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Abstract:

e We consider nested row-column designs with split units for a two-factor experiment.
The most optimal design in this case is that of using for the whole plots a Latin square
while for the subplot treatments with a completely randomized design for each whole
plot. Such a design, in fact optimal, utilizes many experimental units and quite a
large space. Hence to construct new designs of reduced size of the experiment we
use a cyclic design for the whole plot treatments and a square lattice design for the
subplot treatments. The proposed designs are generally balanced and they allow for
giving the stratum efficiency factors, especially useful to design of experiments.
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1. INTRODUCTION

In many biological and agricultural (field) experiments, a nested row-column
design with split units is often used. The design is for a two-factor experiment of
split-plot type with b blocks. The first factor A has v; levels Ay, Ag, ..., A,, and
the second factor B has v levels By, Ba, ..., B,,. Each block is divided into k;
rows and ko columns and these kiky units are treated as whole plots. Moreover,
each whole plot is divided into k3 subplots. The levels of A and B are applied to
the whole plots (called whole plot treatments) and the subplots (called subplot
treatments), respectively. Such a design is called a nested row-column design
with split units.

Kachlicka and Mejza (1996) considered a mixed linear model with fixed
treatment effects and random block, row, column, whole plot and subplot effects
for the nested row-column design with split units. The hth factorial treatment
combination effect 73, is defined by

Th = b+ a5 + B + (fB)sj

forh=(i—1)va+j,i=1,2,...,v1 and j = 1,2, ..., vy, where y is the general mean,
a; denotes the main effect of the ith whole plot treatment A;, 3; denotes the main
effect of the jth subplot treatment B; and (af3);; denotes the interaction effect
of A; and B;. Here Y ;" o =0, 252:1 Bi=0,>:"(af)ij =0for j =1,2,...,v9
and Z;il(ozﬂ)ij =0 for ¢ =1,2,...,v1. The mixed linear model results from a
four-step randomization, i.e., the randomization of blocks, the randomization of
rows within each block, the randomization of columns within each block and the
randomization of subplots within each whole plot. This kind of randomization
leads us to an experiment with orthogonal block structure as defined by Nelder
(1965a, 1965b) and the multistratum analysis proposed by Nelder (1965a, 1965b)
and Houtman and Speed (1983) can be applied to the analysis of data in the
experiment. In this case, we have five strata, except zero stratum connected
with the general mean only, (I) inter-block stratum, (II) inter-row stratum, (IIT)
inter-column stratum, (IV) inter-whole plot stratum and (V) inter-subplot stra-
tum. The statistical properties of the nested row-column design with split units
are strictly connected with the eigenvalues and the eigenvectors of the stratum
information matrices for the treatment combinations. The stratum information
matrices Aj, As, A3, Ay and Aj are given by

1 r 1 1
1.1 A= —NN, - -J Ay = ——N/N|, — ——N_ N
( ) ! klk‘gkg 0%70 v v 2 kag 1= klkgkg 0=
1 1
1.2 A= ——N,N, - ——— NN
( ) 3 klk?, 2-Y2 klkzkg 0-%0»
1 / 1 / 1 / /

ks k1ks koks k1koks
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and
1 /
(1.4) As =rl, — ??)N?, 3

where v = v1v9, Ng, N1, Ny and N3 are the incidence matrices for the treat-
ment combinations vs. blocks, rows, columns and whole plots, respectively, I,
is the identity matrix of order v and J, is the v X v matrix with every element
unity. Here we assume that every treatment combination A;B; (i = 1,2,...,v1,j =
1,2,...,v3) occurs in precisely r blocks and the treatment combinations are or-
dered lexicographically.

A generally balanced design was firstly introduced by Nelder (1965a, 1965b),
for which the stratum information matrices are spanned by a common set of
eigenvectors. Let sg,s1,...,8y—1 be the mutually orthonormal common eigen-
vectors of the stratum information matrices Aj, Ao, As, Ay and As. Since
Afl, =0 for f=1,2,3,4,5, ﬁlv may be chosen as the first eigenvector s,
where 1, is the v X 1 vector of unit elements. Let s, be an eigenvalue of a
matrix A’JZ = r‘lAf corresponding to the eigenvector s, for f =1,2,3,4,5 and
h=1,2,....,v—1. Then, a basic contrast of the treatment effects (see Pearce et
al. (1974)) is defined by s} 7 for h =1,2,...,v — 1, where 7 is the v x 1 vector
of the treatment effects. The eigenvalue £, can be identified as a stratum effi-
ciency factor of the design concerning estimation of the hth basic contrast in the
fth stratum for f=1,2,3,4,5 and h=1,2,...,v — 1 (see, Houtman and Speed
(1983)).

Many experiments require a long time or a large space (units) often mak-
ing it impossible to carry out a conventional, complete (orthogonal) design of the
considered type. For example, in agricultural field experiments, because of soil
fertility it is difficult to find units (plots) fulfilling restrictions concerning the ho-
mogeneity of blocks, rows, columns, whole plots or subplots. Then, to satisfy the
main experimental principles it is necessary to design the experiment as an in-
complete (non-orthogonal) one. Such an experiment usually utilizes smaller units,
with respect to size and also utilizes smaller number of units (the experiment is
cheaper). The problem is to find an incomplete design proper to experimental
material structure and optimal with respect to statistical properties of the design.

Kuriki et al. (2009), Mejza et al. (2009) and Mejza and Kuriki (2013)
constructed nested row-column designs with split units by the Kronecker product
of the incidence matrices of two designs. They used a Youden square for the whole
plot treatments and various proper designs for the subplot treatments. Mejza et
al. (2014) have used a balanced incomplete block design with nested rows and
columns instead of the Youden square to construct a nested row-column design
with split units. The designs obtained by this way need usually a large number of
units. In this paper, we construct a nested row-column design with split units by
a modified Kronecker product (called a semi-Kronecker product) of the incidence



Two-Factor Experiments with Split Units 283

matrices of two designs. We use a cyclic design for the whole plot treatments and
a square lattice design for the subplot treatments. We give the stratum efficiency
factors for such a nested row-column design with split units, which has the general
balance property.

These designs have smaller numbers of blocks than the conventional exper-
iments. Therefore, they would be useful in practice, for example, the reduction
of the experimental expenses and effort, and the easier implementation of the
experiments by using the well-known cyclic designs and square lattice designs
in the literature (see, John (1987), John and Williams (1995) and Raghavarao
(1971), etc.).

Other variants of incomplete split plot designs are given, for example, by
Mejza and Mejza (1996), Ozawa et al. (2004), Aastveit et al. (2009), Mejza et
al. (2012) and Kuriki et al. (2012).

2. A CONSTRUCTION BY A CYCLIC DESIGN AND A SQUARE
LATTICE DESIGN

Firstly, we need the semi-Kronecker product (see, Khatri and Rao (1968)
and Mejza, Kuriki and Mejza (2001)) of two matrices that will be used to con-
struct nested row-column designs with split units. Suppose that two matrices E
and F are divided into the same number of submatrices as follows:

E=(E; :Ey:---:E,) and F=(F;:Fy:---:Fp,).
Then, the semi-Kronecker product E® F is defined by
EQF=(E1®F :Eo@Fy: - E, @F,,),
where ® denotes the usual Kronecker product.

Next, we need a cyclic design and a square lattice design. Let V be a
set of v treatments and let B be a collection of subsets (called blocks) of V.
A design (V,B) is denoted by D(v,r, k) if every treatment occurs in precisely
r blocks and each block contains k£ treatments. Let Z, be the additive group
of integers modulo v and let (V,B) be a D(v,r, k) with V = Z, for which if
{a1,aq9,...,ax} is a block, then {a; + 1,a2 + 1,...,ar + 1} is also a block. A set
of blocks {{a1 +i,a2 +14,....,ap +i}|i € Z,} is called a cyclic class and a block
taken arbitrarily from each cyclic class is called an initial block. If the collection
B of blocks is divided into some cyclic classes, then (V, B) is said to be cyclic and
it is denoted by CD(v,r, k). Here we consider only a case where the number of
blocks in each cyclic class is v.
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Let (V,B) be a D(v,r, k). If the collection B of blocks can be grouped in
such a way that every treatment occurs precisely once in every group (called a
resolution class), then (V, B) is said to be resolvable. A resolvable D(v,r, k) (V,B)
such that v = s2, » < s+ 1 and k = s for a positive integer s is called a square
lattice design if any two blocks from different resolution classes contain just one
common treatment, and it is denoted by SLD(s?,7,5s). If r = s + 1, it is called a
balanced square lattice design and it is well known that there exists a balanced
square lattice design if s is a prime or a prime power (see, Raghavarao (1971)).

Now we construct a nested row-column design with split units. Let (V4, B4)
be a CD(va, 74, ka) with m = r4/k 4 initial blocks. Each cyclic class of (V4,B4) is
treated as a block with k4 rows and v4 columns such that the columns are blocks
of B4 and that every treatment of V4 occurs precisely once in each row. Such a
design is denoted by D4. An SLD(s?,m,s) is denoted by Dg. The whole plot
treatments occur in D4 and the subplot treatments occur in Dg. We construct
a nested row-column design, say D, with split units embedding each block of
the ith resolution class of Dp in every whole plot of the ith block of D4 for
i=1,2,...,m. The parameters of D are v; = v, va = $>, b=ms, r = mky = r4,
k’l = k’A, kQ = VA and kg = S.

Example 2.1. We use an A-efficient cyclic design CD(6, 6,3) with initial
blocks {0,1,2} and {0, 1,3} given by John (1987). From two cyclic classes of this
design, we have the following two blocks with 3 rows and 6 columns of Dy:

011|2(3]45 11213415
1/12{3|4(5|0/ and |1]2|3(4]|5|0
3415|101 415(0(1|2

We also use a square lattice design SLD(9, 2,3) D= (Vp, Bg) with Vp={1,2,...,9}.
The following columns are 6 blocks of Dp:

1 1
2 and |4 ,
3 7

where the first resolution class is constituted by the first 3 blocks and the second

S Ot
© 00
oo Ot N
O O W

one is constituted by the remaining blocks. We construct a nested row-column
design D with split units embedding each block of the first (second) resolution
class of Dp in every whole plot of the first (second) block of Dy, replacing the
treatments 0,1,2,3,4,5 of D4 with Ay, As, Ag, A4, A5, Ag and the treatments
1,2,...,9 of Dp with By, B, ..., Bg. The design D has 6 blocks as follows:
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Ay
Bi|B:|Bs

Az
Bi|B:|Bs

As
Bi|B:|Bs

Az
Bi|B;|Bs

As
Bi|B:|Bs

As
Bi|B:|Bs

Bi|B:|Bs

Bi|B:|Bs

As
Bi|B:|Bs

285

d

We note that if the nested row-column design with split units is constructed
by the usual Kronecker product of the incidence matrices (see, Mejza et al.
(2014)), then the number of blocks becomes m?s = 12. Generally, the number of
blocks of a nested row-column design with split units by the Kronecker product
is m times larger than those of a nested row-column design with split units by
the semi-Kronecker product.

Let

Ng=(Ng1s :Ngo:--:Nyy,) and Np=(Npp:Npg:---: Npp)



286 K. Ozawa, I. Mejza, S. Mejza and S. Kuriki

be the incidence matrices of the cyclic design CD(v4,74,k4) and the square
lattice design SLD(s2,m, s), where N 4; and Np; correspond to the ith cyclic and
resolution classes, respectively. By the definition of the square lattice design,

hold for ¢,j = 1,2,...,m, i # j. Then, the incidence matrix N5 of the nested row-
column design D with split units is given by the semi-Kronecker product of N 4
and Np, i.e.,

Ny =Ns®@Np =Ny ®Np; : Ngag@Npg: -+ : Nay, ® Nppy,)

in a suitable order of columns of D, and the concurrence matrices NyNj, N; N7,
N,N5 and N3N% of D are given by

m
(2'2) NO 6 = Z (k124J’UA ® NBi sz) = k124J’UA ® NBNle
=1
m
(2.3) N NG = (kaJy, ® NgN;) = kaJy, @ NgNp,
=1
m
(2.4) N,Nj = Z (N ;Ny; ® N, N;)
=1
and
m
(2.5) NaNg =) (kaly, ® NpNi,) = kal,, ® NpNj.
i=1

3. STRATUM EFFICIENCY FACTORS FOR D

In this section, we give the stratum efficiency factors for the nested row-
column design D with split units constructed in Section 2. To find the stratum
efficiency factors, it is necessary to find the eigenvalues of the stratum information
matrices Ay, Ag, As, Ay and Aj of D. It is easy to find these eigenvalues if Ay,
As, As, As and Aj have the common eigenvectors, i.e., if D is generally balanced.
It follows, from (2.1), that

(3-1) Np; /BiNBj /Bj:J82

holds for 4,7 =1,2,---,m, i # j. From (3.1), it is easily verified that the concur-
rence matrices Ny INj,, NyN, NyN/, and N5N% given in (2.2)-(2.5) are mutually
commutative. Thus, by use of (1.1)—(1.4), the stratum information matrices Ay,
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Ay, A3, Ay and Ay are mutually commutative, which means that A;, Ag, Ag,
A, and Aj have the common eigenvectors. Therefore, D is generally balanced.

In order to find the common eigenvectors of the stratum information matri-
ces A1, Ao, Az, Ay and As, i.e., those of the concurrence matrices Ny N, N; N/,
N,N and N3Nj, we consider the eigenvectors of N ,,N’,. for the ith cyclic class
of the cyclic design CD(v4,74,ka) and those of NN’z for the ith resolution
class of the square lattice design SLD(s%,m,s) for i = 1,2,...,m. For the inci-
dence matrix N4 of the CD(va,74,k4), since NN, , N ,N'\,, ... N, N,
are symmetric circulant matrices, these matrices have the mutually orthonormal
common eigenvectors, which are denoted by xo, x1, ..., Ty, -1 With &g = 41

VoA A
The corresponding eigenvalues of N 4, N’,. are given by

; vazl 2mih
9;1) = Z )\,(f)cos < J )
h=0

vA

for i =1,2,...,m and j =0,1,...,v4 — 1, where /\;f) (h #0) denotes the num-
ber of blocks containing two treatments 0 and h in the ith cyclic class of the
CD(va,74,ka) and )\éi) = k4. In particular, Géi) = k:124 and the corresponding
eigenvector is g = ﬁlm (see, John (1987) and John and Williams (1995)).
These eigenvalues and common eigenvectors are summarized in the following ta-

ble:

Table 1:  Eigenvalues and common eigenvectors of N ,,N’, .
in the CD(va,7r4,k4).

Eigenvalues Common eigenvectors
K2 "y
6\ @ (j=1,2,...,04—1)

Similarly, for the incidence matrix Npg of the SLD(s%,m,s), from (2.1),
N 5, N, has the eigenvalues s and 0 with multiplicities s and s(s — 1) for each ¢ =
1,2,..,m. From (3.1), Ng, N3, ,Ngz,Np,, ..., N5, N5 are mutually commuta-

tive, so these matrices have the common eigenvectors. Let Q = (gg, g1, s qs_1)
1
Vs
(2.1), the mutually orthonormal eigenvectors of N, N5, corresponding to the

be an orthogonal matrix of order s with gy = —=1,. For each i = 1,2, ..., m, from

eigenvalue s are given by
1
Zip = ﬁNBiqp
for p=10,1,...,s — 1. In particular, z;g0 = %152. The eigenvectors z;, are also the
eigenvectors of N 5, N5, (h # i) for any other resolution class, and the eigenvalues
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of N, Nz, corresponding to z;o and z;, (p # 0) are s and 0, respectively. Fur-
thermore, the mutually orthonormal common eigenvectors of N 5 N5, N5, N5,
... Np, N’ corresponding to the eigenvalue 0 are denoted by zyforq=1,2,..,

s2 —m(s — 1) — 1. These eigenvalues and common eigenvectors are summarized
in Table 2.

Table 2:  Eigenvalues and common eigenvectors of N5, N5,
in the SLD(s?,m, s).

Eigenvalues
p - p Common eigenvectors
NBlNBl NB2NBQ ‘ ‘ NBmNBm
s s s %132
0 0 zip (p=1,2,...,s — 1)

0 s 0 zop (p=1,2,...,5 — 1)

Zmp P=1,2,...,5—1)
0 zi(g=1,2,..,8 —m(s —1) — 1)

Combining the eigenvectors of Table 1 and Table 2, we consider the follow-
ing 6 sets of vectors:
1 1

1
1) ——1,, ® -1, (2)z;® 1.,
( ) \/ﬂ A® s 2 ( )m]® S 2 (3)

1
Vo
1
VvVA

fori=1,2,..m, j=1,2,..,04a—1,p=1,2,....,s—land ¢ =1,2,....,82 —m(s —

(4) 1, ® z;, (5) xj ® zip, (6) x; ® zZ

1) — 1. The vectors of (1)-(6) are mutually orthonormal and the total number
of the vectors is vas?. We show that the vectors of (1)-(6) are the common
eigenvectors of N N{, N;IN/, N,N, and N3N, and we find the corresponding
eigenvalues of NyNj, N; N/, N,NY, and N;N5.

Firstly, we take into account the matrix N Nj. For (1), we have, from
(2.2), Table 1 and Table 2,

1 1 1 1

TA]_UA ® 8152> == (k:%JUA ® NBN,B) <UA]_UA ® 8182)

1 1 1 1
= <k124JUA\/ﬁ1vA> & <NBNIBSIS2> = <UAk124m1UA) X (m38152>
1 1
= muak?s (1“ ® 132> .
S

Non

NN} (
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The corresponding eigenvalue is mwv Akis.
For (2), we have
! 1 2 ! 1
NoNp (@ @ “1e ) = (k3dv,xj) ® NpNp 1| =0.
The corresponding eigenvalue is zero for each i=1,2,...,m and j=1,2,...,v4 —1.
For (3), we have
1, ® zip) = <k124*]v,4

NN, < > ® (NpNpzip)

=
— (vAk,%x\/iTAlvA> (; NBhNthzp> ( > ® (szip)

1
=wvakys | —1 Zip | -
A (M . ”’)
The corresponding eigenvalue is vAkzls for each i=1,2,...,m and p=1,2,...,s—1.

For (4), we have

1 * ]' *
N,N; <\/ﬁ1” ®zq> = </<;?4JUA 1UA> ® (NpN’zz})

1 m
= (vaki—=1, Np Nzt | =0.
(’UA A\/ﬁ A) ® (; Bi Bzzq>

The corresponding eigenvalue is zero for ¢ = 1,2, ..., 82 — m(s — 1) — 1. Moreover,
for (5) and (6), the eigenvalue is also zero.

Similarly, from (2.3)—(2.5), we can show that the vectors of (1)—(6) are also
the eigenvectors of NyN, NyN, and N3N%. The corresponding eigenvalues of
N,Nj, N; N}, N,N, and N3N% are summarized in the table below:

Table 3:  Eigenvalues and common eigenvectors of NyNg, NN/, N,N, and N;Nj.

Eigenvalues Common
N N}, N, N/, ‘ N, N, ‘ N, N/, eigenvectors
muakis | mvakas mk?s mkas (1)
0 0 S 6s | mkas (2)
vak?s vakas k% s kas (3)
0 0 6\s kas (5)
0 0 0 0 (4), (6)

Herei=1,2,....,mand j=1,2,...,v4 — 1.
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The vectors (1)—(6) are also the common eigenvectors of the stratum infor-
mation matrices Aj, Ay, A3, Ay and Ajs. By use of (1.1)—(1.4) and Table 3, the
stratum efficiency factors for D can be calculated as in the following table:

Table 4: Stratum efficiency factors for D.

Type of Number of Strata

contrasts contrasts I ‘ 1I ‘ I ‘ v ‘ Vv
A vg — 1 0 0 | w; 1 —wj 0

B m(s—1) 1/m | 0| 0O 0 1-1/m
s2—m(s—1)—1 0 0] 0 0 1

Ax B m(va —1)(s —1) 0 0]&; |1/ m—&; | 1—1/m
(va—1){s?—m(s—1) -1} 0 0|0 0 1

fort=1,2,....,mand j =1,2,. — 1, where A and B denote the basic contrasts

among the main effects of Whole plot and subplot treatments, rebpectlvely, AxB
denotes the basic contrasts among the interaction effects, §;; = 9 / (mk?) and
wj =y i1 &; . The eigenvectors of (2), (3)-(4) and (5)—(6) define the basic con-
trasts A, B and A x B, respectively. We use Table 4 in order to improve the
estimators for the basic contrasts of the treatment effects combining the estima-
tors obtained from the strata I, III, IV and V. This procedure was proposed by
Nelder (1965a, 1965b) and Houtman and Speed (1983). Especially, we see that
some basic contrasts of B and A x B are estimable with full efficiency.

Example 3.1. For the nested row-column design D with split units given
in Example 2.1, m =2, v4 =6,ks = 3,5 =3,00" =4, 08" = 0,6 =1,0{" =0,
o) =40 =1,0Y =300 = 1,6 = 3and 0!” = 1. Thus, by use of Table 4,
the stratum efficiency factors can be calculated as in the following table:

Table 5: Stratum efficiency factors for D given in Example 2.1.

Type of | Number of Strata

contrasts contrasts I ‘ I ‘ 111 ‘ v ‘ v
1 0 0] 1/9 8/9 0

A 2 0 |0]1/6] 56 | 0

2 0 0 5/18 13/18 0
B 4 /200 0 0 |1/2

4 0 0 0 0 1
1 ool o | 1/2 |1/2
4 0 |0 1/6]| 1/3 |1/2
AxB 4 0|0/ 209 5/18|1/2
8 0 |0|1/18] 4/9 |1/2

20 0 0 0 0 1
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4. REMARKS

In the design of experiments at least a few aspects play crucial roles. The
first one concerns proper use of available structure of experimental units. The
general rule, for example, in field agricultural experiments constitutes that smaller
units better satisfy requirements concerning homogeneity of stratum units. In
addition, usually smaller errors are associated after randomizations with these
units.

The second aspect concerns statistical properties of designs. Using com-
plete, orthogonal designs leads to the best unbiased estimators of the estimable
functions of linear model parameters. In this work, we use a randomization-
derived linear model (random block effect describing structure of units) with
treatment (combination) effects being fixed. The structure of units and random-
ization performed lead to a design which possesses orthogonal block structure.
In a complete case, the estimators of all estimable treatment effect functions are
BLUEs. This means that the design is optimal from a point of view of statis-
tical properties. Such a design can be used for our experiment if it is possible.
However, many times there exist some limitations in available structure of exper-
imental units (material). Then in our experiment some incomplete design can be
applied only.

The new problem concerns how to choose an incomplete design that fits to
the structure of experimental units, is optimal for the most interesting treatment
effect functions, and is not so expensive (utilizes small as possible number of units
of proper size). In the worse case we can use any incomplete design. Then it is
difficult to describe the statistical properties of the proposed design.

The experimenter usually makes a ranking of linear functions of treatment
effects (contrasts) with respect to a scientific interest and an aim of the experi-
ment. It would be helpful to have a design with known efficiencies of all estimable
treatment effect functions. This property has a generally balanced design (see,
for example, Mejza (1992) and Bailey (1994)). General balance aids interpreta-
tion; the design which is generally balanced with respect to meaningful contrasts
may be superior to a technically optimal design. For generally balanced designs,
we can identify the meaning of the treatment effect contrasts and their efficiency
factors (cf. Table 2, Table 3 and Table 4). Hence we restrict our searching in the
class of generally balanced designs.

Those considered here (nested row-column designs with split units) can be
characterized by a few component block designs. We are looking for methods
allowing for generation of new row-column designs with split units by using some
known incomplete block designs instead of component designs. The Kronecker
product of the component incomplete block designs is often used for constructing
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new designs with split units. The final design possesses optimal properties, but
it utilizes many experimental units (high cost of the experiment). To overcome
this problem (size of the experiment) we proposed to use of the semi-Kronecker
product as defined in Section 2 instead of the ordinary Kronecker product. The
final design is much smaller and also possesses desirable statistical properties (see
Example 2.1). Moreover using the semi-Kronecker product to generate new de-
signs leads to much smaller number of units and smaller size. In the Example 2.1,
one block of the complete design will have 6 rows and 6 columns while the whole
plot consists of 9 units. For example, in agricultural field experiments (where
such designs are very often used) it would be difficult to find so many homo-
geneous plots. In these cases the use of an incomplete design is recommended.
In this paper, we construct a nested row-column design with split units by the
semi-Kronecker product of the incidence matrices of a cyclic design for the whole
plot treatments and a square lattice design for the subplot treatments. We give
the stratum efficiency factors for such a nested row-column design with split units
having the general balance property.

Although we proposed the new method for constructing the design in the
class of nested row-column designs with split units, we still need new methods for
constructing designs in the considered class which will lead to general balanced
designs with desirable statistical properties and will have reasonable size. Natu-
rally, in the future work for construction optimal row-column designs with nested
structures someone can look for new methods and for another class of incomplete
block designs as considered in the paper.

ACKNOWLEDGMENTS

The authors would like to thank the referees for their valuable comments
and suggestions. Moreover, the authors would like to thank to JSPS and PAN
(Polish Academy of Sciences) for giving them the opportunity to carry out this
joint research in Japan and in Poland. The research was partially supported by
JSPS, Grant-in-Aid for Scientific Research (B) 15H03636 and Grant-in-Aid for
Young Scientists (B) 25730020.



Two-Factor Experiments with Split Units 293

REFERENCES

AasTvElT, A.H.; ALM@Y, T.; MEJzA, I. and MEJZA, S. (2009). Individual
control treatment in split-plot experiments, Statistical Papers, 50, 697-710.

BAILEY, R.A. (1994). General balance: artificial theory or practical relevance?.
In “Proceedings of the International Conference on Linear Statistical Inference
LINSTAT ’93” (T. Calinski and R. Kala, Eds.), Kluwer, Dordrecht, 171-184.

HoutMAN, A.M. and SpeeD, T.P. (1983). Balance in designed experiments
with orthogonal block structure, The Annals of Statistics, 11, 1069-1085.

JoHnN, J.A. (1987). Cyclic designs, Chapman and Hall, New York.

JonN, J.A. and WiLLiams, E.R. (1995). Cyclic and Computer Generated De-
signs. Second edition, Chapman and Hall, London.

KAcHLICKA, D. and MEJzA, S. (1996). Repeated row-column designs with split
units, Computational Statistics & Data Analysis, 21, 293-305.

KHuatri, C.G. and Rao, C.R. (1968). Solutions to some functional equations
and their applications to characterization of probability distributions, Sankhya.
The Indian Journal of Statistics. Series A, 30, 167-180.

Kuriki, S.; MEjza, S.; MEjza, I. and KAcHLICKA, D. (2009). Repeated
Youden squares with subplot treatments in a proper incomplete block design,
Biometrical Letters, 46, 153-162.

KURrIKI, S.; MEJzA, I. and MEJzA, S. (2012). Incomplete split-plot designs
supplemented by a single control, Communications in Statistics — Theory and
Methods, 41, 2490-2502.

MEJjza, 1. and MEJzZA, S. (1996). Incomplete split plot generated by GDP-
BIB(2), Calcutta Statistical Association Bulletin, 46, 117-127.

MEJzA, I.; KUrIKl, S. and MEJzZA, S. (2001). Balanced square lattice designs
in split-block designs, Colloquium Biometryczne, 31, 97-103.

MEJjzA, I.; MEJzZA, S. and KURIKI, S. (2012). A method of constructing incom-
plete split-plot designs supplemented by control treatments and their analysis,
Journal of Statistical Theory and Practice, 6, 204—219.

MEJjzaA, I.; MEJzA, S. and KURIKI, S. (2014). Two-factor experiment with split
units constructed by a BIBRC, SUT Journal of Mathematics, 50, 343—-352.

MEJzA, S. (1992). On some aspects of general balance in designed experiments,
Statistica, 52, 263-278.

