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Abstract:

e Most of the stationary first-order autoregressive integer-valued (INAR(1)) models in the literature
have been developed using the idea of Binomial thinning. Two approaches have been adopted
to establish the distributional properties of a stationary INAR(1) process: the forward approach
and the backward approach. In the forward approach, the marginal distribution of the process is
specified and an appropriate distribution for the innovation sequence is sought. Whereas in the
backward setting, the roles are reversed. The common distribution of the innovation sequence is
specified and the marginal distribution of the process is studied. In this article we focus on the
backward approach. Our motivation is mainly theoretical, in the context of statistical distribution
theory. We establish a number of basic properties of a specific infinite convolution of distributions
on Z;. We then proceed to interpret our results in the context of stationary INAR(1) models
whose innovation has a finite mean. As an application, we present new distributional properties
for some stationary INAR(1) processes that show underdispersion, including two new models with
g-series innovation distributions.
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1. INTRODUCTION

The area of integer-valued time series has attracted a lot of interest in research and
practice during the last 35 years. It started with the pioneering work of McKenzie (1985, 1986,
1988) and Al-Osh and Alzaid (1987), and Alzaid and Al-Osh (1990). Most of the existing
models are based on the Binomial thinning operator of Steutel and van Harn (1979). Models
under a variety of generalized thinning operators have been proposed by several authors.
We refer to the review articles of McKenzie (2003) and Scotto et al. (2015) for details and
additional references.

The Binomial thinning (cf. Steutel and van Harn, 1979) of a Z . -valued random variable
X denoted by a ® X, is defined as

X
(1.1) a0X=>Y,
=1

where a € (0,1) and {Y;} is a sequence of independent identically distributed (iid) Bernoulli(cv)
rv’s independent of X. The operation @ incorporates the discrete nature of the variates and
acts as the analogue of the standard multiplication used in the continuous time series models.

Assume that 0 < a < 1, and (g4, ¢ > 1) is an iid sequence of Z-valued rv’s. A sequence
(Xt,t > 0) of Zi-valued rv’s is said to be an INAR(1) process if

(12) Xt =a® thl + &¢ (t > 1),

such that the Binomial thinning o ® X;_1 in (1.2) is performed independently for each t¢.
More precisely, we assume the existence of an array (Y;;, ¢ > 1, ¢ > 0) of iid Bernoulli(«)
rv’s, independent of {&;}, such that

X1
a® Xy 1= E Yii1.
=1

In (1.2), {&:} is referred to as the innovation sequence and « as the coefficient of the process

{Xi}

The main focus of this paper is on stationary INAR(1) models. The basic question of
interest in this case is the choice of the marginal distribution of the process and that of its
innovation.

Two approaches to this question prevail. One, which we will refer to as the forward
approach, consists in selecting a specific marginal distribution for the process and then search-
ing for the proper innovation distribution. The other approach, referred to as the backward
approach, consists of the exact opposite: start out with the marginal distribution of the
innovation sequence and then search for the proper marginal distribution of the process.

Both approaches have been widely used in the literature. For the forward approach,
we refer to the review articles cited above and references therein. For models based on the
backward approach, we cite a number of fairly recent articles: Jung et al. (2005), Pedeli
and Karlis (2011), Weify (2013), Schweer and Weif} (2014), Schweer and Wichelhaus (2015),
Bourguignon and Vasconcellos (2015), and Kim and Lee (2017).



Stationary underdispersed INAR(1) models based on the backward approach 163

In the current work, we adopt the backward approach to develop INAR(1) models
driven by (1.2) and whose innovation has finite mean. Our motivation is mainly theoretical,
in the context of statistical distribution theory. We establish a number of basic properties of
a specific infinite convolution of distributions on Z,. These results are then used to obtain
most of the needed properties of the marginal and the conditional distributions of a station-
ary INAR(1) model. That is the object of Section 2. As an application, we present new
distributional properties for some stationary INAR(1) models that show underdispersion, in-
cluding two new INAR(1) models with g¢-series innovation distributions. More specifically,
in Sections 3-7 we study in details the models whose innovation follow the Bernoulli distri-
bution, the Binomial distribution, a g-series called the Poissonian Binomial distribution, the
logarithmic distribution, and the Heine distribution, another g-series, respectively. We note
that the INAR(1) models with Bernoulli, binomial and logarithmic innovations have been
discussed in Bourguignon and Vasconcellos (2015). Our results provide additional properties
for these processes. We also note the backward approach has been used by the authors in
a related article (see Aly and Bouzar, 2021) that develops INAR(1) models with compound
Poisson innovations.

We will use throughout the rest of this paper the notation @ =1 —a, a € (0,1).

We designate by ,uﬁ“)(mgu)) and u%)(/{%)) the r-th moment (cumulant) and the r-th

factorial moment (factorial cumulant) of the pmf {u,}, respectively. We will make use of the
formulas (see Johnson et al., 2005, Sections 1.2.7 and 1.2.8):

(1.3) ) = Z S(Taj)ll&) and k(W = Z; S(T,j)li[(;i)a
]:

Jj=1

where S(r,j) are the Stirling numbers of the second kind defined as S(0,0) = 1,5(0,k) =
S(r,0) =0 and

(1.4) S(r.j) = ;!Z(—w'k <i:>k

2. BASIC RESULTS ON THE BACKWARD APPROACH

Our goal in this section is to establish several properties of a specific infinite convolution
of distributions on Z. We then proceed to interpret our results in the context of stationary
INAR(1) models whose innovation has finite mean.

Theorem 2.1. Let V(z) be the pgf of a pmf {f.}. Assume V(1) < oo, i.e., {f.} has
finite mean. Then, the function

(2.1) o(z) = H T(1—a'+a'z)
i=0

is a pgf. Moreover, the convergence of the infinite product is uniform over the interval [0, 1]
and ¢(z) satisfies

(2.2) o(z) = (1 —a+ az)¥(z), z € 10,1].
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Proof: First, we recall some basic results on pgf’s (we refer to Feller, 1968). For k > 0,
let qx = D241 fi be the sequence of the tail probabilities corresponding to {fx} and let

)
= Z kak7
k=0

be the generating function of {gx}. We have 1 — ¥(2) = (1 — 2)Q(z), z € [0,1], and Q(1) =
Zk 0k = Y 1o kfe = U'(1) < oo. Define h;(2) = 1—¥(1—a’+a'z). It follows that h;(z) =

‘(1 - 2)Q(1 — o’ + a'z). Noting that @Q is increasing over [O 1,0<1—-2<1, and Q1)
is finite, we conclude that 0 < h;(z) < Q(1)e’ and Y772 1 hi(z) < Q(1) > 72, .1 a'. This
implies > 7% | hi(z) converges uniformly to 0 over the interval [0, 1]. For every n > 0, define

n

(2.3) Ont1(z) = H T(1l— o'+ a'z),
i=0

which can be rewritten as ¢, 11(2z) = [[ (1 —hi(2)). It follows by Theorem 1, p. 381, in Knopp
i=0

(1990), that the sequence {¢,11(z)} converges uniformly over the interval [0, 1] to
o0

o(z) = [ = hi(2)) =[] 21 - ' +a'2).
=0 1=0

Next, we show that lim.j1 ¢(z) = 1. Define r,(2) =[], U(1 — o’ 4+ a’z) and let § > 0 be
arbitrary. By the uniform convergence of {¢,4+1(2)} to ¢(z), there exists a positive integer
N(6) such that for any n > N(9), sup.cp 1) [rn(2) — 1| < d. Note that ¢,,4+1(-) of (2.3) satisfies
on+1(1) =1 and p,41(2) < 1. Since

0(2) = 1 = l@nt1(2)(ra(2) = 1) + pnia(2) — 1],
it follows that for any n > N(9), |¢(z) — 1] < + |pn+1(2) — 1], which in turn implies

limsup |¢(z) — 1] = limsup(l — p(z)) < + 1imTilnf(1 — ont1(2)) <.

z]1 211

Since ¢(z) is the limit of the sequence of pgf’s {¢n+1(2)}, we conclude that p(z) is a pgf by
the Continuity Theorem. Equation (2.2) is easily shown to hold. O

Theorem 2.2. Let {f,} be a pmf with finite mean and with pgf U(z). Let {p,} be
the pmf with pgf p(z) of (2.1) and let {f,« } be the pmf with pgf U(1 — o' +a'z), i > 0. The
following assertions are true:

1. 9 = # and .
fot > (1—a))"fa, ifr =0
(2.4) £ = -

Z( )fnl—a) ifr > 1.

(2.5) pr= lim (O f0 s D)

k—oo r

where £« f) s ...x f=1) designates the k-factor convolution of the pmf’s {fﬁo)},
P By
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3. Assume the factorial cumulant generating function (fegf) InW(1+1¢) =" >7, rUDE

[r] 7!

of the pmf { f,} exists for |t| < pg for some py > 0. Then, for every r > 1, KET]) and

k") are finite and are given by (cf. (1.3)-(1.4))

(/) , KD

v _ "l () _ N
(2.6) il = 1 o and K, —ZS(T,])l_aj.

j=1

4. If{f.} has a finite second cumulant, then the mean pu'P), the variance (c®))? and
the dispersion index of 1) of {p,} are obtained in terms of their {f,} counterparts,
p, (eUN?2 and 1) as follows:

() (M2 () 1 -1
AN 9 S G0 e e » —
(2.7) u 1o (c'?)) T d I 1+ Tra
Proof: The proof of (2.4) is straightforward. Since (2 hm H vi(z), with pr(z)

of (2.3), we obtain (2.5) by the Continuity Theorem and (2.4). Since the fegf InW(1 +¢) of
the pmf {f,} exists for |t| < po, we have In (1 + a't) = >0, ! K,E }) It follows by (2.1)
that Inp(1+¢) = > 22 In (1 + a't). One can show by a standard argument that the series
In (1 +¢) converges uniformly in the interval |t| < p for every 0 < p < pg. Therefore, by
Weierstrass Theorem, p. 430 in Knopp (1990), we have

oo ()
K r
i _ [r] t
hlgpl—f—t ;ZZ;O[ K’T Tl_;l_arr! (‘t‘<p0)7
proving the first part of (2.6). The second part of (2.6) is deduced from (1.3)—(1.4). The
formulas in (2.7) follow from (2.2). O

Remark 2.1. We make a number of useful remarks.

1. Equations (2.6) and (2.7) are known (see Weif}, 2013). We note that as a function
of a the dispersion index IP) is increasing and concave down if the innovation
distribution is underdispersed.

2. As noted in Weif (2013), it is easily seen from (2.7), that {p,} of (2.5) is underdis-
persed (i.e., (¢®)? < u®) if and only if {f.} is underdispersed.

3. There are no simple formulas linking the r-th moment ug«p ) and the r-th factorial
moment ,ufp ) of {pr} to their {f,} counterparts. However, if either n[(p]) or %) can

(p) (p)

be calculated for every r > 1, then one can compute p,° and ,u[r] recursively using

standard formulas that link moments and cumulants (see Johnson et al., 2005,
Sections 1.2.7 and 1.2.8, and Smith, 1995).

Next, we interpret Theorem 2.1 and Theorem 2.2 in the context of INAR(1) modeling.

If the INAR(1) process {X;} of (1.2) is stationary, then its marginal pgf ¢ x(z) and the
common pgf ¥(z) of the innovation sequence {e;} must satisfy the functional equation (2.2)

with ¢(2) = ¢x(2).
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The backward approach we have adopted in this paper translates as follows: one chooses
a pgf ¥U(-) and solve for ¢ x(-) that satisfies (2.2). It can be shown that in this case px(z) =
limy, 00 @n(2), with @, (z) of (2.3), provided that the limit exists and is a pgf.

The backward approach leads to the following existence theorem for a stationary
INAR(1) process.

Theorem 2.3. Let o € (0,1). Any pgf ¥(z) such that ¥'(1) < co gives rise to a
stationary INAR(1) process {X;} defined on some probability space (2, F, P) and driven by
equation (1.2). Its marginal pgf is

(2.8) ox(z) = H T(1—a' +a'z).
i=0

Proof: Since ¥'(z) < 1, by Theorem 2.1 ¢x(z) is a pgf that satisfies equation (2.2).
By Proposition 2.1 in Bouzar and Jayakumar (2008), there exists a stationary INAR(1)
process {X;} on some probability space (£, F, P) such that its marginal distribution and
that of its innovation sequence {e;} have respective pgf’s px(z) and ¥(z). O

The following additional results (we refer to Al-Osh and Alzaid (1987) and McKen-
zie (1988)) are needed in the sequel. An INAR(1) model driven by (1.2) is necessarily a
homogeneous Markov chain with the 1-step transition probabilities,

min(l,k)
(2.9) P(X; =KX 1=1)= <l> I1—a) P =k—j).

=0

The k-step-ahead version of (1.2) for k > 1 is given by
d auy
(2.10) Xiik = ¥ o X, + Z oo Ettk—j+1
j=1
and the k-step autocorrelation of {X;} is
(2.11) Corr(Xy, X; + k) = oF.

It follows from (2.10) that the conditional pgf of X, given X, satisfies

X k—1 . .
k k
(2.12) Ox,onx,(2) = (1 —a"ta z) <[, w1 —a'+a').

Therefore, given X; = n, the distribution of X;, is the convolution of a Binomial(n, a*)
distribution and the pmf {(f(© % fM x ... « f(kfl))r} of Theorem 2.2.

Remark 2.2. It is a well known fact that the INAR(1) process (1.2) is a branching
process with a Bernoulli(«) offspring distribution and an immigration sequence of iid random
variables with common pgf ¥(z). It follows by Theorem in Heathcote (1965) that Theorem 2.3
holds under the weaker condition Y 3%, qx(k +1)~! < oo, where {gx} is the sequence of tail
probabilities of W(z). For a more general result, we refer to Theorem 2, p.264, in Athreya
and Ney (2004).
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3. STATIONARY INAR(1) MODELS WITH BERNOULLI INNOVATIONS

In this section and subsequent ones, we describe the properties of the marginal and
conditional distributions of stationary INAR(1) processes with specific innovation sequences.
We obtain useful representations of the marginal pgf’s of these models as well as formulas for
moments and cumulants of their marginal distributions.

We start out with the case of Bernoulli innovations. First, we recall a definition.

Let ¢,c € (0,1) and m > 1. Kemp (1987) (see also Johnson et al., 2005, p.467) intro-
duced and studied the Poissonian Binomial(m, ¢, ¢) distribution as the distribution of a finite
convolution of Bernoulli(cq®) distributions, i = 0,1, 2, ...,m — 1 with pgf

m—1

(3.1) U(z)= [[(1—cg'(1-2))
=0
and pmf
m . k—1 _m—l
(3.2) gr(m,q,c) =Y (—1)F" (f) ckq(3) I1 11_qqz+1 r=0,1,....,m.

=0

We will expand more on this distribution in Section 5.

The main result of this section follows next. Its proof is long and is deferred to the
Appendix.

Theorem 3.1. Let {X;} be the stationary INAR(1) process driven by (1.2) and with
a Bernoulli(p) innovation sequence for some p € (0,1). Then:

1. The marginal pmf {p,} of {X;} is the weak limit of Poissonian Binomial(n,«,p)
(see (3.1) and (3.2)) as n — oo and is given by

= lim ¢ (n,« —Oo_k*Tkﬂr .
39 o= fim e = S0 () g 2

2. The tail probabilities P(X; > r) = ) pj of X; are obtained by the formula

J=r

_ © k= kE—1 pka(g) )
a0 peen =0 () e

3. The marginal pgf ¢x(z) of {X;} admits two useful representations:

> p(z — 1)”04(3)

(35) @X(Z) =14 2 H?:l(l — al)

(3.6) @X(z)—exp{—Z@(l_z)”}.

n=1
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Additional properties of {X;} are given next.
By (2.9), the 1-step transition probability is given by
0, k>1+1
(37) P(Xt — k‘Xt—l = l) = pak_ 9 k - l + 1 .
e () <

By (2.12), the conditional pgf of X, given X; satisfies

Ox,ilx (2) = (1—(1 + z) XH 1 —pai(l—2z)).

Therefore, given X; = n, the distribution of X, is the convolution of a Binomial(n, o)
distribution and the Poissonian Binomial(k, «, p) distribution of (3.2).

Next, we derive the factorial moments (u Ep}) r > 1) of X;. Using the version (3.5) of
vx(2), we deduce that

rlp” al t"

x(1+1) _1+ZH1 o)

Since the series converges everywhere, the factorial moments (the coefficients of ¢ /r!) and
therefore the moments of X; (by (1.3)—(1.4)) of all orders are finite and are given by

(3.8) Mfﬁ) = ,W and plP ZS (r,7) 'p7a( ) (r>1).
f10- a9 fa-a)

By (2.7), the mean, the variance and the index of dispersion of X; are

p 2 _pl—p)t+ap p
1—a X 1—a? ot X 1+ o
As expected, the marginal distribution of {X;} is underdispersed. We note that Iy is de-

px =

creasing and linear affine in p and increasing and concave down in « (see Figure 1).

By (3.6), the fcgf of X; is given by

(1—am) ol

npx(1+1t) = i O -1y

r=1
Since the series above converges everywhere, the factorial cumulants and the cumulants of
X, of all orders are finite and given by (applying (1.3)—(1.4)):

(3.9) 4@:(-1)7"“% and k) = ZSW ]H(u_;'f;] (r>1).

Remark 3.1. We note that if the innovation sequence {e;} has the Power-Law dis-
tribution of the first kind (PL1(\, p)), i.e., e; ~ Poisson(\) * Bernoulli( ), 0 < p <1, then its
marginal distribution will result from the convolution of a Poisson (2~ =) and the pmf {p, } of
(3.3) in Theorem 3.1. The PL;(\,p) law was discussed in Section 2.3 of Weif3 (2013). Addi-
tional distributional properties of this law such as moments and cumulants, can be obtained
from Theorem 3.1 and subsequent results in this section.
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Figure 1: Variance-mean ratio of the marginal distribution of an INAR(1) process
with a Bernoulli innovation.

4. STATIONARY INAR(1) MODELS WITH BINOMIAL INNOVATIONS

The treatment is essentially similar to the Bernoulli case (m = 1). We summarize the
main results with minimal justifications for the most part.

Theorem 4.1. Let {X;} be the stationary INAR(1) process driven by (1.2) and with
a Binomial(m,p) innovation sequence for some positive integer m and some p € (0,1). Then:

1. The marginal pmf {p,} of {X;} is the m-fold convolution of the marginal distribu-
tion (3.3) of the INAR(1) process with a Bernoulli(p) innovation.

2. The marginal pgf px(z) of {X;} admits two representations:

> P (z — 1)”a(3)
(4.1) px(z) = 143 e ey
nzl 1= (1—af)
and
(o9} pn "
(4.2) @X(z):exp{—m;n(l_an)(l—z) }
Proof: Straightforward. We omit the details. O

We proceed to give additional properties of {X;}.

By (2.9), the 1-step transition probability of {X;} is

min(l,k)

(43)  P(X, =KX =0)=ppta Y <l) <km ) (;‘z)j, k<i+m.

j=max(k—m,0) J —J
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By (2.12), the conditional pgf of X, given X; satisfies

k—1
Xt ) m
exiax(z) = (1=af +abz) " x [T -pa’(1 - 2))
=0
Therefore, the conditional distribution of X;,;r given X; =n is the convolution of a
Binomial(n, o*) distribution and the m-fold convolution of the Poissonian Binomial(k, o, p)
distribution of (3.2).

Since the power series expansion of ¢ x (1+1¢) for ¢px(z) of (4.1) is not easily computable,
we proceed to derive simpler recurrence formulas for the factorial moments (uff]),r >1) of
X; by using instead the representation (4.2).

Let

oo n

n _ p
(4.4) P(z) = an(l —2)", bp= m-

The series (4.4) converges uniformly over the interval (0,1) due to the fact that for

oo

every n > 1 and z € (0,1), b,(1 — 2)" < by, and that > b, converges. It follows that ¢'(2)
n=1

and subsequent higher order derivatives exist and converge uniformly over (0, 1) (see Knopp,

1990). The r-th derivative of ¢(z) admits the representation

" (n—1)!
1—a™(n—r)!

o0

(4.5) ¢ (z) = (-1)"

n=r

1-2)"" (r>1).

Uniform convergence allows for the interchange of limit (as z T 1) and summation in
(4.5). Hence,

(4.6) 60 (1) = (—1y =D

>1).
1—a” (rz1)
Since In px (z) = —m¢(z), it follows that ¢’y (z) = —mex(z)¢'(z). An induction ar-
gument shows that the r** derivative, cp(Xr)(z), of vx(z) can be obtained by the following

forward recursion (with gogg) (z) = ¢x(z) and (8) =1):

r—1
Wy ST 09 () (s
(4.7) o0 () 2;( j >80X()¢ ().

Therefore, the factorial moments ,uff}) = go(XT)(l), r > 1, are finite and satisfy the recur-

rence relation (with ,ufg]) =1),

r—1
r—1 s
(1.8 ) ==Y (" e oz,
=0~ 7
By (2.7), the mean, the variance and the index of dispersion of X, are
mp o _ mp(l+a—p) p
BX=1"o %X 1—a2 ane ix 1+a’

implying the marginal of {X;} is underdispersed.
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We note that the dispersion indexes for INAR(1) processes with Bernoulli and binomial
innovations are identical. However, as pointed out by the referee, the additional parameter
m of the model with Binomial innovations gives further flexibility for the parameterization
of the INAR(1) model. For example, we may estimate o using the sample autocorrelation
function of order one, ACF(1) (cf. (2 11)

remaining degree of freedom, p in A\, 2

and A = mp using the sample mean py Thus, the

~—

wl>)

;553 ¢ can be used to adjust the dispersion index.

The moments (uﬁf’ ),7“ > 1) of X; are finite and can be obtained from their factorial

counterparts via (4.8) and equations (1.3)—(1.4).

Finally, and similarly to the Bernoulli case, the factorial cumulants and the cumulants
of X; are obtained via the pgf representation (4.2) and equations (1.3)—(1.4):

@ _ m(=1)" (e —1)lp"
(4.9) K| = T o

and kP = mZSr] JH( Dy’ (r>1).

1—aJ

5. STATIONARY INAR(1) MODELS WITH POISSONIAN BINOMIAL
INNOVATIONS

In this section, we develop a stationary INAR(1) process with a Poissonian Binomial
innovation sequence with pgf and pmf given respectively in (3.1) and (3.2), for some posi-
tive integer m and some real numbers ¢,c € (0,1). This distribution belongs to the family
of discrete g-series distributions with finite range. It results from the convolution of m in-
dependent Bernoulli(p;) distributions , j = 1,2,...,m, where the p;’s vary according to the
geometric progression p; = cg’~1. For more on g-distributions, we refer to the monograph
Charalambides (2016).

We recall for further reference that a Poissonian Binomial(m, ¢, c) is underdispersed
with mean, variance, and dispersion index given by (see Kemp, 1987)
(1—g™ec 5 _ ([1-gMc (1-g¢"")c

(51)  pe=-—"12 2= - >—, and L =1-

(14+q¢™)c
1—¢q c 1—¢q 1—¢q '

I+gq

Theorem 5.1. Let {X;} be the stationary INAR(1) process driven by (1.2) and with
a Poissonian Binomial(m, q, c) innovation sequence for some positive integer m and some real
numbers ¢, c € (0,1).

1. The marginal pgf px(z) of {X;} admits the following representations:

m—1 [e's)

cq] (z—1)" (n)
(5.2) ex) =11 [1+Z i 11_al) ]

J

and

(5.3) ox(z) = exp{— Z 11__qqn ol c_"an) (1- z)"}
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2. The marginal pmf {p,} of { X} is the convolution of the pmf’s ({p } 0<j<m-1),

(5.4) pr = (P xpM sk pm=D) (1 > 0),
where
X 7Yk o (5)
5:5) = Yo (F) s
k=r r Hz=1<1 -« )

Proof: Let ¥(z) be the pgf of the Poissonian Binomial(m, ¢, ¢) distribution as given
n (3.1). Then,

m—
T(l—a'+a'z) = Hl—i—caq - 1)),

which is the pgf of a Poissonian Binomial(m, ¢, ca’). By Theorem 2.1, the marginal pgf ¢ (2)
is
m—1 oo

= H H(l + calg/(z — 1)).

§=0 i=0

o . .
Noting that [] (1 + ca’q’(z — 1)) is the marginal pgf of a stationary INAR(1) process with
i=0
Bernoulli(eg’) innovations, representations (5.2) and (5.3) follow from (3.5) and (3.6), respec-
tively. By Theorem 3.1 and (3.3), for each j > 0, the pmf with pgf

= (cg?)" (2 — 1)ral?)
’ ; [[2,(1—af)
is {pgj)} of (5.5). Therefore, part 3 and (5.5) follow from (5.2). O

Some additional properties of {X;} are presented next.
By (2.9), the 1-step transition probability of {X;} is given by

min(l,k)
(5.6) PX; =kl X1 =10) = Z <l> od(1—a)g_j(m,qc), k<l+m.

j=max(k—m,0) J

By (2.12), the conditional pgf of X, given X; satisfies

‘:DXt+k|Xt(Z): <l—ak—|—akz)Xt xﬁ [H 1—z))

Therefore, the conditional distribution of X;;r given X; =n is the convolution of a
Binomial(n, o) distribution and the Poissonian Binomial(k,a,cg?) distributions,
j=0,1,....m—1.
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By (5.2), the power series expansion of ¢x (1 + t) exists but is not easily computable.
We proceed as in the Binomial case (Section 4) to derive the factorial moments (uff]),r >1)
of X; via the representation (5.3) of px(z) and a recurrence relation.

Let
(5.7) () = —npx(s) =3 11__q;n e C_"an) (1— 2",
n=1

The argument we used to derive (4.5)—(4.8) in Section 4 carries over almost verbatim.
We state the main steps without further explanations. The r-th derivative of ¢;(z) admits
the representation

(r) 2) = (—1)" - (1 - qmn)cn (n — 1)' — )T r
Hence,
(59) D)= (-1y L2y ),

(1-¢)(1—a")

Since Inpx(2) = —¢(2), the rth derivative, ap(XT)(z), of px(z) can be obtained by the

following forward recursion (with gpg?)(z) = px(z) and (8) =1):

r—1

(5.10) W =-Y <r ; 1> PP ()60 ().

=0

The factorial moments ,uff}) = gpgp (1), » > 1, are finite and satisfy the recurrence relation

(with ufp) =1),

r—1
r—1 r—i
(5.11) ufffz—z( . )ufﬁ’aﬁ D1y =),

The moments of X, Mﬁp ) — E(X}]), r > 1, are finite and can be obtained from their
factorial counterparts via equations (1.3)—(1.4).

By (2.7) and (5.1), the marginal distribution of {X;} is underdispersed with mean,
variance and dispersion index given by

(1—¢™)c

iy = (1-¢™)e (1—¢*™)e?
1—a)(1—q)

2 _ _
KT U—a)—q (1-)(1-¢)

and
(14+¢™)c

(1+a)(1+4q)

We note that Iy is increasing in o and m (m > 2) and decreasing in ¢. Moreover, it is concave

Iy=1-

down in ¢ with concavity becoming more pronounced as ¢ increases (see Figure 2).



174 E.-E. Aly and N. Bouzar

10 —
¢c=0.1, m=5
c=0.1, m=15

c=04, m=5 08—
x
c=04, m=15 [}
£ ’ z
= 06 — =
= c=0.9, m=5 c
£ .2
— satatel w
g e g
o 04— Sttty a
o p9Ss o
& 55 a

a =09, m=15 %
02 —
00 —
1.0
08
0.0 0.0

Figure 2: Variance-mean ratio of the marginal distribution of an INAR(1) process
with a Poissonian Binomial innovation.

Similarly to the Bernoulli and the Binomial cases (Sections 3 and 4, respectively), the
factorial cumulants and the cumulants of X; are obtained in straightforward fashion from the
pef representation (5.3) and equations (1.3)—(1.4):

1) (r = D1 — ¢g™)c"
(5.12) ot - (1(_qr)1()1'(_1 Oﬂg : (r>1)
and
r ERAVES Y g
5.19) =St I e

6. STATIONARY INAR(1) MODELS WITH LOGARITHMIC INNOVATIONS

We revisit in this section the INAR(1) process with a logarithmic(p) distribution in-
troduced by Bourguignon and Vasconcellos (2015). Most of the discussion will focus on the
underdispersion version of the process.

We start out by recalling a few facts about the logarithmic distribution (see Johnson
et al., 2005). The pmf of the logarithmic(p) distribution is given by f, = %{nﬁ, r > 1, where
p € (0,1). Its pgf, mean, variance and dispersion index are given respectively by

In(1 — pz)
-1 W = ——
+ In7p) p+Inp
6.9 = P 2o PREDD) G _PEINP
(6:2) : plnp @) (pInp)? plnp

Note that the logarithmic distribution is underdispersed if p < 1 —1/e, equidispersed if
p=1—1/e and overdispersed if p > 1 —1/e.
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The factorial moments and moments of {f,} are respectively (cf. (1.3)—(1.4))

AV

() _ _pr=Ht IR < P (]
(63) /’L[T] - (1 _p)T IHT? and :ur - ll’lf)zs(r’j) (1 _p)] (T’ 1)

We will also refer to the logarithmic-with-zeros(c, p) distribution, with ¢, p € (0, 1), that
arises as a two-mixture of the Dirac measure Jy sitting at 0 and the logarithmic(p) distribution
with respective mixing probabilities ¢ and 1 — ¢ (see Johnson et al., 2005, Sections 7.1 and 8.2).
Its pgfis P(z) =c+ (1 —¢)In[(1 — pz)/InD].

