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Abstract:

² This article studies the robustness of di®erent likelihood ratio tests proposed by
Quandt ([1]) and ([2]), (Q-Test), Kim and Siegmund ([3]), (KS-Test), and Kim ([4]),
(K-T est), to detect a changein simple linear regressionmodels. Thesetests are eval-
uated and comparedwith respect to their performancetaking into account di®erent
scenarios,such as, di®erent error distributions, di®erent sample sizes,di®erent loca-
tions of the change point and departure from the homoscedasticity. Two di®erent
alternativ esare considered: i) with a changein the intercept from one model to the
other with the sameslope and ii) with a changein both the intercept and slope.

The simulation results reveal that the KS-Test is superior to the Q-Test for both
models consideredwhile the K-Test is more powerful than the other two tests for
nonhomogeneousmodels with a known variance.
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1. INTR ODUCTION

The useof models involving a sequenceof submodels has beenwidely ap-
plied in areas such as economics,medicine and biology, among others. These
types of models, denoted by segmented (or switching or multi-phase) regression
models, are useful when it is believed that the model parameterschangeafter an
unknown time or in someregion of the domain of the predictor variables.

A simple segmented regressionmodel, in the casethat a sequenceof obser-
vations (x i ; yi ), i = 1; 2; :::; n, is considered,can be written in the following way

yi =

(
®1 + ¯ 1x i + " i ; if x i 6 r

®2 + ¯ 2 x i + " i ; if x i > r ;
(1.1)

where®1; ®2; ¯ 1; ¯ 2 and r are unknown parametersand the errors " i have distri-
bution N (0; ¾2). The submodels in (1.1) are referred to as regimesor segments
and the point r as the changepoint.

Segmented regressionmodels are divided into two types. One where the
model is assumedto be continuous at the change point, and the other where
it is not. The inferential theory is completely di®erent for each type of model
(Hawkins ([5])). The emphasisin this article is on the discontinuous model.

The linear-linear segmented regressionmodel proposedby Quandt ([1]) is
similar to model (1.1), except that the changepoint is identi¯ed by the observa-
tion order instead of the observation value as above. Moreover, the model (1.1)
assumeshomoscedasticity while the Quandt model assumesheteroscedasticity.

Considering a sequenceof observations (x i ; yi ), i = 1; 2; :::; n; the Quandt
two-phaseregressionmodel is given by

yi =

(
®1 + ¯ 1x i + " i ; if i = 1; :::; k

®2 + ¯ 2 x i + " i ; if i = k+ 1; :::; n ;
(1.2)

where the " i have independent normal distributions with meanzeroand variance
¾2

1 if i 6 k and variance ¾2
2 if i > k. The parameters ®1; ®2; ¯ 1; ¯ 2 and k are all

unknown.

Various tests for the presenceof a change point based on the likelihood
ratio are discussedin the statistics literature. Quandt ([1], [2]) was the ¯rst
to propose a likelihood ratio test to detect the presenceof a change point in
a simple linear regressionmodel. Hinkley ([6]) derived the asymptotic distri-
bution of the maximum likelihood estimate of a change point and the asymp-
totic distribution of the likelihood ratio statistics for testing hypothesesof no
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change in (1.2), where the independent observations x1; :::; xn ; are ordered, the
changepoint k is unknown and the errors " i are considereduncorrelated N (0; ¾2).
Furthermore, it is assumedthat xk 6 ° 6 xk+1 , where ° = (®1¡ ®2)=(¯ 2 ¡ ¯ 1)
is the intersection of the two regression lines. Hinkley ([7]) discussedinfer-
enceconcerninga changepoint consideringthe hypothesisH 0 : k = k0 versusthe
one-sidedalternativ e H1 : k > k0 or versusthe two-sidedalternativ e H 2 : k 6= k0.
Brown et al. ([8]) described tests for detecting departures from constancy of re-
gressionrelationships over time and illustrated the application of thesetests with
three setsof real data. Maronna and Yohai ([9]) derived the likelihood ratio test
for the hypothesisthat a systematic changehas occurred after somepoint in the
intercept alone. Worsley ([10]) found exact and approximate bounds for the null
distributions of likelihood ratio statistics for testing hypothesesof no change in
the two-phasemultiple regressionmodel