MEJjzA, S.; KURIKI, S. and KACHLICKA, D. (2009). Repeated Youden squares
with subplot treatments in a group-divisible design, Journal of Statistics and
Applications, 4, 369-377.

MEJjza, S. and KURIKI, S. (2013). Youden square with split units. In “Advances
in Regression, Survival Analysis, Extreme Values, Markov Processes and Other
Statistical Applications” (J.L. da Silva, F. Caeiro, I. Natdrio and C.A. Braumann,
Eds.), Springer Berlin Heidelberg, 3-10.

NELDER, J.A. (1965a). The analysis of randomized experiments with orthogonal
block structure. I. Block structure and the null analysis of variance, Proceedings
of the Royal Society. London, A, 283, 147-162.



294

[18]

[19]

K. Ozawa, I. Mejza, S. Mejza and S. Kuriki

NELDER, J.A. (1965b). The analysis of randomized experiments with orthogonal
block structure. II. Treatment structure and the general analysis of variance,
Proceedings of the Royal Society. London, A, 283, 163—178.

Ozawa, K.; MEJZA, S.; JiIMBO, M.; MEJzA, I. and KURIKI, S. (2004). Incom-
plete split-plot designs generated by some resolvable balanced designs, Statistics
& Probability Letters, 68, 9-15.

PEARCE, S.C.; CALINSKI, T. and MARSHALL, T.F. DE C. (1974). The basic
contrasts of an experimental design with special reference to the analysis of data,
Biometrika, 61, 449-460.

RAGHAVARAO, D. (1971). Constructions and combinatorial problems in design
of experiments, John Wiley & Sons, New York.



REVSTAT - Statistical Journal
Volume 16, Number 3, July 2018, 295-313

WHICH EFFECT SIZE MEASURE IS APPROPRIATE
FOR ONE-WAY AND TWO-WAY ANOVA MODELS?
A MONTE CARLO SIMULATION STUDY

Authors:  SONER YIGIT
— Faculty of Agriculture, Animal Science Department,
Biometry and Genetics Unit, Canakkale Onsekiz Mart University,
Canakkale, Turkey
soneryigit@comu.edu.tr

MEHMET MENDES

— Faculty of Agriculture, Animal Science Department,
Biometry and Genetics Unit, Canakkale Onsekiz Mart University,
Canakkale, Turkey
mmendes @comu.edu.tr

Received: April 2016 Revised: September 2016 Accepted: September 2016

Abstract:

e It is very important to report some effect size measures that will show if the observed
differences among the groups are also of practical significance along with statistical
significance while reporting statistical analysis results. Performances of four com-
monly used effect size measures (Eta-Squared, Partial Eta Squared, Omega Squared
and Epsilon Squared) were compared for one and two-way ANOVA models under
3000 different conditions. Results of simulation runs showed that the Epsilon and
Omega-Squared estimates were quite unbiased when compared to Eta and Partial
Eta-Squared which are directly reported by commonly used statistical packages while
reporting ANOVA results. Thus, it could be concluded that reporting Epsilon or
Omega-Squared is more appropriate to evaluate the practical significance of observed
differences along with P-values.

Key-Words:

o cffect size measure; omega-squared; epsilon-squared; biased, simulation.

AMS Subject Classification:

e 62-07.



296 Soner Yigit and Mehmet Mendes



Which Effect Size Measure is Appropriate for ANOVA Models? 297

1. INTRODUCTION

The Analysis of Variance Technique (ANOVA-F) is used in comparing the
differences between two or more group means [1, 2]. However, it does not show
how different the compared group means are from each other or how much of
the difference occurred in the dependent variable results from the groups. In
other words, while testing the statistical significance of the differences between
the levels of independent variable, ANOVA-F test does not give any information
about its practical significance [3]. On the other hand, in practice, there is a
widespread belief that the smaller the P-value, which is used as the criterion
of statistical significance, the more effective or the stronger the levels of the
factor the effect of which is researched [4]. Nevertheless, statistical significance is
affected by the size of the studied sample. Even very small differences could be
found to be statistically significant with very large size samples, large effect sizes
may not be found statistically significant with small size samples [5, 6]. Hays
[7] reported that the effect size measures are as important as hypothesis testing.
Recently, a significant portion of the scientific journals request reporting some
effect size measures along with the P-value when reporting statistical analysis
results [8] because calculating or estimating the effect size, along with helping in
understanding how big the differences between the compared means are, could
help in obtaining information about the practical significance of the observed
difference and in determining what % of the variation of the analyzed property is
described by the considered factor(s). Thus, while reporting analysis of variance
results, reporting some effect size measures along with the P-values, which show
statistical significance, provides significant benefits [9, 10]. For this purpose,
different effect size measures are proposed [7, 11, 12, 13, 14, 15, 16]. The most
popular effect size measures for analysis of variance models are found to be #?
(Eta-Squared), 77127 (Partial Eta Squared), &? (Omega Squared) and é? (Epsilon
Squared) [3, 8,9, 17, 18]. However, it is remarkable that the performances of these
effect size measures are shown for only one-way analysis of variance and that this
is done under quite limited experimental conditions [8, 9, 17, 18]. Moreover, it is a
reality that a significant number of the experiments conducted in practice involve
in factorial designs. Thus, showing the performances of the aforementioned effect
size measures in terms of in factorial design models, as well as the one-way analysis
of variance model, would be beneficial. At the same time, contradicting results of
the some of the limited studies comparing effect size measures (e.g. [17, 9]) could
cause errors. Therefore, performances of the aforementioned effect size measures
should be shown in detail under many conditions confronted in practice. Through
this, it will be both possible to show the performances of the aforementioned
effect size measures under many experimental conditions and to increase the
opportunity of generalization of the obtained results. In the study conducted
with this point of view, it is aimed to compare the performances of Eta-Squared
(7?), Partial Eta Squared (ﬁg), Omega Squared (@?) and Epsilon Squared (€2),
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which are found as the most popular effect size measures in practice, for one
and two-way analysis of variance models. By this means, it will be possible to
determine the most convenient effect size measure or measures according to the
considered experimental conditions.

2. MATERIAL AND METHOD

Materials for this study consists of random numbers generated by a Monte
Carlo simulation technique. In the generation of the random numbers, the RN-
NOA, RNBET and RNCHI functions of IMSL library of Microsoft Fortran Power
Station Developer Studio are used. In this study 72, ﬁg, ¢2 and &? are com-
pared in terms of their performances (bias) under different conditions such as
group number or sub-group number, distribution shape, sample size, variance
ratio and population effect size. Performances of these effect sizes are determined
after 1.000.000 simulation experiments for each of the considered experimental
conditions. Experimental conditions considered in the study for One-Way and
Two-Way Analysis of Variance models are given together on Table 1 and Table 2.

Table 1: Experimental Conditions for the One-Way Anova.

Statistical model Yij=p + a; + ey
Number of Group (k) 3,4, 5 and 10
Distribution N(0,1), 5(10,10), 8(5,10), 5(10,5) and x*(3)
1ot 0:0:...:0.30, 0:0:...:0.60, 0:0:...:0.90 and 0:0:...:1.20
0%:03:....0% 1:1:...:1, 1:1:..09, and 1:1:...:20
Number of replication (n) 5, 10, 20, 30 and 50
Number of simulation 1.000.000

Table 2: Experimental Conditions for the Two-Way Anova.

Statistical model Yijk=p + o; + B; + aBij + eiji
Experimental design (rxc) 2x2, 2x3, 4x2, 3x3, 4x3 and 4x4
Distribution N(0,1), 3(10,10), 3(5,10), 3(10,5) and x?(3)
U112 e 0:0:...:0.30, 0:0:...:0.60, 0:0:...:0.90 and 0:0:...:1.20
030202, 1:1:..01, 101009, and 1:1:...:20
Number of replication (n) 2,3,5,10 and 30
Number of simulation 1.000.000

In order to compare effect size measures in terms of their performances,
firstly n numbers are generated from the distributions considered in the study.
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Then, generated numbers are subjected to a transformation as (X;j-u)/o. After-
wards, certain constant numbers (0.3, 0.6, 0.9 and 1.2) are added to the last group
or sub-group in order to create differences between population means. Finally,
for all considered experiment conditions and in terms of all effect sizes, popula-
tion effect size is estimated 1.000.000 times, then means and standard errors are
calculated.

2.1. Effect Size Measures

In order to estimate population effect size, many effect size measures are
developed. In this study, Eta-squared, Partial Eta-Squared, Omega-Squared, and
Epsilon-Squared, which are found as the most popular effect size measures, are
taken into consideration [3, 7, 11].

~ SSEffect
2.1 2=
( ) g SSTotal
. SSEffect
2.2 2 = :
( ) np SSTotal + SSETT‘OT‘

In a One Way ANOVA-F test, /2 and ﬁg are equal [19].

€2 _ SSEffect - deffectMSError
SSTotal

(2.3) [11],

(:)2 _ SSEffect - deffectMSError

24
( ) SSTotal + MSError

7],

where SS7o1q1: Total sum of squares, SSgfec: Sum of squares of effect, SSg,ror:
Error sum of squares, M Sg,ror: Mean square error and dfgfec: Degree of free-
dom of effect.

2.2. Determining Population Effect Size

When determining population effect sizes, Cohen’s f value is considered.
The relationship between population effect size and Cohen’s f value is as follows.

f2

2 _

(2.5) "=
(2.6) F=2x
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(27) 5 = 1 Dz =)

(2.8) a:\/0%+‘f’+‘7§,

where 0,,: Standard deviation of population means, o: Pooled standard deviation,
wi: 1. population mean, p: Mean of population means, k: Compared population
number [20].

2.2.1. How to get population effect size in the One-Way fixed effects ANOVA model

Table 3:  7? for the One Way ANOVA-F test.

L U%:O’%:...:O’i
HL s e Hk 1:1:...:1 ‘ 1:1:...:9 ‘ 1:1:...:20
0:0:...:0.3 0.01961 | 0.00543 | 0.00272
3 0:0:...:0.6 0.07407 | 0.02135 | 0.01079
0:0:...:0.9 0.15254 | 0.04679 | 0.02396
0:0:...:1.2 0.24242 | 0.08027 | 0.04181
0:0:...:0.3 0.01660 | 0.00559 | 0.00293
4 0:0:...:0.6 0.06323 | 0.02200 | 0.01160
0:0:...:0.9 0.13185 | 0.04819 | 0.02573
0:0:...:1.2 0.21260 | 0.08257 | 0.04485
0:0:...:0.3 0.01420 | 0.00551 | 0.00299
5 0:0:...:0.6 0.05446 | 0.02167 | 0.01186
0:0:...:0.9 0.11473 | 0.04748 | 0.02629
0:0:...:1.2 0.18726 | 0.08140 | 0.04580
0:0:...:0.3 0.00803 | 0.00448 | 0.00279
10 0:0:...:0.6 0.03138 | 0.01768 | 0.01105
0:0:...:0.9 0.06795 | 0.03892 | 0.02452
0:0:...:1.2 0.11473 | 0.06716 | 0.04278

If we want to compare the differences between three population means, it
is found as follows
p1 =0, po =0 and p3z = 1.2,
0?=1,0%=1and 0% = 20,

S () _ 040412
3

Kk
M (i — p)? —0.4)2 —0.4)2 + (1.2 - 0.4)2
o W:\/(O 047+ (0 ?))) 12204 56568,

W= 0.4,
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2 3 2
o /01+<;€2+03 _ /1+13+20 570801,

o, 0.56568

F = = 370801

2 2
., f 0.20889
_ _ — 0.04181.
1+ /2 1+ 0.208892

Population effect sizes calculated in this way for the One Way Analysis of Variance
are given on Table 3.

= 0.20889,

Ui

2.2.2. How to get population effect sizes for the Two-Way Fixed Effects ANOVA
model

In a 22 factorial design,

C1 C2 2

w1 =01| p2=0 | pu. =0

T1 2 2 2 _
o1 =1 o1y =1 o1 =1

o | H21 = 0| po2=12| p2. =0.6
lodi=1|03=20| o3 =2

X ={x1,29,...an}, Y ={y1,y2,...,yn} and Z = {z1,22, ..., TN, Y1, Y2, .-, YN }»
As is known, pz = (px + py)/2. If px = py, 0% = (0% + 02)/2. However, if
px # py, then 0% # (0% + 0%)/2.
It mx 7& wy thena

P + 0%+ Hy +of — 205
x .

(2.9) 0% =

If k population is considered as one population, then the variance of the obtained
new population is calculated as follows.

b (2 + o) — kpd
2.10 === :
( ) 0z L

This formula is empirically verified. In that case, since g1 # po2 and o3 #
(03 + 03,)/2, then

o _ M3+ 03 +pdy + 0%y — 205 07+ 14 1.20% +20 — 2(0.6°)

= = 10.86.
02. 9 5 0.86
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Similarly, it is found that 0% = 10.86.
In factorial experiments, following equality is valid for the population effect size.

(211) n%lodel = 773 + 772 + nzmc‘

Thus, in order to find the effect size in terms of interaction (n2,.), first n3, ...,
n? and 7?2 should be calculated.
Calculation of n3,, ..

S5 04040412
H: = :03’

re 4

o Pzz;(mj—ﬂ)?

oo = 0.51961,

o \/a%1+a%2+agl+a§2 _ 14141420
re (2)(2)

fo T _ 0.51961
o 2.39791

9 2
; f 0.21669

_ = 0.04485.
"Model = 7 + 2 1+40.216692

_ \/(o —0.3)2+ (0—0.3)2+ (0 — 0.3)2 + (1.2 — 0.3)?

= 2.39791,

= 0.21669,

Calculation of n?

ik 0406
=&t _ZTT0
- \/Z?(ui. - _ \/(0 —0.3)2+ (0.6 - 0.3)% _

T 2

2 2
> \/m _ w — 2.43516,
T

Fo Ty _ 0.3
o 2.43516

2 2
. f 0.12319
- - — 0.01495.
T T 110123192

W 0.3,

0.3,

= 0.12319,

Calculation of 7?2

M_Z;M.j _0+0.6

c 2

Sy —p)?  [(0-03)+ (06— 03)2
Tn = \/ \/ 2

2 2 14 10.
S Ll +T()86:2.43516,
C

0.3,
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Calculation of n2,,

e = Matodel — N2 — 17 = 0.04485 — 0.01495 — 0.01495 = 0.01495.

Te

ou 0.3
=t =" —0.1231
/ o 2.43516 0.12319,
f? 0.123192
1+ f2  1+40.123192 0.01495

303

Population effect sizes calculated in this way for Interaction Effect are given on

Table 4.

Table 4: 7?2, for the Two-Way ANOVA-F test.
k 0’% : O—% et 0’%

S T [ 119 [ L1.20
0:0:.:0.3 | 0.00553 | 0.00186 | 0.00098

bg | 0:0:.50.6 | 002108 | 0.00733 | 0.00387
0:0:.:0.9 | 0.04395 | 0.01606 | 0.00858
0:0-.:1.2 | 0.07087 | 0.02752 | 0.01495
0:0-.:0.3 | 0.00494 | 0.00213 | 0.00120

oyg| 0006 | 0.01905 | 0.00839 | 0.00474
0:0:.:0.9 | 0.04045 | 0.01840 | 0.01052
0:0-.:1.2 | 0.06667 | 0.03158 | 0.01832
0:0-.:0.3 | 0.00441 | 0.00234 | 0.00142

gg | 00006 | 001717 | 0.00924 | 0.00565
0:0:.:0.9 | 0.03704 | 0.02032 | 0.01253
0:0-.:1.2 | 0.06226 | 0.03501 | 0.02186
0:0-.:0.3 | 0.00418 | 0.00210 | 0.00125

iy | 002506 | 0.01624 | 0.00827 | 0.00494
0:0:.:0.9 | 0.03488 | 0.01818 | 0.01096
0:0-.:1.2 | 0.05832 | 0.03129 | 0.01911
0:0-.:0.3 | 0.00372 | 0.00224 | 0.00145

g | 0:0:.06 | 0.01460 | 0.00885 | 0.00575
0:0:.:0.9 | 0.03178 | 0.01953 | 0.01276
0:0:.:1.2 | 0.05405 | 0.03377 | 0.02228
0:0:.:0.3 | 0.00315 | 0.00210 | 0.00144

g | 0:0250.6 | 0.01239 | 0.00832 | 0.00573
0:0:.:0.9 | 0.02719 | 0.01840 | 0.01274
0:0:.:1.2 | 0.04669 | 0.03195 | 0.02228
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3. RESULTS

In this study, five different distribution shapes, three different variance
ratios, five different sample sizes, four different effect size magnitudes, four group
combinations (k=3, 4, 5 and 10) in one-way analysis of variance analysis, six sub-
group combinations (2x2, 2x3, 3x3, 4x2, 4x3 and 4x4) in two-way analysis
of variance, totally 3000 different experimental conditions are considered. Thus,
all of the results could not be presented in the essay. Obtained results are given
on Figure 5-24 for One-way analysis of variance, on Figure 25-54 for Two-way
analysis of variance, and on Supplementary Appendix together. Furthermore,
some experiment results that reflect the results significantly are summarized on
Figure 1 and 2 for the One-way analysis of variance and on Figure 3 and 4 for
the Two-way analysis of variance.

3.1. Results of The One-Way Analysis of Variance

Comparing independent group means that are taken from normal distribu-
tion and variances of which are homogeneous, while €2 and &? give quite unbiased
results, /2 gives quite biased results. Besides, as long as the variances are ho-
mogeneous, slight [3(10,10)] or moderate [3(5,10) and (10, 5)] deviations from
normality does not affect the realized estimations in terms of the three effect
sizes. Under these conditions, although there is a negligible difference between
¢2 and @2, € gives the most unbiased estimations. When variances are homo-
geneous, excessive skewness and kurtosis [x?(3)] affect estimations of the three
effect sizes negatively. However, both €2 and &? give more unbiased estimations
compared to #2. Although é? and &2 give results quite close to each other, &2
gives more unbiased results compared to é2 under these experimental conditions.
When variances are homogeneous, regardless of the distribution shape and sam-
ple size, as the number of groups increase, estimations of #? diverge from 72,
whereas estimations of €2 and &2 approach to n?. Additionally, depending on
the increase in group number, differences between ¢ and &2 decrease gradu-
ally. For example; when n=10 and k=3, 4, 5 and 10, bias of % ranges between
4.80-6.45%, 5.76-6.95%, 6.39-7.30% and 7.95-8.30%, bias of € ranges between
0.40-1.3%, 0.29-0.97%, 0.24-0.72% and 0.08-0.28% and bias of &? ranges between
0.87-1.0%, 0.62-0.71%, 0.43-0.54% and 0.18-0.21% the difference between €2 and
&? when variances are heterogeneous is smaller than when variances are homoge-
neous. In case variances get heterogeneous too, 72 gives quite biased and irregu-
lar results. Choosing compared groups from symmetric distributions [N(0,1) and
£(10,10)] and heterogeneous variances do not affect estimations of é2 and &? neg-
atively. In addition to this, the difference between ¢ and &? while variances are
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heterogeneous is smaller than that while variances are homogeneous. However,
bias of the distribution from symmetry increased the bias of the estimations made
by € and &? a little. This situation becomes much more significant especially
when variances are excessively heterogeneous (20 times). However again, they
give quite unbiased results compared to 2. When variances are heterogeneous,
while an increase in group number negatively affects /2, but does not affect ¢2 and
&? significantly. Regardless of the compared group number, distribution shape,
variance ratios and population means, depending on the increase in sample size, it
is seen that estimations gradually approach to n? in terms of the three effect size
(7%, € and &?). Furthermore, it is seen that the most biased results are given by
7% under all considered experimental conditions. Additionally, as the difference
between means decreases, in other words as the population effect size decreases
(n?), while bias of the estimations of é2 and &? gradually decrease, bias of the
estimations of 72 gradually increase. Regardless of the experimental conditions,
as the sample size decreases (especially when n=>5), estimations show severe bias
in terms of 7% (Figure 1). ¢ and &2 are affected by the sample size less than #?
(Figure 1 and Figure 2).
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Figure 1: Bias for the One-Way ANOVA models when n=5 and
p=0:0:...:1.20.
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Figure 2: Bias for the One-Way ANOVA models when n=10 and
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3.2. Results of The Two-Way Analysis of Variance

With small size (n<10) sub-groups that are taken from normal distribution
and with homogeneous variances, estimations of f]z and 72 show excessive bias
(Figure 4). However, ¢2 and &2 give significantly unbiased results. When vari-
ances are homogeneous, having slight and moderate deviance from normality does
not affect the estimations of the four effect size measures. Besides, é2 gives the
most unbiased results. If there is excessive skewness and kurtosis [x?(3)], ©? gives
the most unbiased results. However, in both cases, the difference between them
is negligible. When variances are heterogeneous, regardless of the distribution
of the populations they are taken from, ﬁg gives the most biased results under
all of the considered experimental conditions, and 72 follows it. Additionally, as
the variances get heterogeneous, ﬁg and 72 approach each other. When variances
are heterogeneous, in cases where the population sub-groups are taken from are
N(0,1), €2 and &? give the most unbiased results. When variances are heteroge-
neous, slight deviance from normality [$(10, 10)] does not affect the performances
of € and &%. However, increase of the deviance of the distribution from normality
increased the bias of these two effect size measures as well. This situation is seen
significantly when variances are excessively heterogenecous. When variances are
generally homogeneous, regardless of the experimental conditions, in cases where
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the number of studied sub-groups increase, estimations of ﬁg and 72 gradually
diverge from 72, whereas estimations of ¢2 and &? gradually approach to n?. Fur-
thermore, as the number of sub-group increase, the difference between ¢ and &>
gradually decreased. Considering the sub-groups with heterogeneous variances,
regardless of the distribution shape, as the number of sub-groups increase, esti-
mations of ﬁg and 72 gradually diverge from the population effect size. On the
other hand, €2 and &? are not affected significantly from the increase in the sub-
group number when variances are heterogeneous. Regardless of the experiment
design (rxc), variance ratios, distribution shapes and sample size, the most biased
estimations are made by 7712) , and 72 follows as a similar pattern (Figure 3 and 4).
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Figure 3: Bias for the Two-Way ANOVA models when n=2 and
©=0:0:...:1.20.
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Figure 4: Bias for the Two-Way ANOVA models when n=10 and
©=0:0:...:1.20.

4. DISCUSSION

The Analysis of variance technique used most commonly in practice gives
information about statistical significance only. It does not give information about
practical significance of the factors and explained variance. Thus, when reporting
analysis of variance results, reporting only P-values showing statistical signifi-
cance will not be sufficient. Along with the P-values, some effect size measures
such as 72, ﬁg, €2 and &? that show the practical significance and the share of the
difference observed in the dependent variable explained by the considered factors
should be reported. Thereby, understanding and interpreting the reported results
in detail will be possible. There are many effect size measures developed for the
purpose. However, it is an important shortcoming that performances of these
effect size measures under many experimental conditions have not been shown in
detail. Nevertheless, having detailed information about the performances of the
effect size measures will provide insights to the researchers about which effect size
measure they should report as a result of their studies. In the study conducted
with this point of view, performances of 72, ﬁg, ¢2 and &2, which are found as
the most popular effect size measures, are compared. Baguley [21] reported that
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simple or unstandardized effect size measures are easier to compute and more
robust than standardized effect size measures. Therefore, he has proposed to
report simple effect size measures. However, in practice, standardized effect size
measures have been commonly reported. For example, commonly used statistical
package programs such as IBM SPSS, Minitab, Statistica and SAS report stan-
dardized effect size estimates along with P-values. We think that it is very easy
to understand and interpret the effect size values for many authors and readers.
That is why, in the simulation study conducted to compare performances of 72,
¢2 and &? effect size measures for one-way analysis of variance. Keselman [17]
reported that 72 gives similar results as é2and &2 in case of small population ef-
fect size. On the other hand, considering the standard deviations of estimations,
he reported that 72 is a better estimator compared to é2 and &2. Nonetheless,
in all other studies, it is reported that using /2 in estimating population effect
size gives quite biased results [18, 8, 9]. In the results of our study too, it is
seen that 72 gives quite biased results in all considered experimental conditions.
In his simulation study, Keselman [17] stated that as long as the assumption of
homogeneity of variances is met, selecting samples from populations with high
skewness (1 = 2) and kurtosis (72 = 6) does not affect the performances of 7%, &2
and &2 significantly. In their simulation study, Skidmore and Thompson [8] re-
ported that even if the variances are heterogeneous, slight (73 = 0.5 and v2 = 0.5
and moderate (71 =1 and v2 = 3.75)) level deviation from normality does not
affect the performances of effect size measures (72, €2 and &?) significantly. As a
result of our study too, it is seen that when variances are homogeneous as long
as there is not excessive (x?) deviation from normality, shape of the distribution
does not affect performances of the effect size measures significantly. However, in
case variances are heterogeneous, it is seen that moderate [3(5,10) and 5(10,5)]
and excessive (x?) deviations from normality affect effect size measures. Kesel-
man [17] reported that while & could decisively provide estimations quite close
to population effect size, €2 always produces estimations a little higher than that.
However, Keselman did not report the number of replication in his study. In his
simulation study aimed to compare some effect size measures, Okada [9] repeated
Keselman'’s study with larger simulation number (1 million), at normal distribu-
tion and with different observation number combinations and stated that in all
considered experimental conditions é2 gives more unbiased results than &2. In one
of their studies, Glass and Hakstian [3] theoretically discussed whether é2 or 2
is unbiased and expressed that no matter how different their formulas are, both
of them give similar results in practice. In the results of our study, in one-way
variance analysis, as long as there is not excessive deviance from normality, it is
seen that generally € gives the most unbiased results, and &2 follows it. However,
in case of excessive deviances (x?) from normality, the most unbiased results are
obtained by @&2. On the other hand, in both situations, the difference between
é2and @? is negligible and confirms Glass and Hakstian [3]. As a result of the
conducted simulation study, if the observation numbers in groups are equal and
distributions are not excessively skewness and kurtosis, it is seen that heteroge-
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neous variances do not affect €2 and &? almost at all. Carrol and Nordholm [18]
reported similar results. However, both Carrol and Nordholm [18] and Skidmore
and Thompson [8] reported that heterogeneous variances are especially effective
at unequal sample sizes (direct and inverse pairing). As long as the variances are
homogeneous, regardless of the considered experimental conditions, it is seen that
as the compared group numbers increase, deviances of €2 and &? in estimations
approach to zero. Thus, in these experimental conditions, an increase in group
numbers positively affect €2 and &?. However, in case of heterogeneous variances,
making assessments on whether the increase in group numbers have positive or
negative effects on estimations could be misleading. On the other hand, regard-
less of if the assumption of homogeneity of variances is met or not, is significantly
affected by an increase in group numbers. Results obtained under these condi-
tions overlap with the findings of Skidmore and Thompson [8]. It is reported that
as the population effect size decreases, biasness decreases too [17]. However, as
the population effect size decreases, while /2 gives more biased results, ¢2 and &2
gives more unbiased results. When estimating effect sizes related to interaction
effects in factorial experiments, performance of ﬁg is investigated in addition to
72, € and 2. Whatever the experimental conditions considered in the study, as
the sample size increases, estimations of the four effect sizes approach gradually
to the population effect size. However, in all of the considered experimental con-
ditions, it is seen that while ﬁ% gives the most biased results, €2 and &2 give the
most unbiased results. Furthermore, while ﬁg and 72 are negatively affected by
the increase in sub-group number, é? and &2 are not negatively affected. In the
meantime, it is remarkable that effects of both shape of distribution and variance
rates on the considered effect size measures are generally similar to the ones in
one-way variance analyses. On the other hand, our study has revealed the perfor-
mances of the considered effect size measures in factorial ANOVA models. Thus,
the study has fulfilled an important need in this field because factorial ANOVA
design is commonly used in practice.