Lemma 6.1. Let p € (0,1) and let {f,} be the pmf of a logarithmic(p) distribution

with pgf U(z) of (6.1). Then for every i > 0, the pmf, {f,gi)} of (2.4) with pgf ¥ (1 — o’ +a'z) is
111111% and ¢; = % (go=p,bo=0),

a logarithmic-with-zeros(b;, ¢;) distribution with b;=1—
ie.,

(6.4 5O = bido({r}) + (1~ b) %

—ring;

Noting f,go) = f,, the k-factor convolution of the pmf’s {f,go)}, {f,gl)}, v {fr(kfl)}, k>2,is
a finite mixture of convolutions of logarithmic distributions, namely,

k—1
(6.5) <f(0> s« D w ok f(,H)) =CrogV+>) > i <g(0> x gl gU2) .. 4 gm)) ,

=1 jeJ, "

where {gﬁj)} is the pmf of the logarithmic(q;), I ={1,2,...,k — 1}, J; is the collection of
ordered l-tuples j = (j1,J2, - J1), 1 < j1 < jo < - < ji < k—1 and j, = {j1,J2,...,J1} Is the
corresponding unordered [-tuple. The mixing probabilities are

(6.6) CLO:’ﬁbj and Gy = (] bj)(ﬁu—bjh)).
j=1

jel\ju h=1

Proof: If i =0, (6.4) is true since {fgo)} ={fr}. Assume i > 1. By (2.4),

n Inp

)

_ 1 3 (p(1—a’)) In(1—p(1—a’)

and for r > 1,

£ = _ (pa) i <:: i) (1 — i)™

Using the power series expansion (1 —¢)~""1 =" (:f)t"_r, with ¢ = p(1 — at), it follows
that

£ = 1 [ pa’ )] 1)

Crnp|1-p(l—o

Setting ¢; = #ﬂiai)’ it is easily verified that f,gi) satisfies (6.4). The second part of the
Lemma and equations (6.5) and (6.6) are proved by a tedious but straightforward induction
argument. The details are omitted. O
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Theorem 6.1. Let {X;} be the stationary INAR(1) process driven by (1.2) and with
a logarithmic(p) innovation sequence for some p € (0,1). Then:

(i) The marginal distribution {p,} of {X;} is the weak limit, as k — oo, of the
sequence of pmf’s (f(o) * f(l) Koo x f(k_l),k: > 1), where f(o) * f(l) % ee % f(k_l)
is described by equations (6.5) and (6.6).

(ii) The marginal pgf ¢x(z) of {X;} admits the representation

1 qi
. ¥ N <
(6.7) ox(z) = ;[([)[1 lnp - In T qiz} (0<2<1),

with po = ¢px(0) = 0.

Proof: Part (i) is a direct consequence of (2.5) and Lemma 6.1. For part (ii), (6.7)
follows from (2.8) and the fact that when z = 0 the first factor in (6.7) is equal to 0 . O

Next, we provide additional properties of { X;}, some of which appeared in Bourguignon
and Vasconcellos (2015).
y (2.9), the 1-step transition probability of {X;} is given by

. min(l,k—1)

p ! ) (a/p) @i
PO = kX =) = -2 NP T s
Ke=hXa =0 =7 =~ (J k—j

By (2.12), the conditional pgf of Xy, given X; satisfies

_ k k 4q;
praan = (1w T

Therefore, given X; = n, the distribution of X;, is the convolution of a Binomial(n, a*)
distribution and the finite mixture of convolutions of logarithmic distributions described by
(6.5) and (6.6).

By (2.7) and (6.3), the mean py, the variance 0% and the dispersion index Iy of the
marginal distribution of {X;} are given by

p(1+ Inp)
p(l+a)lnp

p(p+Inp+ a(plnp)?)
(PInp)?(1 — a?)

p 2
68) px=—— L 5Z—_
(6:8) px p(l1—a)lnp’ g

and Ix =1+

Note that the distribution of X; is underdispersed if and only if p < 1 —1/e. The graph
of Ix restricted to that range is given in Figure 3 below. Ix is increasing and concave down
in o and decreasing and concave up in p.

Unlike the previously encountered models, the representations of the functions ¢x(z)
and In px(z) of the distribution of X; are too complex to lead to manageable formulas for
moments and cumulants of X;. Instead, we proceed as in Weify (2013), Section 4.2, and use
a number of recurrence formulas that will compute these quantities in the following order:
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1.

Compute the r-th cumulant /ﬁ,(f ) of gt using the formula, derived in Smith (1995),

r—1
r—1
©9 SRS D (R

]
=1

along with (6.3) (recall mgf) = p) and /ﬁ;f) = (cU2, cf. (6.2)).

Compute the r-th factorial cumulant H[(f]) of £; using the formula (see Johnson et al.,

2005, Sections 1.2.7 and 1.2.8)
(6.10) /QE ) = S(T,j)/%(-f),

where s(r, 7) is the Stirling number of the first kind satisfying the recurrence relation

(6.11) s(r+1,7) =s(r,j—1) —ns(r,j),

with s(n,0) =0 and s(1,1) = 1.
(p)

Compute the r-th factorial cumulant, /-s[f] ()

, and cumulant, sy, of X; using (2.6).

Use the formulas in Johnson et al. (2005) to compute the moments {u,} of X,
equation (1.252), p. 54, and its factorial moments {u,}, equation (1.244), p. 53.

Dispersion Index

Figure 3: Variance-mean ratio of the marginal distribution of an INAR(1) process

with an underdispersed logarithmic innovation.

Remark 6.1. Since both the innovation and the marginal distribution of the INAR(1)
process in this section have support in N* = {1,2,3,...}, it may be more suitable to adopt a
measure of dispersion different from the one relative to the Poisson distribution. We briefly

discuss two approaches and submit the relevant graphs as an illustration. For a random
variable Y with support in N* such that 0 < P(Y =1) < 1, we suggest using dispersion
indexes of the zero-shifted distribution of Y, that is the distribution of Y — 1. We consider
two such indexes: the standard one, we denote by Iy _; (as in previous sections) and the one
introduced in Abid et al. (2021), we denote by Ii(;(]_?, relative to the zero-shifted geometric
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distribution (with the usual interpretation of under/equi/over-dispersion). The formulas are
as follows:

Var(Y)
EY)-1

Iy

(6.12) Iy 4 = BV =T

and IY°) =
It is easily seen that for any p € (0, 1), the zero-shifted version of the logarithmic(p) distribu-
tion is overdispersed relative to both the Poisson and the zero-shifted geometric distributions.
Applying the formulas (6.12), along with (6.8), to the zero-shifted version of the marginal
distribution of the stationary INAR(1) with a logarithmic innovation, we obtain the following
graphs for the two indexes:

(a) Standard Dispersion Index

(b) Zero-shifted Geometric Dispersion Index

i

ﬂlﬂlﬂfﬂﬂi
ﬂ%,mnmmmmmﬂmumm

Dispersion Index

Juiﬂrm iffﬂmm
m""ﬂnfuf””?"%’i&%"
l

Dispersion Index

10

Figure 4: Two variance-mean ratios of the zero-shifted marginal distribution of an INAR(1) process
with a Logarithmic innovation.

Both graphs show increase in p and decrease in «.. Note also that for every o € (0,1)

and p € (0,1), Ix_; exhibits all three dispersion states, whereas Ig(giol) shows underdispersion
for every o > 0.58 and p € (0,1).

7. STATIONARY INAR(1) PROCESSES WITH HEINE INNOVATIONS

A distribution on Z is said to have the Heine distribution (Heine(, ¢)) with parameters
A >0 and g € (0,1) if its pgf and pmf are respectively given by

(7.1) U(z) = [[(1-8+82)

and =

(7:2) fo= ﬁ(l @)L and fy= 20 e 2L (r>1),
j=0 [l (1—4) -

where 3; = m for 7 > 0.
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The Heine distribution was introduced by Benkherouf and Bather (1988). It is a g-series
distribution with infinite support. Many of its properties were studied in Kemp (1992). More
details can be found in these references and in Johnson et al. (2005), Section 10.8.2. The
Heine distribution is underdispersed and its mean and variance are

0 A" 0 q
(7:3) “:;Hw ; 1+)\q

We recall a few facts about double infinite products. Let {a,,} be a double sequence.

The double infinite product H H (14 aj;) is defined as the limit of the double sequence
1=0j=

n
H (14 a;5) as m,n — oo. If Z Z la;j| < oo, then the double infinite product
=0 =0 j=0

I ;:]3

(o olNNe o)
H H (1 + a;j) converges. Moreover, if [] [] (1 + a;j) and the iterated infinite products
=0 7=0 i=07=0

are all convergent, then they necessarily have the same value.

The main result of this section is given next. Its proof is deferred to the Appendix.

Theorem 7.1. Let {X;} be the stationary INAR(1) process driven by (1.2) and with
a Heine(\, q) innovation sequence for some A > 0 and 0 < g < 1. Then the marginal pgf ¢ x(z)
of {X;} admits the following representations:

1.
oo 00 ﬂ”(z . 1) ( )

7-4 = e — R
T ]11][ Z jja 1(1_al)}
where (; is as in (7.1).

2. -
. ox(z) = exp 2 i — an) z
with By, = > 322, 67, n > 1.
3. The marginal pmf {p,} of {X;} is
(76) Pr = lim (q(o) * q(l) K oo ok q(k_l))r (7" 2 0)’

k—o0

where

X ko (3)
(7.7) gV = Z(—l)k_r (fj) Hkﬂ](l ) r>0.
=1 @

Next, we discuss additional properties of {X;}.
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The 1-step transition probability can be obtained from (2.9). Given there are no notable
simplifications of the formulas, we omit the details and refer to the following discussion by

setting k = 1.

By (2.12), the conditional distribution of X given X; = n results from the convo-
lution of k + 1 distributions, namely a Binomial(n,a*) distribution and the distributions

({gﬁi)}, 0 <i <k —1) defined as follows:

i ir e (1T
g =a Z( . )(1—a)lfr+z7

=0

where {f,} is the pmf of the Heine(), ¢) distribution (7.2).

The factorial cumulants and the cumulants of X; are obtained in straightforward fashion
from the pgf representation (7.5) and equations (1.3)—(1.4):

r—1)!B,

(7.8) (p) _ (_1)r+1( —

: L (j—=1D!B;
K = and kP = ZS(r,j)(—l)]Hu (r >1).
=0

(1= o)

By (2.7) and (7.3), the mean, the variance and the index of dispersion of X; are given

by
1 < A\ 9 1 =\
= § = E 14+ X"
px l—a 1+ Ag"’ 7x 1—a2T:01+)\qT<[ AT +a)
and

o0 )\T’ . o0 )\T’
=3 e v fore X 5]

Since the Heine distribution is underdispersed, the INAR(1) process with a Heine in-
novation is underdispersed. We note that I'x is increasing in a and ¢ and decreasing in \ (see
Figure 5).

lambda=1
lambda=3

= lambda=25

Dispersion Index

Figure 5: Variance-mean ratio of the marginal distribution of an INAR(1) process
with a Heine innovation.



Stationary underdispersed INAR(1) models based on the backward approach 181

Similarly to the way (6.9)—(6.10) were derived, the moments and factorial moments of
X; can be computed using the formulas

r—1 r
r—1 )
(7.9) =y < ; )ﬁf«p_)juj and ) =" s(rj)nl,
j=0 j=0
with initial conditions ,u(()p ) =1 and ugp ) = ngp ), and where {s(r,j)} are the Stirling numbers

of the first kind of (6.11).

In turn, the factorial moments u
Johnson et al., 2005, Section 1.2.7):

(p]), r > 1, of X} can be obtained via the formula (see

[r

r

(7.10) ) =" s ul,
j=0

where {s(r,j)} are the Stirling numbers of the first kind of (6.11).

8. CONCLUSION

In this article we formalized a theoretical approach to study the distributional properties
of a stationary INAR(1) process based on Binomial thinning when the innovation distribution
is known. We established a number of basic properties of a specific infinite convolution of
distributions on Z; and interpreted our results in the context of stationary INAR(1) models
whose innovation has a finite mean. As an application, we presented new distributional
properties for some stationary INAR(1) models that show underdispersion, including two new
INAR(1) models with g-series innovation distributions. Simulations and statistical analysis
for some of these models will be the object of the authors future work. Another direction
of research would be to extend the results in this paper by using more general thinning
operators.
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A. APPENDIX

This section is devoted to the proof of Theorem 3.1 and Theorem 7.1. We first establish
a Lemma.

Lemma A.1. Assumen > 2 and a; € (0,1) fori =0,1,2,...,n — 1. Then,

1.
- n k
Ay Mew=nXer) Y e
i=0 k=1 0<j1<jo<* <jp<n—11=1
2. 1 o
J1 o2 Jk (5) l -«
(A2) S e —al) [0
0<j1<g2< - <jp<n—1 =0

for every k € {1,...,n}.

Proof: (1) follows by a straightforward induction.

(2) We also proceed by induction. The result is trivially true for n = 2 (forces k = 1).
Assume the assertion is true up to n. Equation (A.2) holds for n 4+ 1 and k =n + 1, as in
this case

anJrlfl

n
o . n+1 n+1 1—
E alta??...olF = o k=ok — a( 2 ) = a( 2 ) | | R
1 — oltt
0<j1<j2< *"<jgn41<nm =0

Assume now k € {1,2,...,n}. Setting J = (j1,j2, ..., jr) € N, it is clear that
{JeNF:0<ji<jo<--<jr,<n}=AUB,

where A={JeNF:0<jj<jo<-<jp<n—1}and B={JeN:0<j <jo<--<
Jk—1 <n—1,jr = n}. Therefore,

SRR IR I S S0 I

0<j1<go< - <gp<nl=1 JeAl=1 JeB =

Using the induction hypothesis, it follows that

k—1 n—l
S [e = T L)
1— altl
JeAl=1 =0
and
—2
Ji k 1) : 1—am!
zana SCRERE |
JeB = =0

which implies

T -am [ —am*+1)a® + (1 - ak)anal'7)]

k
g =0
2. =
0<j1 <ja<t*<jp<nI=1 IT(1—akth)
=0
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Now, noting that (’5) = (kgl) + k — 1, it is easily seen that
(1- a"_kﬂ)a(g) +(1— ak)a”a(kgl) = a(g)(l — o).

Therefore, (A.2) holds for n + 1. O

Proof of Theorem 3.1: Let {X;} be the stationary INAR(1) process with a
Bernoulli(p) innovation sequence. By Theorem 2.3 and (2.8), its marginal pgf is

o)

(A.3) px(z) = [J(1 —pai(1 - 2)).
=0
n—1

Since px(z) = hm H (1 —pa’(l —z)), we conclude by the continuity theorem that the

marginal pmf {p, } of {Xt} is the weak limit of a sequence of Poissonian Binomial distributions
of (3.1) and (3.2), with m=n, ¢g=«a and ¢ =p. Let r > 0. We define a purely atomic
measure, we denote meas,, on N, = {r,7 + 1,7+ 2,...} and its power set P(N,) as follows:
Sl
k )
[T=.(1- al)

with measo({0}) = 1. It is clear that > ;- meas,({k}) < co. Therefore, meas, is a finite
measure. Define now the sequence of functions { f,(:)} on N, by

k k—1
_ (—l)k_r< > (l—oz"_l) iftk=rr+1,...n
fn(k> - T IIJJ

0 - if k> n.

(A.4) meas, ({k}) = (k>r),

Define h(k) = (k) on N,. It is clear that |f,(k)| < h(k) (recall a € (0,1)) and that

r

>~ h(k) meas,({k}) < oo by the ratio test). Moreover, for every k € N,,
k=r

o) =t (1) = (- (1),
(n)

Rewriting p,’ in terms of the discrete integral of f,(k) on the measure space
(N,, P(N,), meas,) and calling on the dominated convergence theorem, we have

pr:nli_{frolo/N fn(k) meas, (dk) = . f (k) meas, (dk),

which is precisely (3.3) and thus part 1 of the Theorem is established. To show part 2, note

that )
Xt>r_zz:zz: <>Hz 1(1_al)

Since the double series above converges absolutely, interchanging summations is allowed,

0o [/ k k ko (5)
Pz =SS () et

k=r

leading to

We have by induction on k that Z (—1)kd (]) = (=1)k= T( ) thus establishing (3.4).
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For part 3, we note first that px(z) of (A.3) can be rewritten as

(A.5) ox(z) = exp{Zln(l — pat(l — z))}

1=0

The representation (3.6) of px(z) follows by way of the power series expansion of
oo
—In(l—z) = Zaz"/n, 0<z<1
n=1

applied to z = pai(1 — 2) in (A.5).

To prove (3.5), we first note that by letting a; = pa‘(1 — 2) in (A.1) and using (A.2),
we obtain the following expression for ¢, (2) of (2.3):

n k—1 n—I
k l—«
(A.6) pa1(z) =1+ 3 pHe - DRl [ =y
k=1 1=0
and therefore,
13- Tl a2
(A7) px(z) = tim [1+3(z— 1F [[a - an H— 2],
n— o0 1 —0 Hle(l — Oél)

We proceed as in the proof of (3.3). We define a sequence of functions g, (k) on the finite
measure space (N, P(N), measy), where measy is defined in (A.4):

1 if k=0
k—1
gn(k) = =D [Ja—a™") if1<k<n
=0
0 if k> n.

It is easily seen that |gn (k)| <1 (recall @ € (0,1) and z € [0, 1]) and that

) = 1 ® 1 if k=0
g = lm gy =
00 (z—1)F ifk>1.

Rewriting (A.7) in terms of the discrete integral on the measure space (N, P(N), measy) and
calling on the Dominated Convergence Theorem, we have

ox(z) = lim [ g,(k)measy(dk) :/g(k) measy(dk),

which is precisely (3.5). O

Proof of Theorem 7.1: First, we note that 0 < 3; < 1 for any j > 0. Moreover, for
any n > 1,

& )\n(qn)j AT
A. B, = — < 0.
(A.8) ;(1+)\qﬂ)”_l—q"<
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The pgf ¥U(z) of the innovation sequence of {X;} (cf. (7.1)) yields
} o0
U(1— ol +alz) = H 1—Bja’(1—-2)) (i >0).
It follows by Theorem 2.3 and (2.8) that

(A.9) px(z) = ﬁ[ﬁ(l — Bja’(1— z))]-

Clearly, the right hand side of (A.9) converges. A straightforward argument shows that the

00 00 .

double infinite product [T T (1 — Bja’(1 — 2)) converges. In order to be able to interchange
i=04=0

the order of the infinite products in (A.9), it remains to show that the iterated infinite product

Note that for each j > 0, P;j(-) has the form of the pgf of the marginal of an INAR(1) process
with a Bernoulli(3;) innovation (see (A.3)). Therefore, by Theorem 3.1 and (3.5),

”z—l (n)

(A.10) —1+Z =)

For 5 > 0, denote
n Z — 1 (n)

Z Hz 11—0‘l) '

y (A.8) and 0 < z < 1, we have

o0 00 00 ﬁn
jz;K] z::zgnul—al Z]‘[ll1_az Zan,
where
A al2)
Qp 1— qn H;@:l(l o )

Since a, q € (0,1), we have

1 — ad™a™
lim dnil _ lim )\( q )a

n—oo Ay, n—oo (1 — q”‘“)(l —antl) =0.

[e.e]
By the ratio test, ) |(j(z)| converges uniformly over z € [0,1]. This in turn implies (see
j= 0

Knopp, 1990) that H Pj(z) converges uniformly over z € [0,1]. The representation (7.4)

then follows by mterchanglng the order of the infinite products in (A.9) and by using (A.10).
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We now prove (7.5). By the first part of the proof, we have

ox(z) = lo_o[ [ﬁ(l — Bjai(1 — z))}

<
Il
o
-
i
o

Applying the representation (3.6) to Hi:O(l — Bja(1 — z)) with p = 3}, we have

(A.11) ox(z) =exp —Z[ n(lﬁ_jan)(l_z)n]
7=0 n=1

This implies that the double series in (A.11) is convergent. Since its terms are nonnegative
(as 0 < z < 1), the order of summation can be interchanged (by Cauchy’s criterion for double
series). This establishes the representation (7.5). By Theorem 3.1 and (3.3), P;(z) of (A.10)
is the pgf of the pmf {qﬁj )} of (7.7). Therefore, part 3 and (7.6) follow from the representation
(7.4), Theorem 2.2 and (2.5). O
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1. INTRODUCTION

Over the years, a number of measures of inequality have been developed. Examples
include the generalized entropy, the Atkinson, the Gini, the quintile share ratio and the Zenga
measures (see, e.g., Zenga, 1984; Zenga, 1990; Cowell and Flachaire, 2007; Cowell et al., 2009;
Kpanzou et al., 2013; Kpanzou, 2014; Hulliger and Schoch, 2009). Recently, Mergane and
Lo (2013) gathered a significant number of inequality measures under the name of Theil-
like family. Such inequality measures are very important in capturing inequality in income
distributions. They also have applications in many other branches of Science, e.g., in ecology
(see, e.g., Magurran, 1991), sociology (see, e.g., Allison, 1978), demography (see, e.g., White,
1986) and information science (see, e.g., Rousseau, 1993).

The inequality measure of Zenga (2006) is one of the most recent ones. It is receiving a
considerable attention from researchers for its novelty indeed, but for its interesting properties.
Papers dealing with that measure cover theoretical aspects including asymptotic theory and
statistical inference (Greselin et al., 2010b; Emad-Eldin and Marilou, 1999) and applied works
to income data (Greselin et al., 2010a, 2014), etc.

In this paper, we focus on the discrete form of the inequality measure as introduced by
Zenga (2006). We justify the asymptotic study of the discrete and finite form by a number of
reasons. In some situations, only aggregated data exist. Although this is hardly conceivable
today, it is still possible and it is highly probable that the researcher does not have access
to the original data and has in hand only data in form of frequency tables. Some other
times, frequency tables may be available while the full data is destroyed or lost. Right now,
in Gambia, health data collected from the health centers are stored in daily books and the
national health direction extracts frequency tables from those books and this type of data is
the only one available in their computerized system. So one of the main reasons to work on
the finite discrete data is the lack of accessibility to the full data for one reason or another.
The second main reason is that an asymptotic theory on such kind of data will give the
structure of the limit results with also no severe conditions. By replacing the discrete finite
probability law of the aggregated data by a general probability law, we get the precise general
asymptotic case. From that simplified study, we see what might be expected in general theory
before we proceed with it.

Here, we suppose that the full data have been summarized into a frequencies table as
given in Table 1, where each class (¢;—1, ¢;) is represented by a single point x}, usually taken
as the middle of the class, =} = (¢j—1 + ¢;)/2 (other possible choices are the mean or the
median of the observations falling in the class).

We may thus adopt to approximately reconstitute the n > 1 data as

~— N ~—

ni times n; times Nm times

In the sequel, we suppose that the data themselves are discrete and take a pre-determined
number of m values. First, we will give an asymptotic theory which will be in the form of
representation in multinomial laws, instead of a representation in Brownian Bridges as in
general. Next, the influence function (IF) will be derived by direct computations and this
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usually allows to again find the asymptotic variance and sometimes, as in our case, to find a
different but equivalent expression of that variance.

Table 1: Frequencies Table.

classes (ci—1,¢i) representatives x; frequencies n;

(co,c1) 7 ny
(C17 62) x5 n2
(C’m_ 1, C’m) x:n Nm
Total Ty n

The work presented here will be applied to income data available in an aggregated
form. At the same time, it serves as a paving way to a more general approach.

Let us suppose that the income variable X is discrete and takes the m (m > 1) ordered
values —00 = x¢ < 21 < ... < Ty, < Tyy41 = +00 with the probabilities p; > 0, j € {1,...,m}
with p1 +p2+ ... + p, = 1. If the income is continuously observed, we have a sequence of ran-
dom replications X1, X, ... defined on the same probability space (€2, .4,P). For each n > 1,
the empirical distribution of X on the sample is characterized by the empirical frequencies

no=0, nj=#{he{l,...,n}, Xp=u1x;}, je{l,..,m},
and their normalized and cumulative forms given respectively by
fO - O f] 7 ] € {1 }a
and
J
TLE; = fO Znh, ; = th, j € {1, ...,m},
h=1

with

m m

* *
E n; =n, g fi=1 n,=n, f,=1
j=1 j=1

We also define

j
po=0, ;= pn pp=1
h=1

The empirical and discrete Zenga (2006)’s index is given by

n)~t Z1§h§j NhTh
Z e /n))

)
2j+1§h§m NhTh

which is obtained by summing Formula (3.1) in Zenga (2006) over j € {1, ...,m} and presented
as a synthetic measure of inequality. The empirical cumulative distribution function (cdf)
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based on the sample of size n > 1 is

1™
Fn<$) = E Znhl[x;L,xh+1[(x)7 S R,
h=1

and is the non-parametric estimator of the true cdf

F(z) =Y pilppana(@), z€R.
h=1

We also have the empirical probability generated by the sample, given by
1 m
Pxn(A) = — 1 ).
xin(A) = ; Alz)

We may express Z,,, in terms of the empirical probability measure by

(S 10 aBxn () ([ 10 (DPx (1)
( oy ool (P (0)) (S 11, (I ()

m—1
Zan=1="7 Pxn(z))
j=1

Finally by considering the discrete measure v = Zlgjgn dz;, where 0., is the Dirac
measure concentrated at z; with mass one, we may also write

Zdn:

)

_ / (J Lo.g (N dPx,() ™ (J H1j0,4 ()P x (1)) P, n(s)dv(s).

(f 1]8,+oo[(t)dPX,n(t))il(f t}S,-&-oo[(t)dPX,n(t))

It is clear, by the convergence in law of a sequence of probability measures Px , to
Py = PX ! (the probability law of X), that Zy, converges to

2= 1 _/ ( (J o (VAPx (1)) ™" (f thj0.9(t)dPx (1)) P ()du(s).

J s toof AP () ™ (f H)s 4ocf (£)dPx (1))

In this simple setting, the convergence is easily justified because of the finiteness of the
summations and of the functions. In terms of cdf and mathematical expectation, we have

Tm i[O tdPx (1)
Z;=1-— / Fs) Jo 1P Px(s)dv(s).

1 1—I17‘(s) fsoo td]P)X (t)

The integral in the last expression should be read as

7oy Jo tdPx(t)
1—}17(3) fsoo td[PX (t)

/xm 7o Jo tdPx (t) Px (s)dv(s)

l_lF(s)fsoothX(t)Px(S)du(S)—/ 1ay 2 [(5)

so that neither 1 — F'(s) nor F'(s) never vanishes on the integration domain.

On one hand, we are going to draw an asymptotic normality theory of Z;,, using the
m-multivariate binomial laws. On the other hand, the sensitivity of a statistic T'(F") and the
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impact of extreme observations on it are also two recurrent questions in the research in the
field (see Cowell and Flachaire, 2007).

In that context, the asymptotic variance of the plug-in estimator T'(F,,) of the statistic
T(F) is of the form 0% = [ L(z, T(F))?dF(z). From this, we may say that the influence func-
tion behaves in nonparametric estimation as the score function does in the parametric setting
(see Wasserman, 2006, p.19). To define the notion of IF, let us consider the contaminated
probability law ]P’)_((E) of Px at x with mass € > 0, defined by
(1.1) P& = (1-e)Px + 6,

and a functional of Px, namely T'(Px). The influence function of the functional T" at x, if it
exists, is given by

T(PY) - T(Px)
(1.2) I[F(T,z) = lim X . :

The previous remarks motivate us to derive the IF of Z;(Px) and to compare it with
the asymptotic variance the Zenga’s plug-in estimator.

Before we proceed to our task, we point out that asymptotic normality results for
Zenga’s index are available in the literature, among them those of Greselin et al. (2010b) and
Emad-Eldin and Marilou (1999).

Here is how the paper is organized, we give our asymptotic results as described above
in Section 2 in Theorems 2.1 and 2.2, and the proofs of these theorems are given in the
Appendices A and B. Section 3 is devoted to simulation studies and data-driven application
to Senegalese Data. We conclude in Section 4.

2. ASYMPTOTIC THEORY FOR THE DISCRETE ZENGA MEASURE

2.1. Asymptotic normality

Let us begin with the following reminder. For each m > 1, the random vector (n1, ..., ny,)
follows a m-dimensional multimonial law of parameters n > 1 and p = (p1, ..., pm)’. In such
a case, a classical result of weak convergence (see, e.g., Lo et al., 2016), as n — 400, is the
following

n1 — np1 Nm — NPm t
Ni,, ..., N,
< m PREES) \/m > ( 1,ny o0 m,n)
v L= (21, Zp)t ~ Nin (0, %),

the variance-covariance matrix ¥ = (04x)1<pr<m of Z is defined, for (h,k) € {1,...,m}?,

h+k, by
onn =EB(Z}) =1 —py and ong = B(ZnZ1) = —/Dhpk-
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We invoke the Skorohod-Wichura Theorem (see Wichura, 1970) to suppose that Z is
defined on the same probability space and that

(Nl,na '--aNm,n)t —P Z, as n — +oo.

