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Congratulations, Sir David Cox!

International Prize of Statistics

Sir David Cox has been named the first recipient of the International Prize
of Statistics created by the American Statistical Association, the Institute of
Mathematical Statistics, the International Biometric Society, the
International Statistical Institute and the Royal Statistical Society.

The International Prize in Statistics Foundation announcement states that
this award specifically recognizes Sir David Cox for his 1972 paper in which
he developed the proportional hazards model that today bears his name.

The announcement (http://www.statprize.org/pdfs/Press-Release-International-Prize

Winner.pdf) recognizes as well that Sir David Cox “is a giant in the field of
Statistics”.

REVSTAT congratulates Sir David Cox for this well deserved attribution of
the prize, and takes the opportunity to thank him for invaluable guidance as
member of the editorial board since the beginning, and for his many
contributions to REVSTAT publication standards.
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Abstract:

e In this paper, we propose an optimization for the simple step stress accelerated life
test for the Fréchet distribution under type I censoring. The extreme value distribu-
tion has recently become increasingly important in engineering statistics as a suitable
model to represent phenomena with extreme observations. One probability distribu-
tion, that is used to model the maximum extreme events, is the Fréchet (extreme value
type II) distribution. A log-linear relationship between the Fréchet scale parameter
and the stress are assumed. Furthermore, we model the effects of changing stress as
a cumulative exposure function. The maximum likelihood estimators of the model
parameters are derived. By minimizing the asymptotic variance of the desired life
estimate and the reliability estimate, we obtain the optimal simple step stress accel-
erated life test. Finally, the simulation results are discussed to illustrate the effect of
the initial estimates on the optimal values.
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1. INTRODUCTION

Nowadays, manufacturers face strong pressure to rapidly develop new,
higher technology products, while improving the productivity. This has moti-
vated the development of methods such as concurrent engineering and encour-
aged wider use of the designed experiments for product and process improvement.
The requirements for higher reliability have increased the need for more up front
testing of the materials, components, and systems. This is in line with the mod-
ern quality philosophy for producing the high reliability products: achieve high
reliability by improving the design and manufacturing processes; move away from
reliance on inspection (or screening) to achieve high reliability [12].

Estimating the failure time distribution of components including high reli-
ability products is particularly difficult. Most modern products are designed to
operate without failure for years, decades, or longer. Thus, a few units will fail
or degrade in a test under the normal conditions. For example, the design and
construction of a communication satellite, may allow only 8 months to test the
components that are expected to be in service for 10 or 15 years. A method for
obtaining information on the life distribution of a product in a timely fashion,
is to test it on an unusually high level of stress (e.g., high levels of temperature,
voltage, pressure, vibration, cycling rate, or load) in order to provoke early fail-
ures. These methods are called the accelerated life tests. The results of this test
are then used to estimate the life distribution of the product.

Engineers in manufacturing industries have used accelerated life test (ALT)
experiments for many decades. The purpose of ALT experiments is to acquire
reliable information quickly.

According to Bai et al. [4] and Nelson [17], one way of applying stress to the
test is a step-stress scheme which allows the stress setting of a unit to be changed
at pre-specified times or upon the occurrence of a fixed number of failures. This
scheme is called step stress accelerated life test (SSALT), which is considered in
this paper.

To implement the SSALT, we first apply a low stress to all products, if a
product endures the stress (does not fail) we apply a higher stress, if only one
change of the stress level is done, it is called a simple step-stress accelerated life
test. The objective of the SSALT experiment is to estimate the percentile life or
reliability prediction by choosing the optimal time of increasing the level of stress
that leads to the most accurate estimate. Our main objective is to choose the
times to change the stress level in such a way that the variance of estimator of
above parameters is minimized under a natural stress level.