5. CONCLUSION AND RECOMMENDATIONS

Reporting statistical analysis results in an understandable and informative
way is very important. Therefore, when reporting statistical analysis results,
along with the P-value that shows statistical significance some effect size measures
should be reported. While a statistically significant difference is not necessarily
practically significant, a statistically non-significant difference is not necessarily
practically non-significant. Notwithstanding, majority of researchers believe that
the smaller the P-value is that shows the statistical significance, the larger and the
more important the difference between the groups that are compared. However,
the P-value does not provide any information about practical significance. Thus,
in the results of the studies, along with the statistical significance (P-value), effect
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size measures that provide information about the practical significance should
necessarily be reported. However, it is remarkable that majority of the researchers
who report effect size report 72 (R?) and 771% [22]. This is because commonly used
statistics package programs such as Minitab, IBM SPSS, NCSS, Statistica etc.
directly report 72 (R?) or ﬁg while reporting analysis of variance results. However,
the most noteworthy thing is that reported effect size measures should represent
population effect size as accurately as possible (unbiased). From this point forth,
performances of the most commonly known effect size measures in practice are
compared under many experimental conditions in one-way and two-way analysis
of variance models. In the light of the acquired findings, concluding with following
results is possible:

1. In both one factor and two factor experimental conditions, 7> gives
quite biased results. Thus, since using 72 to estimate population effect
size at the end of analysis of variance is quite misleading, reporting 7>
should not be recommended.

2. Although 77]2) is used in experimental conditions considering more than
one factor as an alternative to 72, it is seen that ﬁg gives more biased
results than 72 in two factor experiments after 1.000.000 simulation
experiments. Additionally, since ﬁg takes every effect separately in
consideration (SSgffect + SSError), total variation explained by the
model could surpass 1 (100%) [23, 24]. This is a common situation in
practice [25]. Since ﬁg estimates of effect size are biased, reporting it
should not be recommended.

3. Although Okada [9] reported that relationships among Eta, Omega
and Epsilon-squared is &% < €2 < 7?2, this relation is not valid for every
experimental condition. For example, the relationship between Epsilon
and Omega squared is €2 < &2 when negative estimations are obtained
regardless of experimental conditions.

4. Although it is seen that in some of the experimental conditions é? and
in some of the others @? gives more unbiased results, the difference
between these two measures is at a negligible level. It is seen that both
¢2 and &? estimates population effect size in a quite unbiased fashion
in all experimental conditions. Thus, it could be concluded that when
estimating effect size in analysis of variance models and accordingly
analyzing practical significance of the observed difference, using €2 or

&? is much truer and one of these measures should be reported.

5. Obtaining negative estimates in some experimental conditions (i.e. small
effect size magnitude) may be considered a disadvantage of é2 and &2
estimates, although both measures give unbiased estimates almost all
experimental conditions.
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6. It is determined that it is a very important deficiency that €2 and &? are
not included in almost none of the commonly used statistics package
programs although 72 and ﬁg has been reported to be quite biased in
studies for 50 years. Thus, at least one of these two measures should
be included in the libraries of commonly used package programs such

as Minitab, SPSS etc.
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1. INTRODUCTION

There is a rich literature on the distribution and independence of quadratic
forms in normal random vectors (e.g, Rao, 1973; Graybill, 1976; Driscoll and
Gundberg, 1986; Mathai and Provost, 1992; Jorgensen, 1993; Driscoll, 1999;
Christensen, 2002; Ravishanker and Dey, 2002; Ogawa and Olkin, 2008), which
play an important role in linear models and multivariate statistical analysis.

Let Ni(p,X) denote the k-dimensional normal distribution with mean p
and variance-covariance matrix X, and let x2,(A\) be the noncentral chi-square
distribution with m degrees of freedom and noncentrality parameter A. The two
well-known theorems below establish sufficient and necessary conditions for the
independence and distributions of quadratic forms in normal variates.

Theorem 1. Let @ ~ Ni(u,X), X > 0, and A and B be k x k real sym-
metric matrices. Then ' Ax and ' Bx are independently distributed if and only
if AXB = 0.

Theorem 2. Let x ~ Ni(p,X), ¥ > 0, and A be a k X k real symmetric
matrix. Then ' Az ~ X2 (\) with A = 3p/ Ap if and only if A is idempotent
of rank m.

Unfortunately, the proofs of the two theorems in the early literature are
incorrect, incomplete or misleading, especially for Theorem 1 (Driscoll and Gund-
berg, 1986; Driscoll, 1999; Ogawa and Olkin, 2008). Thus, many improved proofs
for Theorem 1 have been obtained by Reid and Driscoll (1988), Driscoll and Kras-
nicka (1995), Letac and Massam (1995), Provost (1996), Olkin (1997), Marcus
(1998), Li (2000), Matsuura (2003), Ogawa and Olkin (2008), Carrieu and Lassére
(2009), Carrieu (2010), Bonnefond (2012), Zhang and Yi (2012), and many oth-
ers. However, there is only one improved proof of Theorem 2 given by Driscoll
(1999). In addition, Liu et al. (2009) and Duchesne and Lafaye De Micheaux
(2010) discussed the computational issues in Theorem 2.

A simple proof of Theorem 2 is presented in Section 2, using elementary cal-
culus and matrix algebra. We give a counter example of Theorem 2 in Section 3,
where X is singular. Then we establish and prove its extension in Theorem 3 for
the general case, where X can be singular or nonsingular.
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2. A SIMPLE PROOF OF THEOREM 2

The proof of sufficiency for Theorem 2 is quite easy, but showing necessity
is difficult. In fact, its proofs in the early literature were incorrect or incomplete,
according to Driscoll (1999), who provided an improved proof of Theorem 2,
based on the moment-generating function and cumulants. We now present a
simple proof of Theorem 2, using the moment-generating function of x2,(\):

Mo o (t) = (1 —2) 5 et t<1/2.

Proof of Theorem 2:

Sufficiency. Suppose (AX)? = AY and 7(AX) = m, where ¥ = BB’
and A = B'AB. Then A2 = A and r(A) = m. Thus, there exists an orthogonal
matrix P such that

~ I, 0
A:P( ; 0>P’:P1P1’,
where P = (Py, Py), PP, = I, and z = P|B~'x ~ N,,,(P{B~ ', I). Tt follows
that

' Ax = 2'z ~ 2 (),

where A = (P{B~'p) (P{B~'p) = 3p/Ap.
Necessity. Suppose ' Az ~ x2,(\). Let P = (p1,---, px) be an orthogonal

matrix such that PPAP = A = diag(A1, ..., Ag), where A\; > -+ > )y are eigenval-
ues of A. Then

k k

' Ax =2 Az = Z NizZ, Mg az(t) = H M 2(tA;),
i=1 i=1

where z = P'B~ ' ~ N, (P'B ', I) and 21, ..., z; are independent. Hence,

k
m 26\ _t o B—1,,)2
(1-2t) Feto = [[(1 - 2tA;) zem 2 PB4
i=1
for t <1/2 and t\; < 1/2 (i =1,...,k). Comparing the discontinuous points of
the two functions on both sides results in

k
(1—2t)"% = [J(1 —2tA) "2 = [T — 2tA| 3,
=1
which implies that A\ =--- = A, =1 and A\p41 = = Ay = 0.

Thus, A or AY is idempotent of rank m. The proof is completed. O
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3. DISTRIBUTIONS OF QUADRATIC FORMS IN THE GEN-
ERAL CASE

We now discuss the distribution of quadratic form x’ Az in the general case,
where & ~ Ni(u,X) but 3 can be singular or not. First, it should be pointed
out that Theorem 2 is not true when X is singular. Below is a counter example.

Let A =I5 and ¢ = (2,1), where z ~ N(0,1). Then  ~ Na(u, X), where

() = G2)
It is clear that (AX)% = A and its rank r(AX) = 1, but
' Ax =22 + 1,
the distribution of which is not x}(A\) with A = Jp/Ap = 1.

To generalize Theorem 2, we have the following Theorem 3, which reduces
to Theorem 2 if 3 is nonsingular. The proof for Theorem 3 is based on the
moment-generating function of quadratic function Q = 2’ Az + b’z + ¢

M(t) = |I — 26A|” 3 et 56 (I-214)""0

for small |¢| such that I — 2tA > 0, where z ~ N(0, I), A is a real symmetric
matrix, b is a k-dimensional real vector, and c is a real number. In fact,

1_s

Mq(t) = / (2m) el Axt¥ 20~z

_ 6ct+t22b’Atb/(2ﬂ_)geé(ztAtb)/Atl(ztAtb)dz
where A; = (I —2tA)~L.

Theorem 3. Let  ~ Ni(u,X), and A be a k x k real symmetric matrix.
Then @' Az ~ X%, (\) with A\ = s/ Ap if and only if

SATAY =AY, r(ZAX)=m, p'Ap=p'ASAp = AL AT Ap.

Proof: Let @ = Bz + p, where ¥ = BB’, z ~ N;;(0,I) and A = B'AB.

Sufficiency. Note that A2 = A and r(A) = m due to B= BB'(BB')"B
and

r(A) > r(ZAX) = r((ZAB)(ZAB)) = r(ZAB) > r(A’A) = r(A).
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Then ||(I — A)B’Ap)||> = W/ A(Z — TAX)Ap =0, so that W’ AB = ' ABA
and

' Ax =2/ Az + p/Ap + 20 ABz = (z + ¢) A(z + ¢) ~ X2, (\),
where ¢/ = /AB and \ = %C,AC = WASASAp = L/ Ap.
Necessity. Suppose ¢’ Az = 2/ Az + /Ay + 2/ ABz ~ x2,(\). Then
(1- 275)—%6% — I — 2tA|—%etu’Au—l-QtQu’AB(I—QtA)_lB’Au

for small |t|. Comparing the discontinuous points of the two functions on both
sides gives

m
2

(1-2t)"% = |I, — 2tA| "2,

which implies that A% = A and r(A) = m (see Section 2), or equivalently
YAYAY = ¥AY and r(XAX) =m.

It follows from above two equations that % =ty Ap+202 1/ AB(I—2tA)"'B' Ap,

S0
WA =2\=(1-20)[p/ Ap + 2t AB(I — 2tA) "' B’ Ay,

which and (I —2tA)~! =3 (2tA)" imply that for small |¢[,
WA=/ Ap + 2y (ABB'A— A)p + 4>/ AB(A—I)B'Ap + -

By the theory of power series, y/(ABB'A — A)u=0= u/AB(A—I)B'Ap.
That is,
WAp = p'ASAp = f ALAS Ap.

The proof is completed. O

ACKNOWLEDGMENTS

This research is supported by the Natural Science Foundation of China
(NSFC, Grant No. 11561073, 11461079).



On the Distribution of a Quadratic Form in Normal Variates 321

REFERENCES

[1] BONNEFOND, X. (2012). An analytical proof of Ogawa’s determinantal theorem,
Aequationes Mathematicae, 83, 127-130.

[2] CarriEu, H. (2010). Close to the Craig-Sakamoto theorem, Linear Algebra
Appl., 432, T77-779.

[3] CaARrRrIEU, H. and LASSERE, P. (2009). One more simple proof of the Craig-
Sakamoto theorem, Linear Algebra Appl., 431, 1616-1619.

[4]  CHRISTENSEN, R. (2002). Plane Answers to Complex Questions: The Theory of
Linear Models, 3rd ed., Springer, New York.

[6]  DriscorLL, M.F. (1999). An improved result relating quadratic forms and chi-
square distributions, American Statistician, 53, 273-275.

[6) DriscoLL, M.F. and GUNDBERG JR., W.R. (1986). A history of the develop-
ment of Craig’s theorem, American Statistician, 42, 139-142.

[7]  DriscorLL, M.F. and KRASNICKA, B. (1995). An accessible proof of Craig’s
theorem in the general case, American Statistician, 49, 59-62.

[8] DucHESNE, P. and LAFAYE DE MICHEAUX, P. (2010). Computing the distri-
bution of quadratic forms: Further comparisons between the Liu-Tang-Zhang
approximation and exact methods, Computational Statistics and Data Analysis,
54, 858-862.

[9)  GRAYBILL, F.A. (1976). Theory and Application of the Linear Model, North
Scituate, MA: Duxbury Press.

ORGENSEN, B. . e Theory of Linear Models, New York: apman
(0] J , B. (1993). The Theory of L Models, New York: Chapman &
Hall.
[11]  LeTtac, G. and MassaM, H. (1995). Craig-Sakamoto’s theorem for the Wishart
distributions on symmetric cones, Ann. Inst. Statist. Math., 47, 785-799.
[12] L1, C.K. (2000). A simple proof of the Craig-Sakamoto theorem, Linear Algebra
Appl., 321, 281-283.
10, H.; TANG, Y. and ZHANG, H.H. . A new chi-square approximation

13 Liu, H.; T Y. and Z H.H. (2009). A hi imati
to the distribution of non-negative definite quadratic forms in non-central normal
variables, Computational Statistics and Data Analysis, 53, 853-856.

ARCUS, M. . On a determinant result of 1. in, Linear Algebra Appl.,

14 M M. (1998). On a d i It of I. Olkin, L Algebra Appl
277, 237-238.

[15]  MATHAIL, M.A. and ProvoOsT, S.B. (1992). Quadratic Forms in Random Vari-
ables, Theory and Applications, Marcell Dekker, New York.

[16] MATSUURA, M. (2003). On the Craig-Sakamoto theorem and Olkin’s determi-
nantal result, Linear Algebra Appl., 364, 321-323.

[17]  Ocawa, J. and OLKIN, I. (2008). A tale of two countries: The Craig-Sakamoto-
Matusita theorem, J. Statist. Plann. Infer., 138, 3419-3428.

[18]  OLKIN, I. (1997). A determinantal proof of the Craig-Sakamoto theorem, Linear
Algebra Appl., 264, 217-223.

[19] ProvosT, S.B. (1996). On Craig’s theorem and its generalizations, J. Statist.

Plann. Infer., 53, 311-321.



322

Jin Zhang

RAVISHANKER, N. and DEY, D.K. (2002). A First Course in Linear Model
Theory, Chapman & Hall/CRC, Boca Raton.

Rao, C.R. (1973). Linear Statistical Inference and Its Applications (2nd ed.),
New York: Wiley.

REID, J.G. and DriscoLL, M.F. (1988). An accessible proof of Carig’s theorem
in the non-central case, American Statistician, 42, 139-142.

SEARLE, S.R. (1972). Linear Models, New York: John Wiley & Sons.

ZHANG, J. and Y1, J. (2012). A simple proof of the generalized Craig-Sakamoto
theorem, Linear Algebra Appl., 437, 781-782.



REVSTAT - Statistical Journal
Volume 16, Number 3, July 2018, 323-348

MODEL-ASSISTED AND MODEL-CALIBRATED
ESTIMATION FOR CLASS FREQUENCIES
WITH ORDINAL OUTCOMES

Authors:  MARIA DEL MAR RUEDA
— Department of Statistics and Operational Research,
University of Granada, Spain
mrueda@ugr.es

ANTONIO ARCOS

— Department of Statistics and Operational Research,
University of Granada, Spain
arcos@Qugr.es

DaviD MoLINA

— Department of Statistics and Operational Research,
University of Granada, Spain
dmolinam@ugr.es

MANUEL TRUJILLO

— Institute of Social Studies of Andalusia (IESA),
Spanish National Research Council (CSIC), Spain
mtrujillo@iesa.csic.es

Received: February 2016  Revised: September 2016  Accepted: September 2016

Abstract:

e This paper considers new techniques for complex surveys in the case of estimation

of proportions when the variable of interest has ordinal outcomes. Ordinal model-
assisted and ordinal model-calibrated estimators are introduced for class frequencies
in a population, taking two different approaches. Theoretical properties and numerical
methods are investigated. Simulation studies using data from a real macro survey are
considered to evaluate the performance of the proposed estimators. The empirical
coverage and the length of confidence intervals are computed using several techniques
in variance estimation. We also use data from an opinion survey to show the behavior
of the proposed estimators in real applications.

Key-Words:

complex surveys; model calibration; ordinal data; weighted least squares; weighted
mazximum likelihood.

AMS Subject Classification:
e 62D05.



324 M. Rueda, A. Arcos, D. Molina and M. Trujillo



MA and MC Estimation for Class Frequencies with Ordinal Outcomes 325

1. INTRODUCTION

Questions with categorical outcomes are quite common in surveys, espe-
cially in health, marketing, public opinion and official surveys. In the simplest
case, questions have only two possible responses, which are often used to repre-
sent the “success” or the “failure” of an experiment (such as the occurrence or
nonoccurrence of an event or the presence or absence of a characteristic). These
items can be modelled statistically using binary logit regression ([1]; [25]).

In more complex situations, items have three or more possible options and
respondents must select one of them. When analyzing a polytomous variable it
is necessary to determine whether its categories can be ordered according to an
intrinsic characteristic of the categories themselves. If so, the number of outcomes
attributable to each category is modelled by an ordinal distribution, which gives
rise to an ordinal logit model. Otherwise, we should use a multinomial logit
model, which is based on the multinomial probability distribution.

Most studies related to binary, multinomial or ordinal logit regression are
based on the assumption of a simple random sample drawn from a large popu-
lation. However, this scenario is not always present in practice: many surveys
assume a finite population with samples extracted from complex sampling de-
signs. For example, the Educational Longitudinal Study developed by the Na-
tional Center for Education Statistics, the Post Enumeration Survey conducted
by the Portuguese Statistical Office ([6]) and the Programme for International
Student Assessment (PISA) study conducted by the Organisation for Economic
Co-operation and Development, all applied complex sampling survey designs.
These designs have in common the use of strata, clusters and unequal proba-
bilities of selection in data collection. In this respect, it has been shown that
ignoring weights, clusters and strata can lead to biased parameter estimates and
erroneous standard errors in ordinal logistic regression analysis [24].

[23] used binary and multinomial logistic regressions in the context of sur-
vey sampling. In this context, [38] used a logistic regression model to obtain a
calibration estimator for the finite population distribution function under a gen-
eral sampling design, while [22] developed point and variance estimators for the
total of finite population characteristics from a clustered sample assisted by a
logistic regression model.

Ordinal regression models have been used extensively in sociological, med-
ical and educational research but have a very sparse presence in parameter es-
timation in finite population sampling, which motivated this work. Therefore,
the objective of this paper is to introduce new ordinal model-assisted estimators
and ordinal model-calibrated estimators for the proportions of the categories of
a response variable with ordinal outcomes.
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This article proceeds as follows: Section 2 reviews the estimation methods
that have been suggested to determine the proportion of categories of an ordinal
response variable in finite population sampling. In section 3, the use of ordinal
regression models in survey sampling is introduced. In section 4 we propose
several estimators for the proportions of categories: the first of these is based on
the procedure used by [23] for the case of a nominal variable, and the second is
defined using calibration techniques ([8]; [31]). A brief discussion is then offered
of numerical methods for parameter estimation. The main theoretical properties
of the proposed estimators are studied in section 5. Variance estimation is
addressed in section 6. Section 7 describes how the performance of the proposed
estimators is measured through simulation experiments. Section 8 presents the
results obtained from the different estimation strategies with respect to an opinion
survey dataset. Finally, section 9 summarizes the conclusions drawn.

2.  ESTIMATORS FOR CLASS RELATIVE FREQUENCIES OF
A DISCRETE RESPONSE VARIABLE UNDER A GENERAL
SAMPLING DESIGN

Let U denote a finite population with N units, U = {1, ..., k, ..., N}. Assume
that data are collected from respondents who provide a single choice from a list of
alternatives coded 1,2, ...,1,...,m. Consider a discrete m-valued survey variable
Y and denote the value observed for the kth individual of the population as yy.
Our aim is to estimate the frequency distribution of Y in the population U. To do
so, we define a class of indicators z; (i = 1,...,m) such that for each unit k € U
zi; = 1 if yp =1 and zp; = 0 otherwise. The problem thus, is to estimate the
proportions P; = 1/N Y, 17 2k, i = 1,2, ...,m.

Let s be a probability sample of size n drawn from population U using a
sampling design py. The sampling design considered induces first-order inclusion
probabilities 7y, second-order inclusion probabilities 7x; and design weights dy =
1/7g, for k,l=1,...,N.

The customary design unbiased estimator of P; is given by
= 1 Zki 1
(2.1) Pyri = NZE = szmdk,
kes kes

where the subindex HT refers to the Horvitz—-Thompson estimator [20]. The
design weights dj are commonly thought of as the number of population units
represented by unit & in the sample. [10] discussed the estimation of proportions
using Bernoulli sampling and stratified designs.

In sample surveys, the use of auxiliary variables has been widely discussed
by survey practitioners since this approach can increase the efficiency of the es-
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timates in different contexts (see e.g. [9]). Thus, it is common practice to use
auxiliary information on a character x related to the main variable y. A vari-
ety of approaches are available to construct more efficient estimators including
design-based and model-based methods (see e.g. [35]; [32]).

Let us now consider a general situation where the auxiliary variable can be
either numeric or binary. Let xj be the value of the study variable x for the kth
population element, available for all of U. For the sample s, the values of the two
variables (yg, zk), k € s, are observed. Under this scenario, we can consider the
use of superpopulation models for sampling surveys. A superpopulation model is
a way of formalising the relationship between a target variable and the auxiliary
data. In previous research, superpopulation models have been used in sociological
and electoral studies. For example, [5] used the superpopulation approach to
estimate average customer satisfaction and [29] used superpopulation models to
analyze electoral polls. Traditionally, linear regression models have been used to
incorporate auxiliary information but (as is well known in sociological literature,
see e.g. [36]) for qualitative variables a linear model might be unrealistic.

A first procedure is to consider the superpopulation multinomial logistic
model given in [23]: we assume that the population under study y = (y1, ..., yn) "
constitutes a body of superpopulation random variables Y = (Y7, ..., YN)T, con-

taining a superpopulation model, £, such that

exp(o; + Bixy)
> iy explaj + Bjak)’

i=1,..,m, k=1,..,N (E¢ denotes the expected value with respect to the

pi(zr) = P(Yy = ilzg) = Ee(Zpilre) =

model) and assume that Y} are conditionally independent given xy.

Usually, population parameters «; and 3; involved in the model £ are un-
known and should be estimated from the sample. Considering ¢; and BZ as the
maximum likelihood estimations of a; and (3;, we can define an estimator for
probabilities for each category as follows:

exp(&; + Bixy,)
>ty exp(aj + Bjz)

o = fi(xg) =

23] used the values pi/ as auxiliary information to define an estimator of
class frequencies for nominal response variables. This estimator is in the form

(22) FLV?J: ZP%—Fde(Zkz—p%): L= 17"'>m7

keU kes
where the subindex LV refers to the Lehtonen and Veijanen estimator. An
estimator of class proportions can be obtained simply by dividing in (2.2) by
population size, N, which is assumed to be known, as follows:
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N 1 - 1 .
(2.3) Pry; = NFLVi =N (Z Pt + de(zki —p%)> , 1=1,..,m.
keU kes

The sum ZkeUp% implies that auxiliary information is known for every
element in the population. However, when categorical variables (such as gender
or the professional status of the individual) or quantitative categorized variables
(such as the age of the individual, grouped in classes) are used as auxiliary infor-
mation in a survey, we may not have a complete list of individuals. Nevertheless,
the proposed estimators can still be computed since the population information
needed can be found in the databases of national statistical agencies.

3. THE USE OF ORDINAL REGRESSION MODELS IN SURVEY
SAMPLING

Let us now assume that the m possible values of Y can be sorted, such
that 1 < --- < m. A disadvantage of using multinomial models for ordinal data is
that information about the ordering is discarded. Ordinal regression provides a
better fit and hence more accurate results. Within ordinal regression models, the
most popular is the cumulative logit model, which assumes a linear model for the
logit of cumulative probabilities for categories of Y. Given a particular point, the
cumulative probability can be defined as the probability that Y falls at or below
that point. For the ith category, its cumulative probability can be expressed as

PY<i)=p+-+u, i=1,...,m,

with p; = P(Y =1). Logit transformations of the cumulative probabilities are,
fori=1,....m—1,

: . P(Y <i) P(Y <) g1t
logit(P(Y < 1)) = log (1—P(Y§z)> = log (P(Y>z)> = log (M) .
Note that no logit transformation can be defined for the mth category since, in
this case, P(Y <m) =1, and so 1 = P(Y <m)=1-1=0 and therefore the
denominator would be cancelled out. An important property that is usually
assumed to be satisfied is that of proportional odds, according to which the
effects of the predictors are the same across categories. This implies that [
parameters associated with the independent variables are fixed and independent

of the category in question. Let us consider
exp(a; + Bxy)

PY <i|lX = = =1, ... -1, k=1,...,N.
( —Z’ Q?k) 1+exp(ai+,833k), ? yeeey 1TV s PR

The cumulative probability for the last category, P(Y < m|X = xy), is al-
ways equal to 1. The probability for each category can, then, be calculated as
the difference of the cumulative probabilities.
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Thus, we propose a superpopulation model ¢ with random variables Y =
(Y1,...,Yn)T such that

exp(ai + Bxy)
=E:(Z = ’
pi (k) ¢(Zia|z) 1+ exp(ay + Br)
exp(a; + Bxy) exp(ai-1 + Bzy) '
(1 =B 72 |x = — ) Z:2""7m_17
pwi(zk) 5( kil Tk) 1+exp(a;+Bzxr) 1+exp(aj—1+ Bxy)

exp(am—1 + Bry)
m = E¢(Z m =1- .
fim (k) ¢(Zkmlzk) 1 + exp(am—1 + Bxy)

To define a new estimator for a proportion, using this regression model, we
estimate the superpopulation parameter § = (o, ..., m—1, ) from the units of
sample s. After calculating the optimal estimators of the m parameters involved
in the model, we can define estimators for individual probabilities

(3.1)

. ~exp(éy + fy)
Pk1 = M1(1’k) = - P ,
1+ exp(a1 + fry)
. _exp(&; + Pry) exp(&;—1 + fry)
Pri = fli(xg) = — — - ~,
1 +exp(d; + Brg) 1+ exp(dy—1 + Bry)
exp(Gm—1 + Bzk)
1+ exp(Gm—1 + Pxg)

Pkm = fom(Tr) =1 —

Now, we consider the question of estimating the model parameters. Two
general approaches can be adopted to find the optimal estimations of these param-
eters: (1) by minimizing the sum of the squared distances between the observed
and the predicted values (i.e., least squares estimation); or (2) by maximizing the
likelihood function (i.e., maximum likelihood estimation or ML estimation).

Weighted least squares method. One way to estimate the parameters of the
ordinal logistic regression model is that of least squares. However, in our case,
instead of using ordinary least squares, weighted least squares (WLS) must be
used. The main difference between the two is that in WLS each observation is
weighted using its corresponding survey weight ( see e.g. [37]). In this context,
WLS involves minimizing, with respect to the residual standard squared error, the
weighted distance between the observed outcome (or a function of the observed
outcome) and non-linear estimates. In the present case, the function to minimize

is
S= Y > dwi,
i=1,...m k€s

with rg; = log (P(Y <14)/(1 — P(Y <1))) — a; — fz. This typically requires a
numerical procedure, such as the Gauss-Newton method with the Levenberg-
Marquardt adjustment (see [19]), which uses derivatives or estimates of deriva-
tives to select the optimal fit. In an iterative fitting process for WLS, assuming
ordinal data, at some settings of explanatory variables, the estimated mean may
fall below the lowest score or above the highest one and then the fit fails (see [1]).
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Maximum likelihood method. Ordered regression models are usually im-
plemented using ML. For ML estimation, the ordinal likelihood function must be
numerically maximized to find the parameter values below which the observed
data were most likely produced. In theory, these estimates might have the proper-
ties of asymptotic efficiency and invariance under parameterization, which makes
ML estimation [28] an attractive option in general.

