W9)2e0 ., and €

ot 0 _
.00 is the restriction of the true error €5, =
(9,€9,...)" in Model (2.1).

mn,00

Regarding the first term of (3.5), Assumptions (A6), (A8) and (A9) imply that
WO, < ot and [[Th(1)]ly < Aomaz- Note thathy min < A(T9(1)) and 0 <

mwn

A(2239(1)), then Ay min < IO (1) + + 223(1 )) That is, A(T%(1) + Imy,(1)7h) <

/\1_mm and hence || (T'9 (1) + I ¥o(1)7H| < AL ‘min- Thus we arrive at
1
| = )+ 2 (1) a1 (W
<[ @+ )| Zxao)
_H o+ | X IV

(36) < )\l—mzn V AO,mawU;gn-
This implies that, as n — oo,
1 _ -
P([| T (00 + 2222(0) X (0 W22, € AT By ) = 1
This, together with Lemma 1(i) of [6] and Assumption (A10), yields that

E2( ) Xa(1) (W) %),

’VZOO

= e
C(log n)l{d_l}.

L 0o
\/ﬁn]-:]

Ya
(3.7)

IN

Combining this with Equation (16) of [17], we obtain

1 0,00 n — bn\/ﬁ
8) P(= 21> ) < :
68 P(5 max 1| > ) <v; (40(10g(1+Qn))l/d(logn)[{d:1})

Now it follows from Assumption (A11) that

1 o b
P(— S —") 0.
112 2gn Iy 1 2 4

For the second term of (3.5), Assumptions (A8) and (A9) ensure that HW,Lk_l] Il
= 0p(1) and ||(W2)? — (VV#“H)QH2 = Op(h—\/%). Furthermore, we notice that ||€)]|, <
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€9 — €9 olls + 11€9 oo llo» while [|€ — €5 I, %50, and Assumption (A1) and the
weak law of large numbers yield that [|e) |||, = Op(y/n). This bound implies that

1511, = Op(v/n).
On the other hand, since
) + 2301 = ) + 21| = 1T - T ),
= T (D)l (W) = (W2, = Op(j%),
we obtain
AT = (A+B) Yy < [AT' = (A+B) + AT BAT |, + AT BATY

_ hy,
< Oy(IBlls) + 147 I3IBl = O (1),

where A = T0(1) + 22 %5(1) and B = (T (1) + 2255 (1)) — (T9 (1) + 22535(1)). That
is,

69 [[(Em+ 2mm) "~ (F) + L) | = Op(f}”ﬁ)-

We conclude that, forall 1 < j < ¢y,

’771,1'_77(1),]’
ehg (T + 2252(1) X, (0 - ot y2)e
ey ((E000) + 20 (1) — (E0) + 20 (1))) X 1) (W1 1])20}

< L (D)l l1€d o {11W2)? = (wh=1)? I |+ 2z
IR | 00 + 221~ - <r£f1<1>+;zz - H2}
= O, (VRO (WO, (=) 041

= Op(ha/).

Thus it follows from Assumption (A11) that P(1 maxi<j<g, [m,; — 77(1),]" > %") <
(\Fb ) = 0asn — oo.

We proceed to deal with the third term of (3.5). By (3.6),

X (1) (W2 (Eh — €6 o)

Sy -] =
NG Lj Lj n
_ _9 P
< )‘1 ,min 'V )‘Uvma$amz’n”€91 - 6%,00”2 — 0.

Hence, by Assumption (A11), we have

e (T0(1) + 2255(1))

1 1 1
PG s, s = 5712 ) < Py e ey = b2 5) o
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Then (3.5) implies that P(A;) — 0 as n — oo. In order to prove P(As) — 0 as
n — oo, we examine the bound of H(F%ﬂ(l) + 2255(1)) " !|,. By (3.9) and Weyl’s
perturbation theorem for eigenvalues of the matrices, for all 1 < j < q,,

s (E00) + 2m1) 1) = (EH ) + 22a(1) 7))

<[ @)+ 250) 7 - F@) + Lmy0)) 7Y = 0,,(3%).