The step-stress procedure was first introduced, with the cumulative expo-
sure model, by Nelson [1]. Miller and Nelson [13] provided the optimum simple



4 Nooshin Hakamipour and Sadegh Rezaei

stress plans for the accelerated life testing, where life products are assumed to have
exponentially distributed lifetimes, Bai et al. [4] extended the results of Miller
and Nelson [13] to the case of censoring. Khamis and Higgins [6, 7] obtained the
stress change time which minimizes the asymptotic variance of maximum likeli-
hood estimate of the log mean life at the design condition. Alhadeed and Yang
[2] discussed the optimal simple step-stress plan for the Khamis-Higgins model.
Most of the available literature on step-stress accelerated life testing deals with
the exponential, and Weibull distributions.

The extreme value distribution becomes increasingly important in engineer-
ing statistics as a suitable model to represent the phenomena with large extreme
observations. In engineering, this distribution is often called the Fréchet model.
It is one of the pioneers in extreme value statistics. The Fréchet distribution is
one of the probability distributions used to model the maxima extreme events.
Thus, the Fréchet distribution is well suited to characterize the random variables
of large features and components with a high reliability products. Therefore,
it is an important distribution for modeling the statistical behavior of material
properties for a variety of engineering applications.

Fréchet distribution is a popular model for lifetimes. Some recent applica-
tions have involved the modeling of failure times of air-conditioning systems in jet
planes [11] and the modeling of the behavior of off-site AC power failure recovery
times at three nuclear plant sites [3] Some results for beta Fréchet distribution
are given by [5].

In spite of its popularity, Fréchet distribution has not been used as a lifetime
distribution in simple step stress accelerated life test analysis. This paper is the
first attempt in this regard. We implement the SSALT analysis and design, by
assuming that the failure time of test products follows the Fréchet distribution.

The contents of this paper are organized as follows. The model and basic
assumptions are presented in section 2. The maximum likelihood estimators
(MLEs) and Fisher information matrix are given in section 3. The optimal test
design is derived in section 4, which is followed by a simulation study.

2. MODEL AND TEST PROCEDURE

The Fréchet distribution is a special case of the generalized extreme value
distribution. The Fréchet distribution has applications ranging from an accel-
erated life testing through to earthquakes, floods, horse racing, rainfall, queues
in supermarkets, sea currents, wind speeds and track race records. Kotz and
Nadarajah [8] give some applications in their book.
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To develop appropriate probabilistic models and assess the risks caused
by these events, business analysts and engineers frequently use extreme value
distributions.

The Fréchet distribution was named after the French mathematician Mau-
rice Fréchet (1878-1973). It is also known as the Extreme Value Type II distri-
bution. It has the cumulative distribution function (CDF') specified by

(2.1) F(t) = exp{— <;>_a}

fort > 0, a > 0 and 6 > 0. The corresponding probability density function (PDF)

’ fiy =2 (;)_Q_éxp{—@)_a},

where « is a shape parameter and 6 is a scale parameter. In engineering applica-
tions shape parameter is usually greater than 2.

In a simple SSALT, all n products are initially placed on the test at a lower
stress level 57, and run until time 7 when the stress is changed to S2. The test is
continued until all the products run to failure or until a predetermined censoring
time T', whichever occurs first. Sy is stress level at a typical operating condition.
Such a test is called a simple step-stress test because it uses only two stress levels.
Total n; failures are observed at time t;;, j = 1,2,...,n;, while testing at stress
level S;, 1 = 1,2, and n, = n — n; — ng products remain unfailed and censored at
time T

2.1. Basic assumptions

The basic assumptions are:

1. Two stress levels S7 and Sy (S1 < S2) are used in the test.

2. For any level of stress, the life distribution of the test product follows
a Fréchet distribution with the CDF (2.1).

3. The scale parameter 6; at stress level 4, i = 0, 1, 2 is a log-linear function
of stress, i.e.,
log (6;) = Bo+ B15;
for 1 = 0,1, 2, where 8y and (; are unknown parameters depending on
the nature of the product, and the method of test.

4. A cumulative exposure model holds, i.e., the remaining life of a test
product depends only on the cumulative exposure it has seen [10].