The Nelder Mead simplex [27] is a popular and powerful direct search pro-
cedure for likelihood-based optimization. The attraction of this method is that it
does not use any derivatives and does not assume that the objective function be-
ing optimized has continuous derivatives. In cases such as the present, we expect
continuity in the first derivatives and so the latter advantage is not so important.
However, this method may be much less efficient or even highly unstable, com-
pared to derivative-based ML estimation methods when sample sizes are as large
as the datasets commonly found in complex survey designs.

Let us now examine the logistic likelihood function for modelling ordinal
outcomes. As the available data are limited to the sample s, the likelihood func-

tion is defined as:
L©)= T TTntan)™.

i=1,....m k€s

The pseudolikelihood ([17]; [32]), which is more convenient for use in opti-
mization procedures is given by

log (L(6)) = Z dezkilog (i(zr)) -

i=1,....m k€s

ML estimates are obtained by solving a system of m nonlinear equations.
Traditionally, two alternatives can be used to address the solution of these equa-
tions numerically: Fisher scoring or Newton-Raphson algorithms. Since the re-
sults obtained by either method are nearly the same, the decision as to which one
to use is trivial (see e.g. [18]).

Various statistical packages can be used to compute the ML estimates of
an ordinal logistic model, such as SAS (PROC SURVEYLOGISTIC) or library
ordinal for R, but all of them use the Newton-Raphson algorithm to solve the
weighted ML equations. The SAS SURVEYLOGISTIC procedure also imple-
ments the Fisher scoring algorithm.
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4. PROPOSED ESTIMATORS FOR ITEMS WITH ORDINAL
OUTCOMES

The estimated individual probabilities (3.1) may be used to define new esti-
mators. We consider a model-assisted approach and a model-calibrated approach
to define the following ordinal estimators:

The model-assisted ordinal estimator. Using the idea of the generalized
difference predictor given in [5], we define an estimator for proportions of the
ordered categories of the response variable as follows

o 1 .

keU kes

where the subindex MA stands for Model-Assisted.

This estimator is similar to the PLW estimator proposed by [23] but changes
the p% values to pg; values.

The model-calibrated ordinal estimator. A new calibration estimator, let
us say Pyvic (the subindex MC stands for Model-Calibrated), can be defined using
the probabilities calculated in (3.1). This estimator is in the form

A 1 )
(4.2) Puci = N ;wkzki, 1=1,...,m,
S

where, in this case, the weights wy minimize G(wg,dy), and where G(-,-) is a
particular distance measure, subject to

(4.3) > wkpki = Phi-

kes keU

This is an extension of the model calibration approach proposed by [39].
The distance measure that is usually considered is the chi square

(4.4) X = Z (i — di)”

drqr

where the ¢;’s are known positive weights unrelated to d. Following [31], section
4.2, and using py; as an auxiliary variable with a known total >, i pri, by
minimizing (4.4) subject to (4.3) we obtain new weights wy. By substituting
these weights in (4.2) we obtain the following analytic expression for the chi-
square calibration estimator:

Pyoi = % > dyzi + % <Z Pri— Y dkPki) B,

kes keU kes

where B; = (3., dipfs) " (X res diPrizi)-
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From calibration theory (see [8]), it is well known that all other calibration
estimators that use different distance functions are asymptotically equivalent to
the chi-square calibration estimator, under additional regularity conditions con-
cerning the shape of the distance function.

So far, we have considered only one auxiliary variable when defining the
estimators. These estimators can be easily extended to the general case of p
auxiliary variables @ = (z1, ..., :zzp)T observed for each individual in the population

U.

5.  PROPERTIES OF THE PROPOSED ESTIMATORS

The most significant properties of the proposed estimators Pyiai and Pyici
are summarized in this section. To illustrate the asymptotic properties of the
proposed classes of estimators, we consider the asymptotic framework of [21], in
which the finite population U and the sampling design p4(-) are embedded into
a sequence of populations and designs indexed by N, {Un,pd, }, with N — oo.
We assume therefore, that n tends to infinity as N — co. We further assume
that IV > 0. The subscript NV may be discarded for ease of notation, although
all limiting processes are understood as N — oo. We denote by F), the expected
value with respect to the sampling design.

The following assumptions are imposed for the sampling design py and for
the variables:

i) Let Oy be the census level parameter estimate obtained by maximizing
the likelihood L(0). Assume that 8 = 1iH}N—>009U exists and that the
pseudomaximum likelihood estimator is @ = 8y 4+ O,(n~1/2). !

ii) For any study variable h the sampling designs are such that the
Horvitz-Thompson estimator for hy = N~ Y hy is asymptotically
normal distributed. ket

iii) Let Biy= Y (ui(zx)*) ™t Y pi(wr)zpi- Assume that B; = lim By,

keU
exists, and the sampling design is such that B; are consistently esti-

mated by B; for i =1, ...,m.

Theorem 5.1. Under conditions i) and ii) the estimator PMAi is approxi-
mately design unbiased for P;, asymptotically normal distributed and the asymp-
totic design variance is given by

A 1
AVp(Pyai) = 52 >N Awldiceri)(dic),
keU 1eU

where Ay = Ty — TR Ci = 2k — i(xk, OU).

!This is true under certain regularity conditions given by [3].
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Proof: The proof for unbiasedness is very similar to the one presented in
[32], page 223, for the difference estimator.

Let us consider the parametric vector t = (1, ta, ..., ty,) and the function
ity oy oy tm) = exp(ti +tmak) /(1 +exp(t; +tmxr)) — exp(ti—1 +tma) /(1 +
exp(ti—1+tmxy)). This function has partial derivatives, for each zy,, Opi(zy,t)/0t;,
which are continuous in ¢ and

O (g, t)

ot lt=(zp,01,..8) < 1,
Wt(xk,al,..-ﬁ) <1
Wt:(zk,al,m,ﬁ) < xg, and
WH%%--@ —0forj#Ai,i—1,m.

Thus, by applying the Taylor series expansion at t = Oy

Pri = pi(Tn, 0) = piwe, Ou) + D Opi(@, £)/0tjle—(op an,...3) (05 — Oury).-

j=1,...m

Under condition i)

pri = pi(x, Ou) + Op(n~Y?),

and then ) .
N > pri— N > pi(ar, 0y) = Op(n™/?), and
keU keU
1 1 _
N depki N deui(wk, 0u) = Op(n~'/?).
kes kEs
Thus

~ 1 1 -
Pyai = (; dizgi — gdkﬂi(xkan)) + %Mi(%,@U) +0p(n~1/3),

and the asymptotic design variance of ZsMAi is the same as that the Horvitz—
Thompson estimator Curi = 1/N Y, di(2ri — pi(zr, 0ur)).

Condition ii) ensures that estimator Crrs is asymptotically normal dis-
tributed and, therefore, estimator Pya; is also asymptotically normal distributed.

O]



334 M. Rueda, A. Arcos, D. Molina and M. Trujillo

Theorem 5.2. Under conditions i), ii) and iii) the calibration estimator
Pyici is approximately design unbiased for P;, asymptotically normal distributed
and the asymptotic design variance is given by

AV, (Pyci) = N2 ZZAM (dreri)(dies),
keU leU

where Akl = Tkl — TETY and Cli — Zki — ,ui(.ka, GU)BiU'

Proof:

Pyoi = % > dizi + % (Z Pri— Y dkpkz') By

kes keU kes
1 .
¥ (Z Pri— Y dkpk:i) (Bi - Bz‘U) :
keU kes

Under condition iii) B; — Bjiy = o(1); under conditions i) and i)

1 1 1 1 _
N > i — N > dipri = N > wilr, 0u) — N > dipi(wr, 0u) + Op(n™?).

keU kes keU kes

Thus
. 1 1 _
Pyci = > dpz + N (Z pi(ar, Ou) = Y dyp(, 9U)> Bivr + 0p(n~"?),
kes keU kes
and consequently

Ep(Puci) — Ep < dezkz> = B,

kes

and

Vp(Puci) = Vi (]17 > dy (2ri — pilr, O0)) BiU) :

kes

Under condition ii), estimator (1/N) >, o, di(2x; — pi (21, @) Biv is asymp-
totically normal distributed, and therefore we conclude that estimator PMCi is
also asymptotically normal distributed.

O
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6. ESTIMATION FOR THE VARIANCE OF ORDINAL ESTIMA-
TORS

The next theorem gives analytic expressions for the estimators of the design
variances V,(Pua;) and Vp(Puci), obtained using the linearization method.

Theorem 6.1. Under conditions i), ii) and iii) and assuming that all sec-
ond order probabilities are non null,

~ A 1 Akl - ~ .
(6.1) V(Parai) = el k%: ; Tl(dkcm)(dzai) (Lin)

is approximately design unbiased for Vp(PMAi) and

A
(6.2) V(Pyci) = QZZ " (dyéri) (dié)  (Lin)
kes les

is approximately design unbiased for Vp(pMCi) where Cr; = Zp; — Pr; and éy; =
— priBi.

Proof: We denote by I the sample membership indicator of element k.
Thus, for each i = 1,...,m

(\Af(PMAZ = pzz = dkcm Y diCii) I (s)1h(s) =

keU lGU

1 AV . 3
=Nz > ?M(dkai)(dlCu)m = Vp(Pvad),
keU leU
using the theorem 5.1. From the theorem 5.2, the estimator of the design variance
Vp(Pumci) can be derived. O

These variance estimators require knowledge of second-order inclusion prob-
abilities, which are often impossible to compute or unavailable to data analysts for
complex sampling designs. A simple alternative is to use with-replacement vari-
ance estimators (see [32], page 99). For the Pya; estimator, the with-replacement
variance estimator is

2

. 1 1 Cki Cji
Swor(Pyag) = —= ———— _ N9 W-
Yw-r (Prmai) NZ n(n = 1) kges o g (W-R),

where pry, = 7 /n when we have a simple random sampling without replacement
design. For other sampling designs, the relationship between pry and 7wy is mp =
1 — (1 — prg)™ according to expression (2.9.5), page 51 in [32].
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The with-replacement variance estimator for Pyic; is obtained in a similar
2

. - 1 1 €ki €ji
Ywr(Pyci) = 57— D Mo Z Z L (W-R).

N2n(n—1) =\ P < prj

way:

These with-replacement variance estimators are not without bias. An ex-
pression for the bias can be obtained using the theory of sampling with probability
proportional to size (see [11] or [32]).

Alternative variance estimators can be obtained using implicit differentia-
tion [3] or replicated sampling methods (see [37] for a detailed description of these
techniques in finite population sampling). The replicated methods estimate the
variance of a parameter by generating replicated subsamples and examining the
variability of the subsample estimates. The replicated methods, also referred to as
resampling methods, include balanced repeated replication (BRR), jackknife re-
peated replication (JRR) [34] and the bootstrap method [12]. This article focuses
on jackknife techniques due to their simplicity and because they are implemented
in general purpose software packages, such as R (see for example the packages
sampling [33], samplingVarEst [14] and samplingEstimates [13]).

For a non stratified design, the jackknife estimator of the variance for any
of the model-assisted estimators, Pya; is given by

(63) \A/J(.FA)MAZ) = n-l Z(PMAz( ) PMAZ) (TUkGY)a

JEs

where PMAi(j) is the value of the estimator Pya; after dropping unit j from s
and where Pyja; is the mean of values Pyiai(j)-

The jackknife estimator may present an important bias when designs with-
out replacement are used in finite populations. In such a case, an approx-
imated finite-population correction could be incorporated into the estimation
in order to achieve unbiasedness. A modified jackknife estimator of variance,
¥%(P;), can be calculated by replacing Pyai(j) in (6.3) with Py,;(j) = Puai +
V1-— W(PMAZ( /) — Pyag), where T = Y okes TR/

Using the idea of the unequal probability jackknife variance estimator given
by [4], we can obtain a new estimator ¥vyc(Puai) by replacing é; in (6.1) with
cmg; =1 — dk(CHTz CHTz(k)) where Cyr; = 1/N Zkes di.Cr;, CHTl(kZ) is the
Horvitz—Thompson estimator dropping the unit k& of the sample and dk =di/>_d;.

les
The design consistency of this type of variance estimator was highlighted in [2].

More recently, [15] formulated a new design-consistent variance estimator
for the population mean. Based on this idea, we can obtain _a new variance
estimator Vygg(Pwma;) by replacing ¢, in (6.1) with cey; = dy* (Curi — Curi(k)).
The authors propose d the use of ap = 1 Vk € s.

Similarly, we define jackknife variance estimators for the ordinal calibration
estimator.
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7. MONTE CARLO SIMULATION EXPERIMENTS

To determine the behaviour of the estimators when they are applied to real
data obtained through complex sampling designs, we consider data from the 2012
PISA survey. This is a macro-surveying procedure that is conducted every three
years to collect information about 15-year-old students in each of the 65 countries
participating. The main aim of the survey is to determine how well students are
prepared to meet the challenges of the future. To do so, their performance and
attitudes are measured in three key areas: mathematics, reading and science.

The 2012 PISA survey was focused on mathematics in particular, and so the
students were asked to indicate their degree of agreement with various statements
related to mathematics. The population considered for our study was composed
of N = 15,499 15-year-old Spanish students who responded to the survey, and
who attended C = 838 different schools. We chose the question “How strongly
do you agree with the statement: I enjoy reading about mathematics?” as the
main variable, where the possible options were 1 = strongly agree, 2 = agree, 3 =
disagree and 4 = strongly disagree. The population percentages obtained for these
categories were 0.03, 0.149, 0.413 and 0.408, respectively. We then considered the
degree of agreement (expressed as Strongly agree, agree, disagree and strongly
disagree) with to the following sentences: “Making an effort in mathematics is
worth it because it will help me in the work that I want to do later on”, “Learning
mathematics is worthwhile for me because it will improve my career” and “I
will learn many things in mathematics that will help me get a job” as auxiliary
variables.

With these data as population, we used a stratified design, selecting a
sample of schools with probabilities proportional to their size within each stratum.
Then, the values of all the students at the selected schools were observed. The
population was divided into five different strata depending on the type of location
of each school: villages (fewer than 3,000 people), small towns (3,000 to 15,000
people), towns (15,000 to 100,000 people), cities (100,000 to 1,000,000 people)
and large cities (over 1,000,000 people). The number of schools (C}) and students
(N}p,) by stratum is detailed in Table 1.

Table 1: Strata population data.

Villages  Small towns  Towns  Cities  Large cities Total

Cy, 48 239 254 269 28 838
Ny, 831 4,312 4,795 5,046 515 15,499

Two sample sizes for schools (¢ = 25 and ¢ = 50) are included in the study.
A sample of schools using a Midzuno sampling scheme was drawn from each
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stratum considering probabilities proportional to the school size (taken as the
number of students enrolled in the school).

The free statistical software R ([30]) was used to perform this simulation
study. The library ordinal of R ([7]) was used, where necessary, to estimate the
parameters of the ordinal model. We have developed new R-code implementing
the proposed estimators. The R libraries samplingVarEst ([14]) and samplingEs-
timates ([13]) were used to estimate the variance of the estimators according to
the different methods discussed. For each estimator, we computed the percent rel-
ative bias RB% = Eyic (P — P)/P % 100% and the percent relative mean squared
error RMSE% = Eyc[(P — P)?]/P? % 100% for each category of the main vari-
able Y based on 1,000 simulation runs. We used RMSE% to calculate the percent
relative efficiency gain with respect to the HT estimator for the three remaining
estimators. The minimum, maximum and mean percent over the categories are
also calculated (in absolute values for the relative bias).

The results for relative bias and relative efficiency based on 1,000 simulated
samples are shown in Table 2. Additionally, the mean number of students finally
observed in each scenario, 7, is included for informative purposes.

Table 2:  Relative bias (in % and Italics) and Relative efficiency (with respect
to the HT estimator) of the estimators. Auxiliary variables: “Making

an effort in...”, “Learning mathematics is...”, “I will learn many...”.
Estimator 1 2 3 4 min max mean
c=25 (n=482.88)
HT 0.35 —0.02 —-0.34 —-0.25 0.02 0.35 0.24
100.00 100.00 100.00 100.00 | 100.00 100.00 100.00
IV 0.74 0.30 —0.10 —0.06 0.06 0.74 0.30
111.37  141.94 329.21 318.49 | 111.37 329.21 225.25
MA 0.73 043 —-0.08 —0.13 0.08 0.73 0.34
11171 143.76 372,79 367.04 | 111.71 372,79 248.82
MC 0.78 048 —-0.11 —0.12 0.11 0.78 0.37
110.65 144.05 381.46 374.35 | 110.65 381.46 252.62
c="50 (n=966.43)
HT —0.40 —-037 —-0.58 —0.45 0.37 0.58 0.45
100.00 100.00 100.00 100.00 | 100.00 100.00 100.00
IV —0.02 0.09 —0.11 0.07 0.02 0.11 0.07
111.92 131.05 333.83 313.76 | 111.92 333.83 222.64
MA 0.03 0.17 —0.09 0.03 0.03 0.17 0.08
112.31 131.56 389.68 381.50 | 112.31 389.68 253.76
MC —0.02 0.19 —0.09 0.03 0.02 0.19 0.08
112.83 132.42 397.13 389.41 | 112.83 397.13 257.94

1 = strongly agree, 2 = agree, 3 = disagree, 4 = strongly disagree
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Relative bias is below 1% in all cases and can be considered negligible. Both
model-assisted and model-calibrated estimators show good performance in terms
of efficiency, with the first of these showing slightly better results. Whatever the
estimator, the most accurate estimations are achieved in categories 3 and 4, those
with the largest population sizes.

The efficiency of these estimators is greater than that of the HT estimator
in all cases, and is especially high for categories 3 and 4. As the sample size
increases, so does the relative efficiency of the ordinal estimators, with values
close to 400% in categories 3 and 4 for ¢ = 50.

An alternative model was then fitted for the same variable response, tak-
ing the student’s gender and the educational level of the father and mother as
auxiliary variables. With these covariates it was not possible to obtain a good
model fit, since they achieved a very low association with the main variable in
the population. Indeed, the Akaike Information Criterion (AIC) in this case was
noticeably higher than the value obtained for the previous model fit.

Table 3 shows the results of relative bias and relative efficiency of the esti-
mators for these variables.

Table 3:  Relative bias (in % and Italics) and relative efficiency (with respect
to the HT estimator) of the estimators. Auxiliary variables: Sex of
the student, educational level of of the father and that of the mother.

Estimator 1 2 3 4 min max mean
c=25 (n=460.03)
HT 0.56 —0.08 —041 —0.13 0.08 0.56 0.29
100.00 100.00 100.00 100.00 | 100.00 100.00 100.00
IV 1.01 0.37 —0.24 0.04 0.04 1.01 0.41
108.00 126.32 329.57 293.39 | 108.00 329.57 214.32
MA 0.79 0.27 —-0.22 0.06 0.06 0.79 0.33
110.00 128.24 333.88 288.83 | 110.00 333.88 215.23
MC 0.68 0.31 —-0.24 0.08 0.08 0.68 0.33
110.11  127.97 335.45 291.91 | 110.11 335.45 216.36
c="50 (n=920.96)
HT —-0.36 —0.38 —0.61 —0.40 0.36 0.61 0.44
100.00 100.00 100.00 100.00 | 100.00 100.00 100.00
IV 0.53 0.36 —0.20 0.03 0.03 0.53 0.28
107.71 113.25 340.53 284.22 | 107.71 340.53 211.42
MA 0.13 0.19 —-0.15 0.07 0.07 0.19 0.14
109.11 114.43 344.48 278.70 | 109.11 344.48 211.68
MC 0.06 0.24 —-0.17 0.08 0.06 0.24 0.14
109.68 113.39 345.99 280.24 | 109.68 345.99 212.32

1 = strongly agree, 2 = agree, 3 = disagree, 4 = strongly disagree
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The results for this population presented a similar pattern: both model-
assisted and model-calibrated ordinal estimators achieved very good performance,
but in this case, the differences between the estimators are not significant. Effi-
ciency gains with respect to the HT estimator are smaller in this scenario than in
the previous one. However, once again, the largest efficiency gains are obtained
in categories 3 and 4.

Alternative scenarios were also considered, and these yielded similar results.
Specifically, even in the case in which tests of the proportional odds assumption
provided evidence of the non-proportional odds context, the efficiency results
were comparable.

In a similar way, we computed confidence intervals using different methods
to estimate the variance of the estimators. Tables 4 and 5 show the relative length
(length / parameter) in % and the empirical coverage of the confidence intervals,
in the first case for a good model fit and in the second for a bad one.

Table 4:  Relative length in % (LEN) and empirical coverage (COV) of confidence
intervals for the estimators using different estimators for variance.

Auxiliary variables: "Making an effort in...”, "Learning mathematics
is...”, ”I will learn many...”. Nominal level 95%.
Lv MA MC LV MA MC
Estimator LEN COV | LEN COV| LEN COV | LEN COV | LEN COV | LEN COV
c=25 ¢ =50

115.00 89.8 115.83 90.3 115.75 90.7 | 84.69 92.0 84.97 91.8 84.95 92.0
49.82  92.8 49.22 939 49.23 93.2 | 3542 92.6 35.03 92,5 35.02 92.7
2545 914 2396 915 2394 91.8|18.09 922 17.13 925 17.12 93.1

4 26.68 91.7 2422 93.0 2422 9321899 93.0 17.35 91.8 17.36 92.0

mean | 54.24 914 5331 92.0 53.29 922 |39.30 924 38.62 922 38.61 92.5

1 111.24 89.8 111.97 904 111.74 90.4 | 81.96 92.3 82.20 92.2 82.12 92.1
2 46.77 919 46.36 92.0 46.32 91.9 | 33.21 90.8 3292 91.1 3291 90.8
W-R 3 24.57 927 24.05 93.6 24.056 94.1 | 1738 92.7 16.98 94.0 16.98 94.2
4 23.98 91.1 2298 926 2298 93.1|16.94 90.6 16.23 91.2 16.23 91.7

mean | 51.64 914 51.34 91.2 51.27 924 | 37.37 91.6 37.08 921 37.06 92.2

1 114.31 89.4 11535 90.6 115.17 90.6 | 84.74 91.7 85.11 91.6 85.10 91.6
2 49.98 93.3 4894 932 4891 93.3 | 3571 92.7 3499 92.7 3498 928
EB 3 2490 91.1 23.81 914 2381 91.9| 1792 91.8 17.13 93.1 17.13 93.6
4 26.13 92.0 24.10 929 2410 93.1 | 1880 91.7 1736 92.1 1737 92.1
mean | 53.83 91.5 53.05 92.0 53.00 92.2|39.29 92.0 38.65 924 38.65 92.5
1 114.30 894 115.34 90.6 115.16 90.6 | 84.73 91.7 85.11 91.6 85.10 91.6
2 49.98 93.3 4894 932 4890 93.3 | 3571 92.7 3499 92.7 3498 928
CBS 3 2490 91.1 23.81 914 2381 9191792 91.8 17.13 93.1 17.13 93.6
4 26.13 92.0 24.10 929 2410 93.1| 1880 91.7 17.36 92.1 1737 92.1
mean | 53.83 91.5 53.05 92.0 5299 922 39.29 92.0 38.65 924 38.64 92.5
1 110.94 90.0 111.68 90.3 111.44 90.3 | 82.08 92.3 8232 924 8225 922
2 46.74 92.1  46.30 924  46.26 92.6 | 33.31 91.7 3299 91.3 3298 90.9
Tukey 3 2447 928 2397 93.6 2398 944 | 1740 925 17.01 939 17.01 944
4 23.88 90.7 2291 924 2290 92.7|16.95 90.6 16.25 91.7 16.25 92.3
mean | 51.51 914 51.22 922 51.14 925 | 3743 91.8 3714 923 37.12 925

w N =

Lin

1 = strongly agree, 2 = agree, 3 = disagree, 4 = strongly disagree
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Table 5:  Relative length in % (LEN) and empirical coverage (cov) of confi-
dence intervals for compared estimators using different estimators for
variance. Auxiliary variables: Sex of the student, educational level
of father and educational level of mother. Nominal level 95%.

Lv MA MC LV MA MC

Estimator LEN COV| LEN COV| LEN COV | LEN COV | LEN COV | LEN COV

c=25 c=50

1 123.09 90.1 12230 89.1 12231 88.6|90.16 91.7 89.86 91.4 89.87 91.9

2 53.27 93.3 53.04 929 53.03 93.2|37.78 93.1 37.60 92.8 37.62 93.0

Lin 3 2545 90.6 2543 90.7 2543 914 | 1813 91.8 1813 923 1813 092.1
4 27.84 91.6 2784 926 27.84 92.3|20.00 92.5 20.05 92.6 20.05 92.3

mean | 57.41 91.4 57.15 91.3 57.15 91.3|41.52 923 41.41 92.3 41.42 92.3

1 119.22 89.2 118.28 89.6 118.36 89.9 | 87.81 91.6 87.14 92.1 &87.18 91.9

2 49.39 91.8 4894 922 4891 91.5]34.96 91.6 34.60 91.8 34.59 91.8

W-R 3 25.18 929 2526 93.0 2526 92.5|17.80 92.6 17.83 93.2 17.83 93.1
4 25.52 914 2534 914 2534 91.0|18.07 90.7 17.95 90.6 17.95 90.4

mean | 54.82 91.3 54.45 91.5 5447 91.2 |39.66 91.6 39.38 91.9 39.38 91.8

1 122.34 89.5 121.73 89.0 121.82 88.9 |90.16 91.9 89.97 91.9 90.02 92.1

2 52.43 929 5281 93.7 52.78 93.2|37.40 92.6 37.64 929 37.62 93.1

EB 3 25.19 90.9 2525 91.0 2525 91.1|18.09 91.6 1813 92.3 1813 92,5
4 27.62 91.6 2770 922 27.69 92.6 | 19.95 924 20.06 92.4 20.06 92.8

mean | 56.89 91.2 56.87 91.4 56.89 914 |41.40 92.1 41.45 924 41.45 92.6

1 122.33 89.5 121.73 89.0 121.81 88.9|90.15 91.9 89.97 91.9 90.01 92.1

2 52.43 929 5281 93.7 52.78 93.2|37.40 92.6 37.63 929 37.62 93.1

CBS 3 25.19 90.9 2525 91.0 2525 91.1|18.09 91.6 18.13 92.3 1813 92.5
4 27.61 91.6 2769 922 27.69 92.6|19.95 924 20.06 92.4 20.06 92.8

mean | 56.89 91.2 56.87 91.4 56.88 91.4 | 41.40 92.1 4145 924 4145 926

1 118.85 89.5 117.96 88.5 118.04 88.5|87.93 919 8727 923 87.31 92.1

2 49.28 92.6  48.87 92.7 4884 91.8 | 35.01 91.7 34.69 91.6 34.67 92.1

Tukey 3 25.08 92.8 25.17 93.1 25.17 929 |17.82 922 17.86 93.0 17.85 93.0
4 2543 91.6 2526 91.8 2525 914 |18.09 91.2 1798 909 1798 91.0

mean | 54.66 91.6 54.31 91.5 5433 91.1 [39.72 91.7 3945 919 3945 92.0

1 = strongly agree, 2 = agree, 3 = disagree, 4 = strongly disagree

It is no easy matter to compare all the estimators and all the variance
estimation techniques over all the categories. However, the tables obtained show

that the lengths of the EB

(Escobar-Berger, [15]) and CBS

(Campbell, [4];

Berger and Skinner, [2]) intervals are practically the same, and also that the
intervals with the LV estimator have longer lengths, while those with the MC
estimators have shorter ones, for both sample sizes. Obviously, the length of the

confidence intervals decreases as the sample size increases.

The coverage is below the nominal value in every case. The MC estimator
obtains the closest coverage to the nominal level, but with small differences with
respect to the other estimators.
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8. APPLICATION TO AN OPINION SURVEY

In this section, the ordinal regression approach is illustrated using a real
survey, deriving the proposed estimates and comparing these to alternative ones.