Therefore || (ﬂf" ] (1) + 2%5(1) 1, < )\fmm + C with probability arbitrarily close to

1 for sufficiently large n. It follows from Assumptions (A4), (A6) and (A11) that

P(A)

IN

P(ﬁ rnax \ngj\ >b )

n 1<5<
P2 | E90) + 2 m00) 710, > b

P(/\an = C) =0

IN

IN

due to the fact that [|s3,(1)|| < [[S1(1)]}y||sign(85(1)ll, < 22 = O,(Y2).
This completes the proof of (3.4). We now turn to show that
(3.10) lim P(5)7 #, BI) = 0.
Observe that
(T + 2 2p(1) ™

(3.11) = (W)™ = ) + 222p) T sy (T @)
Then, by Assumptions (A4) and (A11),

18 — s, = | [( ﬂiﬂu) + l"zzm)‘lﬂf]u) -1, ]850,

- H (T <1>)‘11”22<1 )|
(FL’“] )| I 1851,

= (’)p<n7—é;> — 0.

This implies (3.10). Combining (3.4) and (3.10) leads to

IN

(3.12) lim P(8) #5 A1) = 0.

Hence, to prove the sign consistency of the iteratively reweighted adaptive elastic net
estimator, it suffices to show that, as n — oo, ﬁ%“ ] satisfies the KKT conditions (3.1) and
(3.2), so that B¥ is indeed the solution of (2.4).
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The above arguments for proving (3.4) and (3.10) imply that

logn) =1 4 h, Ao/
613 1B - B = 0, (14 18 )ﬁ o)

From (3.3), (3.11)-(3.13) and Assumption (A11), for 1 < j < ¢y,
XY W20y, - X, 80(1)) — vt ;82

— XY (WF1)2e0 4+ XY (WlE-1)2X,, (1) (TH (1) + %"22(1)) ny,(1)8%(1)

’ 1/~ -1
X0 ylk-11y2 L 5m n 1Tk =112 20
XY (WHE2X, (1)~ (TH(1) + 2255(1)) - X (1) (W26

! — An (= Tn -1
XY (W E)2X, (1) 52 (T () + 2222(1)) 80 (1) = 85

An . k
= ’Ynumjﬁj + ?Umjszgn(ﬂ]) ’Ynun,jﬁll]] + O <\/>b )

An k) o An((ogn) = £ b)) N/
2vnuszgn(5 )+ 0, <\/ﬁbn NG + b2 )

This means that ,6% ] satisfies the first KKT condition (3.1) as n — oo.

Letn,; = XY (W, w2, - (F[k}(1)+77”22(1))*1Xn(1)’(W£k_”)2}52
and 1y ; = 22X (W)X, (1 ><r““]< > 2 55(1)) 180 (1) + XY (Wil )2 X, (1)
[(ER0) +235 (1))~ T (1) — 1, ]89(1). Denote A5 = {Jns | > %-v,.. for some

j > qn} and Ay = {’774,3'\ > ))T"vn,j, for some j > qn}.

Then, to show that Bgﬁ ] satisfies the second KKT condition (3.2), we only need to
prove that P(|ns; — na;| < )‘T"Und') — 0asn — oo forany ¢, < j < p,. Soitis
enough to show that P(A;) — 0asn — oo for j = 3,4.

Let ;= XY (W21, — 1X,(1)(F9(1) + 255(1)) 1 X, (1) (W9)2]?, and
792 = XU (W02 [1, - 1X, (1)(T9(1) + 255(1)) X, (1) (W2)2]e) . Then

n

oo AnTn AnTn
P(A3) < P( max ng:j | > )+P( max |n3; — ngJ\ > 7>

Gn<j<pn 8 qn<j<pn ]-6
+p( max g, 770’?0,>A"T")
1
(3.14) +P( max |B;init1|™ >f),
Gn<j<pn Tn

where f3; init1 is the jth element of ,Bn’im-tl.

For estimating the first term of (3.14), let H0 = XOI(I/V,?)2 [In—%Xn(l)(fg(l)—k
1n355(1))~ X (1) (W)?]. Thus we have 773J = HO . Note that

1HD, < XSV 1+ | X ()0 >+%"z2<1>>—1xn<1>'
= O,(V).