yi =

(
x

0

i ¯ + " i ; if i = 1; :::; k

x
0

i ¯ ¤ + " i ; if i = k+ 1; :::; n ;
(1.3)

where p 6 k 6 n¡ p, x i is a p-component vector of independent variables and ¯
and ¯ ¤ are p-component vectors of unknown parameters. His numerical results
indicated that the accuracy of the approximation of the upper bound is very
good for small samples. Kim and Siegmund ([3]) consider likelihood ratio tests
for changepoint problems in simple linear regressionmodels. They also present
a review on segmented regressionmodelsand somereal problems that motivated
research in this area. Someof these problems are examined using change point
methods by Worsley ([11]) and Raferty and Akman ([12]). Kim ([4]) derived
the likelihood ratio tests for a change in simple linear regressionwith unequal
variances. Kim and Cai ([13]) examinedthe distributional robustnessof the like-
lihood ratio testsdiscussedby Kim and Sigmund ([3]) in a simple linear regression.
They showed that thesestatistics convergeto the samelimiting distributions re-
gardlessof the underlying distribution. Through simulation the observed distri-
butional insensitivity of the test statistics is observed when the errors follow a
lognormal, a Weibull, or a contaminated normal distribution. Kim ([4]), using
somenumerical examples,examinedthe robustnessto heteroscedasticity of these
tests.

In this paper di®erent likelihood ratio tests (Quandt ([1]) and ([2]), Kim and
Siegmund ([3]) and Kim ([4])) to detect a change on a simple linear regression,
are presented. The tests are evaluated and compared regarding their perfor-
mancein di®erent scenarios.Our main concernis to assist the user of such tests
to decide which test is preferable to use and under which circumstances. The
article is organizedas follows. In Section2, the likelihood ratio tests proposedby
Quandt ([1]) and ([2]), Kim and Siegmund ([3]) and Kim ([4]) will be described.
In Section3, via Monte Carlo simulations, the performanceof the tests discussed
in Section 2 will be assessedand compared. Final comments on the results,
presented in Section 4, will concludethe paper.
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2. TEST STATISTICS

In this Sectionthe likelihood ratio tests proposedby Quandt ([1]) and ([2]),
Kim and Siegmund ([3]) and Kim ([4]) are described in more detail. In all the
casesthe model (1.2) is considered.

2.1. Lik eliho od Ratio Test by Quandt (Q-T est)

The test described by Quandt ([1]) and ([2]) is used for testing the hy-
pothesis that no changehas occurred against the alternativ e that a changetook
place. That is, H0 : ®1 = ®2; ¯ 1 = ¯ 2; ¾1 = ¾2 against H1 : ®1 6= ®2 or ¯ 1 6= ¯ 2 or
¾1 6= ¾2. The error terms " i are independently and normally distributed N (0; ¾2

1)
for i = 1; :::; k and N (0; ¾2

2) for i = k+ 1; :::; n.

The likelihood ratio ¸ is de¯ned as

¸ =
l(k)
l (n)

;

where l(n) is the maximum of the likelihood function over only a single phase
and l(k) is the maximum of the likelihood function over the presenceof a change
point. That is,

¸ =
exp

h
¡ log(2¼)

n
2 ¡ log¾̂n ¡ n

2

i

exp
h
¡ log(2¼)

n
2 ¡ log¾̂k

1 ¡ log¾̂n¡ k
2 ¡ n

2

i

=
¾̂k

1 ¾̂n¡ k
2

¾̂n ;

where ¾̂1 and ¾̂2 are the estimates of the standard errors of the two regression
lines, ¾̂is the estimate of the standard error of the overall regressionbasedon all
observations and the constant k is chosenin order to minimize ¸ . On the basis
of empirical distributions resulting from sampling experiments, Quandt ([1]) con-
cluded that the distribution of ¡ 2 log¸ can not be assumedto be Â2 distribution
with 4 degreesof freedom.

2.2. Lik eliho od Ratio Tests by Kim and Siegm und (KS-T est)

Kim and Siegmund ([3]), assumingthe model (1.2) with homoscedasticity,
consider tests of the following hypotheses:
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H0 : ¯ 1 = ¯ 2 and ®1 = ®2 against the alternativ es

(i) H1 : ¯ 1 = ¯ 2 and there exists a k (16 k < n) such that ®1 6= ®2 or

(ii) H2 : there exists a k (16 k < n) such that ¯ 1 6= ¯ 2 and ®1 6= ®2.