This population-based survey was conducted by the Institute of Social Stud-
ies of Andalusia, a public scientific research institute specialising in the social sci-
ences. Its aim is to reflect the opinions of the population of Andalusia, a region
in Southern Spain, with regard to various aspects of policies. Taking into account
the time and budget available, 1,890 interviews were performed by qualified inter-
viewers, specially trained in survey techniques. The interviews were carried out
by the Statistics and Surveys sections of the institute using Computer Assisted
Telephone Interviewing data input techniques. A stratified random sampling de-
sign with eight strata, each one corresponding to a municipality in the region,
was considered. In each stratum, a simple random sampling without replacement
design was considered. The design weights were modified to adjust for coverage
and non-response bias. The two main variables included in this study, related to
“education” and “housing”, are the answers to the following questions:

e Do you think that education issues have improved, remain the same or
have worsened in recent years?

e Do you think that housing issues have improved, remain the same or
have worsened in recent years?

each one with three possible response categories. As in the simulation study,
R software and the library ordinal were used to analyze the data. Together with
the ordinal model-assisted MA (4.1) and the ordinal model-calibrated MC (4.2)
estimators, the HT estimator (2.1) and the LV estimator (2.3) were computed
for comparison purposes. As auxiliary information we took into account the sex of
the respondents, a categorical variable with two possible outcomes, and their age,
categorized into four age ranges. The population information for the auxiliary
variables needed to compute the LV estimator and the two proposed estimators
is shown in Table 6.

Table 6:  Population information for the auxiliary variables (Sex and Age).

Age
18-29 3044 45-59 >60

MALE 411,501 699,378 636,061 578,775
FEMALE | 460,834 649,434 615,057 731,410

Sex
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Table 7 shows the point and 95% confidence interval estimation of propor-
tions of each category of the main variables.

Table 7:  Point (PROP) and 95% confidence level estimation (lower
bound, LB, upper bound, UB, and length, LEN) of percentages.
Auxiliary variables: Sex and Age.

In recent years, education issues... | In recent years, housing issues...
Estimator
PROP ‘ LB ‘ UB ‘ LEN PROP ‘ LB ‘ UB ‘ LEN
... have improved ... have improved
HT 3.88 2.61 5.16 2.55 7.15 5.74 8.55 2.81
LV 4.49 3.11 5.87 2.76 7.65 6.10 9.20 3.10
MA 3.92 2.67 5.18 2.51 7.08 5.69 847  2.78
MC 3.94 2.68 5.19 2.51 7.07 5.68 847  2.79
...remain the same ...remain the same
HT 17.69 15.44  19.94 4.50 9.42 7.80 11.04 3.24
LV 18.12 15.87  20.37 4.50 9.87 8.12 11.63 3.51
MA 17.84 15.64  20.03 4.39 9.35 7.74 1096  3.22
MC 17.82 15.63  20.02 4.39 9.36 7.76 1097 3.21
... have worsened ... have worsened
HT 78.41 74.59 82.24 7.65 83.42 79.52 87.32 7.80
LV 77.38 74.76  79.99 5.23 82.47 80.00 84.93 4.93
MA 78.22 75.82  80.63 4.81 83.56 81.52 85.59 4.07
MC 78.23 75.83  80.63 4.80 83.55 81.52 85.59 4.07

Whatever the category of either of the two main variables, the lengths of
the confidence intervals of the proposed estimators are shorter than that of the
corresponding confidence interval associated with the LV estimator, which uses
the same amount of auxiliary information. In part, these differences are due to the
better fit of the ordinal logistic model than the multinomial logistic model in both
cases. Indeed, for the two response variables, the AIC is larger for the multinomial
model than for the ordinal model. To highlight these discrepancies, we computed
the relative length reduction of the confidence intervals of the proposed estimators
with respect to the corresponding confidence intervals of the LV estimator. The
results are shown in Table 8.

The length reductions are significant in all categories of the response vari-
ables (6.5% on average for the first variable and 12% for the second).

Tables 9 and 10 show the point estimation for the proposed estimators,
classified by sex and age. In the first of these respects, it is noticeable that more
men than women believe that education and housing issues have improved or
remain the same, while the women are slightly more pessimistic.
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The general perception that these issues have worsened is common to all
age groups, with the highest such proportion being found among respondents
aged 45-59 years.

Table 8:  Relative length reduction in % of the 95% confidence intervals
of the proposed estimators with respect to the LV estimator.
In recent years, education issues...
REDUCTION
Estimator
... have improved | ...remain the same | ... have worsened MEAN
MA 9.326725 2.359543 8.013819 6.566695
MC 9.349046 2.371333 8.014386 6.578255
In recent years, housing issues...
REDUCTION
Estimator
... have improved | ...remain the same | ... have worsened MEAN
MA 10.12919 8.518985 17.41836 12.022178
MC 10.10099 8.540746 17.42298 12.021572
Table 9: Point estimation of percentages by sex.
In recent years, education issues... | In recent years, housing issues...
Estimator
ALL MEN WOMEN ALL MEN WOMEN
... have improved ... have improved
HT 3.88 4.65 3.15 7.15 10.00 4.39
LV 4.49 4.96 4.05 7.65 10.33 5.11
MA 3.92 4.69 3.21 7.08 9.97 4.34
MC 3.94 4.69 3.16 7.07 9.99 4.38
...remain the same ... remain the same
HT 17.69 20.71 14.80 9.42 11.59 7.33
LV 18.12 21.27 15.15 9.87 11.97 7.89
MA 17.84 20.83 15.01 9.35 11.49 7.32
MC 17.82 20.72 14.84 9.36 11.58 7.32
... have worsened ... have worsened
HT 78.41 74.63 82.05 83.42 78.40 88.27
LV 77.38 73.76 80.80 82.47 77.69 86.99
MA 78.22 74.47 81.78 83.56 78.52 88.32
MC 78.23 74.58 81.99 83.55 78.42 88.28
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Table 10: Point estimation of percentages by age groups.

In last years, education issues... In last years, housing issues...
Estimator

AL | 1829 [ 3044 [ 4550 | >60 | ALL | 1829 | 30-44 [ 45-59 | >60

... have improved ... have improved
HT 3.88 3.99 4.24 1.92 5.61 7.15 8.66 8.34 4.94 6.85
LV 4.49 4.20 4.15 1.87 7.54 7.65 8.90 8.24 4.86 8.87
MA 3.92 4.01 4.26 1.84 5.51 7.08 8.52 8.50 4.99 6.66
MC 3.94 4.09 4.22 1.89 5.66 7.07 8.59 8.29 4.92 6.76

...remain the same ...remain the same
HT 17.69 16.75 17.02 17.06 20.07 | 942 10.16 11.47  8.90 7.07
LV 18.12  16.87 16.97 16.99 21.23 9.87 10.44 11.33 8.74 9.07

MA 17.84 1631 17.17 1735 20.02 | 9.35 9.68 11.61 9.13 7.01
MC 17.82 16.84 17.08 17.22 20.16 | 9.36 10.11  11.43 8.86 7.02

... have worsened ... have worsened
HT 7841 79.25 78.73 81.01 74.31 | 83.42 81.17 80.17 86.14 86.07
LV 77.38 78.92 78.87 81.13 71.21 | 82.47 80.65 80.42 86.38 82.04

MA 78.22 79.67 7856 80.79 74.46 | 83.56 81.78 79.88  85.87  86.32
MC 79.06 78.69 80.87 80.78 74.16 | 83.55 81.29 80.27 86.21  86.20

9. CONCLUSIONS

Data collected from surveys are often organized into discrete categories.
Analyzing variables with ordinal outcomes, obtained from a complex survey, of-
ten requires specialised techniques. To improve the accuracy of estimation pro-
cedures, a survey statistician often makes use of the auxiliary data available from
administrative registers and other sources.

In this paper, we present estimation techniques applied to the results of
complex surveys when the variable of interest has ordinal outcomes, and describe
the joint distribution of the class indicators by an ordinal model. Ordinal model-
assisted estimators and ordinal model-calibrated estimators are introduced for
class frequencies, using two different approaches to estimation.

We show that the proposed estimators are asymptotically normal distributed
and we derive expressions for their asymptotic variances. Resampling techniques
are obtained when joint inclusion probabilities are unavailable to data analysts.

We used the weighted ML estimation procedure to obtain the estimators for
the model parameters because in the iterative fitting process for WLS, assuming
ordinal data, at some settings of explanatory variables the estimated mean may
fall below the lowest score or above the highest one and then the fit will fail [1].
When numerical maximization for the pseudolikelihood is feasible, good estimates
may be obtained in certain cases by WLS. This approach is usable when working
with discrete predictors [23].
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We also include a limited simulation study with a real population, find-
ing that the ordinal logistic formulation yields better results than the classical
estimators that implicitly assume individual linear models for the variables.

The effective use of auxiliary information from survey data depends on the
population quantities to be estimated and on the actual relation between the
response variable and the covariates. The simulation results obtained show that
these estimators are robust against misspecified models.

Ordinal model-assisted and model-calibrated estimators also have some
drawbacks: they require a sampling frame, complete with all the explanatory
variables used in the assisting model, for all units in the population. This situ-
ation frequently arises, for example, when categorical variables (such as gender
or the professional status of the individual) or quantitative categorized variables
(such as the age of the individual, grouped into classes) are used as auxiliary
information in a survey. In this context, although we do not have a complete list
of individuals, the proposed estimators can still be computed because the neces-
sary population information can be found in the databases published by national
statistical agencies and in business registers and trade association lists. This is
the case in our application of the estimators to data from the survey on opinions
and attitudes, as discussed in Section 8.
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1. INTRODUCTION

An integer-valued time series is a sequence of integer data points measured
at uniform time intervals. Such series are present in many fields of sciences. For
example, in medicine the number of infected persons represents such a series, in
finance the number of defaults, in criminology the number of committed crimes,
in biology the size of the population of a species, etc. Thus, modelling integer-
valued time series and better understanding their nature is a point of interest
for many researchers. Some of the first models for non-negative integer-valued
time series were introduced by [7], [1] and [2]. These models have autoregressive
structure, where the autoregression is achieved through the thinning operator.
Models with the full autoregressive-moving average structure were investigated
in [8]. Following these ideas, many models have been developed. A survey on
integer-valued autoregressive processes can be found in [15].

While these are models with constant coefficients, [17] defined an integer-
valued random coefficient model. Using the approach proposed by [3], [12] in-
troduced a bivariate integer-valued random coefficient model. The dependence
between processes that this model consists of is achieved through their autore-
gressive components, which are based on the negative binomial thinning opera-
tor. Some modifications of this model regarding the thinning operator and the
marginal distribution are discussed in [9]. In this paper we focus on analyzing
prediction errors made by these types of models. Since these models are composed
of two components, survival and innovation, there are two sources of uncertainty.
We try to estimate the portion of prediction error made by the survival and by
the innovation component separately. Since these residuals are unobservable, we
derive predictive distribution and calculate expected values of these components.
Some aspects of predictive distributions for univariate models were presented in
[13] and [14]. Residual analysis for univariate models was discussed in [5] and
[16]. We extend the research on the bivariate models with random coefficients.

In addition, to cover two types of thinning operators, we introduce a bi-
variate model whose survival components are generated by different thinning op-
erators, namely, binomial and negative binomial. This mix of thinning operators
makes it possible to model two dependent processes whose survival parts have
different properties. While the survival component generated by the negative
binomial thinning operator does produce new members of the series, the other
one generated by the binomial thinning does not and new members depends only
on the innovation component. To motivate the model we consider two data se-
ries: monthly count of motor vehicle thefts and monthly count of drug dealing
activities. The first series is characterized by the fact that offended persons are
not provoked to commit the same criminal act, but the second series is to a large
extent generated by itself since some amount of drugs has been resold many times.
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The paper is organized as follows. In Section 2 we discuss the general
form of bivariate integer-valued autoregressive models of order one with random
coefficients. Section 3 introduces a bivariate model with both, binomial and
negative binomial, thinning operators. We discuss residual analysis in Section 4.
Real data modelling is considered in Section 5.

2. BIVARIATE INAR MODELS

In this section we state a general form of the random coefficient bivari-
ate integer-valued autoregressive models of order one (BINAR(1)). In order to
define a model suitable for the time series of count, we use the thinning oper-
ators. The binomial thinning operator is defined as a; 0o X = Zfi 1 Bi, where
X is a non-negative integer-valued random variable and {B;} is a sequence of
i.i.d. Bernoulli random variables with mean parameter ;. The negative bino-
mial thinning operator is defined as a1 * X = Zfil G;, where {G;} is a sequence
of i.i.d. geometric random variables with mean parameter 1. For the time being
we will not specify the thinning operator in the definition of BINAR(1) model.
Let us denote a nonnegative bivariate time series of counts by Z, and introduce
Uln U2n
‘/’ln ‘/’271/
mass function defined as P(Uy, = a1,Us, =0) =p=1— P(Uy, = 0,Uz2, = 1)
and P(Vi, = ag, Vo, =0)=q¢=1— P(V},, =0, Vo, = ag), where ag,as € (0,1)
and p, q € [0,1]. Then, the structure of BINAR(1) model is given by

a random matrix A, = [ ], whose elements have the joint probability

(2.1) Zpn=Apn*xZn_1+e, n>1,

where {e,, } represents the innovation process, which is composed of two indepen-
dent series. The thinning operator is denoted with x and it acts as the matrix
multiplication. The two processes that figure in Z,, are mutually dependent and
their dependence is achieved trough autoregressive components, which are named
survival processes. Coefficients that figure in (2.1) are random variables, which
make this model significantly different from the similar multivariate INAR models
(such as the one presented in [4] and [6]). Notice that

_ 4 _ |aap aa(l—p)
F(A,) = A= [am a2(1_q)] |

It is easy to show that FE(A, x Z,) = AE(Z,). Following the discus-
sion from [6], I — A is a non singular matrix if all eigenvalues of A are in-
side the unit circle, which is proved for matrix A in [12]. All this implies
that E(Z,) = (I — A)"'E(e,). Since (I — A)~! is a matrix of finite values,
E(Zj) < 0 iff E(e;) < co. The conditional expectation for process (2.1) is
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E(Zni1|Z,) = A Z, 4 (I — A)~ (I — A¥)(I — A)p, where p, E(Z,). The cor-
relation structure of BINAR(1) model is given as Cov(Z 41, Zn) = A*Var(Z,),
k > 0. Since the eigenvalues of matrix A are inside the unit circle, covariance
tends to zero and conditional expectation tends to the unconditional one, as k
tends to infinity. More details on the correlation structure can be found in [9].

3. MODEL WITH MIXED THINNING OPERATORS

In this section we introduce a new bivariate time series model {(X1 5,,X2.)},
n € Ny, where the two time series are dependent but evolve under different thin-
ning operators. Let {X;,} and {Xs,} be the two nonnegative integer-valued
time series with probability mass function P(X;, = k) = p*/(1 + p)¥*1, k>0,
p>0and i€ {1,2}. A mixed geometric bivariate autoregressive process of order
one (BVMIXGINAR(1)) is given by the following equations

a10Xip-1+E1n, W.D. D,
3.1 X = ’ ’
( ) Ln { o1 © XQ’n_l =+ €1n, W.DP. 1-— D,

ag x X1p-1+ €20, W.p.q,
3.2 X9, = ’ ’
(32) 2 { agx Xop1+¢€20, Wp. 1—g,

where {e1,,} and {e2,,} are i.i.d. sequences. The random vectors (ein,c2,)
and (X1, Xo,m) are independent for all m < n. The thinning operators are
defined in previous section and the counting series in aq 0 Xy 5, a1 0 Xy, 2 % X1
and ap * X, are mutually independent for all n € Ny and are also independent
of innovation processes {€1,,} and {e2,}. The distributions of the innovation
processes are given by the following theorem.

Theorem 3.1. Let X; o and X2 have the Geom( ) distribution, where
p > 0. The stationary bivariate time series {(X1 y, Xg,n)}neNo given by equations
(3.1) and (3.2) has Geom(lJr )
{e1,n} and {e2,} are distributed as

marginal distributions if and only if the processes

G +-), w.p. 1—aq,
(3.3) E1n 2 {0 com(rz), wp- 1 -
s w.p. &1,
p(l—as)
(3.4) ., 4 ) Geom(fl), wp. FUELE
2,n G as azu
eom($2;), w.p. 25,
where a; € (0,1), as € (0, 1Jru] and p,q € [0, 1].

Proof: Let us assume that the stationary time series {(Xi,,X2,)} has
the geometric marginal distribution Geom (4~ =), w> 0. Since the random vari-
ables X1 , and X, are equal in distribution, considering probability generating
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functions we obtain ®x, . (s) = ®., , (5)®x,,,_,(®p,(s)), which follows from (3.1).
From their geometric distribution we obtain

1+ poq(1—s) 1
@ = — — = 1— _—
10 (5) 14+ p(l—2s) a1+ ( al)l—i—u—us’

which proves equation (3.3). In a similar manner we derive the probability gen-
erating function for €9, and obtain

o _ A+ )+ a2 —azs) —p
52,n(5)_ . .
TR Er——y
_ w(l —ag) — ay 1 N Qo 1
[— a+p—pus p—agl+as—ass

Now, equation (3.4) follows under the constraints given in [11] for NGINAR(1)
model.

Conversely, let us assume that the distributions of the random variables €1,

and e 5, are given by equations (3.3) and (3.4), respectively. Since X 4 X2 4

Geom(p/(1+ p)), we obtain

(I)Xl,l(s) = (I)Xl,o(l —o + als)q)m,l(s)
B 1 1+ por(l—s) 1
S ltp—p(l—og+ags) T+pu(l—s)  14+p—pus

and

1
(I)XQ,l(S) = <I>X2,o <> (1)82,1(5)

1+ as—ass
1 (I+p)(1+az —azs) —p 1

Tl - ) Ut ps) (It —azs) L+p—ps

T IFas—ass

Thus, X1, and X5 ; have geometric distribution with parameter ;¢/(1+ ). Using

mathematical induction we can prove that X , iX?m 4 Geom(u/(1+ p)) for any
n € Np. ]

Even if we assume that X1 o and X5 have the same arbitrary distribution,
X1 as well as Xy, converges to geometric distribution Geom(u/(1+ p)), as
n — 00, if random variables €1, and e ,, have the distribution given by Theorem
3.1. This can be proved with the following two equations. The first equation is

Py, (5) =Px,, (1 — a1 +a15)P.,, (5)

n—1 E+1

14 pai™ (1 —s)
= 1—a+als 1

X1,0( 1 1 )H 1+M04’f(1 —8)

1+ paf(l—35) nooo 1
1+ p(l—ys) 14+ pu—ps

=P, (1 —af +a7s)
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Also,

1
— | ®
14+ as — a25> 20 (%)

- 1—ag+as(l—s) ”1 1-as+as(1—s)(1—ah™)
_q)XZ’(’(l as+as(1—3s) 1 a2 >gq) ( l—as+as(l1—s)(1—ak) )
B l—ag+ag(1—s)(1—ad™)
q)X“( l—ag+az(l—s)(1—af) >
(1 —a3(1—s)—ags)(1+abu(l —s) —ad™ (14 p)(1 - s) — ags)
(1 —ad™ (1 — 8) — ags)(1 + agu(l — 8) — a3(1 + p)(1 — s) — azs)

n—oo 1

1+p—ps’

(I)XQ,n(S) = (I)Xz,n—l <

Random variables X1, and X, are independent for known X;,_; and
X2,n—1. Thus, the conditional distribution of (X1, X2,), given (Xi -1, X2n—1),
is defined as

PXip=2,Xon=ylXin1=1uXopn1=0)
=P X1 p=2|X1p-1=1, X2 pn1=0)P(Xopn=y|X1n-1=u, Xon_1=0).

The conditional probability mass function of the random variable X ,, for given
X1n—1 and X5 1 has the form

P(Xl,n = x‘Xl,n—l = U7X2,n—1 = U)

min(z,u)
=p Y Plern=2—k)P(a1oX1 -1 =k|X1n 1=u)
k=0
min(z,v)
(3.5) +(1-p) P(eipn=2—k)P(agoXgp_1=Fk|X2,-1=0).
k=0

Similarly, for X ,, the form is

P(Xopn =yl Xin-1=u,Xop1=0)

y
=q Z P(ean=y—k)P(ag*x X1 n_1=k|X1n—1=u)
k=0

M)«

(3.6) + (1—q) P(Sg’n:y—k)P(ag*in_l:k‘Xgm_l:'U).

e
Il

0

The random variables a1 © X and ag * X under the condition X = u have binomial
and negative binomial distribution with parameters (u, ;) and (u, 13—32), respec-

tively (where the probability mass function for negative binomial distribution is

k
taken as P(agx X = k| X =u) = (”H,z_l) (HSW) Notice that the probability

mass functions for the innovation processes are, respectively,
z—k

P(El,n =T — k) = l{x:k}al + (1 — QI)W,
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_ —k
p(l—ag) —ag  pv=* Qafl o

w— Qo (14 pyy—F+1 * p—ag (1 + ag)y=k+l’

Plegn=y—k) =

where 14 is the indicator function of a random event A.

The estimation of unknown parameters of the bivariate INAR(1) models
with random coefficients is discussed in details in [9]. We consider the conditional
maximum likelihood method for parameters estimation of the model presented in
this paper.

For the given values {(X1x, X2x)},_g5, we set the conditional likelihood
function as

Li(6)= Zln P(X1; =x14, X0 = x2,| X121 = 21,1, X2,i—1 = 22,1, 0),
i—1

where 0 = (a1, a2,p,q, 1) is a vector of unknown parameters. The probability
mass function is defined as a product of functions (3.5) and (3.6). The maximiza-
tion of the log-likelihood function is obtained by numerical procedure, which, in
our case, is conducted through the programming language R and the function
nlm.

4. RESIDUALS

The standard statistic used for determining a goodness of fit is obtained by
summing squared residuals. The residuals are obtained as a difference between
a value at time n and an expected value of the process in time n for the given
value at n — 1, i.e.,

rx 0 =Xin—opXin-1—o1(l —p)Xon_1— ey,
TXom = Xon — @2 X1 n—1 — 2(1 — @) Xopn—1 — ey,

where ., are the expected values of the random variables ¢;, i € {1,2}. Since
our process is composed of two sources of uncertainty (survival process and in-
novation process) it would be useful to track residuals of each source separately.
This idea for one-dimensional INAR process is presented in [5] and [16], while
we extend it for the bivariate case where the coefficients of the model are ran-
dom variables. The residual analysis for a bivariate model is also investigated
n [10], but the model has constant coefficients, independent survival processes
and dependent innovation processes, which makes it significantly different from
BVMIXGINAR(1) model.

If we introduce the two pairs of random variables (Ui, Ua,) and (Vig, Vay)
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defined in Section 2, we can present BVMIXGINAR/(1) model as

(4.1) Xin =UmnoXipn-1+UznoXopn1+¢€1n,
(42) XQ,n = Vip * Xl,nfl + Vo, * X2,n71 +€2.n.

The process in this form is more tractable in terms of survival and innovation
components. Therefore, we get two sets of residuals: rj‘;}fn =UpoXin-1+Uo0
Xon-1—o1pXin-1—ai(l —p)Xs,—1 and T = E1n — He (analogous for the
process {X2,}). The problem that arises here is that the binomial thinning
component and the innovation component are not observable. Thus, we have
to consider their conditional expectation with respect to the o-algebra gener-
ated by vectors (X1, Xon), (Xin-1,X2n-1), ..., (X1,0, X2,0). Since the process
{(X1n,X2,)} is lag-one dependent, we investigate conditional expectations with
respect to the o-algebra generated only with random vectors at moments n and

n—1, Fo(Xin, Xopn, Xin—1, Xomn—1).

Let us introduce the notations P, ,(A) = P(A| X1 -1 = u, X2 ,—1 = v) and
le,xg,u,v(A) = P(A‘le = :L’l,Xgm = I9, X17n_1 = u, X27n_1 = U). The condi-
tional probability mass function of the first addend in equation (4.1) with respect
to the o-algebra F,,, for m,x,y,u,v € Ny, is

le@Q,u,v(Uln oXipn-1= m)
= Pu’U(Uln 0 Xin-1=mUin0Xin1+U;moXon1+e1n= 1)
Pu,v(Xl,n = l’l)

1
B Pu’U(XL” = $1) [ppu’v(al ° Xl’nfl =m, 0o X2,n71 + €l;n =T1 — m)

+(1=p)Puy(00 X1 =m,oq0Xop1+¢e1, =1 —m)

1
B P(Bi = m)P(e1p = 21 —
Puo(X1p = 1) [pP(Bin(u,a1) = m)P(e1,, = 1 —m)

+ (1 = p) L=y P(Bin(v, a1) 4 €1, = 21 — m)],

where Bin(u, ) denotes a random variable with binomial distribution and pa-
rameters u i . In a similar manner, for r, k, s € Ny, we obtain the following three
equations,

1
Puy(X1n=m1)
+ (1—-p)P(Bin(v,az) = r)P(e1n = x1 — 1)),

Py aoup(U2noXon1=r7) = [pI{r—0y P(Bin(u, a1)+e1,n=11)

1
Puo(Xon=2)
+ (1=q) [{g=0y P(NB(v, a2) +e2,, = 22)],

le,xz,u,v(‘/ln*Xl,nflzk) = [CIP(NB(U, a2):k')P(52,n:l'2_k)

1
:Pu,v(XQ,n:xQ)
+(1—q)P(NB(v,a2)=s)P(e2n,=y — 5)].

Pml,mg,u,v(VQn * XQ,n—l = 3) [qI{SZO}P(NB<u7 042)+52,n :-1'2)
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In the last two equations the notation NB(u,«) stands for a random variable

with negative binomial distribution with parameters u and .

With these results in mind and applying some algebra, we obtain the fol-
lowing equations

u;
E(Uzn S i,n—l‘fn) = ijxl,zg,u,v(Uin o Xi,n—l = ])
j=1
min(u;,z1)

D U\ wi—i )
= g o (1 —aq )™ IP €1n = X1 —
Pup(Xin=21) 4o ’ <J ) i ) (€1 )

min(u; —1,21—1)

Q1P U; uz-—l j wi—1—7j .
= o (l—a)" I P(e1 = x1—1—j
Pu,'u(Xl,n :371) J;O < J > 1( 1) ( b ! )

Q1PiUs /

p— P, L
Pu,v(Xl,n:«Tl) LUl

(acroXjpn-1+e1n=a1—1)
and

xr2
E(‘/m * Xi,n71|fn) = ijzl,xg,u,v(‘/in * Xi,nfl = .7)

7j=1
xo . ]
- . 7P E = o9 —
xro—1 . j
Q2qity u;+1+7— 1) o .
= . —P 627 = Ty — 1— j
Puo(Xop = 22) JZ% < J (1 + ag)uti+s (2,0 )

_ a2q;U;
Pu,v(XQ,n = 1‘2)

/
Piuyri(aex Xipn 1+ e =22 — 1),

where we introduced the notations P/, (A) = P(A|X;n—1 =1), i =1,2, p1 = p,
p=1—p, g =¢q, g =1—¢q, u1 =u and us = v. Thus, we can conclude that
the conditional expectation of the survival part of the process (4.1) is calculated
as

E(UanXLn_l—i_U%LOXQ’n_l ’fn) :pE(aloXl,n—llfn)"i‘(l—p)E(Oél OXQ,n—l‘fn)
1
e . P 7 X - _ B 1
Pu,u(XLn — 351) [Oﬂpu 1,u 1(0q 0 Xin-1+E1n=m )

+a1(1 = p)oPay-1(a1 0 Xop1+e1 =21 — 1)]

and for the process (4.2) as

E(Vvln*Xl,nflﬁLVQn*XQ’n,l|Fn):qE(OéQ *Xl’n,1|fn)+(1*q)E(a2*X27n71|fn)
1
= . P X1 = —1
Pu,v(XQ,n — :172) [QUOZQ 1,u+1(a2 * Aln—1 + E2.n 1) )

+(1 — qvaaPoyr1(ag * Xo 1 + 2y = 22 — 1)].
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We have defined the innovation processes such that (e1,,€2,,) is independent of
(X1,m, X2,m) for m < n. Since we observed the conditional expectation at time
n with respect to the o-algebra F,,, we need to pay special attention here. The
conditional probability mass functions are

P(Elyn =1 — k‘)

Pu,v(Xl,n = ml)

X [pPyy(on 0 X1 p1=k)+(1—p)Pyy(0q 0 Xop1=k)]

Prizonp(Eln =21 — k)=

and
P(ean =22 — k)
P, (Xopn = 22)
X [qPyv(0ox X1 p1=k)+(1—q)Py (2% X2 pn1=k)].
Hance, the corresponding conditional expectations are
1
Pyy(Xip=121)

X[p(x1Pru(10X1 na+ern=21)—0quPy yi(0o X pa+ein=21—1))

Px1,zg,u,u(52,n = X9 — k;) =

E(gl,n

Fo) =

+(1-p) (z1Pp(aroXopatein=21)—01vP pq (10X pi+e1n=21—1))]
and

1
E(627n|‘7:n) =

Pu,v(XQ,n = -TZ)

X [q (xo P y(ao% X1 g +E2.0 =22) —2uPy yi1 (2 * X1 g +€2n=22—1))

+ (1—q) (22 P2y (2% Xo p1+e2n=22) —a20Pa yp1 (2% Xo p1+e2 n =22—1))].