Let us give some notation. Define vectors C' = (c1, ..., ¢, )t such that

o ()
G = VR p))uu

) 1(];&m)7j S {1, ...,m},

for j € {1, e, M — 1}, 1€ {1,2}, Djﬂ; = (dj,i,17 ...,dj,i7m)t such that

djin = (Tay/Pr)l(n<j), dj2n = —(@ny/Pr)l(h>j41)5

‘ (1/p]) /) g
TR e TP A=) ()

and let E; = (ej1,...,ejm)" be the vector defined by its components as follows:

ejn = —(vPn)lin<j)-

Finally, let us define

m—1
=2
“H=C+ (vj,lD‘,l +%2Ds2 + (p]) By ).
=

Theorem 2.1. Under the notation given above, we have, as n — +00,

VN(Zap — Zg) ~ Ny (0, H'EH).

Proof: The proof is given in Appendix A.

2.2. Influence function of Z;

Theorem 2.2. Under the notations given above, the influence function of Zy is given,
for x1 < x < xp, by

Ri(s 1
17(Za0) = [ Px(6) (it errol@) = sy Do) )

Ri(s Ri(s
2 (g )~ i e )
- /5m(s)gzgz;dv+/}P’X(s)glggdy.

Proof: The proof is given in Appendix B.
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3. SIMULATION AND DATA-DRIVEN APPLICATIONS

3.1. Simulation study

Quality of the convergence: We choose a Probability distribution of yearly income
supported by m = 10 points with lower endpoint z; = 4,515,000 XOF (9,030 nearly) and
upper endpoint x,, = 9,000,000 XOF (170,490 nearly), characterized as in Table 2.

Table 2: Underlying Probability Law.

Values T1 To T3 T4 Ts

4.515 x 10 13.485 x 10°  22.455 x 10°  31.425 x 10°  40.395 x 10°
P(X =) 0.05 0.05 0.05 0.05 0.1

Values Te T7 s To T10

49.365 x 10°  58.335 x 10°  67.305 x 10°  76.275 x 10°  85.245 x 10°
P(X = ;) 0.1 0.2 0.2 0.1 0.1

Table 3 shows the good performance of the nonparametric estimation of the Zenga
index for sample size from n = 100 to n = 1500. Such sizes are comparable with those of
sample survey from populations counted in dozen of millions.

Table 3: Mean Errors (ERM), Mean Square Errors (MSE).

’ Size ‘ 100 200 500 750 1000 1500

ERM | 3.6x1073 —5.36 x 1073 1073 —8.41x107* 456 x 107° —1.44 x 1073
MSE | 6.4 x 1072 3.35 x 1072 2.49 x 1072 2.16 x 1072 1.9 x 1072 1.64 x 1072

Figure 1 shows the pretty good asymptotic normality approximation of the centered
and normalized empirical Zenga’s estimator.
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Figure 1: Histograms, Parzen Estimators and QQ-plots for sample sizes
500, 1000 and 1500 from left to right.

3.2. Data-driven applications

We use the income Data in Senegal (2001-2002) from the database related to ANSD
(2019). The incomes are given by households. We should use an adult-equivalence scale to
consider to be able to compare households. The notion of adult-equivalence has already been
described in Lo (2016) and implemented on different sets of data, among them the data just
described above. The data are available for the whole country (Senegal) and for the 10 areas
given in the following order:
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(OA): Dakar, Diourbel, Fatik, Kaolack, Louga, Saint-Louis, Tamba, Thies, Ziguinchor,
Kolda.

Dakar is the most urbanized area of Senegal and includes the capital of the country,
also named Dakar. It concentrates almost 23.1% of the population.

The Zenga and the Gini indices have been computed for the 11 areas from the aggregate
data, and are display in Table 4. Note that these values are given in percentage (%).

Table 4: Zenga and Gini index measures for Senegal’s administrative areas (2000).
’ Index ‘ Senegal Dakar Diourbel Fatick Kaolack Louga

Zenga 80.65 93.33 81.34 92.54 81.11 84.00

Gini 75.00 80.90 75.26 80.39 75.16 16.25
’ Index ‘ Saint-Louis Tamba Thies Ziguinchor Kolda

Zenga 87.69 86.64 82.61 82.11 80.24

Gini 78.83 77.26 75.72 75.52 47.86

Through the values in this table, the 11 areas are ordered from the least inequality
index to the greatest as follows:

Ordering by Zenga’s index: Kolda (1), Senegal (2), Kaolack (3), Diourbel (4),
Ziguinchor (5), Thies (6), Louga (7), Tamba (8), Saint-Louis (9), Fatick (10), Dakar (11).

Ordering by Gini’s index: Louga (1), Kolda (2), Senegal (3), Kaolack (4),
Diourbel (5), Ziguinchor (6), Thies (7), Tamba (8), Saint-Louis (9), Fatick (10), Dakar (11).

These orderings are illustrated in Figure 2.

Figure 2: The areas are given in the horizontal line and are ordered according to
the ranking (AO) above. Blue: Zenga’s index. Red: Gini’s index.
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The most striking fact is that both indices do not order the areas in an exact similar
way. The most unfair areas (with the greatest values of the inequality index) are the same
with the same ordering, from areas 8 to 11. From areas 1 to 7, the ordering has slightly
changed but the case of Louga is remarkable. It is ranked first by Gini and seventh by Zenga.

One may think that the inequality should be greater in urban areas than in rural zones.
Indeed we see that with the areas of Thies, Saint-Louis, Dakar. But Factik and Tamba are
so urbanized areas. Investigating why the inequality indices (both Zenga and Gini) are high
should be investigated in accordance with local realities.

4. CONCLUSION

In this paper, we have considered the discrete Zenga index for which we derived the
influence function and studied the asymptotic theory. The asymptotic normality is established
through a multinomial representation. Through simulation, we confirmed the asymptotic
normality result obtained theoretically. The results are also applied to Senegalese income
data.
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A. APPENDIX — Proof of Theorem 2.1

Let us fix n > 1. We have

m—1
nj (” > 2o1<ns; ThTh
*
"j

=" 2 j+1<h<m MhTh
We define .
m—
g n;(n Zlghgj NpTh
an=2_ | =~ :
= v\ ZjJrlShSm ThTh

and for 1 < j<m—1,

h=1 h=j+1
We have
21<h< MhTh MG 2 1<h< MhTh _ T G) TUG) _ HG)
Zj+1<h§m npayp  pl) Zj+1§h§m NhTh Zj+1gh§m NhTh Zj+1gh§m npan b
_ > he1 ThNhny/Ph ) Z;zn:j-&-l 21 Nhn/Ph
\/ﬁzj-‘rlﬁhﬁm nhﬂﬁh/n \/ﬁ,u(j) (Zj—i-lShSm nhxh/n)
Then
m—1
P Y A V0!
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7=1 J
L ~—nfn 1) > he1 ThNhny/Dh H) 2oheji1 ThNhny/Ph
\/’ﬁ = n n;‘ Z]"f‘lShSm nhl‘h/n M(j) (zj-i-lﬁhﬁm nhxh/n)

-5
" P; n;j h1 WP
B 2‘171:1 "h — Z‘}jl:l Ph
(Zi:l ph) (z‘]jl:l nh)
1 i:l VPN

v ( izl ph) (Zizl nh/n) .

This leads to

m—1 m—1 j
zo =S (L) Z& 0 s VPR Nbn 1)
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j=1 2on=1 ) 2oh=y o ) H
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Finally, we have

m—1 m—1
. 1 pGy 1 npiNjn (1 H(j
Z5,(2) = pj<*—1>(i§+n2ﬁ” (*—1>8-3
j=1 Pj H =1 Pj K
m—1 1 M( ) 1 m—1 1 N( )
j J
=Ny *—1>A+ \/ijj’n<*—1>A (L2)
j=1 (pj iy st pj 9
m—1 m—1
(1/P5) 1) 1 1 H(5)
S /A —p))ul) Vi & ro ) e
= :Zj+ Rn(3)
It is clear that
Zg=1- 7%

We finally get

\/’E(Z;m - Zé) = \/ﬁRn(l) + \/ﬁRn(2) + \/ﬁRn(s)

By using the convergence (strong and weak) on binomial probabilities, we get

Zj+1§h§m nhl'h/n 'u(j) (Ej—i—lghgm nhxh/n>

ViR, (1,1) = mi”a(ﬂ _ 1) (Zil(ﬂchm)Nh,n 1) Z%H(th)zvh,n)

m—1 /05 (X0 (wnyDR)Zn () Sonsar (Th/PR) Zn
=Y 1/ *))( ! e _ (Ju(j))2 . (A1)

Next
VnR,(1,2) = — ' Zi:l \/IThNhn
(Zizl Ph) (Zizl nh/n>
—P —W (A2)
Finally,
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By combining Developments (A1), (A2) and (A3), we get

Vi Zi, — Z3) fz_lp- (1/p}) (ks (@nyBn)Zn 1) iy (ny/Pr) Zn
" =/ =) pt) (u)?
DY BN (1/P})n)

+ P " -
(p})? = ﬁ /(1 =p3)p)

Zj
m—1

= | Y (vaDi1, 2) + (vj2 D2, Z) + {(05) B, Z) | +(C, 2).
j=1

We conclude that
Vn(Zy, —Zy) —p H'Z. O
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B. APPENDIX — Proof of Theorem 2.2

Let us write, for s € R,

_ [ t1).4(t)dPx (t)
J 10,6 (t)dPx (1)

Rl(S) = Rl (S,Px)

and
f tl]s,—l—oo[(t)dPX (t)
[1s, +oo[dPx (t)

RQ(S) = RQ(S,IPX) =

We have
Ry (s)
Zd(]Px) Zq / RQ(S) X(S) V(S)
By using Formula (1.1), we have
(©)
Py —P
M = —dPyx + dé,.

£

For short, we write

Ri(s,Px) = Ri(s) and R(s,PY) = Ry(s,e),i € {1,2}.

We have

Zy(PY)) — Za(Px) = —(1 —8)/IPX(s)Rl(S’E)dz/—5/5$(3)R1(575)dy

Ra(s,e) Ra(s,e)
+/PX(S)g;Ez;dV
B Ri(s,e)  Ri(s)
= —/PX(S) RQ(sjz’f) — RQ(S) dv
Ri(s,e) Ri(s,e)

+ 6/]P’X(s) RQ(S,E)dV —€ 61(5)]%2(5,5) dv.

Let us apply the definition of the IF as in Formula (1.2). Since IP’E? —Px ase —0
(the convergence being meant as a convergence in law), we have no problem to see that

- Za®Y) - Za(Px) Ri(s) Ri(s)
ili% X - = /PX(S)RQ(S)dV_/éx(S)RQ(S

)
C1(Ri(s,e) Ru(s)
(B.1) - /PX(S) ili%e(Rg(s,e) B R2(5)>d”'

dv




Asymptotic normality and influence function of Zenga’s discrete index 203

So we have to find the influence function of R;(s)/Ra(s). By formally representing the
differentiation of a functional T'(Px) by
oT (Px)
N 7
we have that the influence function of R;(s)/Ra(s) is given by

Ro(s)22ls) _ R, (5)2822)
Ry(s)? '

TF(Ra(s)/Ra(s),x) =

_ St (®) dPx(t) e [t g (t)dPx (1)
[ 0.6 (1) (t) [ 1j0.4(0) (a)( )
Lol tl]o,s] Bdo,(t) [ tho.q(t)dPx(?)
J10q®dP2 ) S Lps (B)dPx(2)
_ Jthoe,(0d <P< (1) — Px(1))
S 1o.9(O)aP (1)

J 0B (1) ~ Px(1)) "
— 5 (D) dPx (1).
(f Lig,4 (1) Pﬁi)(t)) J 10,4 (t)dPx (¢ ))/ o :
We get
lim Ry(s,e) — Ri(s) fﬂ]os )d(=Px(t) + 62)
e—0 € J Ljo,5 (8)dPx (t)
fl]Os d( PX() ) 1 NP (t
o [ toaoaex (o
_ (f tl]o s] dP)(( )) +$1}07S](LE)
fl]Os dPX )
— ([ 10,9 (t)dPx (1)) +1}051(1’) e (P (¢
om0 JETROL NG
and so

By treating Ra(s) in the same manner, we have (we should not forget that we differen-
tiate in the probability)

OR1(s) _ wlpg(x)  Ri(s)

™ T F(s)  F(s) @)
ORy(s) _ 2115 yoo) (2) _ Ro(s) 1 (2).
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By replacing this limit with its expression in Equation (B.1) we get

- Za(BY)) — Za(Py) _ Ris) [ oBals)
tm c - /PX(S)Rz(s)dV /59”( ) Ro(s)
Ri(s) 1
+/]P’X(S) <R2(s)2(11 — F(S))1]3,+oo] (z) — ml]o,s] (x))de
Rl(S) Rl(s)
+/PX(8)<]“32(<9)W1]O’S](x) O _F(S))l]s,—i-oo](x))dy'
From this, the proof is concluded. O
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1. INTRODUCTION

The most well known continuous Markov stochastic process {X (¢);¢ € [0,00)} is the
Brownian motion due to the name of the Scottish botanist Robert Brown (1773-1858), who
in 1827 observed the phenomenon: minute particles, who were executing a continuous jittery
and erratic motion. As Brownian motion was studied by Norbert Wiener (1894-1964) it is also
known as Wiener Process. The basic framework is that for the stochastic process, as above,
X (t) is considered the = component of a particle, always as a function of time. Let at the time
to, X (tg) = xo and let the conditional probability density of X (¢ + to) given X (t9) = o to be
p(z, t|xg). In principle we postulate the probability law governing the tradition, is stationary
in time and therefore p(z, t|xo) does not depend on ty. Therefore the density function p(z, t|z)
we stipulate that for “small ¢” X (¢t + to) ~ X (to) i.e. we assume lim;_, p(z, t|xg) = 0, see for
details (Levy, 1948; Feller, 1950; Papoulis, 1981). The Brownian motion can be applied to
continuous time optimization in Economics, see Ross (1970) among others.

Since Albert Einstein (1879-1955) explained the behavior of the stochastic process
physically, Einstein (1905), and he proved that eventually holds

o _ po
ot 0x%’
with D = 2RT/N f the so called diffusion coefficient with R being the gas constant, T the
temperature, N the Avogadro number and f the coefficient of friction, the diffusion equation

(1.1)

(1.1) attracted a special interest. We mention that Schrodinger (1915) also investigated the
Brownian Motion and worked with the Normal Inverse Gaussian (NIG), see Lahcene (2019).
From an Analysis point of view is considered as a partial differential equation, Wazwaz
(2002), among others, from physical point of view, known as Heat Equation (HE)-modeling
the proportion of the amount of heat divided by the “amount” (precisely the mass) of the
material, with a proportionality factor, which under a proper scale can be D =1/2 i.e. (1.1)
is reduced to
0?p dp

1.2 — =2
(1.2) 0x2 ot

Eventually Probability theory is also involved as we can easily verify that the unique
solution of (1.2), under the boundary conditions

(a) lim; 0 p(l’,ﬂ.’lfo) =0, z 7£ Zo;
(b) p(x,t|zg) is a density function in x thus
p(x,tlxg) > 0 and ffooop(x,ﬂa:o)da: =1;

(1.3) p(x, tlxg) = \/21H exp{—;t(x — xO)Q},

i.e. if, without loss of generality, we assume that xo = 0, p(x,t|xg) coincides with the (distri-
bution function of the) standard Normal distribution

2
(1.4) o(z) = ;’R’t exp{—; <\:;1?> } = ¢(x;0,1).
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The target of this paper is to work with a general form of (1.4) introducing an extra
parameter, 7 say, and form ¢ (z;0,t) which is discussed in Section 3, and evaluate a constant
term K = K(x,t;) so that (1.2) to be generalized as:

62¢7 = K%

0z ot

Relation (1.5) is the introduced Generalized Heat Equation (GHE). This is discussed in
Section 4. We shall prove that for v = 2, relation (1.2) is obtained. Section 2 is devoted to

(1.5)

explain the line of thought of the introduction of the extra parameter + as a background to
Section 3 where the y-order Normal distribution is introduced.

2. BACKGROUND

The fact that we are facing the Heat Equation from a statistical point of view, provides
evidence that no Physics is involved in this paper, but certainly an appropriate background
from the Analysis point of view has been adopted to discuss the problem. Moreover it
is emphasized that both in Physics and Analysis there is a strong theoretical insight with
different approaches facing the Thermal or Heat equations. The pioneering work of Feller
(1950) and Lévy (1948) covers the theoretical statistical background. Somebody might think
that these are “old references”, but they are the pioneering work in the field, the “back-bone”
of the probability line of thought for the subject. We are referring to such pioneer work in
this paper, as actually there are not that many from a Probability point of view. Moreover,
we worked with the statistical oriented papers adopting an Analysis approach.

We shall use throughout this paper the statistical notation for example we let p to
be the number of the involved parameters, and not n as n is the sample size in Statistics.
We avoid to adopt a as a is the significance level. We are adopting v instead, as the extra
parameter of the v-order Normal, see Section 3. Recall that in all entropy type research
problems, as well, the three lines of thought: Statistics, Physics, Analysis are also met. Both
Poincaré (Beckner, 1989) and Logarithm Sobolev inequalities (Carlen, 1991) are involved in
such problems, where the energy Ener,(f) of a local integrable function f with f € L?(R", u)
can be defined as:

(2.1) Ener,(f) .= E[|Vf|],

with V f the gradient of f and E the expectation of measure u, i.e. E(f) = fR fdu, see for
details Kitsos and Toulias (2010).

Let X be a random variable with probability density function (pdf) f on RP. Recall
that, in principle, a function f:RP +— R is said to be in a Sobolev space W7 (RP), v > 1,
(Brezis, 1983; Takasi and Takashi, 2011), if:

(i) feL7(RP);
(i) its gradient Vf € L7(RP).

For f1/2 € W12(RP), Fisher’s entropy type information of f,.J(X) say, is defined:

J(X) =4 /R VTP,
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see Carlen (1991). It is easy to see that:
J(X) = / |V log f|?dz = / IVf1Pf d
RP RP
(2.2) = /R (V)(Vlog f)dz.
p

Considering (2.2), recall that the Shannon entropy is defined as:
(2.3) H(X)=- flog fdx,
RP

while considering the family of densities of X parameterized by 6 € ©, with © be a (compact,
when limiting results are requested) subset of R, the Fisher’s (parametric) information matrix
is:

(2.4) 1(0) := Iy(0) := Eg|Vglog fo(x)|?.

The Vajda (parametric) information measure, Vajda (1973), is defined as an extension
of (2.4)

(2.5) 1,(0) == Eg|Vglog fo(X)[",7 > 1.

Comparing I>(#) and the general I,(0), see (2.4) and (2.5), it is easy for somebody to think
to obtain, based on J = J2(X) in (2.2), a general form, J,(X) say. Such a procedure was
also considered in the sense that Rényi’s entropy, Rényi (1961), generalized Kullback-Leibler
information, Kullback and Leibler (1951). For a recent study on Rényi’s divergence measure
see Jose and Abdul Sathar (2022).

Under this line of thought Kitsos and Tavoularis (2009) worked and generalized J(X)
to J,(X), as well as Shannon exponential entropy N, (X) through Shannon entropy H(X),
see (2.3). Indeed:

It is easy to consider that the entropy-type Fisher’s information measure, see (2.2) can
be extended to:

1) = [ 9 og fPda

(2.6) - /IR A,

with v > 1 and f the pdf of a random variable X with /7 € W17 (RP). For v = 2 we can
verify that:

(2.7) Jo(X) = J(X).

Moreover Shannon’s exponentially entropy, N(X), can be extended and defined as:

(2.8) N, (X) = const(v,p) exp{;H(X)}.

It is crucial that due to the generalized form of the entropy power, an extension of the Cramer-
Rao inequality can be obtained, relating J,(X) and N, (X). This has been also obtained from
the Heisenberg uncertainty inequality, see Beckner (1995). Indeed the following theorem
holds, Kitsos and Tavoularis (2009).
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Theorem 2.1. It holds for the introduced entropy-type measures in (2.6) and (2.8)
that J,(X)N,(X) > p.

Due to Theorem 2.1, the well-known Cramer-Rao inequality is obtained, when v = 2,
while an example for the exponential family is discussed in Kitsos and Tavoularis (2009).

It has been pointed out, Beckner (1989), that the Logarithm Sobolev Inequality (LSI)
can be also interpreted as sharpening the uncertainty principle, related through Theorem 1
to J,(X) and N,(X). That is why LSI was adopted and a new distribution (3.2) emerged,
as it is discussed in Section 3.

3. THE +~-ORDER NORMAL DISTRIBUTION

Due to the discussion in Section 2 we consider the del Pino et al. (2004) extension of
the del Pino and Dolbeault (2003) work for g € W17(RP) and 1 < vy < p with g, = 1 of the
form:

(3.1) / |gmog|g|sp210g(c7 / |v9|7dx>,
RP v Rp

where the optimal constant ¢, = ¢(y,p) equals:

(=T e TG v
) =2 (1) (FW?H)) 5 eR\[D,1].

For the del Pino and Dolbeault (2003) LSI, externals are precisely Gaussians, Carlen (1991),
while for del Pino et al. (2004) as it was pointed out by Kitsos and Tavoularis (2009) and
presented by Kitsos and Toulias (2010), Toulias and Kitsos (2014) it is:

(3.2) 6 () = b (1, 5) = elp, 7)[dets] /2 exp{—”;lcﬁfl(x)},

: 1\ (41
with 2 € B”, Q(2) = ((z — ). 57 @ — )}, elpy) =75 (1) T i v € RV
v

and (a,b) = ab' the inner product in R", for a,b € R™.

Notice that with 4 = 2 we obtain the classical multivariate Normal, while with 3 = Io2,
I = diag{1} € RP*P and p = 1 we obtain the standard Normal distribution ¢(z) with pu = 0:

1 1/2

¢2(x;0,1) = FE? i 1) (1/2) exp{—;gﬂ}
2
1

I(3+1) V7
(3.3) _mexp{—;ﬁ}_qj(x).

The introduced y-order Normal distribution N (u, ¥; ) is a Kotz-type distribution, as it

was pointed out by Kitsos and Tavoularis (2009). In principle, heavy-tailed distributions are
those probability distributions whose tails are not exponentially bounded, they have “heavier”
tails than we usually assume, practically more that 0.05 as the standard Normal. The Normal
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Inverse Gaussian NIG(-) is a very nice attempt to take into consideration the tails of the
distribution and tries to cover the “fat tails” problem, which appears mainly in Finance
studies, see Atkinson (1982), Barndorff-Nielsen (1997), Eberlein and Keller (1995), Rydberg
(1997). As far as Environmental Economics concerned, for the uncertainty see Halkos and
Kitsos (2018) where (3.2) was used. Notice that the Brownian motion will be normally
distributed at all points in time, while a Lévy process, which is Generalized Hyperbolic
(GH) distribution, can be GH at one point and might fail to be GH at another point in
time, Podgorski and Wallin (2015). Both the GH and the y-order GN are closed to affine
transformations, while the Generalized Laplace (GL) and the NIG obey to the “closed under
convolution” principle.

Although the existent background of the y-order GN, GN ~ N(u,0%I;7) depends on

LSI, from which it “emerged” then the extra shape parameter v provides an easy generalization
=1

-1
of the multivariate Normal. The involved “international constant” (7 i , Takasi and

Takashi (2011), plays an important role in our development and is very essential that it comes
through LSI. When v »— 1 the Uniform distribution is obtained and when v »— oo the Laplace
distribution is obtained. Therefore we believe that v-GN covers more prons than cons and
this distribution outperforms comparing the other two. Moreover, it is a generalization of the
distribution directly connected to the Heat Equation. It is rather helpful to obtain results, for
Fisher’s entropy type information. So there is a well working set of applications based on -
GN and everything is reduced to the classical Normal when v = 2. It is true that from NIG we
can also reach Normal distribution but the NIG depends on four parameters, NIG(T, «, 6, i),
where the parameters are 7 : for tail heaviness, o : asymmetry, § : scale parameter, u : location
parameter. So there are 4 parameters involved and a rather complicated probability density
function (pdf) based on modified Bessel function, of second kind. So it is rather difficult to
be completely clear to those who are not mathematicians. Notice that the NIG belongs to
the GH type distribution, while the 7-GN is a Kotz type distribution. The log-Normal (LN)
it seems easier to be handled, but there is no shape parameter — actually the shape changes
due to the fact that the logarithm is applied.

The introduced ~-ordered generalized Normal offers the possibility to approximate
l‘ [—

heavy-tailed distributions. The cumulative distribution function ®,(z), for z = 7”, for
o

the ¢ (z; 1,0?) as in (3.2) has been obtained due to the following Theorem, see Toulias and
Kitsos (2014).

Theorem 3.1. Let X be a random variable from the univariate N, (u,0?) with pdf

1
¢~ (x5 1, 02) and F, the cdf. Let ®., be the cdf of the standardized z = g(x —p) ~ N,(0,1).
Then:

1 Vi
(34) () = 5 + s rE T A e

with Erf being the usual error function and

v 1 Y
Yo=—"H M= _—7> ’Y2:’7307 = ’ z €R.
v v—1 o

Based on (3.4) a number of calculations have been proceeded and a part is presented
here for different v and p values, see Table 1. For a graph of a Bivariate 10-order generalized
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Normal N (0, 1;10) see Kitsos and Toulias (2010) or Kitsos and Toulias (2010), while for the
Kullback-LeibLer (K-L) information of two p-variate density functions from N, (u1,Io?) and
N, (u2, I?) see Kitsos and Toulias (2012).

Table 1: Probability mass P(|| X|| < 1), where X ~ N(0,021,;7), for various p and 7.
* Uniform, ** Normal, *** Laplace.

5 p
1 2 3
-2 0.6084 0.8100 0.8995
-1 0.5940 0.7737 0.8603
1* 1.0000 1.0000 1.000
2" 0.6827 0.9545 0.9973
5 0.6470 0.8953 0.9724
10 0.6390 0.8792 0.9614
+o0™** 0.6320 0.8666 0.9510

Considering (3.2), the (elliptical contoured) y-order Normal is reduced to a spherical
contoured when > = azlp, while when only one variable is involved and g = 0 then:

(3.5) ¢ (7;0,0?) = m;;U exp{—;<§>2}.

The distribution described in (3.5), N,(0,0?) say, is fundamental for generalizing the Heat

Equation as in (1.2). We introduce and prove the problem in the next section.

4. GENERALIZING THE HEAT EQUATION

Consider a Brownian motion {X (¢);¢ > 0} and assume that every increment is y-order
Normal distribution with mean 0 and variance o2t, o is fixed, i.e. the definition of the Brow-
nian motion is valid under the y-order Normal distribution.

As usually X(0) =0 and X (¢) is continuous at t = 0. We can assume without loss of
generality that o = 1, or that the Brownian motion is standard, i.e. N,(0,t) is considered.
That is, as we are working under N, (0,t), considering (3.5) with o = v/¢ the corresponding
~v-order generalizing distribution function is:

(1) brfwi0.) = {0 2) "}

with
I'(3+1)
T+ 1) %

-1 -1\
70=L>0, ’leiv Y2 = <7> =78°'
Y y-1

A:
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Lemma 4.1. Let ¢, = ¢,(x;0,t) as in (4.1). Then it holds:

0

where A(x;t,) is a well defined function.

(4.2)

Proof of Lemma 4.1: From (4.1) differentiate with respect to t to get:

2 2 e () V4 2ot o () 1)

We let:

"
(4.3) Q(:”’t):_%(;i) '
Then:

a;? N \/Airt_g/2 exp{Q(x, 1)}
o (e 0) - o
- \/);Tt exp{Q(z,t)} (;t—l + %x%t— 71;2)

(4.4) = &y (250, 8) A28, 7). :

Lemma 4.2. Let ¢, = ¢,(x;0,t) as in (4.1). Then the following are true:

99
5 = 0y(2:0,6) By (34, 7).
%9
3 = 63(1:0,1) Ba(wit, ),

with By(x;t,7), Ba(z;t,v) well defined functions.

Proof of Lemma 4.2: Recall (4.3) and that vyy; = 1. Differentiating with respect to
T it is
0~ A ;
— = —eXx z,t) by
or = U p{Q(z,1)}

A /
— = exp{Qle )} 1)
= dw(:v;O,t)(—vwlt‘%“m”‘l)
— ¢7(x;0,t) (_t_%71x71—1>
(45) = ¢’Y(x;07t)Bl(x;t77)'
Thus, from (4.5) we get:

¢,
0x2

= ¢L(2;0,8) Bi(z;t,7) + ¢y (;0,8) By (;1,7)

1
= 0 @00 B (wi1,7) + 6 a:0,0) (oL 2)
Y-

(4.6) = ¢y (;0,t)Ba(x;t, 7). 0
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Therefore we can state and prove the following Theorem, generalizing the Heat Equation
(1.2) as in (4.4).