The alternativ e (i) speci¯es that a changehas occurred after somepoint in
the intercept alone and alternativ e (ii) speci¯es that a changehas occurred after
somepoint in both intercept and slope.

The likelihood ratio test of H 0 against H1 rejects H0 for large valuesof

max
n06 i6 n1

jUn (i )j =¾̂ ,

where nj = nt j ; j = 0; 1, for 0< t0 < t1 < 1, and

Un (i ) = (b®i ¡ b®¤
i )

Ã
i (1¡ i=n)

1 ¡ i ( ¹x i ¡ ¹xn )2=
©

Qxxn (1 ¡ i=n)
ª

! 1=2

:

The likelihood ratio test of H 0 against H2 rejects H0 for large valuesof

¾¡ 2 max
n06 i6 n1

(
n i ( ¹yi ¡ ¹yn )2

n ¡ i
+

Q2
xy i

Qxxi
+

Q¤2
xy i

Q¤
xxi

¡
Q2

xy n

Qxxn

)

;

where, following Kim and Siegmund ([3]) notation,

¹x i = i ¡ 1
iX

k=1

xk , ¹yi = i ¡ 1
iX

k=1

yk , b®i = ¹yi ¡ b̄ ¹x i , b®¤
i = ¹y¤

i ¡ b̄ ¹x¤
i ,

¹x¤
i = (n¡ i )¡ 1

nX

k= i+1

xk , ¹y¤
i = (n¡ i )¡ 1

nX

k= i+1

yk , Qxy i =
iX

k=1

(xk ¡ ¹x i ) (yk ¡ ¹yi ) ,

Qxxi =
iX

k=1

(xk ¡ ¹x i )
2 ; Q¤

xxi =
nX

k= i+1

(xk ¡ ¹x¤
i )2 ; ::: ,

Qxxn =
nX

k=1

(xk ¡ ¹xn )2 ; Qxy n =
nX

k=1

(xk ¡ ¹xn ) (yk ¡ ¹yn ) ,

b̄ = Qxy n=Qxxn and ¾̂2 = n¡ 1 ¡
Qyyn ¡ Q2

xy n=Qxxn
¢

:

In these tests and in the tests by Kim, the values for t0 and t1 depend on
the feeling we have concerningthe location of the changepoint. This impression
comesfrom a scatterplot of y and x. In this study wewill uset0 = 0:1 and t1 = 0:9.
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2.3. Lik eliho od Ratio Tests by Kim (K-T est)

Kim ([4]) studied likelihood ratio tests for a change in a simple linear re-
gressionmodel consideringthe two typesof alternativ espresented in the previous
subsection. It is assumedthat the error varianceis non-homogeneous,that is, the
error terms follow N (0; ¾2

i ), where¾2
i = ¾2=wi and the wi 's are positive constants.

The likelihood ratio statistics is denoted by weighted likelihood ratio statistics.

The weighted likelihood ratio statistics to test H0 against H1, (WLRS1),
is given by

¾̂¡ 1 max
n06 i6 n1

jUw;n (i )j(2.1)

where

Uw;n (i ) =

0

B
B
B
@

iP

k=1
wk

nP

k=1
wk

nP

k= i+1
wk

1

C
C
C
A

1
2

0

B
B
B
B
B
@

¹yw;i ¡ ¹yw;n ¡ b̄w ¢( ¹xw;i ¡ ¹xw;n )
"

1¡
½

iP

k=1
wk

nP

k=1
wk

± nP

k= i+1
wk

¾
(¹xw;i ¡ ¹xw;n )2±Qxxn

#1
2

1

C
C
C
C
C
A

:

The weighted likelihood ratio statistics to test H0 against H2, (WLRS2), is given
by

¾̂¡ 2 max
n06 i6 n1

jVw;n (i )j ;(2.2)

where

Vw;n (i ) =

iP

k=1
wk

nP

k=1
wk

nP

k= i+1
wk

( ¹yw;i ¡ ¹yw;n )2 +
Q2

xy i

Qxxi
+

Q¤2
xy i

Q¤
xxi

¡
Q2

xy n

Qxxn
:

In both tests n j = nt j ; j = 0; 1, for 0 < t0 < t1 < 1, and following Kim ([4])
notation,