5. The lifetimes of the test products are identically distributed random
variables.
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From these assumptions, the CDF of a test product under simple step-stress

exp{—<t> }, 0<t<r,
01

(TTy” <t<
exp 5 5 , T<t<o0.

—a—1 —a
oL expq — i 0<t<r
01 01 p 91 ) = ’
NG et NG B et R GRS
0s \ 01 02 P 01 02 ’ - '

3. MAXIMUM LIKELTHOOD ESTIMATORS

test is

(2.2) G(t) =

g(t) =

The likelihood function under type I censoring can be written as

L(01,62,05t) = [[g(try) [ o(tes) 1 = GD)]™.
j=1 j=1

Therefore,

1 n1 1 ny N1 i —a—1 s t1; -

. _ nitng [ _ =1 - -

L(017927a7t) = o (91> (92> H<91> eXp Z(91>

j=1 Jj=1
U I AP (T oty T\
. —_— j - n J

]1;[1<01+ 02 ) exp{ ;(elJr 02 ) }

1 T n T—-7\°“ "
|1 —exps— | — .
PV e T e
It is usually easier to maximize the logarithm of the likelihood function rather

than the likelihood function itself. The logarithm of the likelihood function is
¢ = log L(01,02,q;t)

= (n1 + n2) loga — ny log 61 — ng log 69

(3.1) (et 1) ; o <telf> > <t@11]>_

j=1

2 T to;i — T 2T to; — 7\ ¢
— 1 1 _ J — R TV A
(o + )Zog(91+ o > Z<01+ % >

j=1 j=1

T T—7Y\°
+nclog<1—exp{—<0+ 0 > })
1 2
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If at least one failure occurred before 7 and T', MLEs of 61 and 65 do exist.
In this case, MLEs of 61, #» and a and hence the MLEs of Gy and (3; by the
invariance property, they can be obtained through setting to zero the first partial
derivatives of the log likelihood function with respect to 61, 62 and a. The system
of equations is:

ov noema e
(3.2) =a—Y A+ (a+1)> 5 B;

90+ J 27
001 01 = 01 = 01
ﬂ iB—OL—l _ O[TLCTQQ Cfanl 0
0f = 01E -
85 n9 2 tz — T 1 " tQ — T —a—1
3.3 — = —+(a+1 J B — J B~
(3:3) 00 02 ( )ng 63 J ng 03 J
anc(T'—71)01
- =0
0y DE ’
ol n1 + no T i —a 12
(3.4) %8 T ZlogAj + ZAJ- log A; — Zlog B;
j=1 j=1 j=1
n2
+> B *log Bj + n.C*D logC' = 0,
j=1

t1; - to;i—T - T—
Where Aj = T;? J = 1327"'an1a Bj - % + ]92 , ] = 1,2,...,712, C: % + 927—,

D=1—exp{C ?}and E =0,(T —7) + 0a7.

Given that, it is difficult to obtain a closed form solution to the nonlinear
equations (3.2), (3.3) and (3.4), a numerical method is used to solve these equa-
tions. By solving these equations, the MLEs (61,02, «) and hence MLEs (G, 81)
can be obtained.

We have used from optimization tool in Matlab software for finding a max-
imum of a function of several variables.

The Fisher information essentially describes the amount of information data
provide about an unknown parameter. It has applications in finding the variance
of an estimator, as well as in the asymptotic behavior of maximum likelihood
estimates. The inverse of the Fisher information matrix is an estimator of the
asymptotic covariance matrix.

The Fisher information matrix F'(61, 602, ) is obtained through taking ex-
pectation on the negative of the second partial derivatives of ¢(6;, 69, ) with
respect to 1, 6 and «.