Theorem 4.1. There exists a well defined function K = K (x;t,7) such that

0%¢ 9¢
4.7 =K.
(47) D2 ot
Proof of Theorem 4.1: From (4.4) it is, as 71 = %,
1 1 o 8v-1
(4.8) Alit,y) = -5t + 5gmll/w&—w.
From (4.5) and (4.6) respectively we get
(4.9) Bi(z;t,y) = -t Q(WW—I)xﬁ,
1y 1 2—y
(4.10) Bo(x;t,y) = Bi(z;t,y) + <—t 3701 1azvq>
N -
. 1\2 1y 1 2=y
= <_t 2(7—1)37771) + (—t 2v-1 xvl>
vy—1
(4.11) i R
"y J—
Therefore:
82¢7 _x 2 1 -1 2—
922 t -ttt — =t 2o-lpo-t
(4.12) 8x = T = K(z;t,7) = K,
9¢y 1 1 n x-1
N ZANE =
2
0 ¢y = K% and K is well defined as in (4.12). O
Oz ot

Corollary 4.1. With v =2 the classical homogeneous Heat Equation is true, i.e.
(1.2) holds.

Proof of Corollary 4.1: From (4.12) with v = 2 we obtain
2?1
2t
4.13 K(x;t,2) = ——5— = 2. O
(4.13) S
2 t 2
We can arrive at the same result through ¢o(z;0,t), verifying relation (1.2). Indeed:

2
00> _ ;%(33;0775)(—1 +2 >7

ot t 2
a¢2 T
5 = =00 (=3),
%o 2 1 Do
T ¢2(x’0’t)<t? - t) =2
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Corollary 4.2. Witht =1 it holds
0 1
(4.14) % = ¢, (x) (—:mil )
Proof of Corollary 4.2: From (4.5) and (4.9)
99
87; = ¢'Y(xa Oa 1)B1(l‘, 1> ’7)
1
= 6,(2:0,1) (=27 7).
Corollary 4.3. From (4.14) with v = 2 the well known relation
(4.15) $o(7) = —xda(2)
holds.

Christos P. Kitsos

Consider the Generalized Heat Equation (GHE) as in (4.7). In Table 2 and Figures 1
and 2 we present, for given values of v, the corresponding y-order GN, ¢, (x;0,t) as in (4.1),
with the value of A as in (4.1). The calculations were performed through MATLAB and the

corresponding K = K., = K(x;t,7) is also evaluated and presented.

Table 2: Evaluating ¢,(z;0,t) as (4.1) with A = 15(%;11)) and K, for given values of +,
see (4.1) and (4.7) the GHE.
’ vy ‘ (oM ‘ Ky ‘
1,3/2 2 )2
| L eale 3} ot *0'5(W) xt
1.5 mexp{ 03(7) t3/2<_2(%) N (%)4>
_ 132 _g5(=) " gt
1.9 ﬁexp{—0.4736842105(%)2 1} o (21.1<%>0(,i)(;)2,2>
2 \/%exp{—()ﬁ(%)z} P
e L )09
| NN 1‘9} 12— 05( %) at
2.1 it exp{ 0 5(\/?) £3/2 (09(%) —0.09 (%)1.81)
. 132 _o5(=) " ut
2.5 = exp{f() 6(%)1 6} o <0%66(\%) ng_) (;)1.33>
32 —xt, [ =
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Figure 1: Plots of ¢, (x;0,1) for values of v close to 2. Namely v = 1.9,2 and 2.1.

Figure 2: Plots of ¢ (x;0, 1) for values of 7. Namely v = 1.5,2.1 and 3.

Therefore not only a general form of the Heat Equation was provided due to Theorem
4.1, but also minor results can be generalized due to the y-order Normal. Notice that when
t =1 (equivalently o = 1) the values of ¢, and K., are simplified.

It is clear that for values of v =1.9,2,2.1 i.e close to 2, the corresponding graphs are
close to the usual Normal, see Figure 1, but for values of v = 1.5,2.1, 3 i.e the corresponding
graphs provide evidence for their “fat tails”, see Figure 2.
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5. DISCUSSION

From a statistical point of view the Heat Equation has faced little attention. Most of
the work is referring to the Brownian motion process as one of the two Lévy processes — the
other one is the Poisson process. In Medical Physics, in their recent paper, Mashekova et al.
(2022), working on breast cancer and the involved mathematical equations, came across the
Heat Equation, due to the fact that the thermal diffusivity, («) in their notation, the time ¢
and the penetration depth (4) linked, in their notation, as § = 3.65v/at satisfy the transient
conduction equation for the temperature 7' = T'(x,t) in one dimension

FT(x,t) 19T (x,t)
o2 a ot

For a given value of the thermal diffusivity and the depth of tumor the cold stress time is
evaluated. They also provided a review of the mathematical models concerning the subject.
That is, the Heat Equation participated in problems facing the underground application
rather through Mathematics, than Statistics, as the Gaussian is rather more familiar that
any other distribution. But the Statistical background is solid and we only try to offer a more
general Gaussian to face applications with “fat tails”, and still obey to the GHE, as in (4.6).

From a physical point of view the appropriate name of the Heat Equation is diffusion
equation with a source term. From an Analysis point of view the Heat Equation is known as a
parabolic differential equation: briefly it describes the distribution of the heat flow (into/out)
of a material in a given space over time. The proportional factor is the specific heat capacity
of the material. The Heat Equation is a typical example of a continuity equation and it was
related to the Gaussian. Schrédinger (1915) was investigating the Brownian motion and he
came across, as we already mentioned, to the Normal Inverse Gaussian (NIG), see Seshadri
(1997), Lahcene (2019). The Brownian movement provides food for thought to continuous
optimization models in Economics, Ross (1970) among others. Let F.,(x) to be the cdf of
the rv X ~ N(0,1;~). For given different shape values for ~, the corresponding probability
values have been evaluated, see also Halkos and Kitsos (2018), in Table 3.

Table 3: Values of cdf of y-order generalized Normal with p =0, 0 = 1.

GN(0,1;7)
v
(-3 | F@©
2 0.0013 0.9772
3 0.0071 0.9598
10 0.0193 0.9396
—1/10 0.1656 0.8111

Let Fyig(z) to be the cdf of a rv X ~ NIG(7,a,0, ) = NIG(7,0,1,0). For given
values of tail heaviness taken from Table 3 and keeping asymmetry parameter as well as
location parameter equal to zero, while the scale parameter is one, we present in Table 4 the
values of the cdf Fyjg(z), with x = —3,2 as for the N(0, 1;7).
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Table 4: Values of cdf of NIG(T,0, 1,0) for different values
of heavy tailness parameter 7.

NIG(r,0,1,0)
-
Fnra(—3) ‘ Fnra(2)
0.0014 0.1018 0.9718
0.0193 0.0953 0.9701

Although the NIG(-) did not appear to our procedure, still it is clear that it provides
“heavy tails” and this is evidence that the shape parameter v in N (0, 1;v) “adjusts” the value
of tail as well as shape.

Now, with the y-order Normal, we described a general family of distributions with a
particular extra shape parameter . The shape parameter can describe “fat tails distributions”,
“close” to what is known as Gaussian or Normal, see Table 2. Consider that with o = vt = 1
the values of ¢(0,1;v) = ¢, and K, = K(x,1;v) are simplified. In limited cases, as v — 1
the Uniform distribution can be obtained or the Laplace, when v — oo, Toulias and Kitsos
(2014). Notice that the “international constant” ] plays an important role to the described
formulation. That certainly needs more investigation as the statistical generalization might
offer chance for food of thought under Mathematical or Physical considerations. Moreover the
generalization of the Normal provide generalized entropy type information measures, Kitsos
and Toulias (2012) and possible engineering implementations, Papoulis (1981). Therefore we
open a subject which can offer a number of different lines of thought to work in future. We
shall try to continue the statistical line of generalization we are creating.
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1. INTRODUCTION

The product of random stochastic matrices is one of the concepts that has attracted
the attention of many mathematicians (Touri, 2012). The behavior of this concept in science
and engineering has been investigated under some specific assumptions. The studies and
applications of this concept are closely related to the studies of averaging dynamics. Let us
note that some applications are presented by Touri (2012).

Here, we consider the independent random matrices each of which has independent
rows and are identically distributed with the Dirichlet distribution, and investigate some
distributional and statistical properties of the product of those random matrices. For this
purpose, we have addressed the mixture random variables and followed their traces in applied
fields. Here we list some important applications:

Cauchy Composition Test. Let p; be the individual p-value for ¢ =1,2,....d.
We define the Cauchy combination test statistic as

d

(1.1) T =) witan{(0.5—p;)r},

i=1
where the weights w;’s are nonnegative and Zle w; = 1. Given that p; is uniformly dis-
tributed between 0 and 1 under the null, the component tan{(0.5 — p;)7} follows a standard
Cauchy distribution. To overcome these challenges, Liu and Xie (2020) propose a new test
that takes advantage of the Cauchy distribution. Their test statistic has a simple form and
is defined as a weighted sum of Cauchy transformation of individual p-values. We emphasize
that some of the results have been examined in a state where W; are random variables. Here,
we define this statistic as a vector and obtain the properties of the statistic under some spe-
cific assumptions. Of course, some of the results obtained in our study indicate that these
properties also apply to other distributions in addition to the Cauchy distribution. For the
notation and discussions we refer the reader to Liu and Xie (2020).

Real Lifetime. Suppose that X, ..., X, are random variables, and the coefficient
of the impact of environment on lifetime, Y7,...,Y,, are independent random variables with
Gamma distribution that indicate the lifetime in the laboratory conditions. The following
random variable is called real lifetime: T'=>". , ¥;X;. In this paper, the random variable
T presented in the research by Homei and Nadarajah (2018) has been generalized to vector
random variables. In this paper, some results and characterizations have been studied in
vector random variables for T'; we also answer some questions asked there (in particular,
we have generalized Homei and Nadarajah (2018, Theorem 2.2) to the multivariate case in
Theorem 3.4 below).

Solving Some Differential Equations. Using the properties of the Beta distribu-
tion, Homei (2021) and Hadad et al. (2021) solved some differential equations. Indeed, the
given equations may be solved by very long calculations. Let us recall that Theorem 1 of
Homei (2015) identifies the distribution of (the 1-dimensional) Z from the distributions of
X,’s by means of the following differential equation:
()t
(n* — 1)ldzn"—1 5(Fz,2) H (m; — 1)l dzmi—1

ml—l dmz—l

(1.2) S(Fx;,2),
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where Fz denote the cumulative distribution function of a random variable Y and S(Fyz, 2)
is Stieltjes transform defined by

(1.3) S(H,z) = /

Here, suppH is the support of H; see Homei (2015).

H(dz), ze€ Cn (suppH)°.

zZ—XT

Random Convex Combination. A stochastic linear combination
(1.4) Ol-Zl+OQ'Z2+"‘+ém-Zm
of random variables Z1, ..., Z,, where C’i, 1 <7 < m, are random variables such that

(i) C;>0,1<i<m, and

i) S, 6 =1,a.s.,

is called a random convex combination of the random variables 7y, ..., Z,, (for more details
see Homei, 2015).

Of course, another form of real lifetime is provided by Homei (2015), which is not far
from the statistic defined by Liu and Xie (2020). Let Z;,i = 1, ..., n, be the lifetime measured
in a laboratory and 0 < C; < 1 be the random effect of the environment on it, so C;Z; < Z;
and thus > | C;Z; is the average lifetime in the environment, see Homei (2021), Homei and

Y;
Nadarajah (2018). If Y; is the real lifetime in the i-th area, C; = Z”izy is the random
i=1 1

effect ratio in the i-th area. Therefore, it is clear that a good choice for the distribution of
C = (C},...,Cy) can be Dirichlet distribution. It is important that the product of random
stochastic matrices connect us directly to stochastic linear combination.

The structure of the paper is as follows: the next subsection gives the motivation of
the research in this paper, and lists some innovations. In Section 2, the mean, variance and
moments of the randomly weighted averages on random vectors with Dirichlet distributions
are obtained. In Section 3, a new method for calculating the distribution of randomly weighted
averages are presented, and the distribution of this random vector is calculated under some
specific assumptions. In Section 4 using simulation we suggest an approximation for the
distribution of randomly weighted averages.

1.1. Motivation and Innovation

For obtaining the distribution of the randomly weighted averages, one suggested method
is using Stieltjes transforms, which is a very complex strategy. In this paper, a novel method
for obtaining those distributions in the multivariate case is presented. For evaluating this new
method we have reproved Theorem 3.4, for which we have also proved some new auxiliary
theorems. In spite of the fact that some special cases of those auxiliary results are well known
theorems, but these results in the general form that are presented here seem to be new, with
much simpler and more elementary proofs. For keeping the copyright of the results, some
preliminary versions had been put on the arXiv (Homei, 2016), and re-emphasized in Homei
and Nadarajah (2018) that we would generalize the earlier results in the future. At the end
we also presented some of them in a national conference (Homei, 2017b).
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1.1.1. Some History and Earlier Results

Two ideas of Soltani and Roozegar (2020), i.e., (i) defining the random coefficients, and
(ii) using Stieltjes transformations for obtaining the distribution of the randomly weighted
averages, have been taken from Soltani and Homei (2009). In fact, the class of randomly
weighted averages defined in those two papers are much more restricted in comparison to
the ones defined in this paper, since their defined coefficients have Dirichlet distributions
with limited parameters (which are positive integer numbers). But in this paper, the random
vectors are taken to have Dirichlet distributions without any limitations on their parameters;
notice that the assumption ), ;=1 in Soltani and Roozegar (2020, Theorem 3.1) shows
that the results of Soltani and Roozegar (2020) (both Theorems 2 and 5) are weaker than
ours here.

To make a long story short, the main result of Soltani and Roozegar (2020), which is
their Theorem 2.1, is not useful for a large part of the class of randomly weighted averages
defined in the present paper; and their Theorem 3.1 is a very special case of our Theorem 3.4
below, which was published before in Homei (2016). Therefore, our method is much stronger,
and even more elementary at the same time; indeed, Theorem 2.1 in Soltani and Rooze-
gar (2020) should be improved for being usable in our class of randomly weighted averages.
A complete and general proof for that theorem is in the possession of the first author, and
is planned for a publication in future. For further references, we invite the readers to con-
sult Homei (2017a) and Pitman (2018, p.57).

2. PRODUCT MOMENTS OF RANDOM CONVEX COMBINATION

The concept of product of random stochastic matrices motivated us to discuss the dis-
tributional properties of random convex combinations. These properties include the product
moments, and the mean and the variance of components. Throughout the paper, (W7, ..., W,.)
is called random coefficient vector of environmental effect in r-position. As mentioned in the
introduction, the rows are independent and have Dirichlet distribution in random stochastic
matrices.

Theorem 2.1. Suppose that the independent random vectors Xj, ..., X,. have identical
distributions with mean p and variance S and that the random vector W = (W1, ...,W,) is
independent from Xj, ..., X, such that Z§:1 W; =1, a.s. Then the mean and the variance
of Z =737, W;X; are

-
E(Z)=p and Var(Z)=)» EW?S,
j=1
where S is variance-covariance matrix.

Proof: By using the double conditional expectation and the conditional variance, the
result is proved. O
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The following theorem results in product moments of random convex combination when
we consider the random vectors by Dirichlet distribution.

Theorem 2.2. Suppose that the independent random vectors Xy, ..., X, have, respec-
tively,
Dirichlet(nq1, ..., n1k), ..., Dirichlet(n,1, ..., ny)

distributions and that the random vector W = (W1, ...,W,) is independent from Xj,..., X,
and has Dirichlet(ay, ..., a;-) distribution.

Then the product moments in (81, ...,8x) of Z = Z;Zl W;X; are
B(LY L L) =
B ) = z(n(hm,...h )
k
F(Oéi +h F nz] +h1]
8 H I'ay) n,+h HH (n; )

i=1 i=1j=1 i)

) T . T R
where L;’s are components of vector Z, Y | hi=h and )| _; a; = c.

Proof: We find the general moments (s, s, ..., si) of Z as follows:

E(L L L3¥) = (H(ZWXJ) )

7j=1
k r
.
=F J > X VI/ZXZ hij))a
(I Gy ,) <TI0

where the expression ) h; denotes the summation over all the nonnegative integers h; =
(h1j, haj, ..., hyj) subject to

Zhij:sj’ (j:1,2,...,k').
=1

This can be rearranged as

T

0% z(n (o JTITTOVX, ) ) =

hi  ha hi j=1i=1

r kK r

H(EE- Z(H( Y ) 1D T ) )
h1  he hi hlj h2]7m j=1li=1
where h; = Z§:1 hi; and we have this equal to
k s k r L
v S (I, 0, e (T )e(TT ) )
b he \j=1 NU13o 10250 J=1i=1
now we find two expectations in equation (2.1):

- hii |\ _ F(Zz 1 al az + h
E<HIW >_F(Z€ (o + hi) H

=1
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By using the Dirichlet distribution, we have

a =T oy + hy,
(22) (HWh> a(ﬁh)le e

Also, we have

(i) - fe(ie) - At 1)

j=1i=1 j=1

Now we have Z?Zl nij = n;, and Z§:1 hij = h;., so the above is equal to

r k

(2.3) H( m+h <11 ”w;’“ﬂ)

=1 7j=1

and by using the Dirichlet distribution we have

E(ﬁ X.h?’j> R0 af’) ﬁ I + hiy)
BV O DA LY ) Bl B N (2000

So, by using (2.2) and (2.3) in (2.1) the above is equal to

s T(a) 14 T(ai+h)r D) 1y Dng + hi)
Z”'Z<H <h1j,h-...,hrj>F(oz+h)il_Il () ile(ni,Jrhi,)H T(ny) )

ha hi \j=1 Jj=1
r r k
F(a + h) I e i1 hlja . hrj Py F(Ozz) F(TLZ + hl) Pl F(TLU)
Therefore the proof of the product moments on (s1, ..., sg) is complete. O

The moments of Z on (s1, s2, s3) are given in Table 1.

Table 1: The moment of Z.

(nu,nu,ms) (n217n227n23) (n317n32,n33) (05170427043) (51752753) E(Z)
(1,1,1) (1,1,1) (17171) (1,171) (1,1,1) 0.001851852
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (1,1,2) 0.002469136
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (1,3,1) 0.003086420
(1,1,1) (1,1,1) (17171) (1,171) (1,2,3) 0.004938272
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (2,4,5) 0.025925926
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (2,2,2) 0.006172840
(1,1,1) (1,1,1) (17171) (1,171) (2,2,1) 0.003703704
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (2,2,3) 0.008641975
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (3,3,3) 0.017901235
(1,1,1) (1,1,1) (171,1) (1,171) (3,3,1) 0.006790123
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (3,3,5) 0.029012346
(1,1,1) (1,1,1) (1,1,1) (1,1,1) (4,3,5) 0.038271605
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3. SOME CHARACTERIZATIONS

In this section, some characterizations of random stochastic linear combinations (real
lifetime, random convex combination) in Dirichlet random vectors are introduced.

Theorem 3.1. Let the k-variate random vectors X1, ..., X, be independent with com-
mon distributions, and let Y1, ..., Y, be independent with Gamma(k:a u) distributions, and
independent from Xji,...,X,. Then the components of T = Zi:l Y; X, have independent
Gamma(ra, L m, d1s1;r1but10ns if and only if X; have Dirichlet(«, ..., «) distributions (i =1, ...,n).

Proof: First we find the moment generating function of T’

E(et'T) _ E(et/ Zleyixi)

- fIIE(et/YiXi)
- ﬁE(E(et'“Xqu))

= HE<(1—tX )“)
- E(l_ltx>a

The second side of equation is well-known Stieltjes transformation; for more application
and properties of this transformation see Homei (2012), Homei (2015), Homei (2016), Homei
(2017b), and Cifarelli and Regazzini (1979).

The last statement is the Stieltjes transformation which is unique, by which both of
the if part and the only if part can be easily proved. ]

The following theorem is a generalization Theorem 1 of Yeo and Milne (1989) that
leads us to the next theorems.

Theorem 3.2. Suppose that U and V' are independent (absolutely continuous) non-
negative random variables, respectively, such that U has bounded support and Z = UV.
Then for arbitrary positive «;, i =1, ..., k, and any two of the following three conditions im-
ply the third:

(i) Z~ <Gamma1 (a1, %), ..., Gammay, (o, %)> where Gamma(«;, %) are independent;
(ii) U ~ Dirichlet(ay, ..., ax);

(ili) V ~ Gamma(a™, i), at =3

Proof: For proving (i),(ii) = (iii), it suffices to note that the sum of the components

of Z and UV are identically distributed; i.e., V 4 Gamma(a™, i), since random vectors Z
and UV have identical distribution.
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Now we prove the implication (i),(iii) = (ii). By using the general moments of (si1, ..., Skk)
we have

S k S; S S S
E(Z3 2332 Z3fF) = B(V&i=%) - E((Un)™ (Ui2)™2 - (Upge) ™).

By substituting the gamma moments it can be shown that U has Dirichlet distribution.

Finally, assume that (ii) and (iii) are satisfied, then we can obtain the distribution of
UV by using the transformation method of random variables (or change of variables),

szl F(Oéi) /,L(Z::1 Qs
So, the proof is complete. ]

1 727?:1 Zq r 1
f(z1, e 2r) = je Hzf” .
i=1

Remark 3.1. Throughout this paper we set a™ = 3" a;.

Theorem 3.3. Let X be any random vector with bounded support and Y be inde-
T

pendent random variable of X with Gamma(zj

e %) distribution. If
.

(3.1) Y vx, LYX,

i=1
where Y;(i = 1, ...,7) are independent random variables with Gamma(ay;, %) distribution, then
X and the randomly linear combination Z =Y _;_, W;X; have identical distribution, where the
random vector W = (W1, ..., W,.) is independent from X7, ..., X, and has Dirichlet(ay, ..., o)
distribution.

Proof: First we define Y= 7" | V;, which has Gamma(a™, i) distribution, then by
using (3.1) we have

Y+W2YX’

the fraction # has the same distribution as Z, so we can rewrite the above expression
in the form of
(3.2) vtz LyX.

The random vectors YZ and YX in (3.2) have the same moments, so
E((Y)z" - (Y h)ezy - (Y zl) = BiyMxp v YR ),
and we have
B+ B(Zb 28 2 = B(Y* (B xf X)),
where k* =370 370 Kij.
Considering the same distribution of Y and Y, we can omit the first expectations
from both sides of the equation
B(Zb 28 2y = B(xb . Xk XE)

as a result of having bounded support variables, the equation of the same moments of two
variables conduces to the same distribution, so the proof is completed and X and Z have
identical distributions. O
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The following theorem is a generalization of Theorem 2.2 (Homei and Nadarajah, 2018)
and we want to provide another perspective to prove Theorem 2.1 of Homei (2021).

Theorem 3.4. If Xj,..., X, are independent k-variate random vectors with respec-

tively Dirichlet(ngl)), vy Dirichlet(n,(:)) distributions, for some k-dimensional vectors nz(j ) =

<n§j),...,n,(€j)> (j=1,...,r), and the random vector W = (W1, ...,W,) is independent from
X4, ..., X, and has the distribution

k k
Dirichlet (Z ngl), ey Z nE”) )

i=1 i=1

then the randomly linear combination Z = ._, W;X; has the distribution

Dirichlet <Z ngj), s Z n?) .
j=1

j=1

Proof: Let Y; (j=1,...,7) be independent random variables and independent from

(X1,...,X,) that have the distribution Gamma(Ele nl(-j), i), respectively. It can be seen, by

some classic ways (e.g. E(et/T) = [\I’(t)](zj "5) _ gee table 2 in Kerov and Tsilevich, 2004),
that the distribution of T =}, T; =3 ,V;X; is the same as the distribution of T; with

the parameter (ZJ nj, ..., Zj nj). We can also write T 2 ¥X in which Y has the Gamma

distribution with the parameter (3, Zle nl(j ), ﬁ), and Y and X are independent from each
other. By using Theorem 3.3 the proof is complete. 0

4. SIMULATION AND ITS APPLICATION

We present a new method for approximating the distribution that can be used for
the multivariate random variables with a slight change in the approximation of Homei and
Nadarajah (2018). The previous method of approximation was for a univariate random
variable, but we want to introduce a method that is able to approximate the multivariate
random variables. Calculating the distribution of Z may not be easy; in this section we
suggest a distribution which may be close to the real distribution of Z. See Homei and
Nadarajah (2018) for more details.

Let X; and X2 be independent random vectors with Dirichlet(1, 1, 1) distribution, and
let w be a random variable independent from them with Beta(1,1) distribution. Calculating
the distribution of

Z = wX; + (1 - w)XQ

could be cumbersome, and it could be that there is no closed form. For estimating the dis-
tribution of Z we suggest the following. Firstly, we generate X; and Xg data by the means
of Python software package. Then we compose them in accordance with the definition of
Z. We simulate random numbers with size 8000 of Z, and assume that it has the Dirichlet
distribution; we estimate their parameters by the method of maximum likelihood estimation.
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As a result, the values of Z will be observable. Our suggested approximation has the
Dirichlet(2.7,2.8,3) distribution and we expect it to be useful as mentioned in Homei and
Nadarajah (2018). Figure 1 shows the approximated distribution of Z, i.e., Dirichlet(27,2.8, 3).

Figure 1: The approximate distribution is Dirichlet(2.7,2.8, 3).

5. CONCLUSIONS

In this paper, a novel method for obtaining the distribution of the randomly weighted
averages on random vectors is presented, which is simpler and more elementary than the
others. Beside that one can obtain the distribution of T'= Y X;Y; by that method, which
is left to be done in the future. In case this distribution appears to be complicated, we
will approximate it by simulation, and we will study some distributional properties of 7" in
general. The four examples illustrated in the Introduction (Cauchy Composition Test, Real
Lifetime, Solving Some Differential Equations, and Random Convex Combination) are some
visible applications of the research in this paper.
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1. INTRODUCTION

The response surface methodology (RSM) is a widely used statistical method for mod-
elling and analyzing a process in which the response of interest is affected by various input
variables, and the objective of this method is to optimize the response (Box and Wilson, 1951).
The main idea of RSM is to use a sequence of designed experiments to obtain an optimal
response. If x1,xo,...,z, are v independent variables, y is the response variable, and N is
the total number of observations, then the response function can be approximated in some
region of the polynomial model given by

y’LL = f(xl’lu -T2u, ~--7xvu) + €u7

where u = 1,2, ..., N, y, is the response from u-th treatment combination and z;, is the level
of the i-th (i = 1,2, ...,v) factor in the u-th combination. The function f(-) describes the form
in which the response and the input variables are related. e, is the random error associated
with the u-th observation that is independently and normally distributed as e, ~ N (0, 0?).
For details on RSM, one can refer to Box and Draper (1987), Khuri and Cornell (1996), Myers
(1995), Myers et al. (2009).

In RSM, it is mainly assumed that the observations are independent and that neigh-
bouring units have no effect. But in agricultural field trials, the neighbouring effect or overlap
effect is very prominent (Bartlett, 1938, 1978; Dalal et al., 2022; Draper and Guttman, 1980;
Papadakis, 1937). For example, if a chemical treatment is sprayed on one plot, wind drift
may allow the spray to spread to adjacent/neighbouring plots, or preceding soil preparation
may allow sterilized soil from one plot to mingle with non-sterile soil from the next plot.
As a result, it is vital to assume that the response received from a given plot is influenced not
only by the treatment combinations used on that plot but also by the treatment combinations
used on the plots next to it. So, it gives a great scope to take into account the neighbouring
effects in RSM. Because of these neighbouring effects, the variation of treatment differences
arises. If the neighbour effect is present and is included in the model, there is a considerable
reduction in the residual sum of squares, and the response is predicted with more precision
(Jaggi et al., 2010). Over the years, work on different aspects of RSM with neighbour effects
from immediate adjacent neighbours has been done for factors with same levels (Sarika et al.,
2009, 2013; Varghese et al., 2013, 2016, 2019, 2020). The response surface model with neigh-
bour effects up to distance 2 is also available in the literature (Kumar et al., 2020). Some
attempts were also made to develop asymmetrical response surface designs of the form 2™ x 3
and 2" x 3" in the presence of neighbour effects (Verma et al., 2021).

Here, a general methodology for constructing response surface designs of the form
st x s5? has been developed, incorporating neighbour effects and an R package named rsdNE
has also been developed for the generation of these designs.
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2. RESPONSE SURFACE MODEL WITH NEIGHBOUR EFFECTS

Consider a response surface with n; factors at s; levels each and no factors at s, levels

n2

each resulting in s7* x s5? combinations. The form f(z,) of considered here is as follows:

ni1+ne ni+nz
f(xu = /80 + Zﬁzxz + Z /Bzwz + Zﬁumz + Z 6zzxz
i=ni1+1 i=ni-+1
ni+na
(2'1) + Zﬂu ATt ! + Zﬁn AT,
i=n1+1

where [y, §;’s [associated with linear terms of ny + ny factors|, 3;; [associated with quadratic
term of ny + ng factors] and ;. ; [associated with (s; — 1)-th order term of n;-th factor] are
parameters to be estimated. Thus, the total number of parameters to be estimated in above
model is p = n1(s1 — 1) + na(s2 — 1) + 1. The response model incorporating the effects from
immediate left and right neighbouring units is defined as follows:

N
(2.2) Yo =Y Guwf(za) +ew, u =1,2..,N,

where

guu’ == 17 j.f u = u/,
la| <1, if [u—u'| =1, i.e., units are physically adjacent,

=0, otherwise.