¹xw;i =

Ã
iX

k=1

wk

! ¡ 1 iX

k=1

wk xk ; ¹x¤
w;i =

Ã
nX

k= i+1

wk

! ¡ 1 nX

k= i+1

wk xk ;

¹yw;i =

Ã
iX

k=1

wk

! ¡ 1 iX

k=1

wk yk ; ¹y¤
w;i =

Ã
nX

k= i+1

wk

! ¡ 1 nX

k= i+1

wk yk ;
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Qxxi =
iX

k=1

wk (xk ¡ ¹xw;i )
2 ; Q¤

xxi =
nX

k= i+1

wk
¡
xk ¡ ¹x¤

w;i

¢2 ;

Qyyi =
iX

k=1

wk (yk ¡ ¹yw;i )
2 ; Q¤

yyi =
nX

k= i+1

wk
¡
yk ¡ ¹y¤

w;i

¢2 ;

Qxy i =
iX

k=1

wk (xk ¡ ¹xw;i ) (yk ¡ ¹yw;i ) ;

Qxxn =
nX

k=1

wk (xk ¡ ¹xw;n )2 ; Qxy n =
nX

k=1

wk (xk ¡ ¹xw;n ) (yk ¡ ¹yw;n ) ;

b̄w = Qxy n=Qxxn and ¾̂2 = n¡ 1 ¡
Qyyn ¡ Q2

xy n=Qxxn
¢

:

Kim ([4]) also presents approximations of the p-valuesof the WLRS (2.1)
and (2.2).

3. PERF ORMANCE OF THE TESTS

To assessand compare the performanceof the tests described in the pre-
vious section we carried out a Monte Carlo simulation taking into account dif-
ferent scenarios,such as, di®erent error distributions, di®erent samplesizes,dif-
ferent locations of the changepoint and departure from the homoscedasticity as-
sumption. In all the casestwo di®erent alternativ e hypotheseswere considered:
i) with a changein the intercept from onemodel to the other with the sameslope,
and ii) with a changein both intercept and slope.

In the simulation process, for each model, the sequenceof observations
(x1; y1) ; :::; (xn ; yn ), where x i = i=n; i = 1; :::; n and yi satisfying the model (1.2),
were generated5,000 times. To calculate the distributional insensitivity of the
tests the following distributions for the errors were considered: N (0; 1), N (0; 1)
for one regime and N (0; 4) for the other, normal with variance given by 1=wi ,
where wi = (1 + i=n)2, contaminated normal using the mixture distribution
0:95N (0; 1) + 0:5N (0; 9), exponential(1), Weibull(®,° ), with ® = 1:5 and ° =
1=(21=2®f ¡(2 =®+ 1) ¡ ¡ 2(1=®+ 1)g0:5), and lognormal(®; ° ), with ®= 0:1 and
° = f exp(2®) ¡ exp(®)g¡ 0:5. For more details for the choice of theseparameters
interested readerscan seeKim and Cai (1993).
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To generatethe Weibull and lognormal random errors we usethe methods
presented in Kim and Cai (1993). The Weibull random errors are generated
by the transformation " = ° (Z 2

1 + Z 2
2)1=®, whereZ1 and Z2 are independent and

follow standard normal distributions. The lognormal random errors aregenerated
considering " = ° exp(

p
®Z1). The exponential and the normal random variables

are generated using SAS/IML functions. The N (0; 1=wi ) distribution for the
errors implies that each observation has a di®erent variance determined by the
value wi ; it is used to compare the K-Test with the other tests. The K-Test is
applied only in models in which a changecan occur in the intercept alone.

Following Zhang and Boss ([14]), Monte Carlo estimates of critical values
are used to create adjusted power estimates. It allows for comparisonsamong
the competing tests under the samescenarios.

3.1. A Change in the In tercept

We start with the analysis of the performance of the Q-Test for models
with a changein the intercept alone. Figure 1{ panel(a) shows the power of the
Quandt test for di®erent samplesizesand di®erent locations of the changepoint
considering models with errors following normal distributions. In all the cases
the critical values are the 95th percentiles under H0, estimated by Monte Carlo
simulations. The best performanceof the test occurs when the change point is
not at the central position, that is, when the number of observations in a regime
is much smaller than the number of observations in the other, and also when the
samplesize increases.