A Arp Ags
F=mn|Aq Ay A
Az Aoz Ass
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The calculation detail is presented in Appendix I and II. Therefore, the
elements of F' are given as

1 0% o' ala—1)
11 [ n&@%} 9%614- 52 1+ (a+1) I+ 13
_ T _
aT( T) 0. DE? e.+a’T Gf’EDQ e
2 2 02 C_l_a 02 C—Oé

?ep " ¢ED

1 0% e o3 (T —71)20,C1~2%(1 - D)
Aoy = Bl 2| = 2= DIy + 1 c
22 { - 895} 9§+(a+ Vo +I5 + R ED? e
_ar(T—1)6:C07° o a®(T —7)2 0,071« .
02 E2D ¢ 03 ED ¢
B a@l(T—T)C*ae
03 ED <’
1 0% 1 C~2*(log 0)? (1 - D)
A33 = E[_nw} = @€1+62+Iﬁ+ D2 €c
C—(log C)?
+ T€C7
1 0% T(a+1) ala+1)T
2 [ n 891892] g2 7 2
C-1-20(1 — D) 0, C—°
2 T— c 2 c
+ a7 ( T) 6.0, ED € — QT 6 E°D
—a—1 —a
2
T — c (]
+ o7 ( T)9102ED€ +a791EDe
1 0% el 1 T T c—«
A3 =E|l-————-| = ——+ —Ig+ 1 — 1 0 c
18 [ n aelaa] o Te T T TRy TR e
., ClogC  C7(1—D)logC
> 0,ED ¢ ? 0, ED? °
1 0% C~2%(1 — D) log C
Asy = |-~ = Lo+ hs—a(T—71)0 .
23 { " 802804] 12+ 13 — o )01 0, ED? €
c C%log C
0 (T — c—a(l—17)0i———e..
+ 01 ( T)92ED6 af 7) 61 G ED e

where the detailed calculation for I; to I3, and e1, es and e, in the formulas
above are in Appendix I and Appendix II, respectively.

The asymptotic variance of the desired estimates is then obtained using the
above Fisher information matrix, which leads to the optimization criteria.



Optimizing the Simple Step Stress Accelerated Life Test with Fréchet Data 9

4. OPTIMUM TEST DESIGN

As mentioned earlier, for the purpose of optimization, two criteria are con-
sidered. The first criterion (Criterion I) is minimizing the asymptotic variance
(AV) of the MLE of the logarithm of the percentile life under usual operating
conditions, which is used when the percentile life is the desired estimate. Fur-
thermore, we can minimize the AV of reliability estimate at time £ under usual
operating conditions. We call this criterion as the second criterion (Criterion II)
and is used when we want to predict reliability.

We will show the optimal hold times achieved by criterion I and II, with
the symbols of 7* and 77, respectively.

4.1. Criterion I

As mentioned above, in this criterion, we try to minimize the AV of the
MLE of the logarithm of percentile life under the usual operating conditions. This
is the most commonly used criterion.

The reliability function at time ¢ under the usual operating condition, Sy,

Ro(t) = 1—Golt) = 1 — exp {— (;())a}

For a specified reliability R, the 100(1— R)-th percentile life under the usual
operating condition, Sy, is:

is:

tr = O (—log(l — R))_l/a.

From assumption 3 and the definition, z = 21=30 we obtain Sy = 21=252  thus,
S2—So -z

log 81 — x log 6,

(4.1) logbp =

l1—2z

Therefore, the MLE of the log of the 100(1— R)-th percentile life of the Fréchet
distribution with a specified reliability R under the usual operating condition,
So, is:

~ ~ 1
log (tR) = log 6y — = log(— log (1 — R))

log 61 — z log 65 B log(— log (1 — R))

1—z o
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The optimality criterion used for the SSALT design is to minimize the AV of
the MLE of the log of the 100 (1— R)-th percentile life of the Fréchet distribution
at Sp with a specified reliability R. When R = 0.5, log(tg) is the logarithm of
the median life at usual operating conditions with stress level Sy. To obtain the
AV[log(tAR)], we use the delta method which described in Appendix III.

The optimal hold time 73 at which AV [log(tR)] reaches its minimum value
leads to the optimal plan:

log 6, — z log 05 10g<—10g(1 - R)> _ o FlH!
_ _ — ',

1—=x Q

AV [10g (ir) | = AV

where F is estimated the Fisher information matrix and H 1 1s the row vector of
the first derivative of log(?R) with respect to 51, 52 and @; and in practice, the
values of (51, 52, @) are obtained from a previous experience based on a similar
data, or based on a preliminary test result.