Here, « represents the neighbour effect from left and right neighbouring units and ranges
from 0 to 1 (Draper and Guttman, 1980; Sarika et al., 2009). f(z,,) is as given in (2.1).

It is to be mentioned that the design layout of the experiment for estimating this model
will consist of two extra units as border units at each end. Observations are not taken from
border units and thus are not modelled.

Model (2.2) can be rewritten as
(2.3) Y = GXY +e,

where G = gy, is the N x (N 4 2) symmetric neighbour matrix, X is a (N + 2) X p matrix
of N points (runs) with two extra border units (treatment combinations applied on these
units are the treatment combinations from the N points), p is the number of parameters, 3
is a p x 1 vector of parameters to be estimated and e is N x 1 vector of errors which follows
N(0,0%0).

The ordinary least squares estimate of 3, in the presence of neighbour effects with
known G is
B=(22)7'7'Y,

where Z = GX and D(8) = 02(Z'Z) 1.
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2.1. Response Surface Methodology for 32 x 4> with Neighbour Effects

Consider n1 = no = 2, s1 = 3, s9 = 4, i.e., 2 factors at levels three and 2 factors at levels
four. The form of f(z,) is as follows:

f(zw) = Bo+ iz + oz + P33 + Pazy
(2.4) + 1177 + Boox3 + Bazal + Buawi + Bazzxh + Buaax

The matrix X in (2.3) is here as follows of order (N + 2) x 11 with two border units:

2 3 3
I 2N xon -+ Tin T3N Tiy

Xivegyxin = |1 Xy Xp - X X3 XF |,

2 .3 3
Lz @ 2y o3 2y |

where Xi-’ = [37?1 fo xi-’N]/, le =X;,t=1,23,4and b=1,2,3; and 1y = [1 1 - 1},.
The structure of G matrix is

alaOOO0 0 00

Oala 00 00

0O00al a O 00

Grnvan = [000a 1 a 00
0000 - « a 0
10000 0 o) o
Further, Z = GX =

[0' T11 + o(@1N + T12) a3y + a(ady + 13,) v +alaly +ady) ]
¢’ z12 + a(z11 + T13) 235 + a(a3; + 233) iy +afad; + xls)
¢’ z13 + (T12 + T14) 235 + (w3, + x3y) xy + ozl +xdy)
0" zyn-1) + iy +Tiyn_2) o TRy gy H @iy H 25y gy) o Ty @iy +2h v g)
0 mivtalen Fawony) o @iy ta@d Fady ) o ady taleh vy )

where 6 =1 + 2a.

B N N N T
N@l 9/ Z A1q 9/ Z A2y 0/ Z Cqq
u=1 u=1 u=1
N 5 N N
Z a~ 1y Z A1y A2y " Z A1y C4q
u=1 u:]{[ uﬁl
/ —
7= E a22u E A2, C4n, |’
u=1 u=1
N 2
Z C 4y
L u=1 i

where 0= (1—}-20[)2, Gy = Tiy+ O‘[J:i(u—l)mod(N) +xi(u—i—l)mod(N)]a biy, = xgiu+ a[ajgi(u—l)mod(N)
+ 932i(u+1)mod(N)], Ciu = T3+ a[iﬂgz‘(u—l)mod(zv) + xgi(u—i-l)mod(N)]'
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The following conditions are required for near orthogonal estimation of parameters:

N 4
(a) ZHw%zO for w; =0,1,2,30r4 and Zwi<6;

u=1i=1
N
u=1
N
(c) fou =, where ¢=1,2,3 and 4;
u=1
N N
(d) fou:r?u =)\ and Zx?uxi’u = X2, where i # j;
u=1 u=1

N
(e) Zx?u = (1, where [ =3,4.

u=1

Therefore, Z’'Z matrix can now be written as

B N N N N 7
N6, 0 0 0 0 01 Z b1w 01 Z bow 61 Z bsw 61 Z b4, 0 0
u=1 u=1 u=1 u=1
N
SNa*, 0 0 0 0 0 0 0 0 0
u=1 N
a’2u 0 0 0 0 0 0 0 0
u=1 N
Y a% 0 0 0 0 0 0 0
u=1 N
3 a4 0 0 0 0 0 0
vt N 5 N N N
E b 1u Z blubQu Z blub3u Z blub4u 0 0
u=1 u:]\lr u;l u;l
Z b22u b2ub3u Z b2ub4u 0 0
u=1 u:}\l{ u;l
E b23u Z b3ub4u 0 0
u=1 u:N
R 0 0
vt N 5 N
Z C 3u Z C3uC4u
u=1 u:]\lf
Z C24u
L u=1 .

Let’s consider a matrix E given by

N N N
Ell Z a21ua22u Z a21ua23u Z a21ua24u 0 0
u=1 u=1 u=1
N 4 N 2 2 N 2 2
ZaQu Za2ua3u Za2ua4u 0 0
u=1 u=1 u=1
N 4 X 2 2
Z a”3u Z A" 34A" 4y 0 0
u=1 u=1
N )
Z A~ 4q 0 0
u=1
X 6 X 3
Z A" 3q, Z A7 340" 44
u=1 u=1
N 6
Z A~ 4y
L u=1 .
E;;’s are the element position of ith row and ;' column of E matrix.
al 4 [ X 2 2 X 2 2 X 2 2 X 2 2-
Here, Ei1 = - a*1u — 3 | 22 (@%1)" + 20 (a%20)" + X0 (a%3u)” + X2 (a%4u)”|.
u=1 u=1 u=1 u=1 u=1 i
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Now, (Z'Z) 'matrix can be written as follows:

4
Li1 32 Cjila;
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ﬁ:clelj 2430]'21313' i Cj3Lyj 24)Cj4Llj
0 0o = = = = 0 0
—AK11 —AK1 —AKy —AK1
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0
> a3,
u=1
- 0 0 0 0 0 0
> ai,
vt Bl B2 13 g4 pls g6’
E22 E23 E24 E25 E26
E33 E34 E35 E36
E44 E45 E46
E55 E56
E66

4
Li2 37 CjoLy;
=1

4
Li3 Y7 Cj3Ly;
=1

4
Li1s )7 CjuLyy
=1

where n =

N

T CANeE T

TANG? + %H, A is determinant

of E matrix, E%’s are the elements of E~ matrix, C;j’s are co-factors of E and Li; =

N
01> a?ju (j=1,2,3 and 4).
u=1

The expressions of the variance and covariance terms of the estimates are given below:

Var(Bo) = 1702,

A 1
V&I‘(ﬂl) = N
> a,
A 1
Var(ﬁg) = N
> a3,
u=1
A 1
Var(ﬁg) = N
> a3,
u=1
A 1
Var(fs) = —
> a,
u=1

Var(B11) = EMo?,

Var(ﬁgg) = E22U2,

Var(ﬁgg) = E3302,

Var(@m) = E44(72,

Va,l'(,@ggg) = E5502,

Var(ff444) = E%642,
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4
2. Cjilyj
~ i—1 ~ ~
Cov(fo, f11) = 02, Cov(fBaz, B33) = E* 02,
—AKn
4
2. Cialaj
~ A i—1 ~ ~
Cov(fy, Ba2) = 02, Cov(Ba2, B333) = E*0?,
—AKyy
4
> CjsLy;
~ o~ i—1 ~ ~
Cov(fo, B33) = =02, Cov(fs3, Baa) = E*'0?,
4
2. Cialyj
N~ A i—1 ~ ~
Cov(Bo, Bus) = ———07, Cov(f3s3, 3333) = E*°0,
—AKn
Cov(Bu, B333) = E¥0?,
Cov(Bus, Baaa) = E*%02,
)

Cov(Baz, Bas) = E*o?.
The estimated response at any point Xg is given below:

4 4 4
do=Bo+ > Biwio+ Y Burio+ Y Buirly,
i1 i=3

=1
with the variance of estimated response as
Vo + 230V1 + 230 Va + 230 Vs + 230 Va + Viraly + Veaasy + Vaszig + Vaazlo + Vaszzdo
V(@o) =2 +VaaaxSo + 2C0, 11230 + 2C0 20230 + 2C0 33150 + 2C0,447530 + 2022 33050230 + 2Ca2. 41230750 ,

2 6 4 4 10 4 6 10
+2C22,333%30%30 + 2C33,44T30% 50 + 2C'33,333730 + 2C44,333T30T30 + 2C44,444% 50

where V; = V(BZ-), Vij = V(Bij) and so on. Similarly, C; ; = Cov(Bi, Bz), Cijk = Cov(Bi,Bjk)

and so on.

It can be seen that the variance of the estimated response at any point xy depends on
the distance of that point from the design centre. The design obtained for fitting this model
with mixed levels of factors will be called here as Mixed Level Response Surface Design with
Neighbour Effects. From this one can check, at any point xq, the variance of the estimated
response from the centre. If this is equal, then the design obtained is called as Mixed Level
Rotatable Design with Neighbour Effects (MLRDNE) and if different, then partially rotatable.

Similarly, this can be extended for sj* x s52.

The above discussions lead to the following theorem:

Theorem 2.1. A s]' x sy? mixed-level factorial arranged in reverse lexicographic
order along with the circular borders at each end will lead to MLRDNE under the model
defined in (2.2) with f(x,) as defined in (2.1), provided either s; or s should be an odd
number.

The proof of Theorem 2.1 has been given in the subsequent section with the help of
examples.
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3. METHOD OF CONSTRUCTING MLRDNE FOR si* x s5?

Consider n; factors having s; levels and ne factors having so levels. The ni + ns columns
of X corresponding to Xy, Xa, ..., Xp;, Xy 41y oy Xnytne of MLRDNE in N = max(ni,ng) X

s1t x s5? points are developed as follows:

X = [ONan QNXnQ}a

01 02 -+ Op, q1 q2 " dp,

Onl Oo1 --- 0’)11—1 qnz q - qn2—1
o=| . .. o Q=1 7 . .

02 03 -+ 01 qQ 93 -+ q

o; and q; are the vectors of order N’ x 1 (where, N' = 57" x s5°):
0; = 13{’Xs;2 ® (column vector of s; levels) ® 1ST14, p=i—1, i1=1,2,...,n1(> 1),
q; = 18?1ng ® (column vector of sy levels) ® 1532—,7-, g=j—1, j=1,2,...,n2(>1).
If ny =1, then O =Jo; o01] and if no =1, then Q = [q1 a1]-
The other columns of X are generated as per the model and values of s; and ss.

D-efficiency of the design can be calculated using the formula

VA
N )

where p is number of parameters considered in a model and N is total number of runs (Verma
et al., 2021).

Example 3.1. Let nj=ng =2, s1=2 (levels: 1, —1) and s =5 (levels: 2,1,0, —1, —2),
i.e., 22 x 52. The first four columns of X corresponding to X;, X, X3 and X, and 2(22 X 52) =
200 points are as follows:

X = [O200x2 Qapox2]-

The other columns of X are generated as per model with 11 columns (1,X;, Xg, X3, Xy,
X2,X2, X3, X3, X3, X3). For a = 0.5,

(800 0, 0, 16001, 0,  54401}]
10012 02 02 02 02
930I, Os2 2910I, Oq

Iz _
ZZ = A Oy B ’
100741z O2
C

where A = 147015 + 3200J2, B = 643815 + 10880J2, C = 2868612 + 36992J5; I is identity
matrix order 2 x 2, Jo is matrix of 1’s of order 2 x 2, is column vector of 1’s of order 2 x 1,
is a column vector of 0’s of order 2 x 1 and is matrix of 0’s of order 2 x 2.
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[0.02 0} 0, —0.021} 0, 0.0041% 7
0.01I, O, (o2} (0]} (0
0.011I, Os —0.003I, O,

/ -1 __
(2'2)" = 0.0041, O, —0.00915 |
0.0011, (02}
i 0.0021 |

The variance of estimated response is V (jo) = 0.04202 for all points in X and so design
is rotatable.

The method discussed in Section 3 leads to the following proposition:

Proposition 3.1. As the V(go) is the same for all points in X which are equidistant
from the design centre for s|' x s4* mixed-level factorial constructed as per the method given
in Section 3, the design satisfies Theorem 2.1 and hence rotatable.

For a = 0.5, the eigen values of (Z'Z)~! are 0.06, 0.042, 0.012, 0.012, 0.01, 0.01, 0.003,
9.1 x107%, 9.1x107° 3.3x107° 9x107% and D-efficiency of this design is 2.979.
At a = 0.1, D-efficiency of this design is 1.958.

Remark 3.1. If s; and s9 both are even, the design is partially rotatable.

3.1. Particular Cases of s]* x si?

3.1.1. For ng =1, i.e., s7* X s9

Consider n; factors having s; levels and one factor having s levels. The n; +1 columns
of X corresponding to X1, Xo,...,Xy,, Xp,+1 of MLRDNE in N = ny(s]" x s3) points are
developed as follows:

X = [ONXm QNXI]'

Example 3.2. Let n; =2 with s; =3 (levels: 1,0, —1) and sy =4 (levels: 3,1, -1, —3),
i.e., 32 x 4. The first three columns of X corresponding to X;, X5 and X3 with 2(32 x 4) =
72 points are as follows:

X = [O72x2 Qrax1),

0 =13 ®[1 0 —1'®@1g, p=i—1, i=1,2,
=13 1 -1 -3

Qrox1 = [a1 ai]’
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The other columns of X are generated as per model with 8 columns (1,X;,Xs, X3,
X2, X2, X2, X3).

For a = 0.5,

(288 0, 0 1921, 1440 0
6612 02 02 02 02
1296 0’2 0 10512

/ —
7= A 9601, 0y |
11424 0
92304

where A = 221 + 128J5.

[0.05 0, 0 —0.031, —0.001 0
0.002I; 05 Oy 0, 0,
ol 0.01 0} 0  —0.001
@2)" = 0.04I, 0y 0, |’
0.002 0
L 0.0001 |
Thus,
V(o) = 0.0507, V(3) = V(B) = 0.0202,
V(Bs) = 0.010, V(B11) = V(Ba2) = 0.0402,

V(B33) = 0.00020%,  V(3333) = 0.000102,
COV(B(), Bll) = COV(ﬁAo,ﬁAQQ) = —0.030’2, COV(B(),ﬁAgg) = —0.00102.
The variance of estimated response,V (7o) = 0.05602 for all points in X. Hence, the design is

rotatable.

The method discussed in Section 3.1.1 leads to the following proposition:

Proposition 3.2. As the V({jy) is the same for all points in X which are equidistant
from the design centre for s}* x sy mixed-level factorial constructed as per the method given
in Section 3.1.1, the design satisfies Theorem 2.1 and hence rotatable.

For «a=0.5, the eigen values of (Z'Z)~! are 0.09, 0.04, 0.02, 0.02, 0.01, 0.005,
8.4 x107°, 1 x 107° and D-efficiency of this design is 3.663. For a = 0.1, D-efficiency of
this design is 1.94.

3.1.2. Forng =0, i.e., s}*

Consider ny factors having s; levels. The ny columns of X corresponding to X1, Xa,
...y Xy, of MLRDNE in N = n;s|" points are developed as follows:

X = [Onxn |-

The other columns of X are generated as per the model and values of s;.
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Example 3.3. Let n; = 4 with s; = 3 (levels: 1,0, —1), i.e., 3*. The first four columns
of X corresponding to X, Xg, X3 and X4 and 4 x 3* = 324 points are as follows:

X = [O324x4].

The other columns of X are generated as per the model with nine columns (1, X1, Xa, X3, X4,
X?2,X2,X2,X3%). For a= 0.3,

8294 0,  552.961)
7'7 = 380.341, Oy |,
B

where B = 368.64J4 + 126.781y, 14 is identity matrix order 4 x 4, J4 is matrix of 1’s of order
4 x 4, 14 is column vector of 1’s of order 4 x 1, 04 is a column vector of 0’s of order 4 x 1 and
Oy is matrix of 0’s of order 4 x 4.

0.015 0, —0.0051
(Z'2)7! = 0.0031, Oy
0.00814

The variance of estimated response, V (§o) = 0.015202 for all points in X. Hence, the design
is rotatable.

The method discussed in Section 3.1.2 leads to the following proposition:

Proposition 3.3. As the V({y) is the same for all points in X which are equidistant
from the design centre for s{* mixed-level factorial constructed as per the method given in

Section 3.1.2, the design satisfies Theorem 2.1 and hence rotatable.

When a = 0.3, the eigen values of (Z'Z)~! are 0.02, 0.008, 0.008, 0.008, 0.003, 0.003,
0.003, 0.003, 0.0004 and D-efficiency for this design is 0.785. If o = 0.8, then D-efficiency of
this design is 1.831.

4. s* x sy MLRDNE IN SMALLER RUNS

The MLRDNE for s7* x sg in a smaller number of runs can be obtained by taking n; + 1
columns of X corresponding to X, Xa, ..., Xy, 41 in N = s]! x sy points are as follows:

X = [CNan d]v
where d = (column vector of s9 levels)®1 s
Cnxn, = [€1 €2 -+ Cpy ],

¢ =1,4,,® (column vector of s; levels)®1sn1—i, where i = 1,...,n1 and j =i — 1. Each
1 1

vector c; is of order N x 1. The other columns of X are generated as per the model and

values of s; and ss.
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Example 4.1. For ny =2 with s1=3 (levels: 1,0, —1) and so = 4 (levels: 3,1, —1, —3),
i.e., 32 x 4, the first three columns of X corresponding to X, X, and X3 and 32 x 4 =
36 points are as follows:

X = [Csx2 d,
where

d=[3 1 -1 -3/'®1,,
Ci:13j><4®[1 0 —1]’@132—1'.

The other columns of X are generated as per the model with eight columns (1, X1, Xo,
X3, X%,X3,X3,X3) and for a = 0.7,

20736 0 0 0 13824 138.24 10368 0 ]
8112 0 0 0 0 0 0
216 0 0 0 0 0
— 922.56 0 0 0 74736
119.2 92.16 691.2 o |
92.88  691.2 0
8197.12 0
I 65519.04
064 0 0 0 —0.025—-093 —0.002 0 ]
001 0 0 0 0 0 0
046 0 0 0 0 0
N 0014 0 0 0  —0.002
(z2)~ = 004 0 0 0
139 0 0
0.0003 0
i 0.0002

Variance of the estimated response, V (fjo) = 0.65502 for all points in X and thus the
design is rotatable. However, it can be seen that the variances of a particular order of
estimates are not same unlike Example 3.2.

For o = 0.7, the eigen values of (Z'Z)~! are 2.015, 0.463, 0.051, 0.014, 0.012, 0.007,
0.0001, 0.00001 and this design having the D-efficiency 2.77. When o = 0.2, D-efficiency of
this design is 2.192.

A list of MLRDNE is given in Appendix 2 containing ni,ne, s1, s2 and the variance
of estimated response at a = 0, 0.3, 0.5, 0.7 and 0.9. It is seen that in the presence of the
neighbour effect and when the value of « increases, the variance of estimated response is in
decreasing order.
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5. R PACKAGE FOR THE GENERATION OF MLRDNE

An R package named rsdNE has been developed for the generation of MLRDNE. It
also computes the variance of parameter estimates and variance of the predicted response.
The package is made available at https://cran.r-project.org/package=rsdNE. This package
includes sym(), asym1(), asym2() functions that generates response surface designs which are
rotatable under a polynomial model of a given order without interaction term incorporating
neighbour effects. A few Snapshots of the package has been given in the Appendix 1.

6. DISCUSSION

This article attempts to provide a series of rotatable response surface designs when
immediate (left and right at distance 1) neighbour effects are suspected in an experiment.
A general procedure for the construction of Mixed Level Rotatable Design with Neighbour
Effects (MLRDNE) of the form s]* x s,? is given. For these designs it is seen that as the
value of o increases the variance of the estimated response decreases and on the other hand,
D-efficiency increases. The R package rsdNE developed would help the experimenter to gen-
erate MLRDNE design along with the variance of the parameter estimates as well as the
variance of predicted response.
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APPENDIX 1

[,11 [.21 [,3] [.4]1
-1 -1 1
1 1
1 0]
1 -1
-1 1
-1 0
-1 -1
1 1
"Z_prime_Z matrix”
[,11 [.21 [,3] [.4]1
[1,] 24 0 0 16
[2,] 0 12 0] 0
[3,] 0 0 1 0
[4,] 16 0 0 11
[1] "inv(Z_prime_z) matrix”
[.1] [.21 [,3]1 [.4]
[1,] 1.375 0.00000000 0 -2
[2,] 0.000 0.08333333 0 0
[3,] 0.000 0.00000000 1
[4,] -2.000 0.00000000 0
[1] "total number of runs™ "&"
[1] "variance of estimated response” "1.4583"
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Figure 1: 2 factors having 2 and 3 levels, i.e., 2 x 3 when a = 0.5.
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Figure 2: X matrix for 32 x 42 MLRDNE.



Rotatable response surface designs for si* X sy

2

incorporating neighbour effects

(1]

Z_prime_matrix”

[.11 [.21 [,3]1
]

[1,] 1152
[2,]
[3.1
[4.]
[5.]
[6.,]
[7.1
[8.,]
[9.]

[10,]
(11,]

264

0
0
264

—
(%]
OO0 000 MO OO0 O

]
=
o
=

3840
3840
38592
28800

0

[.10]
0
0
0

0
0

28800
38592 0

0 180792

[,11]
0
(]
0

0 0 180792

Figure 3: Z'Z matrix for

32 x 42 MLRDNE.

[5.]1
[6.]
[7.1
[8.]1
[9.]1
[10.1
[11,]1

(1l

[,1]
-0160752748
- 0000000000
- 0000000000
- 0000000000
. 0000000000
- 0075757576
- 0075757576
. 0005106209
. 0005106209
- 0000000000
- 0000000000

[.7]
- 007575758
- 000000000
- 000000000
- 000000000
- 000000000
- 000000000
.011363636
- 000000000
- 000000000
- 000000000
- 000000000

CoONFOoOOOOOOW

0.
0.
0.
0.
Q.
0.
0.
0.
0.
0.
0.

[1] ™inv(Z_prime_z) matrix"

[.2]
000000000
003787879
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000
000000000

. 000000e+00
. 000000e+00
- 000000e+00

000000e+00
000000e+00
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APPENDIX 2

Table 1: MLRDNE.

’ V(9o)

’ ni ‘ no ‘ S1 ‘ So a=0 a=0.3 ‘ a=0.5 ‘ a=0.7 a=0.9
2 0 4 — 0.2188 0.1555 0.1166 0.0856 0.0638
2 0 5 — 0.1800 0.1212 0.0894 0.0653 0.0484
2 0 6 — 0.1528 0.0994 0.0723 0.0525 0.0390
2 1 2 4 0.2083 0.1663 0.1645 0.1361 0.0975
2 1 2 5 0.1750 0.1448 0.1395 0.1145 0.0822
2 1 2 6 0.1667 0.1304 0.1229 0.1002 0.0720
2 1 3 4 0.1111 0.0723 0.0556 0.0427 0.0330
2 1 3 5 0.1000 0.0625 0.0475 0.0363 0.0280
2 1 3 6 0.0926 0.0560 0.0422 0.0320 0.0246
2 1 4 2 0.1250 0.0844 0.0626 0.0458 0.0341
2 1 4 3 0.0937 0.0605 0.0445 0.0325 0.0241
2 1 4 5 0.0688 0.0414 0.0300 0.0218 0.0162
2 1 4 6 0.0625 0.0366 0.0263 0.0191 0.0142
2 1 5 2 0.1000 0.0647 0.0474 0.0345 0.0256
2 1 5 3 0.0733 0.0458 0.0333 0.0242 0.0179
2 1 5 4 0.0600 0.0364 0.0263 0.0190 0.0141
2 1 5 6 0.0467 0.0269 0.0192 0.0139 0.0103
2 1 6 2 0.0833 0.0525 0.0379 0.0275 0.0205
2 1 6 3 0.0602 0.0369 0.0265 0.0192 0.0142
2 1 6 4 0.0486 0.0290 0.0207 0.0150 0.0111
2 1 6 5 0.0417 0.0243 0.0173 0.0125 00093
2 2 2 5 0.0550 0.0476 0.0424 0.0336 0.0243
2 2 3 4 0.0382 0.0295 0.0231 0.0175 0.0134
2 2 3 5 0.0289 0.0213 0.0164 0.0124 0.0094
2 2 4 5 0.0188 0.0133 0.0099 0.0073 0.0054
2 2 5 6 0.0106 0.0071 0.0052 0.0038 0.0028
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1. INTRODUCTION

We use an old theorem proven over ninety years ago to obtain bimodal and multimodal
extensions of the normal distribution and the skew-normal distribution. Omne can almost
certainly say that the normal distribution constitutes the queen of the comprehensive family
of the continuous probability distributions. Since the end of the 19th century, numerous re-
searchers, such as the distinguished F.Y. Edgeworth, and also Chas. H. Kummel, Arthur L.
Bowley, Morgan W. Crofton, among many others derived modifications of the normal law to
discuss situations where the empirical data presented some asymmetry that the normal dis-
tribution could not explain. A review of the normal distribution and some of its modifications
can be found in Patel and Campbell (1984).

Bimodal distributions arise in nature in many different scenarios. Perhaps, one of the
most relevant phenomena that can be explained with distributions is the disease patterns.
For example, the incidence of some types of cancers by age displays a major mode for young
adults and minor mode for older adults (see Anderson et al., 2006). In addition, the occurrence
of bimodality has also implications in geoscience (see Hirota et al., 2011). Finding appropri-
ate probabilistic models that can explain bivariate datasets is an issue of vital importance.
In this work, we propose an extension of the normal and skew-normal densities that may
be unimodal or bimodal. This new family of distributions that arises from an old Theorem
provided by Slobin (1927) comprises flexible parametric families of continuous distributions
that are useful in statistical practice.

In the last years, different techniques to extend the normal family have been deemed in
the statistical literature: the skew-normal distribution in Azzalini (1985) (see also Azzalini,
1986), the Balakrishnan skew-normal density in Sharafi and Behboodian (2008) (more details
in Teimouri and Nadarajah, 2016), the generalization proposed by Arnold and Beaver (2002),
the Sinh-arcsinh family introduced by Jones and Pewsey (2009), the generalized normal one
in Garcia et al. (2010), Gémez-Déniz et al. (2021) and Gémez-Déniz et al. (2021), and the
recently proposed models provided by Venegas et al. (2018) and Sulewski (2022), among
others. Some other works related to the normal and skew normal densities are Arellano-Valle
et al. (2004), Arellano-Valle et al. (2005) and Gémez et al. (2007). For a comprehensive
review of the skew normal families the reader is referred to Azzalini (2013).

The density function introduced here resembles some important properties satisfied by
the normal distribution. The first family is symmetric with positive real support. The second
family is asymmetric and defined on the positive real numbers. In general, both families show
bimodality. An overview of this work that will undoubtedly help the reader to understand
better the elements that are not so essential is illustrated in the flowchart displayed in Figure 4.

The rest of this paper is structured as follows. In Section 2 we derive the methodology
based on the use of a result provided in Slobin (1927) to derive the new family of distribution.
Here, expressions for the mean, variance, and other features for the general model are also
provided. Next, we also examine the special case of considering the classical normal distribu-
tion as the parent distribution. Then, to break the symmetry of the latter case, we introduce
the skew-normal distribution as the baseline model. In Section 3, the parameter estimation
problem is discussed. Some illustrative examples related to environmental issues, in particu-
lar in geoscience, are analyzed in Section 4. Finally, closing comments and modifications of
the models proposed are shown in the last Section.
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2. THE PROPOSED MODEL

This section gives the main results of this paper, from which we derive the two families of
probability density functions that will be described later. The first family is introduced in the
second theorem of this section. Although any distribution with support on the real line can
be used as a candidate of this new distribution, the normal case is the one we are examining
in this section. It can be simply shown after a change of variable that this model is connected
to the generalized inverse Gaussian distribution. This probabilistic family is symmetric and
has two modal values that are equidistant with respect to the axis of symmetry. The second
family presents the advantage of having an asymmetric density function. We begin with the
following Theorem found in Slobin (1927) that is required for the main result of this work.

Theorem 2.1 (Slobin, 1927). Let the function w(z) =x — 1/x, x # 0. Then, if the
function m(z) is a function integrable on R = (—o00,00) and if the function m(w(x)) is also
integrable in R = (—o0,00), we have that

(2.1) /OO m(w(z)) dz = /Oo m(z) da.

—0o0 —00

Following the same arguments that the ones provided in the proof of the above Theorem
given in Slobin (1927), it is simple to observe that (2.1) is also valid for w,(z) =z — a/x,
being o« > 0. The following result provides an alternative and more simple proof than the
one given in Slobin (1927) for this case. Previously we need the following Lemma, which is
provided in Behboodian (1978).

Lemma 2.1 (Behboodian, 1978). Let X be a symmetric random variable, and let y =
h(z) be an odd real-valued function. Then, the random variable Y = h(X) is also symmetric.