Figure 1{ panel(b) shows the performanceof the Q-Test for homogeneous
error variance models with di®erent distributions for the errors. In these cases
the sample size is 20 and the change point is located at k = 15. It can be con-
cluded that the likelihood ratio test of Quandt achieves almost the samepower
for the four di®erent distributions for the errors. Similar results are reached for
other di®erent samplesizesand di®erent locations of the changepoint. The per-
formanceof the Q-Test for non-homogeneouserror variance models is showen in
Figure 1{ panel(c), for n = 20 and k = 15, when the errors have normal distribu-
tions with di®erent variancesfrom one regime to the other and when the errors
have contaminated normal distribution with each observation having a di®erent
variance. The standard normal distribution model is also presented. The power
of the likelihood ratio test of Quandt achieves almost the same power for the
three distributions when the di®erencebetweenthe intercepts of the two regimes
is lessthan 2, after that the behavior of the power functions are di®erent. Other
samplesizesand locations of the changepoint wereexplored and the results were
similar.
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The performanceof the KS-Test for models with a changein the intercept
alone is now analyzed. Figure 2{ panel(a) shows the power of the KS-Test for
models with errors following N (0; 1) considering di®erent sample sizesand dif-
ferent locations of the changepoint in both regimes. This test performs well in
those caseswhere the changesoccurred far from the center. This is in broad
agreement with the results of Kim and Cai ([13]). The Figure 2{ panel(b) shows
the robustnessof the KS-Test concerningdi®erent distributions of the errors but
with homogeneousvariances. However, for non-homogeneousmodels, as shown
in Figure 2{ panel(c), the performanceof the KS-Test dependson the distribu-
tion of the errors. For the caseswherethe errors follow non-homogeneousnormal
(di®erent variances for each regime) and contaminated normal distribution the
performance of the test is clearly inferior to the performance when the errors
follow homoscedasticdistributions. When the considereddistribution is the het-
eroscedasticnormal the performanceof the test is worsethan in the contaminated
normal distribution case.

The non-homogeneousmodels consideredin this study were the models in
which the variancesof the error terms are proportional to the squareof a linear
combination of the regressorvariables. That is, the models have errors follow-
ing a N (0; 1=wi ), with wi = (1 + i=n)2. Models with this type of heteroscedas-
ticit y, known as additiv e heteroscedasticerror models, have been discussedby
Rutemiller and Bowers ([15]) and Harvey ([16]). These models were submitted
to the Q, KS and K-Tests. The test powers are shown in Figure 3. Note that
the Q-Test does not present a good performance in these cases. The KS-Test
is better than the Q-Test but sensibly worse than the K-Test. Comparing such
results with the results presented previously, the non robustnessof the Q and
KS-Tests is evident when applied to non-homogeneousmodels, mainly when the
variancesof the errors are di®erent from an observation to another and not only
from a regime to another. The K-Test is more powerful in the casewhere the
variancesof the error terms are di®erent but known. In the casesof contaminated
normal and heteroscedasticnormal distributions, where the wi is unknown, the
application of the K-Test can be accomplishedby taking wi = 1, for i = 1; 2; :::; n,
which would make such a test equivalent to the KS-Test, or by estimating these
weights from data.

Comparatively, the Q-Test and KS-Test presented very di®erent results for
samplesof size 20. The performance of the KS-Test is superior to the perfor-
manceof the Q-Test. That superiorit y is noticed practically in all the considered
di®erencesbetween intercepts. It is important to point out that even when we
consideredthe non-homogeneouserror variancemodelssubmitted to the KS-Test,
the results are better than the one of the Q-Test in homogeneouserror variance
models. Analyzing the Figures 1 and 2, a similar performanceof the Q-Test and
KS-Test when the samplesare of size n = 40 is noticed. The K-Test is more
e±cient than the others in non-homogeneouserror variance models with known
variance.
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(a) (b)

(c)

Figure 1: Power of the Q-Test in three scenarios:

Panel (a) for modelswith error terms following N (0; 1) consideringdi®erent
sample sizesand di®erent locations of the change point. In this casethe
best performance of the test occurs when the change point is not at the
central position.

Panel (b) for homogeneouserror variance models supposing the error terms
have normal, lognormal, Weibull and exponential distribution, with n = 20
and k = 15. Note that the likelihood ratio test of Quandt achieves almost
the samepower for the four di®erent distributions.