(W21,



Elastic net for heteroscedastic time series models 19

In a same way as in (3.7) and (3.8), by Assumption (11), we obtain

AnT
})( Opo > n n)
‘anil]agxpn ’773"7 ‘ - 8
AnT
< -1 n'n )
o (¢d (07\/5(10g (1 + pn — QH))l/d(IOg n)l{d:1})
(3.15) — 0.
Since
nsj — 19,1

= [ XYL~ X (DEW) + 2255(1)) 71X, (1) (7))
W10, — X () E (1) + 225,01)) 7%, (1) (W)
< XSl (W2 = W2y edly + XS0 | Gal €31

where G, = L(W9)2X,,(1)(T9(1) + 2%5(1) " X (1)(W0)? — 2wl )X, (1)

(CI(1) +2255(1) 71X, (1) (W12, and

|Gl
< (12 = (WEIP T (DIF ) + 2222(0) 7 (W)
R I (WIFIEW) + 2222(1) 7 = ERI(1) + 2225 (1) | (7)),

HIW)? = (WED2 | IT (D131 T (1) + %"Ez(l))’lHQII(WTQ’H])QHZ
ha hy
= 0y ) 0(100,(1)0,(1) = O (T2).
then we have
&
NG

This, together with Assumption (A11), yields that

b,

13 = 1851 = Op (WO, () O (V) + Oy (VO () Op(v/) = Oyl

AT, hp/1
(3.16) P(qrgggp 05— msl = 7 )gP(Msz)ao.

Moreover, since %]ngd = 7]§§’°| < ﬁHHQ,jHQH‘?% — &9 olly = Op(1), it follows from
Assumption (A11) that

AnTn

16

NG

AnTn

3.17 P( 0 000
( ) q'ntil‘?s)(pn |773J ?73"] ‘ -

)gP( 20)—>0.

By (3.14)-(3.17) and Assumption (A5), we arrive at P(A3) — 0 as n — oo.
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For A4, notice that

74,5
An _ = Tn -1
< SRSl VE2 X (1) | (B (1) + L2 (1) s )1,

X V)21 X (1) | (T (1) + 2520)) T (1) = 1 182D

- tlop(\/ﬁ)opu)op(\/ﬁ)op(ﬁ) O, (VMO0 (V) Oy (=) Op(1)
An/ln Tn

=0(5 ) w03

Then Assumption (A11) implies that

P( max \n47j\2>\zrn>§P(\/q:ZC'>+P< Tn >C)—>0.

gn<J<pn bpry, bpAnrn

Assumption (AS5) yields that

AT 1
P(A <P< | > "”) P( --~T1>—)—>0
(A) = angjaéxpn gl 2 4 + angfﬁxpn Bnin | 2 Tn

as n — o0.

This concludes the proof of the sign consistency of the estimator ,Blf I Next we
proceed to show the asymptotic normality of ,Bq[f I,
(IT) The asymptotic normality

From (3.3), we have

\/ﬁ / [k] 0
s - i)
B 1 e Tn — / -
= mﬁn(Ff](l)wL;Ez(l)) X, (1) (W)
An /S Tn -
—Wﬁn(ﬂiﬂ(l) "‘;22(1)) 1391(1)
G.18) + VS EIER) + ) ) - 1,100,

For the first term of (3.18), similarly to the proof of part (I), we have the decomposition
(T + 2225(1) X (1) (W Y)? = Bi + B + By,
where
By = (T(1) + 225(1)) X (1) (W),
By = [(TW(1) + 225(1) 7" = (TH(1) + 225(1) )X (1) (W)

By = (DI(1) + 222(1) 71X, (1) (W) = (W1)?).
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Note that

1 1 1 0

/B 0 _ /B 0 /B 0
Vs ) 5P = i (R S8 ¥ gy P En T S
while

1 n
————&.Bie) = Y aZ
\/ﬁsn(k) n n,00 tz:;

with a; = m&%(fg(l) + 2239(1)) ' Xy (1). Itis easy to see that {a;Z;, Frn s,
1 <t < n} is a martingale difference array, where F,+ = 0{Z;,, X4, 00,1 < ta <
n,1 < t; < t} is the o-field. Moreover, E(}_}" ; a;Z;) = 0 and E(Y ;. a;Z;)* =
E(ZP)E(34-q af) = 1.