As a result of this Lemma, if X is a symmetric random variable then the random
variable Y = w,(X) is also symmetric. In the next result we derive an expression for the
density function of Y = w,(X).

Theorem 2.2. Let f(z) be a probability density function (pdf hereafter) symmetric
about 0 and consider the function f(wq(z)), with we(z) = x — a/z, being o > 0. Then, if
df(wa(z))/(da) is also a symmetric function we have that [~ f(wa(x)) dz = 1.

Proof: Since f(z) is symmetrical and wq(x) is an odd function, using Lemma 2.1 we
have that f(wa(x)) is also symmetrical. Now, consider the function v(a) = [%_ f(wa(z)) dz
for which we have that

Via) = L) = - /oo L n(@)) dz =0,

do o X da

because df(wq(x))/(da) is symmetrical (by assumption). Therefore, v(«) is constant and
since v(0) = 1 we have the result. O
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Based on the use of Theorem 2.2 we can build a family of pdf’s by taking

f(wa(@)), = #0,

(2'2) ga(x) = {f(()), z=0,

where a > 0. Note that this is a two piece-wise pdf.

The following proposition displays some essential properties related to this distribution.

Proposition 2.1. The pdf given in (2.2) satisfies the following properties:

(i) ga(x) is symmetric about zero. That is, go(z) = go(—x) for all z € R. In fact,
the random variable Z = — X follows the same distribution that X.

) go(x) = f(x).

(iii) ga(0) = f(0) for all a« > 0.
) E(X%*t1) =0,k €{0,1,..}. That is, all odd raw moments are zero.
)

The random variables Y = wq(X) and Z = ¢o(X) are uncorrelated and therefore
cov(Y, Z) = 0, provided that all the first and second moments of Y and Z exist.

Proof: Properties (i)—(iv) are direct. To show (v), observe that wq(x) is an odd func-
tion, go(z) is an even real-valued (measurable) function and the random variable T =Y Z
satisfies that T'(—z) = wa(—2)ga(—2) = —wa(x)ga(x) = —=T(x), therefore is an odd function.
Thus, cov(Y,Z) = E(YZ) —E(Y)E(Z) = 0, because E(Y) = 0 (due to Lemma 2.1, Y is sym-
metrical) and E(YZ) =0 (' =Y Z is an odd function). For more details see Behboodian
(1978). O

2.1. THE NORMAL CASE

Natural choices for f(x) to be plugged into (2.2) are the Cauchy distribution, the
Student’s t distribution, and the normal distribution that will be the one considered in the
rest of this work, i.e. f(x) = ¢(x), being ¢(z) the pdf of the standard normal distribution.
Then, it is simple to see that

(2.3) dolz) = { P(wa(z)), = #0,

¢(O)7 x =0,

is a genuine pdf for o > 0. Note that the special case o = 0 represents the standard normal
distribution. Simple algebra provides that the distribution is symmetric about zero and has
mean and variance given by 0 and 1+ «, respectively. The distribution is always bimodal,
with two modes in x = —y/a and & = \/a. To see this, observe that

9(@) = —ga(@) (2 = =) (14 5) =0

for x = £1/a. Now, it is simple to see that ¢/ (++/«) < 0. The antimode is obviously z = 0.
Henceforward, we will write X ~ BN(«) when the random variable X follows the pdf given
n (2.3), denoting that is a bimodal generalization of the normal distribution.
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The entropy does not depend on « and is equivalent to the one of the standard normal
distribution. Observe that lim,_ g+ go(z) = lim,_,o- ga(x) = ¢(0) and thus the pdf defined
in (2.3) is a continuous function.

Figure 1 displays the graphs of the pdf given in (2.3) for selected values of parameter o > 0.
The a parameter, the only parameter of the distribution, clearly indicates two fundamental
things: first, if it takes the value zero, we are in the case of the standard normal distribution;
second, a value other than zero provides a distribution with two modes that are equidistant
with respect to the axis of symmetry. The distance between the modes increases with the
value of a.

o4 T

0.3

gal(X)

0.2

0.1

0.0

0.4

0.3

= 0.2

0.1

0.0

Figure 1: Plots of the pdf g,(z) for selected values of the parameter «.

2.2. Connection with others distributions

The following result connects the proposed distribution with the generalized inverse
Gaussian distribution. Recall that a continuous variable Z > 0 follows a generalized inverse
Gaussian distribution (see Jorgensen, 1982 and Johnson et al., 1995, Chapter 15) with pa-
rameters a > 0, b > 0 and r € R if its pdf is given by

(2.4) f(z) = %z”—l exp [—1 <az - bﬂ z >0,

where K, (s) gives the modified Bessel function of the second kind. Furthermore, if Z follows
a generalized inverse Gaussian distribution, then 1/Z follows a reciprocal generalized inverse
Gaussian distribution. Additionally, simple computation provides that the random variable
1/X? follows a reciprocal generalized inverse Gaussian distribution.
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Proposition 2.2. Let X ~ BN(«) with the pdf given in (2.3). Then, the random
variable V. = X? follows a generalized inverse Gaussian distribution with parameters a = 1,
b=a?andr =1/2.

Proof: Since dz = 1/(2/v)dv we have that

ga(v) = leﬂeXp [—;(ﬁ— \%)1

. L) [ (o]

Now, having into account that K »(a) = exp(—a)+/7/(2c), the result follows by com-
paring (2.5) with (2.4). O

Proposition 2.3. Let X ~ BN(«) with the pdf given in (2.3). Then, it is verified that
E(X") =0 if k (positive or negative) is odd while the even moments (positive or negative)
are given by

(2.6) E(X?) =1/ 2(1:% exp(oz)KfH_%(a), k€{0,1,...}.

Proof: Since the distribution given in (2.3) is symmetrical, then all odd-order moments

are equal to zero. To see that (2.6) is true, then it is simple to see that the distribution is
symmetrical since we have that

E(X") = 2/000 d(wo(z) dz

2

and by making the change of variable u = x* we get

2exp(a) /°° (k—1)/2 1 a?
2. E(X") = ——= " —= —]|d
(2.7) (X") T o u exp| =5 | u + " u

from which the result follows immediately by arranging parameters in (2.7) and identifying
it with the pdf of the generalized inverse Gaussian distribution given in (2.4). O

In particular, if kK = 1 we get the second row moment of the distribution, which coincides
with the variance, given by var(X) = 1 + a. Furthermore, if K = —1 by using (2.6) we have
that

(2.8) E<;2> _ é a£0,

and
(2.9) E{(X - ;)21 = (26 — )1,

where n!l = n(n —2)(n —4) --- 21 represents the double factorial.
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Note that property given in (2.9) is shared with the standard normal distribution.
Using the series representation of the exponential function, we derive the moment generating
function of the distribution, which is given by

O 2 [9q1+2)

exp(a)Kj+%(a).

Proposition 2.4. The cumulative distribution function (cdf henceforward), G,(x) =
Pr(X < x), for a continuous random variable following the pdf given in (2.3) is

(2.10) Golz) = %[@(wa(m)) b B(ra(z)) exp(20)], <0,
(2.11) Golw) = 1 %[‘i(wa(x)) 1 B(ra(z) exp(20)], x>0,

and G,(0) = 1/2, where 7,(x) =  + o/x and ®(z) = 1 — ®(2) is the survival function of the
standard normal distribution.

Proof: The proof is obtained in the following way. Let Go(—2) = Pr(X < —z). Thus,

Gol—2) = [ dlwalt)dt = / ~ bwalt) dt,

which can be written, after the change of variable Y = X2, as

i [ e[ o+ D)o

Now, by using the cdf of the generalized inverse Gaussian distribution provided in
Malinovskii (2017) we get, after simple algebra (2.10). Expression (2.11) is obtained in a

similar way. O

A random variate X from the random variable with pdf given by (2.3) is derived as
follows:

e Generate a random number u from the standard uniform distribution, U(0, 1).

e Generate random variate v from the generalized inverse Gaussian distribution with
parameters a = 1, b = a? and r = 1/2.

e Ifu< 0.5 then 2 = —\/v; otherwise x = \/v.

2.3. Extensions

The major disadvantage of the family of distributions given in (2.3) lies in its symmetry
and also in the fact that the two modes are equidistant with respect to the axis of symmetry.
Since f(wq(x) is a symmetric pdf, by using the representation provided by Azzalini (1985),
we can consider the more flexible family of pdf’s given by

_ {2<I><Ax>¢<wa<x>>, v #0,
Ja,\ .’E) =

(2.12) 4(0), 2=0,

where o > 0 and \ € R.
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In practice ®(Ax) can be replaced by ®(Am(x)) for any odd function m(-) in order to
ensure that (2.13) represents a proper density function. In particular, we can take m(zx) =
wg(x), B € R, to build the family of pdf’s given by

(2.13) supale) = {2@<Awﬁ<x>>¢<wa<z>>, T #0,

#(0), =0,

where > 0, f € Rand A € R. See for instance Azzalini (2013). Observe that when a = 5 =0
the pdf given in (2.13) reduces to the skew normal density provided in Azzalini (1985). See also
Azzalini (1986) and Azzalini and Bowman (1990), among others. Azzalini (1985), Azzalini
(1986), Chiogna (1998), Henze (1986) and Gupta et al. (2004), among other papers, provide
many properties of the skew normal density. The standard normal distribution is obtained
for « = A = 0. A probabilistic representation of this family of distribution can be obtained in

a similar fashion as the one provided in Azzalini (1986) and Henze (1986) (see also Azzalini,
2013).

To see that (2.13) represents a genuine pdf, we proceed in a similar way as we did in
Theorem 2.2. In this case, we have to add that ®(-) is a bounded function with a derivative
being a symmetric density function about zero. The family (2.13) contains the normal, the
skew normal density and others for A # 0. Furthermore, density (2.3) also appears by mixture
(see the discussion of M. Cuadras about the work of Arnold and Beaver, 2002). To see this,
note that if A follows a symmetric distribution m(\), with —oo < A < oo, then

[ 200005 6(wn@)m(h) dr = olea(z))

—00

Hereafter, we will write X ~ GSN(a, 3, A) to denote that the pdf of the random variable
X follows the pdf given in (2.13).

Generation of random variates from (2.13) is now easy via the following representation
of the distribution. Let X ~ BN(«) and Z = X Sx where, conditionally on X =z # 0, we
have

+1  with probability ®(Awg(x)),
YTl 1 with probability 1 — ®(Awgs(x)).

Therefore, a random variate z from the random variable with density function given by
(2.13) is derived as follows:

e Generate a random number u from the standard uniform distribution, U(0, 1).

e Generate random variate = from the distribution with pdf (2.3).

e Compute ®(Awg(x)).

o Ifu< ®(Awg(z)) then z = x; otherwise z = —x.

Then, the random variable Z has the density function given in (2.13). Figure 2 displays
some plots of the pdf (2.13) for special values of the parameters.

It is straightforward to verify that properties (2.8) and (2.9) are satisfied also for the
distribution (2.13). Some additional results of (2.13) are given below.
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Figure 2: Plots of the pdf (2.13) for selected values of the parameters «, 8 and .

Proposition 2.5. The following results are verified:

(i) If X ~ gopa(x) then the random variable Z = —X ~ go.(2). That is,
9o, \(—T) = ga,p,—(z) for all z.

(ii) For all z € R, the cdf G g x(x) = Pr(X < ), verifies:
Ga’ﬂ,)\(aj) = Ga,ﬂ’_)\(_x).

Proof: To see (i), observe that given Z = —X we have that |dz| = |dz|. Now the
result follows having into account that Awg(—z) = AM(—z+ 3/2) = —A(z — 8/2) = —Awg(z)
and ¢(wq(—x)) = ¢(wa(z)). Finally, (ii) follows from (i). O

Proposition 2.6. As A — oo and § — 0 the pdf given in (2.13) tends to gq(x) =
2¢(wq(x)), i.e. a generalized half-normal density.

Proof: It is derived as a result of writing (2.13) as

Awg(x)
gaﬂ,/\(x) =2 (/ ¢(t) dt) ¢(Wa(x))a

—0o0

and taking A — oo. O
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For A\ — oo and o — 07 the classical half-normal density is obtained.

If X ~ GSN(a, 8, ) then its distribution function

x Awg(s)
(2.14) Gosale) =2 [ [ ot16(wa(s)) deds

can be represented as the cdf of a bivariate normal distribution. To see this take § =
A/V1+4 A% and consider the change of variable

~ n+dws(s)
Vioe

Then, some algebra provides that (2.14) can be rewritten as

N+ dws(s)

Gapate) = <2 [ ([ (2D g oot s

Unfortunately, we have not been able to find either the generating moment function
or the ordinary moments of the distribution given in (2.13). Finally, by taking logarithm in
(2.13), it is simple to verify that this pdf can have two modes which are the solutions of the
equation

)\<1 + 52><;5()\wg(3:)) - (1 + %)@(Awﬁ(x)) wa(z) = 0.

As most of the multimodal datasets considered in practice are defined on the positive
real values, it is convenient to reparametrized the distribution given by (2.3) via a linear
transformation, i.e. Y = p+ 0X, where X ~ go(z), where o > 0, p € R and o > 0 given in
(2.3) to obtain a more general family of densities. Its pdf is given by

(215) oo (2) = o(ea(5E)) 2 m

¢N70(M)7 Tr = W.

For the sake of simplicity, we will consider the value ;4 = 0 when estimating the param-
eters of the distribution, in that case the distribution coincides with (2.3). A value x = 0 is
better identifiable in an empirical data source than another value that is unlikely to be an
integer. For the case that y = 0, the parameter can be estimated by using a similar procedure
as the one used in the composite models (see Calderin-Ojeda, 2015).

2.4. Extensions

A variant of the approach used to derived (2.13) can be simply implemented as follows:

(2'16) ga1,a2ﬂ1,ﬁ2,>\($) = 2(I>(>‘ W1,82 (x))¢(wa17042 (l‘))
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for z 7& 0, x 7& \/Ea Z 7& \/OT’L'a while ga1,a2,,@1,,@27>\(0) = ¢(0)7 gal,ag,ﬁl,ﬁz,)\(\/@) = ¢(\/(71),
gal,ag,ﬁl,ﬁg,)\(\/@) = ¢(\/E)> where ﬁz S R; (07} > 0 (Z = 17 2) and

wal,az(x) =T — 02— —(q;

wﬂlﬁz(x) =1z — [~

This modified family of distributions would allow us to obtain densities with more than
two modal values. The extension of this distribution to generate multimodality is immediate.
For the particular case (2.16), two graphs of the pdf have been plotted in Figure 3.

0.8
a; =1
a=1
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0.6 /’é; =2
= =0.25 =
& &
s 04 &
& g
3 3
> >
0.0
-4 -2 0 2 4
X X

Figure 3: Plot of the probability density function (2.16) for selected values
of the parameters «;, 8; (i = 1,2) and A.

This new multimodal family of probability distributions can be utilized to explain the
size of the claims in cyber risk. In this regard, some multimodal and asymmetric distribution

can be effortlessly applied to capture the multimodality and extremely skewed feature of the
severity of the cyber breaches.

2.5. Summary of the proposed methodology

Before continuing with the usual elements of distribution theory, such as statistical
inference and applications, it is essential to summarize the methodology we have carried out
in this work in a diagram. Figure 4 shows a flowchart outlining the methods developed in
this article. This diagram can help the reader observe the work’s general perspective and
allow, if desired, to ignore those elements that could be of lesser interest.
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Basic model

wal(z) =
wa(x)), T r—a/r, a >0
ga(z) = { I a(),) — Z)é " :

Normal case: f = ¢ (standard normal pdf) Relatlon with t he
. . . inverse Gaussian
Unimodal, bimodal and symmetrical R
distribution

General models
unimodal, bimodal and skew

wa(z) = z—afz, a >0,

[ 20N z)p(wa(z)),z # 0, walz) = o — B/x .
gOt-,/\(I) - { ¢(0)7$:07 H( ) /8/ ) BZO
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Ja,s () = {2<D()\ ﬁ((b()o))fl?(x :(0?) #0 i

z #£ 0,z # B,z # .

Gar,a2,61,52.1(0) = ¢(0),
gal«,azﬂlﬂz,)\(\/aii) = ‘b(\/a)v
Extended multimodal PR \/E) — o \/E‘),

model

Bi € Ray > 00 = 1,2),
Jar 02,6181 (T) = 2@ (A wp, 5, (%)) (Way s (2))

a
Way,ar () = @ —az — T o2

5

T —

wey pp() = ©— 2 —

&

T

Figure 4: Flowchart showing the methodology proposed in this paper.

3. STATISTICAL INFERENCE

Let us consider a random sample of n observations £ = (z1, ..., z,,), in which there are
ng observations that are zeros and n; non-zero observations; ng + n; = n. Now by using the
pdf (2.3), the log-likelihood function is proportional to ¢(c;x) o< —1/2 Zie{l,...,nl}(wa(xi))2‘

By equating the first derivative with respect to a to zero, we get the maximum likelihood esti-
-1

mator of the parameter « is given by a = nl{Zie{l....,nl} 531‘_2} , x; # 0. Now, by computing
the second derivative of the log-likelihood function and its expectation, the corresponding
standard error, that can be obtained from the Fisher’s information entry, is (n/a)~'/2. To
obtain this result, it is necessary the expectation of 1/X? with respect to the random variable
with pdf (2.3) which is given by 1/a.
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Let us now examine the pdf (2.15) with p = 0. In this case, the log-likelihood function
is proportional to

(3.1) (0, 0:7) x —nlog o — % S (walzi/o))

iE{l,.‘.,TLl}

where n; is the number of non-zero observations in the sample. From (3.1) we derive the
normal equations given by

(3.2) %—(w‘ 3 (;)2:0,
(3.3) g—a 3 [(:2)2— (;‘)2] —0.

7;6{1,...7714}

After simple algebra, equations (3.2)—(3.3) provides the maximum likelihood estimators
of the parameters which are given by

~ nni
a = - )
(Zie{l,...,nl} Ty )(Zie{l ..... ni} f’%) - M
1 1/2
1
o =<— Z 7 —n3 Z z;?
iE{l,...,?’u} iE{l,...,nl}
The second partial derivatives are provided by
ol(a, 03 ) 9 1\?
—or -7 2 &)
iE{l,...,n1}
ol(a,0;x) 1\?
o 9 —
dado ar Z <xz> ’
e{l,...,n1}
ol(a,0;x) n 322 a\?
ol ~ o2 Z [O’4 + i '
i€{l,...,n1}

Now, taking into account that E(X?) = ¢%(1 +«) and E(1/X?) = 1/(a 0?), it is a
simple exercise to note that the Fisher’s information matrix is

o nl/a 2nl/a\
Heo) = [2m/a (2n(20 + 1)n1>/32]'

Finally, when the pdf (2.13) is considered, the log-likelihood function is proportional to

(3.4) 0(0;x) x —nlogo + Z log ®(Awg(xi/o)) — % Z (wa(zi/0))?,

iE{l,...,nl} iE{l,...,n1}

where § = (a, 3, A, 0) is the vector of parameters to be estimated.
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In practice, although both normal equations and Fisher’s information matrix can be
obtained after tedious algebra, the estimates and the entries of this matrix can be achieved
by directly maximizing the log-likelihood function given in (3.4). Moreover, this procedure
can be extended, as it is seen in the numerical illustrations, for the case where a location
parameter p is included. Recall that the Fisher’s information matrix of the skew-normal
distribution proposed by Azzalini (1985) is singular for the skew parameter and, consequently,
the maximum likelihood estimate of this parameter can be infinite with a positive probability.
With respect to the singularity of the Fisher information matrix of the generalized skew
normal (GSN) distribution with pdf (2.13), we could use the Theorem 3 in Rotnitzky et al.
(2000) to derive a reparametrization of (2.13) and provide a solution to the singularity problem
for (a, 8,\) as in Venegas et al. (2018). In order to show the asymptotic behaviour of the
maximum likelihood estimator, we carry out the following simulation experiment where the
algorithm illustrated in the previous section is used, a complete simulation analysis for the
GSN distribution with density function (2.13) is carried out by generating N := 1000 samples
of sizes n := 50, 100, 200 for different values of the parameters «, § and A. The value of these
parameters have been chosen for the sake of simplicity in estimation. For each parameter,
the analysis computes the following measures:

e Average bias (AB) of the simulated estimates:

AB(A*):% S (Ar- A,

je{1,..,N}

e Mean square error (MSE) of the simulated estimates:

1
MSE(A") = (AN
je{1,..,N}

where A; represents the maximum likelihood estimate of each parameter in the j-th sample
and A is the true value of the parameter. Table 1 shows the average bias and mean square
errors of the parameter estimates for different values of o, # and M\ for different values of n.
In the first row of this table, the case of the skew parameter A = 0 is considered, i.e. symmetric
case. As expected, the mean square error decreases when n increases. Also, the average bias
is positive and decreases with n. It is also noted that the MSE increases with the value of
the parameter a. However, the mean square errors for the parameters 8 and A seem to be
influenced by the value considered for the parameter a. In general, the MSE’s decrease with
the sample size satisfying that le MSE(A*) = 0, and therefore, the estimates are consistent
in mean square error. It impligs ‘Sflat the estimate gets closer and closer to the parameter’s
true value as data accumulates. Also, for large values of n, the maximum likelihood estimators
are normally distributed with the mean equals to the true value of the parameter and variance
equal to the reciprocal of the information function evaluated at the mean.
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Table 1: Average bias (AB) and mean square error (MSE) of the maximum
likelihood estimates for different values of the parameters of the
GSN distribution for different samples sizes n with simulation size
N :=1000.
IEN | a=025 p=05 A=0 a=1 B=1  A=0
50 AB 0.0015 — — 0.0160 — —
MSE 0.0003 — — 0.0224 — —
100 AB 0.0013 — — 0.0138 — —
MSE 0.0002 — — 0.0108 — —
200 AB 0.0000 — — 0.0021 — —
MSE 0.0001 — — 0.0049 — —
‘ n \ \ a=025 B=05 A=05 a=1 B=1 A=1
50 AB 0.0008 0.0922 0.0552 0.0230 0.0057 0.0606
MSE 0.0003 0.1302 0.1640 0.0211 0.0445 0.0756
100 AB 0.0001 0.1028 0.0472 0.0169 0.0072 0.0386
MSE 0.0002 0.0795 0.1068 0.0105 0.0209 0.0419
9200 AB 0.0001 0.0848 0.0336 0.0032 0.0075 0.0212
MSE 0.0001 0.0606 0.0767 0.0054 0.0105 0.0209
‘ n \ \ a=05 =025 A=025| a=075 =15 AI=12
50 AB 0.0040 —0.0224 —0.0024 0.0135 0.0322 0.0544
MSE 0.0025 0.0470 0.0725 0.0092 0.0524 0.0890
100 AB 0.0030 —0.0181 0.0122 0.0054 0.0158 0.0320
MSE 0.0012 0.0437 0.0407 0.0046 0.0284 0.0581
200 AB 0.0022 —0.0176 0.0234 —0.0003 0.0078 0.0276
MSE 0.0007 0.0363 0.0219 0.0021 0.0143 0.0391

4. NUMERICAL ILLUSTRATIONS

267

In this section, some numerical applications of the GSN distribution given in (2.13) are
carried out. The results are compared with those ones of the skew-normal distribution with
parameters 4 € R, o0 > 0 and A € R, i.e. SN(u,0,N).

The example considered uses the well-known old faithful geyser (Yellowstone Park,

Wyoming, USA) data set. This data set consists of 299 measurements of the numerical

eruption time in minutes and the waiting time to the next eruption (also in minutes).

This popular dataset has been examined extensively in the literature.
Silverman (1986), Azzalini and Bowman (1990) and Dekking et al. (2005), among others. It is
already known that these two datasets show bimodality. There are different versions of these

See, for example,

datasets in the statistical literature. The one examined here is taken from the R package MASS
available in the website

https://stat.ethz.ch/R-manual/R-devel/library/datasets/html/faithful.html

Descriptive statistics of these two datasets are shown in Table 2.


https://stat.ethz.ch/R-manual/R-devel/library/datasets/html/faithful.html
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Table 2: Descriptive statistics of the two variables
considered in the Old Faithful dataset.

Time eruption Time waiting
Mean 3.461 72.314
Variance 1.313 192.296
min 0.833 43.000
max 5.450 108.000

The estimated values of the parameters for the two models are shown in Table 3 together
with the standard errors (in brackets). This Table also includes the value of the maximum
log-likelihood function ({max), the Akaike’s information criterion (AIC) (see Akaike, 1974)
and the consistent Akaike’s information criteria (CAIC), proposed by Bozdogan (1987). The
last measure of model selection was chosen to overcome the tendency of the AIC to overesti-
mate the complexity of the underlying model since it lacks certain properties of asymptotic
consistency as it does not directly depend on the sample size. Then, to calculate the CAIC,
a correction factor based on the sample size is used to compensate for the overestimating
nature of AIC. The CAIC is defined as twice fmax plus &k (1 +log(n)), where k is the number
of free parameters and n refers to the sample size. Note that a model with a lower AIC
and CAIC values is preferred to one with a higher value. It is observable that the GSN
distribution has a better performance than the skew normal (SN).

Table 3: Parameters estimates, standard errors (in brackets), maximum
of the log-likelihood function (¢yax), AIC and CAIC values for
the two variables considered in the old faithful geyser dataset.

Time eruption Time waiting

SN GSN SN GSN

3 10.310 0.676 —7.975 0.247
(3.851) (0.116) (1.512) (0.078)

~ — 0.468 — 0.551
@ — (0.058) — (0.062)

B — 0.227 — —0.216
— (0.096) — (0.334)

~ 48.454 65.185 4.897 3.135
H (0.944) (0.258) (0.049) (0.009)

~ 27.597 13.088 1.837 0.956
7 (1.393) (0.557) (0.084) (0.038)
Linax —1231.57 —1116.427 —425.737 —399.229
AIC 2469.13 2242.85 857.474 808.458
CAIC 2483.24 2266.36 871.575 831.960

Graphs of the empirical smooth kernel density and theoretical distribution model (GSN)
are shown in Figure 5. This former density function was derived by using the in-built function
SmoothKernelDistribution in Mathematica® v.12.0. We used a smoothing Gaussian kernel
and automatically computed bandwidth parameter. As it can be seen, the GSN is able to cap-
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ture the bimodal nature of the empirical data although there is an underestimation produced
by the adjustment of the proposed distributions. Maximization techniques were completed
using Mathematica® v.12.0 and corroborated with WinRATS v.7.0 (the codes are available
upon request) and the computer used was a Intel(R) Core(TM) i7-4790 CPU @ 3.60GHz with
16,0 GB RAM and a processor based on x64 getting acceptable time of processing. Details
about these two software can be found in Ruskeepaa (2009) and Brooks (2009), among others.
The routines employed were standard, including among others the FindMaximum to compute
the maximum likelihood estimates and the Experimental ‘CreateNumericalFunction to obtain
the Hessian matrix.

= 3
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E 0.01 .§ oAl

w 0.00 1 w 0.0 1
40 60 80 100 120 0 1 2 3 4 5 6 7

Time eruption Time waiting

Figure 5: Smooth kernel density estimate of the empirical data (thick line)
and the GSN (thin line) for the old faithful data set.

5. CONCLUSIONS, LIMITATIONS AND FUTURE RESEARCH

In this work, we have studied two families of distributions with support on the real
line, the first symmetric and the second not necessarily symmetric. Both families can present
more than one mode and include the normal distribution as a special case. In addition, the
second one includes, as a particular case, the skew normal distribution. The model has been
applied to environmental data, and it can also be used in other scenarios where bimodality
is present.

One of the limitations of the distribution proposed in this work is based on the fact
that the value that the first distribution takes at zero (at p for the second model) is fixed,
what make these models inflexible. This is an issue that that undoubtedly deserves to be
deeply studied to guarantee a more versatile and flexible proposal than the ones presented in
this work.

It should also be noted that the extension shown in the Subsection 2.4 requires a
separate analysis outside this work’s scope. This indeed constitutes a promising probabilistic
family that allows to model multimodal data.



270 E. Gémez-Déniz, E. Calderin-Ojeda and J. M. Sarabia

ACKNOWLEDGMENTS

EGD and ECO work were partially funded by grant PID2021-1279890B-100 (Ministerio
de Economia y Competitividad, Spain. Also ECO thanks Ministerio de Universidades and
Next Generation EU for funding the Program “Ayudas Maria Zambrano”. The authors
thank the Associate Editor and three anonymous referees for their constructive comments
and suggestions, which have greatly helped them to improve the paper.

REFERENCES

Akaike, H. (1974). A new look at the statistical model identification. IEEE Transactions on Automatic
Control, 19(6):716-723.

Anderson, W., Pfeiffer, R., Dores, G., and Sherman, M. (2006). Bimodal breast cancer incidence
patterns provide support for a dualistic model of mammary carcinogenesis. Journal of Clinical
Oncology, 24(18):595-595.

Arellano-Valle, R., Gémez, H., and Quintana, F. (2004). A new class of skew-normal distributions.
Communications in Statistics: Theory and Methods, 33(7):1465-1480.

Arellano-Valle, R., Gémez, H., and Quintana, F. (2005). Statistical inference for a general class of
asymmetric distributions. Journal of Statistical Planning and Inference, 128(2):427-443.