Now we can distinguish between the error from the survival and the error
from the innovation process. If we sum these two values we obtain the following
results

S 4+ 1 =E(pon 0 X1po1 + (1= plag o Xopn 1| X1 n, X10-1)
—opXip—1 —a1(l —p)Xopn—1+ E(e1,0|X1n, X1n-1) — fte
=E(paio Xip-1+ (1 —plog o Xopn1+ €10 X1n, Xin—1)
—a1pXip-1—ar(l —p)Xopn-1 — fey,
(4.3) =X1n —a1pXin-1 — (1 = p)Xopn-1— ey = X, -
We can conclude that the sum of these two error terms is equal to the error term

obtained by using conditional expectation for the process {X; ,} with respect to
o-algebra F,,_1. The conclusion is analogous for the process {Xs,}.

5. APPLICATION

In this section, we discuss the characteristics of data for which BVMIXGI-
NAR(1) model is the most adequate. We compare results of BVMIXGINAR(1)
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model with results of some other bivariate models. At the end of the section we
analyze prediction errors of BVMIXGINAR(1) model and suggest how the model
can be improved.

We analyze data from the Pittsburgh police department number 407, which
can be found on the website www.forecastingprinciples, where we focus on the
number of stolen vehicles (MVTHEFT) and the number of reported drug activ-
ities (C_DRUG) per month from January 1990 to December 2001. The average
values of these two series are 1.74 and 1.5, and the variances are 2.98 and 5.01,
respectively. The correlation between the series is 0.22. The bar plots and cor-
relograms are given in Figure 1. Both corelograms show the presence of lag 1
autocorrelation. Although there are some autocorrelations on higher lags for se-
ries C_DRUG, the value on the first lag is dominant. High positive correlation
between the series, overdispersion and the first lag autocorrelation imply that
BVMIXGINAR(1) might be adequate.

MVTHEFT C_DRUG
o
[
= o
=
— o
© -
@ -

w © -
I - = -
o o o
o - o -
a S ]
@ | @ ]
(=] o
w _| ©w |
o (=]
L [
83 g 34
° :
L R B R T Tt T T T L T e T i et Tt s s e e e e e

“H\W1|||‘I||\|\| §‘I||\|‘|.|H
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< T T T T T QT T T T T
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Figure 1: Data series and autocorrelation function for MVTHEFT and
C_DRUG series.

We compare BVMIXGINAR(1) model with models BVNGINAR(1) intro-
duced in [12], and BVPOINAR(1) introduced in [9], since both of these models
have random coefficients and a similar structure. For the three models, we com-
pare their values of the log-likelihood functions and the root mean square errors
(RMS) made by one step ahead prediction. The results are presented in Table 1.
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Table 1: Parameter estimates of INAR models, root mean square errors
and the log-likelihood function for MVTHEFT and C_.DRUG
data series.

log- RMS RMS

Model CML estimates likelihood | MVTHEFT | C_DRUG

dy = 0.148(0.1), d = 0.472(0.095),

BVMIXGINAR() | 4600355 "o 002(0.08). 7 — 1.508(0.164) | 2775 1.695 1.990
ay = 0.242(0.166), dip = 0.473(0.095), s

BVNGINAR(D) | 560(0941). 4 — 0.02(0.078). fi = 1.604(0.171) 4785 1.703 1.990

BVPOINAR(1) dr = 0.217(0.066), > = 0.41(0.055), —516.62 1.701 1.998

p = 0.328(0.172), § = 0.068(0.066), A = 1.687(0.11)

According to the test results, BVMIXGINAR(1) is the most adequate for
these data. Notice that models with geometric distribution obtain higher values of
the likelihood function. BVMIXGINAR(1) achieves slightly higher log-likelihood
values than BVNGINAR(1) but much lower RMS for MVTHEFT series. Mod-
elling C_DRUG series with geometric distribution where survival processes evolve
under negative binomial thinning provides the best results. RMS for C_LDRUG
are the same for BVMIXGINAR(1) and BVNGINAR(1). The improvement with
BVMIXGINAR(1) is with RMS for MVTHEFT. The assumption that one sur-
vival process evolves under binomial and the other survival process under negative
binomial thinning improves prediction performance. We need this mix of thin-
ning operators when we model two series with different behavior, as the case here.
Since once sold drugs are often resold, but once stolen vehicle cannot be stolen
again, we have here one process that is self-generated and one that is not.

The estimated parameters of BVMIXGINAR(1) indicate that drug activi-
ties influence the number of stolen vehicles in this area, while vice versa does not
hold since the value of parameter ¢ is statistically equal to zero.

We continue with the prediction performance analysis by focusing on the
prediction errors made by the survival and innovation components separately. We
calculate these residuals and plot them to assess the adequacy of each component.
As given by equation (4.3), the sum of these two residuals is equal to the residuals
obtained by the usual definition. The residuals are presented in Figure 2. It can
be noticed that the residuals of the innovation processes are much higher than the
residuals of the survival processes, apart from the few cases of C_DRUG series.
Further, the correlation between the two type of residuals is 0.425 for MVTHEFT
and 0.506 for C_LDRUG series. The correlation is positive but not as high as one
might expect. These results also add value to the model since an imprecise
prediction of one component can be absorbed by the prediction of the other
component. Another interesting point is a low correlation of only 0.11 between the
innovation processes of the two series, which supports the structural assumption
that innovation processes are independent. Higher residuals generated by the
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innovation processes indicate that future work should focus on improving the

innovation processes.
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Figure 2: Upper figure shows the residuals for MVTHEFT and lower for
C_DRUG series.
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Abstract:

e In this paper the authors introduce the hyper-block matrix sphericity test which is a
generalization of both the block-matrix and the block-scalar sphericity tests and as
such also of the common sphericity test. This test is a tool of crucial importance to
verify elaborate assumptions on covariance matrix structures, namely on meta-analysis
and error covariance structures in mixed models and models for longitudinal data. The
authors show how by adequately decomposing the null hypothesis of the hyper-block
matrix sphericity test it is possible to easily obtain the expression for the likelihood
ratio test statistic as well as the expression for its moments. From the factorization
of the exact characteristic function of the logarithm of the statistic, induced by the
decomposition of the null hypothesis, and by adequately replacing some of the factors
with an asymptotic result, it is possible to obtain near-exact distributions that lie very
close to the exact distribution. The performance of these near-exact distributions is
assessed through the use of a measure of proximity between distributions, based on
the corresponding characteristic functions.
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1. INTRODUCTION

Likelihood ratio tests (l.r.t.’s) have a large scope of application in different
fields of research such as for example engineering, economics, medicine and ecol-
ogy [27, 20, 5, 21]. However, in most cases, the exact distribution of the Lr.t.
statistics has a very complicated expression which makes difficult the practical
use of the testing procedure. On the other hand the commonly used asymptotic
approximations [2, 26] display lack of precision mainly in extreme situations such
as for high number of variables and/or small sample sizes [14, 9] and situations
where the parameters of interest and/or nuisance parameters are on the bound-
ary of the parameter space [11]. This is a well known and recognized problem
in standard likelihood ratio testing procedures which becomes even more serious
when one wants to perform tests for more elaborate covariance structures. These
elaborate structures have recently become very important in different statistical
techniques for the validation of assumptions required in different models such as
in hierarchical or mixed linear univariate and multivariate models.

In this paper the authors introduce the hyper-block matrix (HBM) spheric-
ity test. This test is a useful generalization of the block-matrix and of the block-
scalar sphericity tests and is of crucial importance to validate elaborate assump-
tions on covariance matrix structures, for example on meta-analysis and error
covariance structures in mixed models and models for longitudinal data.

We will say that a covariance matrix ¥ has a HBM spherical structure if
we can write

Ik1 ® Al ce 0
(1.1) Y= , (A unspecified, £ = 1,...,m).
0 e Ikm ® Am
where ® denotes the Kronecker product, and for £ =1,...,m, I;, denotes the

identity matrix of order k;, and Ay is a positive-definite matrix.

The HBM spherical structure may arise in many situations and has as par-
ticular cases many interesting and important structures which may be of interest
not only as covariance structures in multivariate analysis as well as covariance
structures for the error in linear mixed and repeated measures models.

Let us consider a situation in which the same p* random variables (r.v.’s),
Xi,...,Xp+, are measured in m “locals”, in the ¢-th of which (¢ =1,...,m) we
take ky, measurements, that is, a sample of size ky, and let us suppose we organize
such a meta-sample in a matrix X of dimensions p*xn, with n=73 ;" k¢, as in
Figure 1.
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k1 ké
—_——~ -~
X1 ... X1k1 - Xl,k1+---+kg,1+1 - Xl,k1+---+kg -

Xo1 ... X2/€1 R X2,k1+-~~+kg_1+1 . X27k‘1+"'+k‘g N

(p*xn) : :
Xp*l- .. Xp*k’1 - Xp*,k1+-~+kg_1+1- .. Xp*,k1+~-+k’g .

km
Xikidotbm 41 - X1 ky4othm,
Xokrtothmo1 41 o X2k otk

- Xpt kiAo - Xpt etk

Figure 1: Data matrix illustrating a situation of a meta-sample from
m “locals”, with sample size k; for the ¢-th local and p; =p*
(£=1,...,m).

Here “locals” is a general designation for example for different locals, fac-
tories, companies, hospitals, etc., and if we consider the p* r.v.’s Xy,..., X}«
organized in the random vector X* = [X1,..., Xp+]', with Cov(X*) = A, then
we have
Ik1 QA --- 0
Cov(X) = Cov(vec(X)) = : : :

0 - I, ®A

But, the HBM sphericity setup allows for more general situations as for
example those in which we may want to study or model possible differences in
strength break in a set of p* components manufactured by m different companies,
or the measurements of p* variables thought to be possible important indicators
of some disorder or disease, measured across m hospitals, or measurements of
p* pollutants in m different locals, or measurements of p* atmospheric variables
and indicators in m different cities, by taking a sample of size ky in the /-th
“local”, but that, furthermore, not in every “local”, city, hospital or company, it
was possible to obtain measurements of all p* variables, although we still want
to consider as many of these in each “local” as possible. Then we may want to
consider a meta-sample as the one illustrated in Figure 2, for p* = 5.

In this case, since in different “locals” we may have different subsets of the
p* variables being analyzed, we may end-up with a covariance setup for the matrix
X as the one in (1.1), with different covariance matrices for each “local”.

Once we assume the HBM spherical structure for the covariance structure
in our model, we may then be interested in testing if that is indeed a plausible
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model for our covariances. The issues are thus: (i) how can we carry out a test
for such an elaborate structure, and (ii) in case we find a way of doing so, how
will we then be able to obtain p-values and/or quantiles for our test statistic,
since this may have a quite elaborate exact distribution.

k1 ké
——~—
Xi1... X1k1 R Xl,k1+-~~+k:g_1+1 e X17k1+"'+k‘g .
Xop... Xog, —
- X31 e X3k?1 e X37k1+...+k£_1+1 e X37k'1+"‘+kf£ e
(p*xn) _— — ... X4,k1+---+k¢,1+1 R X4,k1+---+kg R
Xs51. .- Xpky —
km
Xl’k;1+...+]€m71+1 e Xl,k1+~~~+k‘m
Xokytothmo 141 o X2kidtkn
Xakytothmo141 o Xd itk
X5 ki totbmor 41 o X5kt

Figure 2: Data matrix illustrating a situation of a meta-sample from m
“locals”, with sample size k; for the ¢-th local (¢ =1,...,m),
p] =4, p; = 3 and p}, = 4, with different covariance matrices
Ag (éz 1,...,m).

These are indeed the issues we propose to address in this paper, namely
showing how one can quite easily build the l.r.t. statistic for the test of the HBM
Spherical structure and how we can then obtain the expression for the moments
of the statistic and even for the characteristic function (c.f.) of its logarithm, from
which factorization we will then be able to obtain very sharp approximations for
the exact distribution of the statistic.

The HBM sphericity test is thus a test where the null hypothesis is written
as
Ik1 Ay --- 0
(1.2) Hy:X= : : ,  (Ag unspecified, £ = 1,...,m)
0 ce Ikm ® Am
where ¥ is the covariance matrix of the random vector X and the matrices Ay
are p; x p;, (( =1,...,m), with py = k¢ x pj and p = > ;" .

This test is a generalization of the standard sphericity test and it has as
particular cases a number of interesting and important tests:

(i) the block-matrix sphericity (BM-Sph) test, for m =1 [4, 3, 15],
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(ii) the block-scalar sphericity (BS-Sph) test, for pj =1,({=1,...,m)
19, 18, 13],

(iii) the block independence (BI) test, for ky = 1,(¢ =1,...,m) [24, 25],
[1, Chap.9], [17, Sec.11.2], [6, 7],

(iv) the common independence (Ind) test, for pj =k =1,({ =1,...,m)
[22, Sec.7.4.3], [9, Secs. 1,2], and

(v) the sphericity (Sph) test, for m =pj=1[16], [1, Sec.10.7], [17, Sec. 8.3],
[9].

These particular cases as well as their relations may be analyzed in Figure 3.

HBM-Sph
I, ®A1 0
0 I, ®Am

Huzz:{

Figure 3: Particular cases of the HBM (Hyper-Block Matrix) test and
their inter-relations:
HBM-Sph: Hyper-block matrix sphericity test;
BM-Sph: Block-matrix sphericity test;
BS-Sph: Block-scalar sphericity test;
Sph: Sphericity test; Ind: Independence test; BI: Block independence test.

The exact distribution of the HBM sphericity test statistic is almost in-
tractable in practical terms, thus our propose is to develop near-exact distribu-
tions for the test statistic and its logarithm, based on an adequate factorization
of the c.f. of the logarithm of the test statistic.

In Section 2 we will show how we may decompose the overall null hypothesis
in (1.2) into a set of three conditionally independent hypotheses and then how
from this decomposition (see [8]) we may derive expressions for the l.r.t. statistic
and its h-th moment. In Section 3 we will show how we may easily obtain the
expression for the c.f. of the logarithm of the test statistic and how we may use
the decomposition of the null hypothesis in Section 2, to induce an adequate
factorization of this c.f. in two factors, one that is the c.f. a Generalized Integer
Gamma (GIG) distribution [6], and the other the c.f. of a sum of independent
r.v.’s whose exponentials have Beta distributions. Then, in Section 4 we will use
this factorization to build very sharp near-exact distributions both for the test
statistic and its logarithm.
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Near-exact distributions are asymptotic distributions built using a different
approach. Usually working from an adequate factorization of the c.f. of the loga-
rithm of the l.r.t. statistic, we leave unchanged the set of factors that correspond
to a manageable distribution and approximate asymptotically the remaining set
of factors, in such a way that the resulting c.f., which we will call a near-exact
c.f., corresponds to a known manageable distribution, from which p-values and
quantiles may be easily computed. These near-exact distributions lie much closer
to the exact distribution than any common asymptotic distribution and, when
correctly built for statistics used in Multivariate Analysis, will show a marked
asymptotic behavior not only for increasing sample sizes but also for increasing
number of variables involved.

In Section 5 we will use a measure of proximity between the exact distribu-
tion and the near-exact distributions, based on the corresponding characteristic
functions in order to assess the quality and the asymptotic properties of the
near-exact distributions developed.

Section 6 is dedicated to power studies, where the very good behavior of
the test is revealed, through studies based on 1000000 pseudo-random samples
and carried out on several scenarios of violation of the null hypothesis of HBM
sphericity.

2. THE TEST STATISTICS AND ITS MOMENTS

In general terms, a null hypothesis Hy may be decomposed into a sequence
of three conditionally independent null hypotheses, if Hy admits the decomposi-
tion

Ho = Hogj1,2 © Hogp1 © Hn
where ‘o’ is to be read as ‘after’, as long as
QHO = QHo3\1,2 - QH13|1,2 = QHOQU - QH12|1 = QHOl - QHll = QHl

where g, is the parameter space under Hy and Qp, the union of the parameter
spaces under Hy and H;p, and where Hj, represents the alternative hypothesis to
Hy, (where ‘«’ is used as a wildcard).

The null hypothesis
(2.1) Hop : ¥ =bdiag (Xp; 0 =1,...,m)

corresponds to the test of independence of m groups of variables, the -th group
having py = pjxk, variables (¢ = 1,...,m).
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If we consider that the random vector X has a p-variate Normal distribution
with expected value vector u and covariance matrix ¥, that is, if we consider the
vector X ~ N, (ﬁ, Z) and suppose that we have a sample of size N (> p) from
X, then the l.r.t. statistic used to test Hp; and its A-th moment are respectively
given by (see secs.9.2 and 9.3.2 in [1])

E
A

(2.2) A=
H |Age|

and

meto T (Mogek g Mp)

w9 #[00) =y ey ()

where the matrix A is the maximum likelihood estimator (m.l.e.) of 3, Ay its
¢-th diagonal block of order py (¢ =1,...,m) and ¢/ = pg41 + ... + Pm.

The null hypothesis

(2.4) Hygn = /\ngu
=1

where for £ =1,....m

H02|1 e = bdiag (Ew, v=1,.., kg)
(2.5) assuming Y. = bdiag (Xg, £ = 1,...,m)

that is, assuming Hy;

is the null hypothesis of a test of independence of k; groups of variables, with pj
variables each. The l.r.t. statistic to test Hé?ll in (2.5) and its h-th moment are
respectively given by (see Secs. 9.2 and 9.3.2 in [1])

N
| Age| 2
ke

H\A

A2|1 =

and

k=1 7] F(N 4= ’“+%h) T (Nok

E[< 2'1)] Hlknl T (M=geh) F(Z’“if)gvh)’ (n>%-1)

where the matrix Ay is the maximum likelihood estimator of ¥, Aj, its v-th
(v=1,...,k¢) diagonal block of order p; and ¢t = (ke — v)p;, (v=1,.... k).

The Lr.t. statistic to test the null hypothesis in (2.4) is thus

N

m Anls
(2.6) Aoy = HA2|1 &
=1 =1 H ‘Av ‘*
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and, given the fact that the statistics Az\l’ {=1,...,m, form a set of m inde-

pendent statistics, since under Hy; in (2.1) the m matrices Ay are independent
and each statistic AZ|1 is built only from Ay, the h-th moment of Ay, is

] = e ()’

(2.7) m kp— 1PZI‘<N qu_F%h) F(L

)
- U=y ooy

(=1 v=1k=1
<h>max{%‘—1,€: 1,...,m}).

Finally, the null hypothesis Hy3|; o may be written as

m
(2.8) Hos)12 = /\Hggu,z
=1

where, for £ =1, ..., m,

Hg?)\l 2" E11 = = Eim = Ay (A unspeciﬁed)
(2.9) assuming ¥ = bdiag (Z¢ = (bdiag (S5,,v =1,...,k)))

that is, assuming Hyg; and Hoy

is the null hypothesis corresponding to the test of equality of k, covariance ma-
trices each with dimensions p; x pj.

Since under Hyy)y, for each £ = 1,...,m, the ky matrices Ay, (v =1,..., k)
are independent, The Lr.t. statistic to test each null hypothesis H(l;3|1 5 in (2.9)
and its h-th moment are respectively, (see Secs. 10.2 and 10.4.2 in [1])

HIA L.

l v= 2

A3|1,2 ‘ *’7]%7 k‘gQ
14

and

N-1 k-1 -1
TR 1 A Sy MG SR
3|1, 2)
k=1v= 1F(7_T]w+vk£1 %h) F( )
where the matrix Ay is the maximum likelihood estimator of ¥, Ap, its v-th

diagonal block of order p; (v =1,..., k) and Aj = A}é 4+t A’Z;

The l.r.t. statistic to test (2.8) is thus

m m H ’A | 2 Npy
(2.10) Agji2 = HA§\1,2 H STl

=1 =1 |4 ]kw
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and, since under Hy; in (2.1), the m statistics Agll , are independent, given that

each statistic Ag‘l , is built only from Ay and under Hp; the m matrices Ay
(¢ =1,...,m) are independent, the h-th moment of A 5 is given by

|

m

el = 1T (3

>

e e
=1k=1v=1 <M—%+Zl+%h)F T_k)

From Lemma 10.3.1 in [1], the L.r.t. statistic to test (1.2) is thus the product
of the Lr.t. statistics used to test the null hypotheses in (2.1), (2.4) and (2.8),
that is, the product of the L.r.t. statistics in (2.2), (2.6) and (2.10), thus with

A= A1 X A2|1 X A3‘1’2

N
4E T Ayl m HI‘AMQ Nog
- v= 2
= X " . X . ey k,
(2.11) I11Ael® |70 |4y, 2 =1 A}

=1 v=1
) jAE

eyt
=1 H‘A*‘M

where the matrix A is the m.l.e. of 3, Ay is the ¢-th diagonal block of order

m

peof A(0=1,..,m), withp= > pyand A} = A}, + -+ va where Aj, is the
/=1

v-th (v =1,..., k) diagonal block of order p; of Ay and py = k¢ x p;. We should

note that the expression in (2.11) is identical to the one we obtain when we use
the usual method of derivation of the l.r.t. statistic, through its definition (see
Appendix A).

The hypotheses Hog|1 2, Hog1 and Hopy are independent in the sense that
under the overall null hypothesis Hj it is possible to prove that the l.r.t. statistics
used to test these hypotheses are independent. Indeed, by Lemma 10.4.1 in [1] or
Theorem 5 in [10], the Lr.t. statistic A; in (2.2) is independent of the m matrices
Ay, (0 =1,...,m), so that since Ay; and Ag); o are built only from the m matrices
Ag (0 =1,...,m), these L.r.t. statistics are independent of A;. But then, since we
may use the same two results to argue that each statistic Agll is independent of
the k¢ matrices Aj, (v =1,..., k), the statistic Ay|; is independent of all > vy ke
matrices Ay, ({ =1,...,k;;v=1,...,m) and as such independent of Agj;  which
is built only on these matrices.
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As such, we may obtain the expression of the h-th moment of A from the
expressions for the h-th moment of each of the statistics Ag|y 2, Ag); and Ay writing
it as

E [(A)h} —E [(Al)h} % E {(Am)h} % E [(Agm)h}
m P, k=1 T (% _ kz%j n UT—;) r <N—g{i—k + %h)

1 N N—qt—k
ST TR +7h> F(+)

for h>max{(p — pm)/N—1,p¢/N—1({=1,...,m)} and where p = > ")" ps, ¢ =
Pert + oo+ Py Do = ke X pj and g = (ke —v)pj (C=1,.,miv=1,.... k).

Actually we may note that the two first null hypotheses may be condensed
into a single null hypothesis to test the independence of ¢** = >~} | k; groups of
variables, the v-th group with p}* variables for

p**: [p’{,---,pf,p;,---,p;, 72727-'-7])2(7 7p;17"'7p:n]7
——— —— ——— —_——
k1 ko ke km

(2.12)
with v =1,...,>")", k¢, that is, with

-1 ¢
p,=p;, for 1—|—Zki§y§2ki.
i=1 i=1

7

This null hypothesis may be written as

H07]_2 = bdzag (A]_, e ,Ak17 e 7Ak1+'~~+kg,1+17 ey Ak1+"'+ke7 e
of order p* of order p;
e Dt s ,Ak1+...+km).

of order p;,
The l.r.t. statistic to test Hy 12 is given by

N

Alz
(2.13) Ao = %
=1 ‘A§Z/| 2
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where A% is the v-th diagonal block of order pi* (v =1, ..., ¢**), and the expres-
sion of its h-th moment is given by (see secs.9.2 and 9.3.2 in [1])

**1

T 5h)  regh
Flnar] = I =y ree e

for

@, = DPyy1 + o+ g where q**:Zkg.

Note that the L.r.t. statistic in (2.13) may be also given by the product of the L.r.t.’s

n (2.2) and (2.6), used to test the null hypotheses in (2.1) and (2.4) respectively,
and the expression of its A-th moment may also be given by the product of the
expressions of the h-th moments in (2.3) and (2.7) of the L.r.t.’s in (2.2) and (2.6)
respectively.

Finally, the expression of the h-th moment of A may be re-written as

E[(8)"] = E[Ma2)"] < B [(Ag12)"]

i e
(2.14) v=1 k=1 T (N%_k) L (%55 + 3h)

The factorization of the c.f. of W = —log A developed in the next section
will have as a starting base this last expression.

3. THE CHARACTERISTIC FUNCTION OF W = —log(A)

Since in (2.14) the Gamma functions remain valid for any strictly complex
h, if we take Wi 2 = —log A1 2 and W3 = —log Ay 5, we may write the c.f. of
W = —logA as
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Oy () = B(e ") =E[A"] =E {Aig} E [AiitJ

3|1,
- ¢W1 z(t) ®W3 (t)
TRUE ) ey
v=1 k=1 L (qu”7k> I (Mg% - Fit)
(3.1)
‘I’leg(t)
m DR R)  r(i - )
X H H H 1 v—1 N - T ( —k’) ’
1=1k= 1U1T(7—m+ k2—7zt) 2

where t € R, i = /1, ¢ = pj’y + -+ pit, ¢ = > 2%, ke, and p;* are defined
n (2.12). From this expression we may state that

-1 p}* m Py ky
d
AL TL 0w b A T ™
v=1 k=1 0=1k=1v=1
where
N—-q¢—k q N—k v—1 k—1k—1
Y, ~ Beta| —%—, % d Y, ~ Bet ,
k ea( 5 2> an ok ea< 5 ot + 5 ot

are independent r.v.’s.

In order to be able to build sharp near-exact distributions for W and A,
we need to further factorize ®w, ,(t) and ®w,(t), by writing each one of these
c.f.’s as the product of two factors, one that is the c.f. of a Generalized Integer
Gamma (GIG) distribution and the other the c.f. of a sum of independent r.v.’s
whose exponentials have Beta distributions.