Panel (c) for models with error terms following N(0,1), nonhomogenous
normal and contaminated normal distribution, with n = 20 and k = 15.
The power of the Q-Test achieves almost the same power for the three
distributions when the di®erencebetweenthe intercepts of the two regimes
is less than 2. Afterwards that, the behavior of the power functions are
di®erent.
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(a) (b)

(c)

Figure 2: Power of the KS-Test in three scenarios:

Panel (a) for models with error terms following N(0,1) consideringdi®erent
samplesizesand di®erent locations of the changepoint. This test performs
well in those caseswhere the changesoccurred far from the center.

Panel (b) for homogeneouserror variance models supposing the error terms
follow N(0,1), lognormal, Weibull or exponential distribution, with n = 20
and k = 15. It shows the robustnessof the KS-Test regarding the four
di®erent distributions.

Panel (c) for models with error terms following N(0,1), non-homogenous
normal and contaminated normal distributions, with n = 20 and k = 15.
In this casethe performanceof the KS-Test dependson the distribution of
the errors.
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Figure 3: Power of the Q, KS and K-Testsfor modelswith errors following N (0; 1=wi ),
where wi = (1 + i=n)2, for i = 1; 2; :::; n. The Q-Test does not present
a good performancein thesecases.The KS-Test is better than the Q-Test
but sensibly worsethan the K-Test.

3.2. Change in both In tercepts and Slop e

The casesconsideredin the previous section are analyzed here but with
di®erent slopes on the ¯rst and secondregimes of each model. The di®erence
between these slopes consideredin the simulations are 0.5 and 1.0. The tests
will continue to be denominatedQ-Test and KS-Test but taking into account the
versions that consider models with di®erent intercepts and slopes between the
regimes. Recall that the K-Test is applied only to models in which a changecan
occur in the intercept alone.

The Figures 4{ panel(a) and 4{ panel(b) present the results obtained with
the Q-Test in models with distribution N (0; 1), considering the di®erencesbe-
tween the slopes0.5 and 1.0, respectively. The test is sensitive to the change in
the di®erencebetween such slopes. Besides,as it happened with models where
only the intercepts change,the results are clearly better when the changepoint is
on a non central region. Moreover in thesecases,the performanceof the Q-Test
improvesas the samplesize increasesfrom 20 for 40.

The Figures 4{ panel(c) and 4{ panel(d) present the results obtained with
the Q-Test in homogeneouserror variance models considering several distribu-
tions for the error terms with n = 20 and k = 15. Here it is also clear that the
test is sensitive to the increaseof the di®erencebetweenthe slopes. Both Figures
evidencethe robustnessof the test in relation to the considereddistributions of
the errors.
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(a) (b)

(c) (d)

Figure 4: Power of the Q-Test in four scenarios:

Panel (a) for modelswith error terms following N (0; 1) consideringdi®erent
samplesizes,di®erent locations of the changepoint and ¯ 2 ¡ ¯ 1 = 0:5.

Panel (b) for models with error terms following N (0; 1) considering di®er-
ent samplesizes,di®erent locations of the changepoint and ¯ 2 ¡ ¯ 1 = 1:0.
In both casesthe test is sensitive to the change in the di®erencebetween
such slopesand improvesas the samplesize increasesfrom 20 for 40.

Panel (c) for homogeneouserror variance models supposing the error terms
follow distribution N (0; 1), lognormal, Weibull and exponential, n = 20,
k = 15 and ¯ 2 ¡ ¯ 1 = 0:5.

Panel (d) for homogeneouserror variancemodelssupposing the error terms
follow distributions N (0; 1), lognormal, Weibull and exponential, n = 20,
k = 15 and ¯ 2 ¡ ¯ 1 = 1:0. Both Figures evidencethe robustnessof the test
in relation to the considereddistributions of the errors.
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The performanceof the Q-Test in non-homogeneouserror variance models
in comparison to the case N (0; 1) can be seen in Figures 5{ panel(a) and
5{ panel(b), these also evidencethat the test is sensitive to the increaseof the
di®erencebetweenthe slopes. Onceagain, the non robustnessof the test studied
in relation to the presenceof heteroscedasticity can be clearly seen.

(a) (b)

Figure 5: Power of the Q-Test in two scenarios:

Panel (a) for models with error terms following N (0; 1), non-homogenous
normal and contaminated normal distributions, n = 20, k = 15 and
¯ 2 ¡ ¯ 1 = 0:5.