Arnold, B. and Beaver, R. (2002). Skewed multivariate models related to hidden truncation and/or
selective reporting (with discussion). Test, 11(1):1-54.

Azzalini, A. (1985). A class of distributions which includes the normal ones. Scandinavian Journal of
Statistics, 12:171-178.

Azzalini, A. (1986). Further results on a class of distributions which includes the normal ones. Statis-
tica, 46:199-208.

Azzalini, A. (2013). The Skew-Normal and Related Families. Cambridge University Press, Cambridge.

Azzalini, A. and Bowman, A. (1990). A look at some data on the old faithful geyser. Journal of the
Royal Statistical Society. Series C (Applied Statistics), 39(3):357-365.

Behboodian, J. (1978). Uncorrelated dependent random variables. Mathematics Magazine, 51(5):
303-304.

Bozdogan, H. (1987). The general theory and its analytical extension. Psychometrika, 52(3):345-370.

Brooks, C. (2009). RATS Handbook to Accompany Introductory Econometrics for Finance. Cambridge:
Cambridge University Press.

Calderin-Ojeda, E. (2015). On the Composite Weibull-Burr Model to describe claim data. Communi-
cations in Statistics: Case Studies, Data Analysis and Applications, 1(1):59-69.

Chiogna, M. (1998). Some results on the scalar skew-normal distribution. J. Ital. Statist. Soc., 1:1-13.

Dekking, F., Kraaikamp, C., Lopuhaa, H., and Meester, L. (2005). A Modern Introduction to Prob-
ability and Statistics Understanding Why and How. Springer-Verlag, London.

Garcfa, V., Gémez-Déniz, E., and Vézquez-Polo, F. (2010). A new skew generalization of the nor-
mal distribution: properties and applications. Computational Statistics and Data Analysis, 54:
2021-2034.



Bimodal and multimodal extensions of the normal and skew normal distributions 271

Goémez, H., Venegas, O., and Bolfarine, H. (2007). Skew-symmetric distributions generated by the
distribution function of the normal distribution. Environmetrics, 18:395-407.

Goémez-Déniz, E., Arnold, B. C., Sarabia, J. M., and Gémez, W.H. (2021). Properties and applications
of a new family of skew distributions. Mathematics, 9(87):1-18.

Goémez-Déniz, E., Sarabia, J.M., and Calderin-Ojeda, E. (2021). Bimodal normal distribution:
extensions and applications. Journal of Computational and Applied Mathematics (in press).

Gupta, A., Nguyen, T., and Sanqui, J. (2004). Characterization of the skew-normal distribution.
Ann. Inst. Statist. Math., 56(2):351-360.

Henze, N. (1986). A probabilistic representation of the skew-normal distribution. Scandinavian Journal
of Statistics, 13(4):271-275.

Hirota, M., Holmgren, M., Nes, E. V., and Scheffer, M. (2011). Globa lresilience of tropical forest and
savanna to critical transitions. Science, 334:232-235.

Johnson, N., Kotz, S., and Balakrishnan, N. (1995). Continuous Univariate Distributions. Wiley,
New York.

Jones, M. and Pewsey, A. (2009). Sinh-arcsinh distributions. Biometrika, 96(4):761-780.

Jorgensen, B. (1982). Statistical Properties of the Generalized Inverse Gaussian Distribution. Lecture
Notes in Statistics. Springer—Verlag, New York.

Malinovskii, V. K. (2017). Generalized inverse Gaussian distributions and the time of first level cross-
ing. arXiv:1708.08671v1.

Patel, J. and Campbell, B. (1984). Handbook of the Normal Distribution. Marcel Dekker, Inc.,
New York and Basel.

Rotnitzky, A., Cox, D.R., Bottai, M., et al. (2000). Likelihood-based inference with singular informa-
tion matrix. Bernoulli, 6:243—-284.

Ribeiro-Reis, L.D., Cordeiro, G.M., and de Santana e Silvas, J.J. (2022). The Mc-Donald Chen
distribution: A new bimodal distribution with properties and applications. Chilean Journal of
Statistics, 13(1):91-111.

Ruskeepaa, H. (2009). Mathematica Navigator: Mathematics, Statistics, and Graphics. New York:
Academic Press.

Sharafi, M. and Behboodian, J. (2008). The Balakrishnan skew-normal density. Statistical Papers,
49:769-778.

Silverman, B. (1986). Density Estimation for Statistics and Data Analysis. London, UK: Chapman
and Hall.

Slobin, H. (1927). A theorem on improper definite integrals. The American Mathematical Monthly,
34(5):265-266.

Sulewski, P. (2022). New members of the Johnson family of probability distributions: properties and
application. REVSTAT (accepted).

Teimouri, M. and Nadarajah, S. (2016). On simulating Balakrishnan skew-normal variates. Compu-
tational Statistics and Data Analysis, 45(11):3310-3322.

Venegas, O., Salinas, H. S., Gallardo, D. 1., Bolfarine, H., and Gémez, H. W. (2018). Bimodality based
on the generalized skew-normal distribution. Journal of Statistical Computation and Simulation,
88(1):156-181.






REVSTAT - Statistical Journal
Volume 23, Number 2, April 2025, 273-290

https://doi.org/10.57805 /revstat.v23i2.444

Performance Assessment of Sandwich and Block Bootstrap
Estimators for Temporally Dependent Bivariate Extremes

Author: ALEXANDER ENGBERG
— Department of Statistics, Uppsala University,
Sweden
alexander.engberg@statistics.uu.se

Received: March 2023 Revised: June 2023 Accepted: June 2023

Abstract:

e Ignoring temporal dependence when modelling sequences of extreme observations yields underes-
timated standard errors which can lead to inaccurate risk assessment of extreme phenomena such
as floods and economic crises. One remedy is to inflate standard errors with a sandwich or block
bootstrap estimator. In this study, the performance of four such standard error estimators is in-
vestigated, through simulation, when modelling extremes from bivariate sequences. The results
show that under strong temporal dependence, all considered estimators seriously underestimate
standard errors, while under moderate to weak dependence both the sandwich and the bootstrap
estimators can mitigate this underestimation.

Keywords:

o block bootstrap; sandwich estimator; logistic model; Hiisler—Reiss model; bivariate extremes;
temporal dependence.

AMS Subject Classification:

o 62G32, 62M10.


https://doi.org/10.57805/revstat.v23i2.444
https://orcid.org/0000-0003-1558-4654
mailto:alexander.engberg@statistics.uu.se

274 Alexander Engberg

1. INTRODUCTION

Extreme phenomena such as floods, droughts and economic crises cause devastating
damage to our societies and tend to be driven by concatenated rare events in complex sys-
tems such as rivers or financial networks. Flooding in the lower part of a river system is often
the result of simultaneous high flows further up in the system (Zheng et al., 2013; Keef et al.,
2009). Severe droughts are the result of joint extremes of several meteorological variables
(Zscheischler and Seneviratne, 2017). The risk of economic crises is highly dependent on the
connections between different financial institutions (Zhou, 2010). In all these examples, the
multivariate dependence between individual rare events determines the risk of an extreme
phenomenon, and multivariate extreme-value theory provides a suitable framework for mod-
elling such dependence. Standard extreme-value modelling approaches, however, rely on the
assumption that data consists of independent and identically distributed (i.i.d.) random vec-
tors, while in applications, temporal dependence in data is common. Failure to account for
temporal dependence leads to underestimating the uncertainty of estimated quantities, such
as the strength of multivariate dependence, and, in consequence, inaccurate risk assessment.
Against this background, the present study is concerned with methods to account for the
effect that temporal dependence in data has on the estimated parameter uncertainty when
modelling bivariate dependence between rare events.

An often more realistic assumption than that of i.i.d. observations is that data con-
stitutes a stationary sequence of random vectors. Under stationarity, temporal dependence
can be explicitly modelled in conjunction with the multivariate model, or accounted for af-
ter model estimation by adjusting standard errors with block bootstrap estimators (Kiinsch,
1989; Liu and Singh, 1992; Politis and Romano, 1994) or sandwich covariance matrix estima-
tors (Godambe, 1960; White, 1982; Smith, 1990). Explicit modelling might yield the most
accurate results, but models can be application specific or intractable, and if the model fit
is poor, results may be misleading. To adjust the standard errors with a block bootstrap or
sandwich estimator is more robust and often simpler. However, block bootstraps are compu-
tationally expensive and sensitive to the choice of block length, and while sandwich estimators
are computationally cheaper, they might be subject to numerical difficulties.

The goal of this study is to, through simulation, investigate and compare the perfor-
mance of four standard error estimators when modelling the bivariate dependence between
extreme values from bivariate stationary sequences. Focus is on the logistic extreme-value
model due to its relative simplicity, which makes it a good model of reference. The results are,
however, generalized both to higher dimensions and to additional models. The considered
estimators are, first, the sandwich estimators of Godambe (1960) and Smith (1990), where
the former is combined with the Newey—West estimator (Newey and West, 1987) to account
for temporal dependence. Second, the moving block- and stationary bootstrap estimators of
Kiinsch (1989) and Liu and Singh (1992), and Politis and Romano (1994), respectively. Focus
is on how the uncertainty of the estimated dependence strength is affected by temporal de-
pendence in data, and to what extent the considered methods can mitigate underestimation.

To the author’s knowledge, no comparative performance assessment of sandwich and
block bootstrap estimators has been conducted in the context of modelling extremes from
bivariate (or multivariate) stationary sequences. The performance of some estimators have,
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however, been examined in specific settings. Fawcett and Walshaw (2007) show that the
sandwich estimator of Smith (1990) yields notably less biased standard errors of parameter
estimates when modelling univariate threshold exceedances from first order Markov chains;
Northrop (2015) uses the sandwich estimator of White (1982) and the stationary bootstrap
(Politis and Romano, 1994) to adjust standard errors of different extremal index estimators for
univariate block-maxima showing that the bootstrap generally provides a good bias reduction;
and Huser and Wadsworth (2019) show that the stationary bootstrap adequately captures
temporal dependence in rare events when modelling extremes from spatial processes with a
censored likelihood.

In Section 2, a brief overview of bivariate extreme-value theory is given. In Section 3,
the block bootstrap and sandwich estimators are presented in more detail, and in Section 4,
the performance of the estimators is assessed through simulation. The outcomes of the study
are discussed in Section 5.

2. BIVARIATE EXTREMES

In this section, an overview of the bivariate extreme-value theory used in this study is

given. For a more comprehensive account of multivariate extreme-value theory, see Davison
and Huser (2015), Coles (2001, Ch.8), and Beirlant et al. (2004, Ch. 8-9).

2.1. Block-maxima

Let {(Xl,YZ)}Z N be a sequence of i.i.d. bivariate random vectors with joint cumula-
tive distribution function F'(z,y), and denote the vector of component-wise maxima M,, =
(Mypn, My ) = (maxizljwn(Xi), maxizljwn(Yi)). It should be noted that the maximum
might not occur for the same index ¢ in both X; and Y; which means that the joint maxima
M,, might not correspond to an actual observation. Furthermore, assume that there exist se-
quences (azn, Gyn) > 0 and (bypn, by ), and a non-degenerate distribution G(z,y), such that
the distribution of normalized maxima converges as

Mxn_bxn Mn—bn
b Mo ) gy

Qx.n Qy.n

(2.1) lim Pr<

n—oo

where G(z,y) has non-degenerate marginals Gx(z) and Gy (y). Then, G(x,y) is a bivariate
extreme-value distribution, and the marginals belong to the generalized extreme-value (GEV)
family of distributions, which has the distribution function

I _ —-1/¢
€xp _<1+£<H>) ]7 57&07
L T +

exp —exp<—z_'u>], §=0,
T

defined on {z: 1+¢(z — p)/7 > 0}, and where ¢y = max(c,0), and p € R, 7 € Ry and £ € R
are location, scale and shape parameters which can be different for the respective marginals.

(2.2) Gz(z) =
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A customary assumption is that the univariate marginals of {(XZ,Yl)}Z N follow the unit
Fréchet distribution (corresponding to GEV(u =7 = & = 1)). This assumption is not restric-
tive because the marginals can be transformed with the probability integral transform to
approximately follow the unit Fréchet distribution once the parameters of the GEV distribu-
tion have been estimated. With unit Fréchet marginals the joint distribution function G(z,y)
can be expressed as

(2.3) G(z,y) = exp[—V(a:,y)], x>0, y>0,

(de Haan and Resnick, 1977). The function V' can be written as

(2.4) Vi(zy) = 2 /0 lmax@,l;w) dH (w),

where H is a distribution function that determines the bivariate dependence structure and
satisfies the mean constraint

1 1
(2.5) / w dH (w) :/(1—w) dH(w) = 1/2,
0 0
(Coles, 2001; Ledford and Tawn, 1997).

In practice, vectors of component-wise maxima M,, are obtained by splitting the data
sequence into large disjoint blocks and extracting the maxima from each block, such as annual
maximum daily rainfall. For sufficiently large blocks the block-maxima can be viewed as
approximate realizations from a GEV distribution. Maximum likelihood estimation is often
used to estimate the model parameters (Prescott and Walden, 1980), and the marginal and
dependence parameters can be estimated either separately or simultaneously. Simultaneous
estimation has the benefit that information can be shared across marginals, although at a
higher computational cost. The procedure of modelling maxima from large disjoint blocks of
data is referred to as the block-maxima modelling approach.

2.2. Threshold exceedances

In many cases, rare events occur in clusters, such as consecutive days of heavy rainfall or
high temperatures, which the analysis of block-maxima overlooks. A more efficient use of data
is achieved with the peaks over thresholds (POT) approach, in which exceedances over some
high thresholds, u, and u,, are studied. More specifically, for a random variable X with
distribution function Fx(z), define the right endpoint of the distribution as zp = sup{x:
Fx(x) <1}. Then, if the distribution of normalized block-maxima from Fx(z) converge
to a GEV distribution, the limiting distribution of suitably normalized conditional excesses
(X —u)/a(u) | X >u), a(u) > 0, as u /" xp, is a generalized Pareto (GP) distribution with
distribution function

1-(1+2) " €20,
(2.6) H(z) =
1—exp(—§), £=0,

defined on {z: z>0 and (1 +&2/7) > 0}, with parameters 7 € Ry and ¢ € R, and where
7 =71+ {u (Balkema and de Haan, 1974; Pickands, 1975). Thus, for high thresholds, a GP

likelihood provides an appropriate model for threshold excesses.
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In practice, for bivariate sequences {(XZ,Yl)}Z N’ GP likelihoods are fitted to each
marginal, and the marginal distributions are transformed to unit Fréchet scale. To model
the bivariate dependence structure it can be shown that with unit Fréchet marginals, if
the thresholds are sufficiently high and (X; > u,, Y; > u,), the limiting joint distribution
of conditional excesses is approximately the multivariate extreme-value distribution in (2.3)
(Beirlant et al., 2004, p.276). This fact was used by Ledford Tawn (1996) as the basis for a
censored likelihood for threshold exceedances in which contributions of observations are cen-
sored from below at the thresholds. To specify the censored likelihood in the bivariate case,
let A\, and A, be some small probabilities and set 7, = —1/In(1—\;) and r, =—1/In(1—\,)
which corresponds to marginal thresholds transformed to unit Fréchet scale. Then the bi-
variate censored likelihood can be expressed as

0?2 )
920y exp[—V(x,y)], if x>ry y>ry,
82 exp [—V(w,ry)], if x>ry y<ory,
(2.7) L(Oyx,y) = ¢ 9F
0
6—y exp [—V(rw,y)], if ©<ry y>ry,
{ exp[—V(rz,ry)], if ©<ry, y<ry

2.3. Models

To form tractable models from the distribution in (2.3), a common approach is to ap-
proximate the family of distributions with some parametric sub-family. A frequently used
alternative is the logistic extreme-value model (Gumbel, 1961) which has the exponent func-
tion

(2.8) Vi) = (s +y )" 20, y>0.

The parameter 0 < a < 1 governs the dependence with o = 1 corresponding to independence
and the limiting case o — 0 to complete dependence. The logistic model is relatively easy to
work with and is therefore chosen as a model of reference in this study. It is also related to
more flexible models, such as the asymmetric logistic model presented below.

To assess the generality of the results, the asymmetric logistic (Tawn, 1988) and the
Hiisler—Reiss (Hiisler and Reiss, 1989) models are also considered. Assuming unit Fréchet
marginals, the asymmetric logistic model has the exponent function

_ _ 1/8 /817
(2.9) V(z,y) = 1= + 1= 9 + {(%) + <¢2) } , x>0, y>0.
T Yy x Yy

Here, dependence is governed by the parameter 0 < § < 1, and the asymmetry parameters
0 < 1,12 < 1. Assuch, this model has two additional parameters compared to the (symmet-
ric) logistic model and, including the marginals, it has a total of 9 parameters to be estimated
for block-maxima, and 7 for POT. Independence can be achieved when either 3 =1or¢¥; =0
or 1o =0, or when 1 =9 = =1, while complete dependence is obtained in the limit
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when ¢ =9 =1 and  — 0. The exponent function of the Hiisler-Reiss model has the
form

1_[1 1 _[1
(2.10) V(:L‘,y):—(I)f—i—fln(g) r-a|-+tm(Z)], >0 y>o

r |r 2 T y |r 2 Y
where ®@(+) is the standard normal distribution function. The dependence is governed by r > 0,
where independence is obtained in the limit as » — 0 and complete dependence corresponds
to r — oo.

3.  EXTREMES OF DEPENDENT SEQUENCES

In this section, the modelling of extreme values from temporally dependent sequences
is discussed, and the considered sandwich and block bootstrap estimators are described.

3.1. Asymptotic dependence

When analysing extreme values from bivariate (or multivariate) random vectors, the
primary interest is often to describe the dependence in the tail, referred to as asymptotic
dependence. As standard association metrics often perform poorly in the tail, asymptotic
dependence can better be characterized by the tail dependence coefficient y (Coles et al.,
1999). For two random variables X and Y with continuous distributions Fy and Fy, the tail
dependence coefficient is defined as

(3.1) X = lim P(Fx(X)>u|Fy(Y)>u).

The variables X and Y are considered asymptotically dependent if xy > 0 and asymptotically
independent if x = 0.

3.2. Modelling of extremes from dependent sequences

Since the block-maxima and POT approaches in their simplest form rely on the as-
sumption of i.i.d. observations, applying them to temporally dependent stationary sequences
results in model misspecification. A common practice is therefore to remove, or at least dimin-
ish, the dependence before model estimation. For block-maxima, provided that long-range
dependence in the sequence is weak at extreme levels, maxima are often close to indepen-
dent and the limiting distribution still belongs to the GEV family (Leadbetter, 1974). Thus,
applying the block-maxima approach to maxima from stationary sequences yields valid pa-
rameter point estimates, although different than if data had been independent (Coles, 2001,
p.96). However, if some temporal dependence remains, standard errors associated with the
parameter estimates are underestimated.

In the POT approach, exceedances from stationary sequences tend to form clusters
of dependent extremes above the thresholds. In consequence, the resulting sequence of ex-
ceedances constitutes a series of concatenated clusters, with temporal dependence retained
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within the clusters. Perhaps the most common remedy is declustering, which entails iden-
tifying clusters of extremes and only using the maximum from each cluster in the analysis
(Davison and Smith, 1990). However, Fawcett and Walshaw (2007) suggest that decluster-
ing might induce serious bias in estimates, and showed that fitting GP likelihoods to all
exceedances from first order Markov chains yields close to unbiased parameter estimates but
underestimated standard errors. A better approach than declustering might therefore be to
fit the model to all exceedances and to account for temporal dependence afterwards.

The underestimated standard errors can be inflated with sandwich or block bootstrap
estimators to yield more correct uncertainty measurements. In Sections 3.3 and 3.4, the four
standard error estimators considered in this study are presented in more detail.

3.3. Sandwich estimators

Under model misspecification, and given regularity conditions, the maximum likelihood
estimator, @, of the vector of model parameters, 8, converges as

(3.2) Vn(@—-6) L N0,i(0)7") as n— o,

with 1(6)~'=H(0)"'J(8) H(8)'. Here, 1(8)~! is the sandwich covariance matrix, H(@) =
—E[V20(6;x,y)] is the Fisher information matrix and J(8) = V[V{(6;z,y)] is the variance
of the score vector, with £(8;x,y) being the model log-likelihood, and V and V? the first and
second order gradients (Davison, 2003, p. 147). The negative Hessian matrix

d*(0; z,y)

(3:3) “Ho = ""5000

9

0=0

provides an estimate of H(€), and to estimate J(@), while also taking temporal dependence
into account, the covariance matrix of Newey and West (1987) is used which has the form

.
(34) Jo = Jao Z wim(Jg; + 955,
with

= J
(3.5) Z: 0B 1, y0) VEO: 2005, yisy)T and  wjm = 1— <m+1>

Here J 6. is the heavy tailed sample autocovariance (Feigin and Resnick, 1999) at lag j, and
wjm are weights that decline as j increases. The first term on the right hand side of (3.4) is
the non-adjusted variance of the score vector, while the second term accounts for temporal
dependence up to lag m. An optimal choice of m is determined by the dependence strength
and the sequence length. In this study, however, m is chosen based on the actual asymptotic
dependence in the data, by studying plots of x(u) for a range of lags. The “standard” sandwich
covariance matrix estimator is then

— >

(3.6) (6) " = (—Hg) " Jg(~Hg) .

If data consists of blocks of observations, such as annual summer temperatures, with depen-
dence within, but near independence between the blocks, Smith (1990) proposed a blocked
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sandwich estimator in which the sequence of n observations is split into K approximately
independent blocks. The log-likelihood is divided accordingly as

K

(3.7) 0(6;%,y) = > hi(0; %k, y),
k=1

where hi(0;xg,yr), kK = 1, ..., K, is the contribution to the log-likelihood from the k-th block.
The score vector can be expressed as

K
(3.8) VIO x,y) = Y Vhi(6; %k, k),
k=1

and score covariance estimator

K

(3.9) Jo.Block = > Vhi(0; X, yk) V(05 x4, y5) "
=1

The blocked sandwich estimator is formed by replacing Jgz with Jé,Bl oc 11 (3.6). This estima-
tor was developed for spatial data with dependence in space but near independence in time,
but Fawcett and Walshaw (2007) showed that when modelling first order Markov chains with
GP likelihoods, the blocked sandwich estimator provided a notable improvement compared
to non-adjusted standard errors, even when the blocks were dependent.

3.4. Block bootstrap estimators

The bootstrap of Efron (1979) provides a method to approximate the sampling dis-
tribution of a statistic through repeated random sampling of individual observations with
replacement. In its original form, however, the method relies on the assumption that data
are 1.i.d. and fails to reproduce dependence in temporally dependent sequences (Singh, 1981).
Block bootstrap methods, on the other hand, sample blocks of length [ € {1,2,...,n — 1} of
consecutive observations which retain some temporal dependence in data and, provided that

(3.10) [ — o0 and n ' —0 as n— oo,

they produce asymptotically valid approximations of the underlying sequence for weakly
dependent sequences. In this study, the moving block bootstrap (MBB) of Kiinsch (1989)
and Liu and Singh (1992), and the stationary bootstrap (SB) of Politis and Romano (1994) are
considered, and descriptions of the methods are provided below. For a more comprehensive
presentation of block bootstrap see e.g. Lahiri (2003) and Kreiss and Lahiri (2012).

To describe the MBB method, first, let X, ..., X, denote observations from a stationary
sequence. To generate an MBB sample, X7, ..., X}, start by determining a block length [ and
define the set of overlapping blocks {By, ..., B,_;11}, where B; = (X, ..., X;1;-1). Then draw
b =min(k >1: kl>n) blocks with replacement from {By,...,B,,_;+1}, and concatenate the
blocks. The first n observations form the MBB sample.

The SB method is similar to the MBB, but the block lengths are random, drawn
from a Geometric(p) distribution with p = 1/1 € (0, 1] such that [ = 1/p is the mean, rather
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than the actual, block length. To form an SB sample, first draw a block length L; from
the Geometric(p) distribution. Second, draw a block, Bpr,, of L; consecutive observations
randomly from the original sequence. Repeat the procedure until Li+ -+ Ly > n and
concatenate the Br,,...,Br, blocks. The first n observations in the sequence form the
SB sample. As the name suggests, samples generated by the SB are stationary, in con-
trast to those generated by the MBB. However, in terms of bias and variance, Lahiri (1999)
showed that MBB and SB variance estimators share asymptotic bias, but that the asymptotic
variance of the SB estimator is considerably larger than that of the MBB.

To compute a block bootstrap standard error associated with an estimate of the de-
pendence parameter 6 of one of the considered extreme-value models, first generate a boot-
strap sample {(X;k, Yi*)}i:N with the MBB or SB. Second, fit GEV or GP likelihoods to the
marginals, and a bivariate extreme-value likelihood to the joint sample to obtain a bootstrap
estimate 6*. Repeat the procedure N times and estimate the standard error as
) N 1/2
(3.11) G5 = ;-6

N-—1 4
7j=1

where 0* is the average of the N bootstrap estimates é}“

The bias and variance of block bootstrap estimators are largely affected by the choice
of block length; longer blocks yield a better approximation of the temporal dependence and
thus lower bias, but also fewer blocks to sample from and thereby higher variance (Davison
and Hinkley, 1997, p.397). An investigation of block length estimators is outside the scope
of this study. However, it is investigated through simulation how the choice of block length
affects the standard error estimates.

4. SIMULATION STUDY

In this section, the implementation of, and the results from, the simulation study are
presented. All numerical experiments are performed in R (R Core Team, 2023).

4.1. Data generating process

The considered data generating process is a bivariate process with first order temporal
dependence imposed by a logistic extreme-value copula with parameter 0 < ¢ < 1, and bivari-
ate dependence imposed by one of the extreme-value models in Section 2.3. To achieve this,
first, a bivariate sequence {(Xi, YZ)}z N of independent vectors is generated with algorithms
from Stephenson (2003) which are implemented in the R package evd (Stephenson, 2002).
Second, temporal dependence is imposed on each marginal separately by inverse transform
sampling of x;11 from the conditional distribution of z;11 given x; and ¢, i.e.

(4.1) Gxpo | Xmar (Teg1 | ©) = Pr(Xep1 <@g | Xy =24, ),
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where G is the logistic extreme-value distribution formed by (2.8). As such, the joint distri-
bution function of two values (x¢, z4+1) from the marginal {X;} is

_ _ L4
(4.2) Fx, X1 (%6, 24415 0) = exp [— (Uct Ve 37t+11/‘p) ]7

and correspondingly for {Y;}. For simplicity, the same temporal dependence strength is
used for both marginals. The marginal distributions of {(X;,Y;)} are then transformed
with the probability integral transform to GEV(u =0, 7=1,{=0.1) for block-maxima,
and GP(7=1, £=0.1) for POT. To investigate if the heaviness of the marginal tails have
an effect on the standard error estimator’s performance, parts of the simulation were repli-
cated with marginal distributions GEV(u=0, 7=1, {=—-0.1) for block-maxima, and
GP(r=1,{=-0.1) for POT. Changing the value of ¢ from 0.1 to —0.1, however, had a
negligible effect on the results and is therefore not further discussed.

To assess the strength of temporal dependence in the generated data, the tail de-
pendence coefficient x in (3.1) is estimated for {X;} and {Y;}, respectively. For the POT
approach, x is estimated only from the exceedances as those are the only actually informative
observations. The empirical estimator

St 1(Zi> Fy () I(Ziy > Fy ' (w)

4.3 X(u) = ;
(4.3) X(u) S 1(Zi> By (w))

Y

is used, where I is the indicator function and F~! is the inverse empirical distribution function
(Coles, 2001, p.165). Estimates are computed with v =0.95 at lags k =1,...,5, and in
Figure 1 the averages over 1000 estimates from the logistic model for different temporal
dependence strengths are presented. Corresponding estimates from the asymmetric logistic
and Hiisler—Reiss models look similar. When temporal dependence is weak (¢ = 0.9), the
estimated asymptotic dependence is close to 0 already at lag 2, while under strong temporal
dependence (¢ = 0.3) there is still notable dependence in the tail at lag 5.

Block—-maxima

¢=0.3 ©=0.6 ¢=0.9
0.6 A
0.4
0.2 N\Q’\ﬂ A
0.0+
X(u)
POT
0.64
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0.0+, . . : 1 ¢ . : : 3 I : : 5 :
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Figure 1: Average estimates of x under different levels of temporal dependence for
the marginals {X;} (solid, circles) and {Y;} (dashed, triangles) at lags 1 to 5,
computed from 1000 simulated data sets from the logistic model.
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4.2. Estimation

To compute the parameter estimates and associated standard errors, a bivariate extreme-
value model with GEV (block-maxima) or GP (POT) marginals is fitted with maximum
likelihood estimation to each generated data sequence. The model fitting is done in one
step, estimating marginal and dependence parameters simultaneously. Once the model is
fitted, standard errors are computed with each method described in Sections 3.3 and 3.4.
Furthermore, 95% confidence intervals are computed by using either the normal distribution
approximation of the maximum likelihood estimator for the sandwich estimators or basic
bootstrap confidence intervals for the block bootstrap estimators (Davison and Hinkley, 1997,
99

p. 194). For comparison, confidence intervals are also computed with the non-adjusted “naive
standard errors

0%¢(0; %, y)

(44) 6Naive = - 902

9

0=0

where £(0; x,y) is the log-likelihood of the considered model with bivariate dependence param-
eter . As a benchmark, the sample standard deviation of the maximum likelihood estimator
(MLE) is used

. R 1/2
(4.5) OR = (Rl > (60— 9)2> :
r=1

Here 6, is the parameter estimate from the r-th data sequence and @ is the average over
R estimates.