3.1. The factorization of the characteristic function of W; o = —logA;»

The results in [7, 14] may be used to show that ®y;,  (¢) in (3.1) may be
written as

(I)Wl,z (t) = (I)W1,2,a (t) X (I>W1,2,b (t) )

where

p r —r
N—k\ (N—k O\
(32) o 0 =11 (F55) T (- o)

is the c.f. of the sum of p — 2 independent integer Gamma r.v.’s, that is a Gener-
alized Integer Gamma distribution of depth p — 2, with integer shape parameters
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1,k given by

higo+ (-1 k* k=34
(33) Tk — {

rk—2+thig—2 k=5.,p

with k* = LmT*Jv where m* is the number of sets of variables with an odd num-
ber of variables, among the ¢** groups of variables, the v-th of which with p}*
variables, and

hig=(#oftp (v=1.,¢")>k -1, k=1,.,p—2

and

N1y p (N=2 _ N\ F
(3.4 i, (1) = (;E 2§ - E - fvg)

is the c.f. of the sum of £* independent r.v.’s with Logbeta distributions multiplied
by &. We should note that when k* = 0, ®y, o () =1

3.2. The factorization of the characteristic function of W3 = —log A3, »

Based on the results in [14] we may re-write the c.f. of W3, &y, () in (3.1),

as

Dy, (t) = Pwsy, () X Py, (1)
where

m P rt —rt
(3.5) ousy. () = [T 11 (J\[Nk> m <NN]€ —it) o

m
is the c.f. of the sum of ) p; —m independent Gamma r.v.’s, that is, a Generalized
=1

m

Integer Gamma distribution of depth )’ p; —m with integer shape parameters
/=1

rg.k given by (B.1) in Appendix B, and

m I_pg/2 ke o )
q)W (t) _ H H H ak+bkv akerkaNzt)
3,2 Fak+b1’* (af+bf,—Nit)
/=1 k=1 v=1
* mod 2
b r (ot ) (ot otz - i)\ )

X
v:lr(a *-i—bf]*v) F(a *—i—bz 30 %zt)

(3.6)

(3.7) aj, = N =2k, b, =2k — 14225 ble — (0!, |
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and

¢ _ N-p; 0 _ pe—ke—p;+2v=1 0 _ |0
(3.8) Ay = ’bpzv_—%e ,prU— bp;v ,

m *
is the c.f. of the sum of ) {%‘J k¢ independent Logbeta r.v.’s multiplied by N
=1

m
and )k, (p; mod 2) independent Logbeta r.v.’s multiplied by %
(=1

As such, the c.f. of W may be written as

(3.9) Dy () = D4 (t) x Do (1)

where

(3.10) By (1) = By, (1) X iy, (1),

with @y, , , () and @y, , (t) given by (3.2) and (3.5), respectively, and

(3.11) Py (1) = (I)Wl,z,b (t) x (I)W3,b (t)
with @y, ,, (t) and @y, , (t) in (3.4) and (3.6), respectively.

The c.f. ®1(¢) in (3.10) can be seen as the c.f. of a GIG distribution of depth
p — 1, and it may be written as

5.12) 5. () ﬁ N—k\"" [N —k i
3.1 () = () (m)
P N N
where
m
(3.13) = Tkt Zréfk ,
(=1
with
O k:2 Te k:2,...,p*
(3.14) rik = and réfk :{ b ¢
rie k=3,...,p 0 k=pp,....p

with 7 1, given by (3.3) and Tg,k given by (B.1) in Appendix B, while ®5(t) is the

c.f. of a sum of k* + > {%KJ k¢ independent Logbeta r.v.’s multiplied by N and

(=1
m

" k¢ (pj mod 2) independent Logbeta r.v.’s multiplied by §.
=1

From this alternative expression for the c.f. of W = —log A given by (3.9),
we may see that the exact distribution of A in (2.11) may be written as

P k* N m P;/2] kK N
{1 {00t AT T T ()

I

A

X
— s
—N—
—Z
&
N
N
——
G
8
2
)
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d
where = means "equivalent in distribution” and all the r.v.’s involved are inde-
pendent, with

N —k
ZkNF<'I"]j,N), k:2,,p

N-2 1
Yip~Beta| ——,= |, k=1,...,k*

’ 2 72
(3.15) :
Vi ~ Beta(af + 00,0 —¥n) . k=1 |G o =1 ks

4 ¢ 14 14 (%
Yy, ~ Beta (CLPE + by by — bp;fv) ,

pyv? Py

with 7, given by (3.13) and (3.14), af, b%, and by given by (3.7) and af,z, bf?v
and bﬁ%v given by (3.8).

This representation will enable us to develop well-fitting near-exact distri-
butions, which bear an extreme closeness to the exact distribution of A.

4. NEAR-EXACT DISTRIBUTIONS FOR W AND A

To build the near-exact distributions of W = —log A and A we will leave
®4(t) in (3.9) and (3.12) unchanged and we will replace ®5(t) in (3.9) and (3.11)
by a sharp asymptotic approximation in such a way that the resulting c.f. corre-
sponds to a known manageable distribution.

From the results in Section 5 of [23], which show that we may asymptot-
ically replace a Logbeta(a,b) distribution by an infinite mixture of I'(b + j,a)
distributions, with 7 =0,1,..., using a somewhat heuristic approach, we will
replace ®o(t) by

mt
(4.1) O5(t) = Ym0 (0 —it) ")
j=0

which is the c.f. of a finite mixture of I'(r + 7, ) distributions, where

m
_ k* v—2k | v—2k
r="5+ ) Ey [ ko J

m ko py mod 2
2v—p;—1 2u—pr—1
(42 +z<z ot J)
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is the sum of all the second parameters of the Beta r.v.’s in (3.15) and 6 is
obtained, together with s1, so and 7*, as the numerical solution of the system of

equations
d" dh
— Oy (t = —(7"0°1(0 — it) 75 + (1 — *)0%2(0 — 4t) ™52 ,
wy @0 = @ (et a e -
h=1,....4,

that is, as the rate parameter of a mixture of two Gamma distributions with
a common rate, which matches the first 4 derivatives of ®s(t), at ¢t =0, so

that ®;(t) x (7'(*981 (0 —at)=1 + (1 — 7%)0%2(0 — it)*SZ) corresponds to a distri-

bution that matches the first 4 exact moments of W. Then the weights 7,

j=0,...,m" —1 are determined in such a way that
dh d n
(44) 7@2(75) = 7<I>;(t) ) h = 17 ,mo
dth o dth 0
with 7+ =1 — ZT:B_I ;.
We will thus take as near-exact c.f. of W the c.f.
Py (1) = 1(t) x D3(P)
p r —rt
RO )
N N N
k=2
er
(4.5) % Z m grti o= it)_(r+j)
=0
o POIN-kYY (N—k \TF
_ ) oor+tip s\ —(r+7) — N
_Zw]{e 7 (0—it) H<N> <N zt) }
7=0 k=2

with r and ;" respectively given by (4.2) and (3.13), which is the c.f. of a mixture
of m™ +1 GNIG distributions of depth p that matches the first m™ exact moments
of W. This c.f. yields near-exact distributions for W with p.d.f.

mt

(4.6) fw(w) = ;)ijGNIG(w ‘ r Ty, T T N2 N3 N%,G;p),
‘7:

and c.d.f.

(4.7) Fy(w) = ZOTerGNIG (w ‘ ’I“;_,T;_, ...,T;,T; %, NS %,9;])),
]:

for w > 0, and near-exact distributions for A with p.d.f.

mT
— — -
(48) fA(Z): Zﬂ-ijNIG(_IOgZ ‘ r;rvr[;ra "'7T;7T; NN27 N 37 ceey ]\_]pae,p)%a
=0
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and c.d.f.

mT

(4.9) Fa(z)= ;)79- <1—FGNIG<— log z ‘r;‘,r;‘, ...,r;r,r; %, %, - N%,H;p)),
]:

for0 <z < 1.

The modules for the GNIG c.d.f. and p.d.f. are available in [12] and on
the web-page https://sites.google.com/site/nearexactdistributions/. Using these
modules, the computation of the p.d.f.’s and c.d.f.’s of the near-exact distribu-
tions becomes easy and very manageable, once the system of equations in (4.4)
is linear and as such very simple to solve, as it is also the case with the sys-
tem of equations in (4.3). The authors make available a set of Mathematica®
modules to implement the computation of p.d.f, c.d.f., p-values and quantiles
for the near-exact distributions developed in the paper, as well as a module
to compute the value of the Lr.t. statistic from a sample, on the web-page
https://sites.google.com/site/nearexactdistributions/hyper-block-matrix-sphericity. In
Appendix C the authors present a short manual for the use of these modules,
along with some examples.

5. NUMERICAL STUDIES

In order to assess the performance of the near-exact distributions obtained
in the previous section we will use the measure

(5.1) A*:;/WO‘@W(t);@*W(t)‘dt,

—0o0

with
max | Fyy (w) — Fyy (w)| = max |Fy (2) — FX(2)] < A",

where ®;,(t) and ®j;,(¢) represent respectively the exact and near-exact c.f.’s of
W Fy(+), Fyyy (), the exact and near-exact c.d.f.’s of W and F,(-) and F}(-)
those of A. Values for this measure A*, which is therefore an upper bound on
the difference between the exact and near-exact c.d.f.’s of both W and A for the
near-exact distributions developed in the previous section, for different values
of p; and k¢, may be analyzed in Tables 1 and 2, with smaller values of the
measure indicating even better agreements between the near-exact and the exact
distributions.

From Tables 1 and 2 we may see the clear asymptotic behavior of the near-
exact distributions not only for increasing sample sizes but also for increasing values
of p; and kg, as well as the very good performance of the near-exact distributions
for very small sample sizes, which barely exceed the number of variables in use.



The Hyper-Block Matrix Sphericity Test 383

Table 1:  Values of the measure A* in (5.1) for different values of m™
(the number of exact moments matched by the near-exact dis-
tributions) and for m = 4 and increasing values of k,, p; and
N, for base values of ky = {3,2, 3,4}, p; = {3,5,6,4} and sam-
ple sizes N = p + 2,200,500, with p = >";" | kexpj.

0 1 2 4 6 10

ke+0, p; +0, p=53

p+2 7.06x107%  4.36x107%  1.33x107'2  2.31x107'% 1.30x1072° 9.24x10737
p+200 | 7.40x1077 1.04x107%  3.21x107** 4.24x107%' 9.44x107%® 8.24x107%
p+500 | 1.60x1077 2.35x107°  1.52x107'°% 1.39x1072? 5.96x1073° 3.50x10~**

ke+2, p; +0, p=289

p+2 2.24x107%  7.56x107°  1.67x107*® 1.49x107%° 1.51x107%" 2.76x10"%
p+200 | 5.28x1077 4.22x107°  4.99x1071*  2.71x1072!  1.49x107%% 7.42x107%
p4+500 | 1.35x1077 1.15x107°  6.45x107*° 9.96x1072% 1.50x107%% 5.65x1074°

ke+5, p; +0, p=143

p+2 8.66x1077 1.70x107%  2.33x107'%  4.31x10722 8.30x1073° 4.34x107%
p+200 | 3.75x1077 1.77x107°  2.13x107'* 4.19x10722 8.01x10730 3.79x10~%°
p+500 | 1.16x1077 5.99x1071° 3.99x107'% 2.71x1072% 1.77x1073! 9.58x107*®

ke+2, p; +2, p=129

p+2 1.14x107%  2.50x107°  1.58x107* 3.24x10722 7.86x10730 6.94x107%
p+200 | 4.34x1077 2.30x107°  8.28x107'5 1.72x10722 3.85x1073° 2.66x10~*°
p+500 | 1.28x1077 7.39x107'° 1.19x107'°  8.62x107%* 6.44x1073% 4.83x10°*®

ke+2, p; +5, p=189

p+2 6.62x1077  9.46x1071% 2.22x107'° 1.41x1072% 1.27x1073% 1.88x107%7
p+200 | 3.84x1077 1.32x107°  2.92x107'° 1.69x1072% 2.33x1073' 7.10x10~*7
p+500 | 1.35x1077 5.18x10710 2.47x1071¢ 1.05x107%* 6.62x1073%  3.62x107%°

ke+5, p; +2, p=207

p+2 3.75x1077  4.84x1071% 1.88x1071% 9.07x1072* 4.51x107%2 1.36x107%8
p+200 | 2.38x1077  7.36x10710 2.92x1071° 2.24x1072% 1.66x1073' 1.01x10~*7
p+500 | 899x107% 3.03x107° 7.05x107'% 2.33x1072* 7.17x107% 7.46x10°°

ke+5, p; +5, p=303

p+2 1.75x1077  1.47x1071°  1.53x107'¢  1.85x1072% 2.43x107%* 5.01x107°2
p+200 | 1.52x1077 3.02x1071° 3.43x107'6 9.02x1072% 2.43x1073 1.90x107°°
p+500 | 6.79x107% 1.54x107'° 1.04x107'% 1.50x107%% 2.12x1073* 4.44x107°2
p+41000 | 2.75x107%  6.65x10711  2.57x10717  1.70x107%¢ 1.07x107%° 4.24x107%*

This asymptotic behavior is more marked for the near-exact distributions that
match more exact moments. This may be seen from the more accentuated de-
crease in the values of the measure A* for these near-exact distributions, that is,
e.g. increases either in sample size or in the number of variables make the values
of the measure A* to decrease more for the near-exact distributions that match
10 exact moments than for those that match 6 exact moments. It is interesting to
note that even near-exact distributions that match a very small number of exact
moments or even no exact moment, and that, as such, are much simpler in their
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structure, and faster to compute, exhibit these asymptotic behaviors, with the
behavior of the near-exact distribution that matches no exact moment being ab-
solutely remarkable. This latter one is a very simple near-exact distribution, for
the computation of which we do not even need to solve the system of equations
in (4.4). In this case we will have m™ = 0, and from (4.5)-(4.9) it is easy to see
that the near-exact distribution is just a GIG or a GNIG distribution, according
to r in (4.2) being integer or not.

Table 2:  Values of the measure A* in (5.1) for different values of m™
(the number of exact moments matched by the near-exact dis-
tributions) and for m = 5 and increasing values of k,, p; and
N, for base values of ky = {3,2,3,4,4}, p; = {3,5,6,4,5} and
sample sizes N = p + 2,200,500, with p = >, | kexpj.

0 1 2 4 6 10

ke+0, p; +0, p=173

p+2 3.81x107% 1.61x107% 1.57x107*% 1.14x107%' 2.24x107%" 4.53x10~%°
p+200 | 6.64x1077 6.61x107% 5.43x107*° 2.03x1072' 2.09x1072% 9.91x107*3
p+500 | 1.58x1077 1.66x1072 1.82x107*° 7.74x1072® 1.86x1073° 3.79x10746

ke+2, p; +0, p=119

p+2 1.39x107%  3.35x107%  4.07x107 1.39x1072! 5.16x1072° 1.00x10~*?
p+200 | 4.80x1077 2.78x107% 2.26x107* 6.90x10722 2.09x1072° 2.40x10~*
p+500 | 1.37x1077 8.61x10710 3.48x107* 3.46x107% 3.29x1073! 3.67x10%7

ke+5, p; +0, p=188
p+2 5.50x1077 7.93x1071° 6.19x107'°% 4.93x1072% 3.95x1073! 3.17x107*7

p+200 | 3.19x1077 1.10x107% 8.81x107*® 9.96x1072% 1.07x1073° 1.42x10746
p+500 | 1.12x1077 4.31x1071° 2.02x107* 9.19x107%* 3.89x10732 7.89x107%°

ke+2, p;+2, p=1T71
p+2 6.57x1077 1.05x107°  3.25x107'° 2.49x107% 2.25x1073! 2.55x10~%7

p+200 | 3.44x1077 1.33x107% 2.73x107*® 2.87x1072 3.31x1073' 5.50x107%7
p+500 | 1.16x1077 4.92x107° 4.57x107¢ 1.95x107%* 8.74x1073% 2.10x107*

ke+2, p;, +5, p=249
p+2 3.50x1077 3.68x1071° 5.29x1071¢ 1.36x107%* 4.43x1073% 7.49x107°°

p+200 | 2.61x1077 6.53x1071° 7.82x1071¢ 3.81x1072* 2.29x1073? 1.18x107*®
p+500 | 1.06x1077 2.98x107° 1.69x107*¢ 4.17x1072° 1.23x107%% 1.43x107%°

ke+5, p; +2, p=270

p+2 2.38x1077  2.28x1071% 5.34x1071% 1.13x107%* 2.43x1073% 1.28x107°°
p+200 | 1.90x1077 4.31x107'0 1.78x107*° 4.88x1072* 1.93x1073? 3.20x107%°
p+500 | 8.00x1073% 2.06x107° 3.53x107*¢ 7.31x1072° 1.40x10733 5.37x107°!
ke+5, p; +5, p=393

p+2 9.00x107% 5.69x10'*  2.98x107'7 1.40x1072% 7.15x1073¢ 2.13x10%*
p+200 | 9.26x107% 1.35x107'° 8.75x10717 1.03x1072° 1.25x1073* 1.93x10752

p+500 |4.72x107% 7.98x107* 3.32x1077 2.48x107%¢ 1.82x107%% 1.00x107°®
p+1000 | 2.09x107% 3.81x107 9.49x107*® 3.62x1072" 1.31x10735 1.68x107°°
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6. POWER STUDIES

In order to try to assess the behavior of the test under the alternative
hypothesis, some power studies, based on simulations, were carried out. These
studies focused on two forms of violation of the null hypothesis: (i) the violation
of the equality of the A, matrices inside each block of k; of these matrices and (ii)
the violation of the block-independence inside each group of p; = p; xk, variables
(see (1.2)).

First of all we should bring to the attention of the reader the fact that we
are working with a random vector

X=[Xx5,....X,],

where in turn, for £ =1,...,m,
/
X@ = [&17“"X2k4] ’

with
&]NNPZ (H@j’A£> j:]-u"'ka

for some positive-definite matrix A, and some real pjx1 vector p,., and with

By
Cov (Xyj, Xorjr) = Opyxp,

for either £ = ¢ or £ # (', with j # 5/ if £ =1,

To keep things not too much involved, mainly in terms of easiness of expo-
sition and to restrain the number of possible scenarios, while at the same time
being able to give a view of a quite wide variety of situations under the alternative
hypothesis, we considered a case with m = 2 and k1 = 2 and kg = 3 with p] =5
and p5 = 2, with

(1 1/21/31/41/5]
1/2 2 2/32/42/5
1/32/3 3 3/43/5 and Ay =
1/4 2/4 3/4 4 4/5

1 1/52/53/54/5 5 |

Ay

1 1/2]

1/2 2

where the choice of Ay and Ay did not obey to any other particular criteria than
that of being two positive-definite matrices.

In the next two subsections we will perform power studies for the cases of
violation of the hypothesis of equality of the diagonal blocks within each block
of ky, matrices and the hypothesis of independence generating for each scenario
1000000 pseudo random samples of size 29.
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6.1. Violation of the equality hypothesis

In order to implement the violation of the hypothesis of equality of the
diagonal blocks inside each Iy, ® A, block (¢ =1,2), we considered 40 different
scenarios, with 3 covariance matrices of the form

51 A; 0 0 0
0 512A1 0 0
0 0 oAy O
0 0 0 6wl
0 0 0 0 630

with d11, 12, d21, d92 and do3 assuming the values in Table 3. In this Table are
also defined the values for 67 and 65. These new parameters summarize in a single
value, respectively, the variability of the combinations of the values of d11, d12
and d21, 022, d23. The values of 67 and 45 in Table 3 are defined based on the
rank of the values of Zfil (1/5gi — 1/&)2, (¢ =1,2;ky = 2,3), since this is for
our purpose a more adequate measure of dispersion of the values of 4; and do;
(j=1,...,ks;; £ =1,2) than the usual variance. We will see that with this choice

Table 3: Definition of the values for 67 and 3.

5{ < 511 512 55 < 521 522 (523
1 1 1 1 1 1 1
2 1 2 2 1 1 2
3 12 2 | 3 12 1 2
4 13 2 | 4 12 1/2 2
5 1/3 3 | 5 /3 1 2
6 /3 1 3
7 1/3 1/3 2
8 1/3 1/3 3

for the definition of the values of d] and 45, the power of the test will be an
increasing function of the values of both 0] and 65. The values d11, d12 and the
values d21, 092, do3 were indeed chosen in such a way that they would generate
a wide range of values of 07 and 65 that could show how the power of the test
behaves for this variety of values. We should remark that for 67 =1 and 65 =1
we are under the null hypothesis in (1.2), while for any other combination of
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values of 4] and d5 we will be under various forms of the alternative hypothesis
due to the fact that for values of 0] different from 1, the null hypothesis Hé3‘172
in (2.5) is violated, since in these cases we have Var(X,;) # Var(X,,), while
for 65 # 1 it is the hypothesis Hg3|172 in (2.5) that is violated, since for §5 # 1
we have at least two of Var(Xy,), Var(Xa,) or Var(Xys) different. Increasing
values of either 0] or d; indicate a larger departure from Hp in (1.2).

In Tables 4 and 5 we may analyze the power values for different values of 7
and 43, respectively for @ = 0.05 and a = 0.01. We may note how for 07 = 65 =1,
situation in which we are under the null hypothesis Hy in (1.2), we obtain a value
for power which coincides with the « value, showing the unbiasedness charac-
teristic of the test. We may also see how power has a good rate of convergence
towards 1 for increasing values of 6] and 0.

Table 4: Power values, rounded to three decimal places, for o = 0.05
and different values of 47 and 63.

03
of
1 2 3 4 9 6 7 8
1 0.0560 0.113 0.309 0.512 0.545 0.833 0.845 0.983
2 0.170 0.293 0.556 0.736 0.769 0.939 0.942 0.996
3 0.805 0.888 0.967 0.988 0.992 0.999 0.999 1.000
4 0.988 0.995 0.999 1.000 1.000 1.000 1.000 1.000
5) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Table 5: Power values, rounded to three decimal places, for a = 0.01
and different values of 67 and §3.
5*
5% 2
1 2 3 4 5 6 7 8
1 0.010 0.030 0.118 0.259 0.278 0.605 0.634 0.927
2 0.050 0.109 0.290 0482 0.513 0.802 0.816 0.975
3 0.559 0.696 0.871 0.941 0.954 0.992 0.992 1.000
4 0.940 0.970 0.993 0.998 0.999 1.000 1.000 1.000
5) 0.999 1.000 1.000 1.000 1.000 1.000 1.000 1.000

In Figure 4 we present smoothed surface and line plots of the power values
for the cases considered in Tables 4 and 5.
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a=0.05

a = 0.01

Figure 4: a) Smoothed surface plots and b) non-smoothed profile plots
for different values of 07 and running value of 63, for the val-
ues of power for the violation of the hypothesis of equality of
diagonal blocks within each I, ® A, block (¢ =1,2).

6.2. Violation of the independence hypothesis

To implement the violation of the independence hypothesis, we consider 65
different scenarios with covariance matrices of the form

Ay 3Cpo 0 0 0
’7101 Al 0 0 0

0 0 AV Y2102 Y2202
0 0 79102 Az 745302

where
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12345
23456
1 1
Ci=—|34567 and @:[12],
1045678 1023
567809

and where ~y; assumes the values 0.0,1.0,1.5,1.75 and 1.95 and 7,;, Y9y and 7,3
assume the values in Table 6.

While for v, = 0 we have the hypothesis H&2|1, of independence between
X,; and X5, confirmed, for values of v, different from zero we will be under
the alternative hypothesis, since then the independence between these two sets of
variables will be violated, with increasing values of 7, indicating an “increasing
non-independence” of these two sets of variables, or equivalently, decreasing values

of the determinant of the matrix

A1 7101

X1 =
M0 A

In what concerns the values of vy, 799 and 7,3, we will have the hypoth-
esis of independence among X,;, X5, and X3 confirmed when all these three
parameters are equal to zero, and we will be under the alternative hypothesis if
at least one of them is different from zero, with

Vo1 #0 = Cov(Xo1,Xo9) = Y9102 # 0,
Yoo # 0 = Cov(Xyy, Xp3) = 75,02 # 0,
Yoz # 0 = Cov(Xyp, Xpg) = 79302 # 0.

In order to define a hierarchy of the triplets of values of these three parameters,
we compute the determinant of the matrix

Ay Y2102 Y2902
Yy = Y2102 Ay Y23C2
72202 72302 Ay

Values for |5, as a function of the values of 75, 799 and 7,3 are shown in Table 6.
These values are listed in decreasing order of |Yg| and they are used to define
the values of the new parameter v*, with increasing values of v* corresponding
to decreasing values of |¥a|. The parameter v* is then used ahead in Tables 7
and 8 and Figure 5.

Then, while for v* = 1 we will be under the null hypothesis H32|1 of inde-
pendence among the sets of variables X,;, X9y and X3, for increasing values of
~* we will be increasingly further away from this null hypothesis.

We may see by looking at Tables 7 and 8 how the values for power give
the value of a for 7v; =0 and 7* =1, situation in which we are under the null
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hypothesis Hy in (1.2), while for all other combinations of values of these two
parameters the value of power increases as the values of v* and/or 7, increase,
easily reaching 1.

Table 6:  Definition of the values of +* for the different values of the
parameters 75, V55 and 7v3s.
Y21 0.0 3.0 3.5 4.0 3.0 3.0 3.5 4.5 4.0 4.5 3.5 495 4.95
Vo2 00 00 00 0.0 30 3.0 3.5 0.0 4.0 45 3.5 0.0 4.95
Y23 00 00 00 00 30 0.0 3.5 00 40 45 0.0 0.0 4.95
[Z2|| 5.359 3.405 2.706 1.904 1.843 1.479 1.121 1.001 0.534 0.142 0.105 0.105 0.001
~y* 1 2 3 4 5 6 7 8 9 10 11 12 13
Table 7: Power values, rounded to three decimal places, for o = 0.05
and different values of v, and v*.
'_y*
0%l
1 2 3 4 5 6 7 8 9 10 11 12 13
0.0 | 0.050 0.153 0.217 0.362 0.379 0.483 0.605 0.672 0.864 0.994 1.000 1.000 1.000
1.0 | 0.108 0.249 0.346 0.511 0.523 0.632 0.732 0.793 0.923 0.998 1.000 1.000 1.000
1.5 | 0.311 0.523 0.629 0.773 0.773 0.854 0.901 0.938 0.981 1.000 1.000 1.000 1.000
1.75| 0.666 0.833 0.892 0.951 0.947 0.975 0.984 0.993 0.998 1.000 1.000 1.000 1.000
1.95| 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Table 8: Power values, rounded to three decimal places, for o = 0.01
and different values of v; and v*.
’Y*
"
1 2 3 4 5 6 7 8 9 10 11 12 13
0.0 | 0.010 0.039 0.070 0.144 0.161 0.222 0.338 0.383 0.659 0.967 0.996 0.996 1.000
1.0 | 0.027 0.086 0.137 0.247 0.265 0.351 0.474 0.531 0.771 0.984 0.999 0.999 1.000
1.5 | 0.115 0.257 0.350 0.509 0.521 0.626 0.725 0.785 0.916 0.997 1.000 1.000 1.000
1.75] 0.378 0.591 0.689 0.818 0.816 0.887 0.923 0.953 0.986 1.000 1.000 1.000 1.000
1.95| 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000

In Figure 5 we present smoothed surface and line plots of the power values
for the cases considered in Tables 6 and 7. From the plots in this Figure and the
values in Tables 7 and 8 we may see how power attains the value 1 for the larger
values of 7, and ~v*, as expected. We may also note that as in the case of the
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previous subsection, for 7; = 0 and v* = 1, in which case we are under the null
hypothesis, the value of the power equals the « value considered, showing again
the unbiasedness characteristic of the test.

o =0.05

a = 0.01

Figure 5: a) Smoothed surface plots; and b) non-smoothed profile plots,
for the different values of v, and running value of v*, for the
values of power in Tables 7 and 8.

7.  CONCLUSIONS

The procedure developed in this paper makes it possible to test elaborate
covariance structures such as the HBM spherical structure through the use of
very precise near-exact approximations. The testing procedure is based on an
adequate decomposition of the overall null hypothesis into a sequence of sub-
hypotheses, in our case the ones used to test the independence of several groups
of variables and the equality of several covariance matrices in different sequences
of covariance matrices. This decomposition of the null hypothesis allows us to



392 Bédrbara R. Correia, Carlos A. Coelho and Filipe J. Marques

obtain the likelihood ratio test statistic, the expression of its h-th moment and
the expression of the characteristic function of its logarithm. Furthermore, the
suitable decomposition of the null hypothesis also induces a factorization of this
characteristic function which is the basis for the development of the near-exact
approximations. These approximations can be easily implemented since there
are already computational modules available in the internet for the two main
distributions involved, which are the GNIG and GIG distributions.