Panel (b) for models with error terms following N (0; 1), non-homogenous
normal and contaminated normal distributions, n = 20, k = 15 and
¯ 2 ¡ ¯ 1 = 1:0. In both casesthere is evidence that the test is sensitive
to the increaseof the di®erencebetweenthe slopes.

The KS-Test when applied to models in which changesoccurs in both in-
tercept and slope is sensitive to the increasein the di®erencebetweenthe slopes
and its best performance happens when the structural change occurs in a non
central region. Another property of the KS-test is the non robustnessconcerning
the heteroscedasticity of the model. Such properties wereveri¯ed by the analysis
of the plots (not shown here) which present the power of the KS-Test applied to
the samemodels submitted to the Q-Test.

When the di®erencebetweenintercepts is lessthan 1.0, the KS-Testpresents
superior performance, in both cases¯ 2 ¡ ¯ 1 = 0:5 and ¯ 2 ¡ ¯ 1 = 1:0, in non-
homogeneousnormal models in relation to the N (0; 1) models. However, when
the di®erencebetweenintercepts is larger than 1:0, such superiorit y is total and
completely reverted in favor of the casesN (0; 1), also in both cases̄ 2 ¡ ¯ 1 = 0:5
and ¯ 2 ¡ ¯ 1 = 1:0.
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Q-Test and KS-Test are sensitive to the alterations of di®erencesbetween
intercepts and di®erencesbetweenslopes, besidesboth tests present better per-
formanceswhen the structural changehappensin a non central region. Another
characteristic of the Q-Test and KS-Test is the non robustnessof their perfor-
mancein non-homogeneouserror variancemodels in relation to the homogeneous
models.

In all the presented casesthe KS-Test performs better than the Q-Test.
Both are shown to be robust regarding the di®erent distributions consideredin
homogeneousmodels, except the KS-Test when applied in models with error
following exponential distribution. However, even presenting inferior power in
the exponential case, the KS-Test has more power than the Q-Test in all the
homogeneouscases.

4. W ORKING WITH OUTLIERS

In this section a small investigation of the sensitivity of the tests referring
to outlying observations is presented. New data sets,contaminated with outliers,
are simulated from the model (1.2) and the power results for the three tests,
for some scenarios,are explored. This investigation involves the power of the
Q-test, KS-Test and K-test consideringdata setswith and without outliers, dif-
ferent samplesizesand di®erent locations of the changepoint, for errors following
normal distributions. In all the casesthe critical values are the 95th percentiles
under H0, estimated by Monte Carlo simulations.

(a) (b)

Figure 6: Power of the Q-Test for modelswith error terms following N (0; 1) consider-
ing data setswith and without outliers, di®erent samplesizesand di®erent
locations of the changepoint. Panel (a) ¯ 2 ¡ ¯ 1= 0. Panel (b) ¯ 2 ¡ ¯ 1 = 1:0.
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For the Q-Test and KS-Test, if the outliers are clearly present in one of
the regimes,inspection of the results revealsthat the caseswithout outliers have
slightly more power when comparedto the caseswith outliers, but for the K-test
the power of caseswith and without outliers are comparable.

For the three studied tests, the caseswhere the outliers are clearly in the
changepoint region are slightly more powerful than those caseswithout outliers.
The reasonfor that can reside in the fact that the simulated outliers reinforced
the presenceof changepoints.

5. CONCLUDING REMARKS

The robustness of di®erent likelihood ratio tests was investigated under
di®erent scenariosvia a simulation study as presented in Section 3. With the
exception of the study by Kim and Cai ([13]) there has been little work done
for a comprehensive discussionof the performance of these tests including the
important question of deciding which test should be consideredand under which
circumstances. The simulation results suggestedthat the KS-Test is superior
to the Q-Test when small to moderate sample sizesare consideredfor both ho-
mogeneousand non-homogeneousmodels with a change in the intercept alone.
However, the K-Test is more powerful than the other two tests for non-homo-
geneousmodels with a known variance. The Q-Test and KS-Test are both
robust regarding di®erent distributions of the errors for homogeneousmodels.
When there is a changepoint in both intercept and slope the KS-Test is superior
to the Q-Test in all investigated scenarios.
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