4.3. Main simulation: logistic model

This section presents the main simulation study performed with the logistic extreme-
value model with bivariate dependence parameter 0 < o < 1. Complementary results from
the asymmetric logistic and the Hiisler—Reiss models are presented in Section 4.4.

To investigate how the standard error estimators perform under different dependence
strengths, data sets are generated from the bivariate logistic model with dependence parame-
ter o € {0.3,0.7} (strong, moderate) and temporal dependence parameter ¢ € {0.1,0.2,...,0.9}
(strong to weak). In each scenario R = 1000 independent sequences of length n = 100 are
generated for block-maxima, and n = 2000 for POT. In the POT approach, the thresholds
are set to the 0.95 quantiles such that there are 100 exceedances in each marginal. The block
length for the blocked sandwich estimator is specified such that the data sequences are di-
vided into 10 equally sized blocks, i.e. of size 10 for block-maxima and 200 for POT. Different
block lengths were considered but with small effects on the results and, as such, the chosen
lengths are deemed to be adequate.

To assess the effect that the choice of bootstrap block length has on estimation, root
mean squared error (RMSE) is computed for the bootstrap estimators for each block length
1 €{2,3,...,12} for block-maxima, and [ € {2,4,...,24} for POT, with 300 bootstrap repli-
cates. This is done for strong and weak temporal dependence, and the difference in block
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lengths between block-maxima and POT is due to the different lengths of the underlying
sequences (100 and 2000). The results are presented in Figure 2 together with associated
95% bootstrap percentile confidence intervals. Under weak dependence, the shortest possible
block length (Insp = lsp = 2) yields the lowest RMSE for both estimators. This is unsurpris-
ing as dependence is weak and close to 0 at lag 2 (see Figure 1). Under strong dependence
RMSE decreases with block length and has a minimum at g = 10 and lsg = 9 for block-
maxima, and Iypg = 24 and Igg = 18 for POT. Since the lowest RMSE for the moving block
bootstrap was achieved with Iypp = 24, longer block lengths were investigated but with no
notable improvements of the results.

In Section 4.3.1, block bootstrap results are computed with the block lengths that yield
the lowest RMSE, henceforth referred to as the “minimum RMSE block lengths”.

Block—-maxima
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Figure 2: RMSE with 95% bootstrap percentile confidence intervals under strong (left panel)
and weak (right panel) dependence for the moving block bootstrap (dotted, circles)
and the stationary bootstrap (long-dash, triangles) estimators, computed from 1000
simulated data sets with 300 bootstrap replicates.

4.3.1. Results for the bivariate logistic model

In this section, results from the main simulation with the bivariate logistic model are
presented. Only the results from the scenarios with strong bivariate dependence (o = 0.3) are
shown, as these summarise the general outcomes of the study. In the following, “dependence”
refers to temporal dependence unless stated otherwise.

Figure 3 presents coverage probabilities of 95% confidence intervals for the bivariate lo-
gistic dependence parameter «, computed from data sets with dependence ¢ € {0.1,0.2, ...,0.9}.
Here, the effect of ignoring temporal dependence is clearly seen as the naive estimator has
poor coverage probabilities under strong dependence. Noteworthy is that the sandwich and
block bootstrap estimators also have coverage probabilities far from 0.95 under strong de-
pendence; although they still provide a clear improvement compared to the naive estimator.
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As expected, when dependence weakens all estimators approach the nominal coverage prob-
ability. The standard sandwich estimator slightly outperforms the other estimators for the
POT approach, but overall the differences are quite small.

Block-maxima POT

Coverage probability
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Figure 3: Coverage probabilities of 95% confidence intervals from the bivariate logistic model under
strong (« = 0.3) bivariate dependence for the naive (solid, squares), standard sandwich
(dashed, circles), blocked sandwich (two-dash, triangles), MBB (dash-dotted, plus) and
SB (long-dash, diamonds) estimators, computed from 1000 simulated data sets.

In Figure 4, box-plots of &,/or are illustrated, where &, is the estimate from one
replicate and op is the benchmark in (4.5). This gives a view of the sampling distributions
of the estimators in relation to the benchmark op. Under strong dependence, the estimates
are overall negatively biased. The block bootstraps perform slightly better than the standard
sandwich estimator, while the blocked sandwich estimates are almost as biased as the naive
ones for POT. Under weak dependence, the distributions of all estimates are more or less
centred around the benchmark with similar variability.
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Figure 4: Distributions of 6, /o g for strong (left panel) and weak (right panel) temporal dependence,
under strong («a = 0.3) bivariate dependence computed from 1000 simulated data sets.
Two large estimates of oganq. were excluded for visibility purposes.
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To summarise, when dependence in data is moderate to weak all considered standard
error estimators perform similarly and quite well. Under strong dependence, however, all
estimators are negatively biased, and confidence intervals computed from the estimates have
coverage probabilities far from the nominal coverage probability. It is known that both sand-
wich and block bootstrap estimators might perform poorly when dependence in data is strong,
which is confirmed by the results of this study. Furthermore, the standard sandwich estima-
tor might provide inaccurate results if the data sequence is too short. This is supported by
results from complementary numerical experiments (not shown) where substantially increas-
ing the size of data sets clearly improved the coverage probabilities. Hence, altogether the
results suggest that if the number of observations is large, the standard sandwich estimator
can provide acceptable results under strong dependence, while the considered block bootstrap
estimators should only be used when temporal dependence in data is moderate to weak.

4.3.2. Results for the logistic model in higher dimensions

In order to assess how the results from Section 4.3.1 generalize to higher dimensions, nu-
merical experiments are conducted with the logistic model in dimensions d =5 and d = 10,
in the scenarios with temporal dependence ¢ € {0.3,0.6,0.9} and multivariate dependence
a = 0.3. The data generating process is the same as described in Section 4.1 although ex-
tended to higher dimensions. Furthermore, the marginal distributions are directly trans-
formed to unit Fréchet to avoid the estimation of a large number of marginal parameters.
Thus, only the multivariate logistic dependence parameter « is estimated. The multivariate
logistic log-likelihood is fitted efficiently using a representation from Shi (1995), and only the
block-maxima approach is considered as the results from the bivariate logistic model were
similar for the block-maxima and the POT approaches.

Coverage probability
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Figure 5: Coverage probabilities of 95% confidence intervals from the multivariate logistic model
in dimension d =5 (left) and d = 10 (right) under strong (a = 0.3) multivariate depen-
dence for the naive (solid, squares), standard sandwich (dashed, circles), blocked sandwich
(two-dash, triangles), MBB (dash-dotted, plus) and SB (long-dash, diamonds) estimators,
computed from 1000 simulated data sets.

Figure 5 shows coverage probabilities of 95% confidence intervals for the multivariate
logistic dependence parameter o computed from 1000 independent data sets. The relation
between the estimators is similar to what was observed in the bivariate case. The coverage
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probabilities are, however, lower and decrease with increasing dimension, due to increasing
bias. Thus, the results suggest that even greater care must be taken when modelling extremes
from temporally dependent sequences in higher dimensions.

4.4. Results for the bivariate asymmetric logistic and Hiisler—Reiss models

To evaluate if the results from the bivariate logistic model in Section 4.3.1 translates
to other models, numerical experiments are conducted with the asymmetric logistic and
Hiisler—Reiss models. Data is generated as previously, described in Section 4.1, but the
bivariate dependence is imposed with either the asymmetric logistic model in (2.9), or the
Hiisler—Reiss model in (2.10). Again, only the block-maxima approach is considered in the
scenarios with temporal dependence ¢ € {0.3,0.6,0.9}.

With the asymmetric logistic model, dependence is governed by the parameter 0 < 5 <1
and the asymmetry parameters 0 < 11,19 < 1. Numerical experiments are performed with
68 =0.3, ¥1 =0.5 and ¥; = 0.8 which corresponds to quite strong bivariate dependence.
The Hiisler—Reiss model has a single dependence parameter r > 0 which, in the experiments,
is set to » = 1.5 which corresponds to moderate bivariate dependence. The results are pre-
sented in Figure 6, which shows coverage probabilities of 95% confidence intervals for the
dependence parameter 3 of the asymmetric logistic model, and r of the Hiisler—Reiss model,
computed from 1000 independent data sets. Corresponding results from the bivariate logistic
model with a = 0.3 are also shown for comparison.

Asymmetric logistic Husler-Reiss Logistic
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Figure 6: Coverage probabilities of 95% confidence intervals under different levels of temporal depen-
dence for the naive (solid, squares), standard sandwich (dashed, circles), blocked sandwich
(two-dash, triangles), MBB (dash-dotted, plus) and SB (long-dash, diamonds) estimators.
Values are computed from 1000 simulated data sets from the asymmetric logistic model
(left) with parameter § = 0.3, the Hiisler-Reiss model (middle) with parameter r = 1.5,
and logistic model (right) with parameter o = 0.3.

The relation between the estimator’s performance is similar for all models, although the
block bootstraps perform somewhat worse than the sandwich estimators for the asymmetric
logistic model under strong dependence. It is noteworthy that the coverage probabilities of all
estimators for the asymmetric logistic model are far from the nominal coverage probability,
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even when temporal dependence is weak. A possible explanation is the added complexity
from the two additional parameters in the model, which has a total of 9 parameters to be
estimated compared to 7 for the bivariate logistic and Hiisler—Reiss models. The estimator’s
performance for the Hiisler—Reiss model is similar to that of the logistic model and, hence,
the conclusions from Section 4.3.1 seem to also hold for the Hiisler—Reiss model.

5. DISCUSSION

The goal of this study was to investigate and compare the performance of four sandwich
and block bootstrap standard error estimators when modelling the bivariate dependence
between extremes from bivariate stationary sequences. The performance of the estimators
was assessed through coverage probabilities of 95% confidence intervals, and by comparing
the estimators sampling distributions to a benchmark. Focus was on the bivariate logistic
extreme-value model, but the results were generalized both to higher dimensions and to
additional models.

In the cases with the logistic and Hiisler—Reiss models, when temporal dependence in
data is moderate to weak, all considered estimators perform quite well and provide viable
alternatives to account for underestimation. With the asymmetric logistic model, however, all
estimators performed poorly under both strong and weak dependence, and extra care should
be taken if modelling extremes from temporally dependent sequences with this model. Under
strong temporal dependence, all estimators have coverage probabilities far from the nominal
coverage probability and are notably biased due to an inability to fully capture the strong
dependence in data. Furthermore, for the standard sandwich estimator, the considered data
sequences seem too short, at least in the block-maxima case, for the estimator to perform
well.

Altogether, the results suggest that when encountered with smaller data sets with
strong temporal dependence, none of the considered estimators are preferable. Instead, it
may be more successful either to model the dependence explicitly or, if feasible, to decrease
the dependence by e.g. declustering. There also exist bootstrapping techniques that might
provide more accurate standard errors, such as residual bootstraps where a parametric model
is first fitted to data and the residuals resampled, or bootstrap methods tailored for Markov
processes. An investigation of additional bootstrapping methods is, however, left for future
research.
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1. INTRODUCTION AND PRELIMINARIES

The celebrated normal distribution has been known in all fields of data analysis for
centuries. Its popularity has been derived from its analytical simplicity and the associated
Central Limit Theorem. There are numerous situations in which the assumption of normality
is not validated by the data. So, some families of near-normal distributions have played a cru-
cial role in data analysis. Azzalini (1985) introduced the skew-normal (SN) distribution and
studied some of its properties. This class of distributions includes the normal distribution and
possesses several properties which coincide or are close to the properties of the normal family.
The random variable X is said to have skew-normal distribution, denoted by X ~ SN()\),
if it has the following probability density function (pdf):

(1.1) d(x; \) = 20(x) P(\x), x € (—00,00),

where ¢(-) and ®(-) are the pdf and cumulative distribution function (cdf) of standard normal
distribution, respectively. The skewness parameter A varies on the real line and controls the
skewness of the distribution. From (1.1), the cdf of the SN(A) distribution can be expressed
as

T 00 AL
(1.2) B(w: \) :/ 26(t) DOV dt = B(z) — 2//0 o(u) () du dt.

The standard normal distribution is a special case of the SN distribution, such that SN(0)
coincide with the normal distribution. Moreover, as A tends to infinity, ¢(x;\) tends to
the half-normal density. Also, the pdf of SN distribution is a log-concave function. Many
extensions of skew-normal distribution have been proposed by different authors, and some
inferential aspects of them have been investigated; see, for example, Arellano-Valle et al.
(2010), Gémez and Salinas (2010), Hasanalipour and Sharafi (2012), Azzalini and Capitanio
(2014), Hasanalipour et al. (2017), Hasanalipour and Razmkhah (2020, 2022) and Arnold
et al. (2021).

Let Xj,...,X,, be a random sample of SN(\) distribution; moreover, let Xi., <--- < X,,.p,
denote the corresponding order statistics. Then, for 1 < i < n, the pdf of X;.,, is given by

(1.3) Gin (5 0) = i &3 ) BT (@A) [1— (a3 V)],

where ¢;, =i (), also, ¢(x; ) and ®(z;)) are as defined in (1.1) and (1.2), respectively.
For more details about order statistics and their applications, one may refer to David and
Nagaraja (2003) and Arnold et al. (2008).

The mathematical theory of communication introduced by Shannon (1948) describes
logarithmic measures of information and has stimulated a tremendous amount of study in
engineering fields. It is a branch of applied probability and statistics relevant to statistical
inference and therefore, it should be of essential interest to statisticians. The Shannon’s
Entropy (SE) of a random variable X with pdf f(-) is given by:

(1.4) H(X) = _/_00 f(z) log f(z) dx.

Entropy is a measure of average uncertainty in a random variable, and also it is considered
as a measure of the randomness of a probabilistic system.
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The KL divergence measuring the degree of divergence between two probability distri-
butions, is another information index considered in this paper. By assuming X and Y have
pdfs f(-) and g(-), respectively, the KL divergence of f(-) with respect to g(-) is defined as

(1.5) K(X|Y) = /Zf(x) log<§gg> dz.

Note that K (X |Y) becomes zero when f(z) = g(x), almost everywhere. Several authors have
studied the properties of the information measures of ordered data in the fields of estimation,
reliability analysis, quality control, goodness of fit tests, characterization of probability dis-
tributions, and many other problems. See, for example, Ebrahimi et al. (2004, 1999, 2010),
Zarezadeh and Asadi (2010), Arellano-Valle et al. (2013, 2017), Kayal and Kumar (2017),
Ardakani et al. (2018), and Jose and Abdul Sathar (2021).

In this paper, we study some information properties of the order statistics of simple
random samples from the SN distribution. First, Shannon’s entropy of the SN distribution
is studied. It is proved that this measure is symmetric to the skewness parameter, such that
the maximum entropy occurs when the skewness parameter is zero or equivalently when the
distribution is normal. The results are extended to the distributions of order statistics of
a simple random sample from the SN distribution. The relation between the entropies of
lower and upper order statistics from different SN distributions with opposite signs skew-
ness parameters is stated. The average entropy of distributions of order statistics and data
distribution is also compared. Then, the Kullback-Leibler (KL) divergence between the dis-
tribution of different order statistics is investigated, and some interesting results are obtained,
theoretically or numerically.

The rest of this paper is organized as follows. The Shannon’s entropy of SN distribution
and the distribution of order statistics are investigated in Section 2. The KL divergence and
some results are studied in Section 3. Eventually, some conclusions are stated in Section 4.

2. THE ENTROPY OF THE SKEW-NORMAL DISTRIBUTION

Let X have SN(A) distribution. Then, using (1.4), the Shannon’s entropy of X is given
(2.1) XN = = [ ol ) log(6(z:3) do.

Theorem 2.1. The maximum entropy model in the skewed normal family is the
normal distribution.

Proof: Assuming X ~ SN(A), the proof includes three parts:
(1) H(X;A)=H(X;-N);
(if) limy 00 H(X;A) = 5 +log/T;
(iii) H(X; ) is increasing for A < 0 and it is decreasing for A > 0.
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A well-known property of SN distribution is that if X ~ ¢(x; A), then — X =Y ~ ¢(y; =),
hence, H(X;\) = H(X;—\) and the proof of part (i) is complete. That is, the entropy of
SN distribution does not depend on the sign of the skewness parameter.

To prove part (ii), note that equation (6) of Arellano-Valle et al. (2017) with ®(\x)
gives the following relationship between the entropies of ¢(z; \) and ¢(z):

H(X;\) — H(X;A=0) = —log2— E[log ®(AX)],

where H(X;A=0) = 3 log(2me) is the Shannon entropy of standard normal distribution.
Hence,

(2.2) H(X;\) = ;—i—log\/z — E[log ®(AX)].

On the other hand,

0 00
(2.3) Elog ®(AX)] :/ (x5 A) log @(\x) dx —|—/0 (x5 A) log @(\z) dx.

Note that for z > 0 as A — oo, we get ®(Az) — 1, hence, the second term in (2.3) tends
to zero when A\ — oco. Moreover, for £ <0 as A — oo, we have ®(A\z) — 0 and by us-
ing L'Hopital’s rule ®(\z) log ®(Az) — 0, hence, the first term in (2.3) also tends to zero.
Therefore, E[log ®(AX)] — 0 as A — oco. Further, according to part (i), it is deduced that
limy oo H(X;A) = limy_0o H(X; \); hence, part (ii) is also proved.

Finally, to prove part (iii), using (2.2), we get

aa)\H(X; A) = — /Oo2xqb(a:) o(Az) log ®(\x) dox — /Oo2xqb(a:) o(Az) dz

—00 —00

2 1
_ _\/;m E(Ylog®(\Y)),

where Y ~ N(O, ﬁ) By Stein’s lemma, if Y ~ N(0,0?), then E[Yg(Y)] = UQE[g’(Y)],

provided that g(-) is a function for which both expectations E[Y g(Y)] and E[¢'(Y)] exist.

Therefore,
0 L \/5 A V(Ay)}
— H(X;)\) = —/— - E .
1)) (X3 2) T (14+2A2)z  [P(AY)

On the other hand, E[g(a?)} > 0 for all A. Hence, %H(X;)\) is negative (positive) for

A > (<) 0. Therefore, the entropy of SN(A) distribution is a unimodal symmetric function of A
that maximizes at A = 0. This completes the proof. ]

Corollary 2.1. The skewness parameter orders the entropy and variance in the skewed
normal family similarly, in that they both increase for A < 0 and decrease for A > 0. Such
ordering behavior which holds for parts of supports of parameter was studied by Ebrahimi
et al. (1999) for the beta family.
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Remark 2.1. It is clear that when A — oo (or A — —00), the ¢(x;A) tends to the
positive (or negative) half-normal distribution with pdf 2¢(z), for >0 (or = <0)
(Azzalini, 1985). It is not difficult to show that H(X )= H(X") = +log /3, where
XT and X~ stand for positive and negative half-normal distributions, respectively. Com-
paring to part (ii) of the proof of Theorem 2.1, it can be concluded that limit of entropy
is equal to the entropy of a limiting distribution; precisely, limy_ o, H(X;\) = H(X™) and
limy o H(X; ) = H(X ™). On the other hand, from part (iii) of the proof of Theorem 2.1,
it is concluded that the entropy of SN(X) distribution decreases to entropy of the limiting
positive (or negative) half-normal case for A >0 (or A < 0). Such information properties
were investigated in details by Ardakani et al. (2018) for symmetric families that include the
normal distribution as special cases.

Using (2.1) and employing the numerical computations, the behavior of H(X;\) with
respect to A is shown in Figure 1. This figure confirms that the maximum entropy occurs for
the case of A = 0, which coincides with the case of standard normal distribution.
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Figure 1: Plot of H(X;\) with respect to .

Now, we focus on entropy of order statistics of SN distribution. Using (1.1) and (1.3)
and doing some algebraic calculations, one can show that the entropy of the i-th order statistic
of the SN distribution is

2
V2T
1

— B(log (A2~ (W3 ) ) + 5 B((27 (W3 )?)

(2.4) — i (i=1) (0@~ v +1)) =i (n=i) (Yln—i+1) = w(n+1)),

H(Xim; A) = —logc;y, — log

where the random variable W has the beta distribution with parameters ¢ and (n — ¢+ 1),
denoted by W ~ Beta(i,n — i+ 1).
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Remark 2.2. Similar to part (i) of the proof of Theorem 2.1, it is easy to deduce
that entropy of the i-th order statistic from a SN distribution equals the entropy of the
(n — i+ 1)-th order statistic from a different SN distribution with opposite sign skewness
parameter. That is, for given ¢ and A, we have

(25) H(in, )\) = H(Xn—i-i—l:n; _)\)

From (2.4) and by using numerical computations, the behavior of H(Xj.,; \) with re-
spect to A is shown in Figure 2 for n =5 and i =1, ..., 5; for other values of n and 4, similar
figures are obtained which are omitted due to similarity. From this figure and similar ones,
the following results are deduced:

e For given n and a fixed i, the entropy H(X;.,; A) is a symmetric increasing-decreasing
function of A, such that the maximizer decreases when ¢ goes from 1 up to n. For
example, the order statistics Xi.5, Xo.5, X3.5, X4.5, X5.5 get their maximum entropy
at A =1.4,0.6,0,—0.6, —1.4, respectively.

e For given n, the entropies H(X;.,; A\) and H(X,,—;1.n; A) have the same maximum
entropy that confirms the relation (2.5).

e For given n, the maximum entropy of X;., (or equivalently X, _;i1.,) is decreasing
in g for i < %
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Figure 2: Plot of H(X;.5; A) with respect to A for i =1,...,5.

For more investigation about the entropy of order statistics of a simple random sample
of size n from the SN(\) distribution, let us define the average uncertainty of these statistics
as follows:

n

_ 1
(2.6) Ho(X;0) = — ZH(XM;A).
i=1
This measure can be used to compare the average entropy of distributions of order statistics of
a simple random sample of size n with the entropy of a single observation or data distribution.
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Using (2.6), the values of H,(X;\) are calculated for some positive values of A and
some choices of n. To compare them with entropy of the SN distribution, numerical values
of H(X;\) are also computed. The results are presented in Table 1. From this table, it is
deduced that:

e Since, according to Remark 2.2, we get H,(X;\) = H,(X;—\), it is concluded that
both H,(X;)\) and H(X;\) are symmetric increasing-decreasing functions in \ for
—00 < A < 00, such that maxy H,(X;\) = H,(X;0) and max, H(X;\) = H(X;0).

e H(X;\) > H,(X;\), for all values of n and \.

Table 1: Values of H,(X;\) for some choices of A and n.

A
n
0.5 1 2 3 4 5 6 7 7.5

2 1.1576  1.0326  0.9391 0.8462 0.7570  0.6128 0.2274  0.0718  0.0265

3 1.0211  0.9961 0.8036  0.7208  0.6705  0.5446  0.2189  0.0636  0.0241

5 0.8384  0.8034 0.7123  0.6395 0.5774 0.4483 0.1941 0.0537  0.0211

10 0.5486  0.5136  0.4243  0.4114 0.4087 0.3033  0.1397  0.0411  0.0171
H(X;X) | 1.3507 1.2257 1.0456  0.9528  0.9001  0.7094 0.3461  0.0862  0.0307

3. KULLBACK-LEIBLER DIVERGENCE

This section discusses some information between distributions of the i-th and the j-th
order statistics from SN distributions with different skewness parameters. Ebrahimi et al.
(2004) showed that the discrimination information between a given order statistic and data
distribution of the same population is distribution free. They also proved that the discrim-
ination information among different order statistics of the same distribution is distribution
free. The question arises here is that what relationship exists between the order statistics
of two different distributions. To study this important subject, suppose that Xy, ..., X,, and
Y1, ..., Y,, are simple random samples from different SN distributions with parameters A; and
A2, respectively. Also, let X;., be the i-th order statistic from X, and Y., be the j-th order
statistic from Y. Using (1.5), the discrimination information between the distribution of Xj.,
and Y}, is obtained as

OO ¢i:n X, A
a2 (Xien | YJm) = / Gin (25 A1) log ¢(($)\12)) dx
—o© Jm A\

= —H(Xins M) — 0g cjn — B (10g 6(97 (W, A1); o) )
(-1 E(log¢(<1>—1(w, )\1);)\2))

(3.) = =) B(tog(1 - 2@ i) ) ).

where W ~ Beta(i,n — i + 1) and ®~!(-, \) stands for the inverse function of ®(-;\).
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Remark 3.1. When A\; = Ao, that is, in the situation in which both samples come
from the same distribution, it is trivial that in the special case of n = m, the discrimination
information between the distribution of Xj., and Yj., is zero, i.e., Ky, x, (Ximn, Yiin) = 0, for
1 <i<n. But, when Ay # A9, the KL information between the distribution of the order
statistics of different distributions is positive.

Using (3.1), the KL information between the distribution of sample maxima may be
obtained as

Ky (Xain | Yacn) = (n = 1) E(log W) + E(log 6 (27" (W. A1) 1))
— E(log ¢~ (W, \); )\2)) —(n—1) E(log@(@l(w, Av); Az)).
Similarly, the KL information between the distribution of sample minima is given by
Ko (X1 [ Yim) = (n—1) E(log(l - W)) + E(log ¢(¢_1(W A1); Al))

- E(log ¢ (D~ (W, \); )\2)) —(n—1) E<10g (1 — (@1 (W,\); )\2)))-

Remark 3.2. Let Xi,..., X, and Y1, ..., Y}, be two independent random samples from
SN(A1) and SN(\2) distributions, respectively. Then, using the fact that if X ~ ¢(z; A), then
—X =Y ~ ¢(y; —A), it can be simply shown that the KL divergence between two lower sample
quantiles from the SN distribution with given skewness parameter equals that of upper sample
quantiles from the SN distribution with opposite sign skewness parameter. More precisely,
foreach 1 <i<mand1l<j<m, we get

K)\l,)\z (in ‘ Y}m) - K*)\l,f)\g (Xn—i+1:n | Ym—j—i—l:m)v
K)xl,—)\g (Xi:n | ijm) = K—>\1,>\2 (ani+1:n | mejJrl:m)-

The values of Ky, x,(Xi:n|Yj:m) may be numerically obtained using (3.1). Figure 3
shows the behavior of Ky, x, (X | Yjm) to A2 when \; =1, n =6 and m = 3. In fact, the
KL between the pdfs of X1.¢ (or Xe.6) and Yj.3 for j = 1,2, 3 are plotted in the left (right)
hand side of this figure. Analogous results may be obtained for other values of n and m.

From Figure 3, the following results are deduced:

e For given A1, the KL divergence is a decreasing-increasing function of .

e From the left plot, it is observed that for given A\, the KL divergence between the
minimum of X sample and the minimum of Y sample tends to zero when As tends
to A1. Though, the KL of Xi., and Y}, for j > 1, becomes zero for smaller .

e From the right plot, it is observed that for given A\, the KL between X,,.,, and Y,.m
becomes zero when Ay tends to A, however, the KL of X,., and Y}, for j < m,
is zero for larger As.

e The above results mean that for given A;, there exists a value such )\g that the
pdf of a sample quantile X;.,, of SN(A;) distribution closes to the pdf of the sample
quantile Y., of SN(X}) distribution, such that A} decreases with respect to j.
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Figure 3: Plots of K1 x,(Xi:|Yj:3) with respect to Ay for i = 1 (the left plot)
and 7 = 6 (the right plot).

4. CONCLUSIONS

In this paper, some information properties of SN distribution and its order statistics
were studied. Shannon entropy and KL criteria were investigated, and some theoretical and
numerical results were obtained. The behavior of entropy of the SN(\) distribution to A was
studied, and it was shown that the maximum entropy model in the skewed normal family is
the normal distribution. Moreover, it was deduced that limit entropy equals the entropy of the
limiting distribution when A tends to infinity. It was also shown that for fixed sample size, the
entropy of a given order statistic is symmetric an increasing-decreasing function of A in which
the maximizer of entropy of X;.,, decreases when i goes from 1 up to n; further, the maximum
entropy of sample quantiles are decreasing to the maximum entropy of sample median. The
maximum entropy plays an important role in choosing the best order statistics in specifying
the outliers or determining the control limits in statistical quality control. Also, it is possible
to compare the uncertainty of the distribution of k-out-of-n systems for different values of k or
n. Some relations were also obtained for the KL divergence between distributions of the order
statistics of two independent SN(\;) and SN(\y) distributions with respect to the variations
of skewness parameters and the ranks of order statistics for given sample sizes. It was shown
that for given A1, the KL divergence is a decreasing-increasing function of As; moreover, for
any given Ap, there exists a value )\% such that the pdf of the sample quantile X;.,, of SN(\1)
distribution closes to the pdf of the sample quantile Y}.,, of SN(A%) distribution, such that
)\% decreases for j.
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