In addition, Assumption (A7) implies that 1/s,,(k) < 1/y/A2min. Then it fol-
lows from Assumptions (A3), (A8), (A9) and (A11) that

1

1 = g
max Jag| < —=——< 1€l (T (1) + " a(1)) 7, max o

1<t<n = Vnsp(k) TR n 1<t<n
C o \/q>nvn P
ﬁ”xt,n(lﬂb = OP(W) — 0.

So the conditional Lindeberg condition is satisfied and the martingale central limit theo-
rem (see, e.g. Theorem 2 of [1]) yields that

Xt’”(l)HQ

IN

1 D
(3.19) WELBls(BL’m—)Z.
n
On the other hand,
;5/ Bl(EO _ EO )
\/ﬁsn(k:) n n n,o00
1 70 g -1 0\2 0 0
< m\lénIIQI\(Fn(l) + ;"22(1)) o Xn (W (W) Nl llen — €nooll
< Cleh — f solly = 0.
By Slutsky’s Theorem,
1 D
n
For By, we know that
1
’m&Bﬁ%
< s [+ 2ma(0)) = 0 + 200)
~ Vnsy(k " n 2"

X0 (1) (W)€l
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and

X (1) (W) 2enlly < 1Xn (1) (W) (en — €nc0)lla + 1 Xa (1) (W)€ ool
< XN W) l2lleh — € 0ollz + [ Xn (1 )(WO)2 moolla
< 0p(V)Op(1)0p(1) + X (1) (W) *€h o5

= Op(vn) + | X0 (1) (W) %€ ool
Markov’s inequality and Assumptions (A1), (A2) and (A8) give

P(qnln”X"( ) (W)2eh, ol >C) < qu niEQﬂ:Xt?)Q

Cqn nZE<ZX” - )2 = 0012

Omin min

IN

This means that [|X,,(1) (W,))%e) . |l; = Op(\/@nn). These bounds together with As-
sumption (A11) imply that

1 / 0 1 hny P
Along similar lines for Bs, we obtain
1 / 0
‘\/ﬁsn(k‘) €nB3€n
1 ~
< k] Tn -1 ’ 0\2 _ (1i7[k—1]12) .0
< \/ﬁsn(kz)H(F" (1) + =22 (1)l 1€ 111X (1) (W) = (W) )enllo,
and

X (1) (W)? = (WE)A)ellly < I1Xn(1) (W)? = (WE))(ED — en so)llz
HIXa (1) (W)? = (W)l ol

Moreover,
13X (1) (W) = (W) (el — €9 o)l
< IR LI OV? = (WED20, eh = &8 el < OV 0, () 0,1
= Op(hn).

From Markov’s inequality and Assumptions (A1), (A2) and (A9)

P X0 (W2 — (W )ed B > ©)

h2 qn

< hQZE(ZX“( . . E )Q_qulm E(me) |

That is | X, (1) (W9)2 — (Wi 1)2)e% ||, = Op(y/@nh). Therefore we have

(3.22) ¢, Bse,),

’\/ﬁsln(k) = Op(\}ﬁ)op(l)Op(@hn) 50
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By (3.20)-(3.22) and Slutsky’s Theorem,

1 D
m&;(Bl + BQ —+ Bg)Eg — Z

Now it suffices to show that the last two terms of (3.18) converge to zero in probability.
By Assumption (A11),

(3.23)

)\n ;= Tn _
S W + ) )
< s Il I + 2 ) Bl

_ (An qn) 2.0
"\ Vb, ‘
For the last term of (3.18), by (3.11), we obtain

SZ/(ZM [(E) + 20 T - 1, [ 80| = 0, (=) Fro.

This completes the proof of Theorem 1. O