The high precision of the near-exact distributions, which was assessed in
the numerical studies section, makes them an efficient tool to obtain p-values and
quantiles for the test statistic, even in cases where the sample size is very small
and/or the number of variables is large.

Power studies conducted through simulations show the unbiased nature of
the test as well as its good power properties, reaching rapidly powers close to 1
in the different scenarios considered.

The procedure developed may be very useful to address other, eventually,
more complex structures. A natural extension of this framework is to consider
the same global structure but for complex Normal random variables or even for
quaternion random variables. Other possible extension is to consider specific
structures for the block-diagonal covariance matrices such as the circular or the
compound symmetry structures.
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APPENDICES

APPENDIX A — Obtaining the expression of the l.r.t. statistic A, asso-
ciated with the null hypothesis Hj in (1.2), by using the definition of
likelihood ratio statistic

Let us consider the vector X ~ N, (H’ E) and let us suppose that we have a
sample of size N from X. The L.r.t statistic A associated with the HBM sphericity
test is defined by

sup Lo

Al A=
(A1) sup Ly

where L is the likelihood function when the parameter space is under Hy in (1.2)
and L is the likelihood function under the alternative hypothesis.

The likelihood function associated with the sample is

(AQ) L (501 TN L Z) — %e_%tr((X_ENlﬁT)271(X_ENlﬁT)T)
AR bl p B

(2m) 2 [X]2
where F,; denotes a matrix of 1’s of dimension rxs.
Let then Ly = Ly (1:1, ey TN E|HO) = log (Lo (1:1, ., TN Z|Ho)). From
(A.2) we have

Np N 1 e T
£ = =5 log (2m) = 5 log| Sy | = 5 (¥ —BwiZ") By, (¥~Ema)’)

1
— §tr ((EN@T—EN1gT) Eﬁ}g (EN@T—EMHT)T) .

A
S tr (¥ = Exiz”) S, (X = Enz”)" ) =tr (S, A)

where A = (X — Eniz?)" (X — EmzT) = XTX — LATEyy X, and
tr((EN1ET*EN1gT) th}o (ENliT*ENIHT)T) = Ntr (Eleo (E*g) (E*E)T)
=N@-p' Sy @-p
the function Ly can be written as

Np N 1 _ 1. Tl /—
Lo = 5 log (27) — a5 log }ZIHO - 5” [‘AZ\I;O} B §N(£_H) Z“;o (Q_H) )
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Given that

2im,

_ ‘bdiag (I, @ Ag, £ =1, ...;m)| = [ |1, ® A
/=1

U * 2 n k
=TT [Tk, [P [Ag]™ = TT [Af]™
=1 (=1

where Ay is a matrix of order pj, and

—1 . —1
Si, = (bdiag (I, @ At =1,..,m))

— bdiag <(Ik[ QAN =1, m)
= bdiag (Ikg ® Azl,ﬁ =1, ,m)

with
tr (Azl;}o> - tr(.A.bdiag (I, @ AL 0=1,.. .,m)>
— KZtr (Awe (I, ® A1)
=1

m kg

=3 Sotr(ARAY),
i=1v=1
we can write Lg as
N N m J R -
Lo = _p log (271) — — log (H |Ae|ke) — =2 > tr (A4, 1)
2 2 =1 2i210=1

1
SN @E-w' Ty @

By solving the system of likelihood equations

oL _ -1
ﬁ#:ﬁfO N(@—M)Z‘Ho:0
9ol —0, ((=1,.om)
A, ZTAZ 7( PEREY )
b=p \
PN —
HE=2Z
Ny Aol 1R 1
T\ kA 30 AN =0,
v=1
(t=1,..,m)
'E:E
= ke
AZ:N/WE_:A&’ (f—]., ,m)
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we obtain the maximum likelihood estimators of u and ¥ under Hp, which are,
= X and
I/€1 ® 81 0 Ikl X ﬁA’{ 0
0 I, @ A, 0 I .

k¢
where A} = Y~ A}, ({=1,...,m).
v=1

Then we have
sup Lo (X1, ..., Xni ;5w

_ (277.)*% { ﬁ |£€|k5}_ e—%tr(A.bdiag(Ike®3;1,€:1,...,m))

m

kN -3 Z thT(AN (Ike®(Az>71))

_Np pN M PN M _ kN
=(2m) 2 N1k L1472 e =
=1 =1 )
m ¢
(2 )_% Nﬂﬁk%ﬁ \A*_kzN _%zzikeyfltT(AgZ(AZ) )
- s 2 e — —
3
( ) _Np pN M peN m B _%Zkftr(AZ(AZ) 1)
=@m) T N2 [k [[|4;] 7 e =1
=1 (=1 .
N — NN ktr (1,
A i = (1)
=1 =1 .
_Np pn M PN M _%Em
=(2m) 2 N7 Ik T[4} 7 e =1
=1 =1
N m N m kN
= (2m) T NIk, 114775 %
=1 =1

Under Hy, the likelihood function is given by

Li(z1,..., 2N %) = (27'()7% !Z|7% e_%tr((X_EMET)T(X_E“ET)Z%)
_ (27.‘.)—% ’2|—% e—%tr(AEfl)

and L1 = L (:L’l,...,xN;H; Z) = log (L1 (1:1, c TN E)) is given by

Np N 1 1 T _
L1 = - log (27) + Elog X — 5” [AZ7] - §Nt7"<(§_ﬁ) (Z—p) % 1) :

By solving the system of likelihood equations

9Ly — N e -

T N@EZ-p)z'=0 =z

oL <~ <~

o5 ,A_O NG-1 | 198-1 191 S_ 1
5% S . S=14
=i
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we conclude that

sup Ly (X1,..., XNy X)) = (2m)” 2 \i\)]—%e_%”(‘m_l)

(A4)

Then, from (A.1), (A.3) and (A.4) we have

sup Lo (zn5 113 511,
sup L1 (zn; 45 3)

m Npy m kyN
en B8 { fe S H{ i e
— (=1 /=1

where the matrix A is the maximum likelihood estimator of X, Ay is the ¢-th
diagonal block of order py = k¢ x p; of A (¢{=1,...,m), with p =3, p, and
A=Al +-+ A%, where Aj, is the v-th (v =1, ..., k) diagonal block of order
p; of Ag. We should note how expression (A.5) is the same as expression (2.11).
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APPENDIX B — Shape parameters

The shape parameters rg. i in (3.5) are given by

T k=1,...pi—1,
(B.1) Tg,k:: k#p;—1-2a%
i+ (p; mod 2) (o —at) (k:g_P’Ez—l +k€[§ggj) , k=pi—1-2af
where
ol = Wﬂ ol = {kgkj p}fZ—lJ Lol = [ke’; p22+1J ’
and
Cﬁa kzl,...,ae—i—l

), kzo/—i—Q,...,min (p;f—Qaf,pZ—l)
and k =2+ p; — 204{,...,2 L%J — 1, step 2
kZ(L%J — L§J>7 k=1+p;—2a%,....p; —1,step 2

e N |

for k=1,...,af, and

RIS
+ (kg mod 2) <o/ BJ + (O‘EITd?) _ (Oéi)2 ~ (0/)2 VZD |

For the derivation of the expressions for these parameters see [14] and ref-

erences therein, making the necessary adjustments.
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APPENDIX C — The Mathematica® modules

The modules described in this Appendix are available at the web-page
https://sites.google.com/site /nearexactdistributions/hyper-block-matrix-sphericity and
may be downloaded from this web-page.

C.1 - Computation of the p.d.f. and c.d.f. of the near-exact distributions

The modules made available for the computation of the p.d.f. and c.d.f.
of the near-exact distributions for A are called, respectively, NEpdf and NEcdf.
These modules have 4 mandatory arguments, which are:

— the sample size,
— a list with the values of p; ({ =1,...,m),
— a list with the values of k; (¢ =1,...,m),

— the running value where the p.d.f. or c.d.f. is to be computed,

and which have to be given in this order; and 5 optional arguments, which are:

— nm: the number of exact moments to be matched by the near-exact
distribution, that is, the value of m™ in (4.1) and (4.4)—(4.9) (default
value: 4),

— precl: the number of digits used to print the value of the p.d.f. or c.d.f.
(default value: 10),

— prec2: the number of precision digits used in the computation of the
p.d.f. or c.d.f. (default value: 200),

— prec3: the number of precision digits used to store the m™ exact mo-
ments of W = —log A computed (default value: 200),

— precéd: number of precision digits used in the computation of the m™ ex-
act moments of W = —log A by the module that does this computation
(default value: 1500).

These optional arguments may be given in any order, but they will have to be
called by their names, as it is exemplified below. If not used, they will assume
their default values.

These modules use a number of other modules available on the same web-
page which compute the weights 7; and the rate parameter 6 in (4.1), the shape
and rate parameters in ®1(t) as well as other shape and rate parameters involved
in the expressions of the near-exact p.d.f. and c.d.f.. The module that computes
the weights 7; uses another module which computes the exact moments of W =
—log A by applying a numerical method to the exact c.f. of W in (3.1).
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For example to compute the near-exact c.d.f. of A, on a value near the 0.05
quantile, for a case with the same parameters as those used for the examples for
which we computed power in Section 6, which was a case with m = 2, p] =5,
ps =2, ki =2 and kg = 3, using the default values for all optional arguments,
we would use the first command in Figure 6. The second command in that same
figure uses the option precl in order to obtain an output with more digits. The
options named prec2, prec3, and prec4, will usually not be necessary, unless
one suspects from lack of precision in the result obtained, which may happen in
cases where the number of variables or the sample size are very large. This fact
is illustrated with the third command in Figure 6, where although 500 precision
digits are requested for the internal representation of the exact moments of W, the
result obtained is exactly the same as the one obtained with the second command.
The fourth command in Figure 6 illustrates, together with the third one that the
order in which the optional arguments are given is arbitrary.

NEcd£[29, {5, 2}, {2, 3}, 5.914780554 + 10+ -44]

0.05000000000

NEcdf[29, {5, 2}, {2, 3}, 5.914780554 + 10~ 44, precl - 30]
0.0499995999993341511569283887674

NEcdf[29, {5, 2}, {2, 3}, 5.914780554 + 104 -44, precl - 30, prec3 - 500]
0.0499999900993341511569283887674

NEcd£[29, {5, 2}, {2, 3}, 5.914780554 + 10~ -44, prec3 - 500, precl - 30]
0.0499999999593341511569283857674

Figure 6: Mathematica® commands to be used with the module NEcdf.

We remark that, for a given level «, we should reject the null hypothesis
when the computed value of the l.r.t. statistic is lower than the a-quantile of the
L.r.t. statistic. As such, the computation of the c.d.f. for the l.r.t. statistic also
gives automatically the p-value.

We may note the extremely low values that these quantiles attain. This is
due to the fact that we chose to use the ‘complete’ l.r.t. statistic, that is, the l.r.t.
statistic with its exponent N/2. This is indeed the case why some authors chose to
use l.r.t. statistics without this exponent, to make these values not so close to zero,
what in some cases may cause some numerical problems. But indeed this poses
absolutely no problems to the computation of the near-exact p.d.f.’s or c.d.f.’s.

The computation of quantiles is done with the module Quant. Given the
sample size and the values for pj and k, (¢ =1,...,m), the module generates,
by default, 10 pseudo-random samples, under the null hypothesis of hyper-block
sphericity in (1.2), using then the empirical a-quantile as a ‘starting value’ for a
Newton-type method, which will find the approximate near-exact quantile using
the values of the near-exact p.d.f. and c.d.f. computed on the successive iteration
values.
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This module has 5 mandatory arguments which first one is the a value for
the quantile and which last 4 are exactly the same as the 4 mandatory arguments
for the modules NEpdf and NEcdf, given in the exact same order. This module
also has 8 optional arguments, which are:

— nm: the number of exact moments to be matched by the near-exact
distribution, that is, as for NEpdf and NEcdf, the value of m™ in (4.1)
and (4.4)—(4.9) (default value: 4),

— precl: the number of digits used to print the value of the quantile
(default value: 10),

— prec2: the number of precision digits used in the computation of the
p.d.f. or c.d.f. for the implementation of a Newton-type method (default
value: 400),

— prec3: the number of precision digits used to store the m™* exact mo-
ments of W = —log A computed (default value: 200),

— precéd: number of precision digits used in the computation of the m™ ex-
act moments of W = —log A by the module that does this computation
(default value: 1500),

— eps: the value of the minimum upper-bound for two consecutive quan-
tile approximations obtained from the Newton-type method; if those
two consecutive approximations differ a quantity that is less than eps,
the process stops, giving as result the last approximation found (default
value: 1079 times the ‘starting value’),

— nsamp: the number of pseudo-random samples generated by the module
to obtain the ‘starting value’ (default value: 10).

In Figure 7 we present a few commands that may be used with the module
Quant to compute the 0.05 quantile of A for the same scenario considered in Figure
6. The first command uses all optional arguments with their default values, which
will be adequate for most cases. The second command uses the optional argument
precl to request 20 digits, instead of 10, for the approximate 0.05 quantile. We
may see that when this second command is repeated, as the third command in
Figure 7, the result obtained is different. There is indeed no problem, and for the
attentive reader there should be not much of a surprise. What happens is that
since we use for eps its default value, the precision obtained for the approximation
of the quantile should ensure at least 6 decimal digits correct. This is exactly
what happens. Indeed it seems that at least 11 digits are correct. Then the
fourth and fifth commands give the same result, which should be correct for all
digits displayed. They illustrate the fact that the order in which the optional
arguments are given is arbitrary and also that by giving the optional argument
eps a small enough value, in this case a value which would ensure that at least 21
digits of the approximate quantile are correct, we will always get the same result.
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ﬂuaﬂt[S/lOO, 29, {5, 2}, {2, 3}] \

5.914780554 x 107

Quant[5/100, 29, {5, 2}, {2, 3}, precl - 20]
5.9147805544727498310 x 10744

Quant[5/100, 29, {5, 2}, {2, 3}, precl - 20]
5.9147805544731374828 x 10744

Quant[5/100, 29, {5, 2}, {2, 3}, precl » 20, eps - 104 -65]
5.9147805544731417794x107%*

Quant[5/100, 29, {5, 2}, {2, 3}, eps - 10%-65, precl - 20]

KB.9147805544731417794xlO’“ J

Figure T7: Mathematica® commands to be used with the module Quant.

There is also another module called Lambda, which may be used to compute
the value of the statistic A in (2.11) for a given dataset. This dataset has to be
given in a file, with observations defining the rows and variables the columns.
This module has 3 mandatory arguments, which are:

— the name of the data file (including the path),

— a list with the values of p; (¢ =1,...,m),

— a list with the values of ky ({ =1,...,m),

and which have to be given in this order.

Further details on these modules and their use are available at the web-page
https://sites.google.com/site/nearexactdistributions/hyper-block-matrix-sphericity.



402

Bédrbara R. Correia, Carlos A. Coelho and Filipe J. Marques

REFERENCES

ANDERSON, T.W. (2003). An Introduction to Multivariate Statistical Analysis,
3rd ed., J. Wiley & Sons, New York.

Box, G.E.P. (1949). A general distribution theory for a class of likelihood cri-
teria, Biometrika, 36(3/4), 317-346.

CARDENO, L. and NACGAR, D.K. (2001). Testing block sphericity of a covariance
matrix, Divulgaciones Matemdticas, 9, 25-34.

CHAO, C.C. and GuprTa, A.K. (1991). Testing of homogeneity of diagonal blocks
with blockwise independence, Communications in Statistics — Theory and Methods,
20, 1957-1969.

CHEN, P.; Dong, L.; CHEN, W. and LiN, J.-G. (2013). Outlier Detection in
Adaptive Functional-Coefficient Autoregressive Models Based on Extreme Value
Theory, Mathematical Problems in Engineering, 2013, Article ID 910828, 9 pp..

CoELHO, C.A. (1998). The Generalized Integer Gamma distribution — a basis for
distributions in Multivariate Statistics, Journal of Multivariate Analysis, 64(1),
86—102.

COELHO, C.A. (2004). The generalized near-integer Gamma distribution: a ba-
sis for near-exact approximations to the distribution of statistics which are the

product of an odd number of independent Beta random variables, Journal of
Multivariate Analysis, 89(2), 191-218.

CoELHO, C.A. and MARQUES, F.J. (2009). The advantage of decomposing elabo-
rate hypotheses on covariance matrices into conditionally independent hypotheses
in building near-exact distributions for the test statistics, Linear Algebra and its
Applications, 430(10), 2592—2606.

CoELHO, C.A. and MARQUES, F.J. (2010). Near-exact distributions for the in-
dependence and sphericity likelihood ratio test statistics, Journal of Multivariate
Analysis, 101(3), 583-593.

JENSEN, S.T. (1988). Covariance hypotheses which are linear in both the covari-
ance and the inverse covariance, Annals of Statistics, 16(1), 302-322.

KoPYLEV, L. (2012). Constrained Parameters in Applications: Review of Issues
and Approaches, ISRN Biomathematics, 2012, Article ID 872956, 6 pp..

MAaRrQUES, F.J. and CoeELHO, C.A. (2008). Near-exact distributions for the
sphericity likelihood ratio test statistic, Journal of Statistical Planning and In-
ference, 138(3), 726-741.

MARQUES, F.J. and CoELHO, C.A. (2012). The block sphericity test — exact and
near-exact distributions for the likelihood ratio statistic, Mathematical Methods
in the Applied Sciences, 35(4), 373-383.

MARQUES, F.J.; CoeELHO, C.A. and ARNOLD, B.C. (2011). A general near-exact
distribution theory for the most common likelihood ratio test statistics used in
Multivariate Analysis, TEST, 20(1), 180-203.

MaRrQues, F.J.; CoeLHO, C.A. and MARQUES, P. (2013). The Block-Matriz
Sphericity Test: Exact and Near-exact Distributions for the Test Statistic. In
“Recent Developments in Modeling and Applications in Statistics — Studies in
Theoretical and Applied Statistics: Selected Papers of the Statistical Societies”
(P.E. Oliveira, M.G. Temido, C. Henriques and M. Vichi, Eds.), Springer, 169-177.



The Hyper-Block Matrix Sphericity Test 403

[16]
[17]

[18]

[19]

MavucHLy, J.W. (1940). Significance test for sphericity of a normal n-variate
distribution, Annals of Mathematical Statistics, 11, 204-209.

MUIRHEAD, R.J. (2005). Aspects of Multivariate Statistical Theory, 2nd ed.,
J. Wiley & Sons, New York.

NAGAR, D.K.; JaIN, S.K. and GupTa, A.K. (1985). Distribution of LRC for
testing sphericity of a complex multivariate Gaussian model, International Jour-
nal of Mathematics and Mathematical Sciences, 8(3), 555-562.

NAGARSENKER, B.N. and NAGARSENKER, P.B. (1981). Distribution of the like-
lihood ratio statistic for testing sphericity structure for a complex normal covari-
ance matrix, Sankhya, Ser. B, 43(3), 352-359.

NANDAKUMAR, K.; CHEN, Y.; Dass, S.C. and JAaIN, A. (2008). Likelihood
Ratio-Based Biometric Score Fusion, IEEE Transactions on Pattern Analysis and
Machine Intelligence, 30(2), 342-347.

PIRIE, A.; WooD, A.; LusH, M.; TYRER, J. and PHAROAH, P.D. (2015). The
effect of rare variants on inflation of the test statistics in case-control analyses,
BMC Bioinformatics, 16(53), 5 pp.

RENCHER, A.C. and CHRISTENSEN, W.F. (2012). Methods of Multivariate Anal-
ysis, 3rd ed., J. Wiley & Sons, New York.

TricoMl, F.G. and ERDELYT, A. (1951). The asymptotic expansion of a ratio
of gamma functions, Pacific Journal of Mathematics, 1(1), 133-142.

WILKS, S.S. (1932). Certain generalizations in the analysis of variance,
Biometrika, 24, 471-494.

WILKS, S.S. (1935). On the independence of k sets of normally distributed sta-
tistical variables, Econometrica, 3, 309-326.

WILKS, S.S. (1938). The Large-Sample Distribution of the Likelihood Ratio
for Testing Composite Hypotheses, The Annals of Mathematical Statistics, 9(1),
60-62.

ZHANG, J.; Zou, C. and WANG, Z. (2010). A control chart based on likelihood
ratio test for monitoring process mean and variability, Quality and Reliability
Engineering International, 26(1), 63-73.






REVSTAT - STATISTICAL JOURNAL

Background

Statistics Portugal (INE, L.P.), well aware of how vital a statistical culture is in
understanding most phenomena in the present-day world, and of its responsibility
in disseminating statistical knowledge, started the publication of the scientific
statistical journal Revista de Fstatistica, in Portuguese, publishing three times a
year papers containing original research results, and application studies, namely in

the economic, social and demographic fields.

In 1998 it was decided to publish papers also in English. This step has been taken
to achieve a larger diffusion, and to encourage foreign contributors to submit their

work.

At the time, the Editorial Board was mainly composed by Portuguese university
professors, being now composed by national and international university professors,
and this has been the first step aimed at changing the character of Revista de

Eistatistica from a national to an international scientific journal.

In 2001, the Revista de Estatistica published three volumes special issue containing
extended abstracts of the invited contributed papers presented at the 23rd

European Meeting of Statisticians.

The name of the Journal has been changed to REVSTAT - STATISTICAL
JOURNAL, published in English, with a prestigious international editorial board,
hoping to become one more place where scientists may feel proud of publishing

their research results.

— The editorial policy will focus on publishing research articles at the highest level
in the domains of Probability and Statistics with emphasis on the originality and

importance of the research.

— All research articles will be refereed by at least two persons, one from the

Editorial Board and another external.



— The only working language allowed will be English. — Four volumes are
scheduled for publication, one in January, one in April, one in July and the other

in October.

Aims and Scope

The aim of REVSTAT is to publish articles of high scientific content, in English,
developing innovative statistical scientific methods and introducing original

research, grounded in substantive problems.

REVSTAT covers all branches of Probability and Statistics. Surveys of important

areas of research in the field are also welcome.

Abstract and Indexing Services
The REVSTAT is covered by the following abstracting/indexing services:
- Current Index to Statistics
- Google Scholar
- Mathematical Reviews
- Science Citation Index Expanded

- Zentralblatt fiir Mathematic

Instructions to Authors, special-issue editors and publishers

The articles should be written in English and may be submitted in two different
ways:
- By sending the paper in PDF format to the Executive Editor (revstat@ine.pt)
and to one of the two Editors or Associate Editors, whose opinion the author
wants to be taken into account, together to the following e-mail

address: revstat@fc.ul.pt


mailto:revstat@ine.pt
mailto:revstat@fc.ul.pt

- By sending the paper in PDF format to the Executive Editor (revstat@ine.pt),
together with the corresponding PDF or PostScript file to the following e-
mail address: revstat@fc.ul.pt.

Submission of a paper means that it contains original work that has not been nor is

about to be published elsewhere in any form.

Manuscripts (text, tables and figures) should be typed only in black on one side, in
double-spacing, with a left margin of at least 3 ¢cm and with less than 30 pages.
The first page should include the name, institution and address of the author(s) and

a summary of less than one hundred words, followed by a maximum of six key
words and the AMS 2000 subject classification.

Authors are obliged to write the final version of accepted papers using LaTeX, in
the REVSTAT style. This style (REVSTAT.sty), and examples file
(REVSTAT tex), which may be download to PC Windows System (Zip format),
Macintosh, Linux and Solaris Systems (Stufflt format), and Mackintosh System
(BinHex Format), are available in the REVSTAT link of the Statistics Portugal

Website: http://www.ine.pt/revstat/inicio.html

Additional information for the authors may be obtained in the above link.

Accepted papers

Authors of accepted papers are requested to provide the LaTeX files and also a
postscript (PS) or an acrobat (PDF) file of the paper to the Secretary of
REVSTAT: revstat@ine.pt.

Such e-mail message should include the author(s)’s name, mentioning that it has
been accepted by REVSTAT.

The authors should also mention if encapsulated postscript figure files were
included, and submit electronics figures separately in .tiff, .gif, .eps or .ps format.

Figures must be a minimum of 300 dpi.


mailto:revstat@ine.pt
mailto:revstat@fc.ul.pt
http://www.ine.pt/revstat/inicio.html
mailto:revstat@ine.pt

Copyright

Upon acceptance of an article, the author(s) will be asked to transfer copyright of
the article to the publisher, Statistics Portugal, in order to ensure the widest
possible dissemination of information, namely through the Statistics Portugal

website (http://www.ine.pt).

After assigning copyright, authors may use their own material in other
publications provided that REVSTAT is acknowledged as the original place of
publication. The Executive Editor of the Journal must be notified in writing in

advance.


http://www.ine.pt/

Editor-in-Chief
M. Ivette Gomes, Faculdade de Ciéncias, Universidade de Lisboa, Portugal
Co-Editor
M. Antonia Amaral Turkman, Faculdade de Ciéncias, Universidade de Lisboa, Portugal
Associate Editors
Barry Arnold, University of California, Riverside, USA
Jan Beirlant, Katholieke Universiteit Leuven, Leuven, Belgium
Graciela Boente, Facultad de Ciencias Exactas and Naturales, Buenos Aires, Argentina
Joao Branco, Instituto Superior Técnico, Universidade de Lisboa, Portugal
Carlos Agra Coelho (2017-2018), Faculdade de Ciéncias e Tecnologia, Universidade Nova de Lisboa, Portugal
David Cox, Oxford University, United Kingdom
Isabel Fraga Alves, Faculdade de Ciéncias, Universidade de Lisboa, Portugal
Wenceslao Gonzalez-Manteiga, University of Santiago de Compostela, Spain
Juerg Huesler, University of Bern, Switzerland
Marie Huskova, Charles University of Prague, Czech Republic
Victor Leiva, School of Industrial Engineering, Pontificia Universidad Catélica de Valparaiso, Chile
Isaac Meilijson, University of Tel-Aviv, Israel
M. Nazaré Mendes- Lopes, Universidade de Coimbra, Portugal
Stephen Morghenthaler, University Laval, sainte-Foy, Canada
Antdnio Pacheco, Instituto Superior Técnico, Universidade de Lisboa, Portugal
Carlos Daniel Paulino, Instituto Superior Técnico, Universidade de Lisboa, Portugal
Dinis Pestana, Faculdade de Ciéncias, Universidade de Lisboa, Portugal
Arthur Pewsey, University of Extremadura, Spain
Vladas Pipiras, University of North Carolina, USA
Gilbert Saporta, Conservatoire National des Arts et Métiers (CNAM), Paris, France
Julio Singer, University of San Paulo, Brasil
Jef Teugel, Katholieke Universiteit Leuven, Belgium
Feridun Turkman, Faculdade de Ciéncias, Universidade de Lisboa, Portugal

Executive Editor

Pinto Martins, Statistics Portugal

Former Executive Editors
Maria José Carrilho, Statistics Portugal (2005-2015)
Ferreira da Cunha, Statistics Portugal (2003—-2005)

Secretary
Liliana Martins, Statistics Portugal



	22.pdf
	REVSTAT 2018_FRosto
	REVSTAT_v16-n1-0_impr
	REVSTAT_v16-n1-1_impr
	REVSTAT_v16-n1-2_impr
	REVSTAT_v16-n1-3_impr
	REVSTAT_v16-n1-4_impr
	REVSTAT_v16-n1-5_impr
	REVSTAT_v16-n1-6_impr
	REVSTAT_v16-n1-7_impr
	REVSTAT_Background_2018
	Blank Page
	Blank Page