P 1 . log(—log(l—R))
a0 —2) -1 a2

4.2. Criterion II

Reliability prediction is an important factor in a product design and during
the developmental testing process. In order to accurately estimate the product
reliability, the test design criterion is defined to minimize the AV of the reliability
estimate at a time £ under the normal operating conditions.

The MLE of reliability at £ from the Fréchet distribution at the usual
operating stress level, Sp, is:

ﬁso(f) =1—exp {— <§>a} =1—exp {— exp {—&log§+alog§0}},
0

where, by using (4.1), we have

R log 6 — x log f:
N S A1

l1—z

The AV of the reliability estimate at time £ under normal operating conditions,
by using the delta method, can be obtained as:

1—exp {— exp {— alogé + alogag}}]

= HyF'HY,

42) AV [ﬁso (5)} = AV
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where Hj is the row vector of the first derivative of 1?550 (&) with respect to
51, 672 and @, i.e., Hy = {HH,HH,HB}, where its components are given below.
In practice, Based on experience, some historical data or a preliminary test can
be used to get the values of (51, b, Q).

qe @ ~log 81—z log 0 A_ n
Hy = ﬁ) exp{— ﬁ_aea% +a10g91 x10g02}7

91(1—$ l—x

H12 = /.\I'é[\i exp _g—aea% +a10g01 _xlogHQ :

Hyz = L (exp{— g—aea% +a10g91 —xlogGQ}

z—1 11—z
. §*a <log§—xlog§ — logé\l +xlog52>> .

The value 7, that minimizes AV [}A%SO (f)}, given by equation (4.2), leads
to the optimal SSALT plan.

4.3. Simulation study

The main objective of this simulation study is numerical investigation for
illustrating the theoretical results of both estimation and optimal design prob-
lems given in this paper. Considering type I censoring, data were generated from
Fréchet distribution under SSALT for different combinations of the true parame-
ter values of 01, 2 and «. The true parameters values used here are (1.5,1,1) and
(2.5,2,1.5). In addition, 7 = 2.5 and T = 5 have been considered. The samples
sizes considered are n = 100, 200, 300, 400, 500, 1000 each with ten thousand repli-
cations. A numerical method is used for the MLEs of 81, 63 and «. The nonlinear
likelihood equations, (3.2), (3.3) and (3.4), were solved iteratively. The MLEs,
their mean square errors (MSEs) and their relative errors (REs) are reported in
Table 1 for different sample sizes and different true values of the parameters.
The results provide insight into the sampling behavior of the estimators. They
indicate that the MLEs approximate the true values of the parameters as the
sample size n increases. Similarly, the MSEs and REs decrease with increasing
the sample size.

To illustrate the procedure of the optimum test design, we proposed a
standardized model. A standardized censoring time Ty = 1 is assumed, and the
standardized scale parameter n; = % is defined. The standardized hold time 7y
is also defined as the ratio of the hold time to the censoring time 79 = 7. Thus
the value of 7y that minimizes AV is the optimal standardized hold time, and the
optimal hold time is derived from 7* = 7 - T and 71 = 7'0+ - T, with respect to
criterion I and II. Using the standardized model, we eliminate the input value of

censoring time and embed it in the standardized scale parameters.
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Table 1: The MLEs of the parameters, and the associated MSE and RE
for different sample sizes.

(01:1.5, 92:1, a:1) (91:2.5, 02:2, CM:1.5)
n Parameter
Estimate MSE RE Estimate MSE RE
01 1.4404 0.0108 0.0397 | 2.5228  0.0500 0.0091
n =100 0 1.0381 0.0771 0.0381 2.1101 0.2825 0.0091
«@ 1.0307 0.0103 0.0307 1.5362  0.0367 0.0241
01 1.4563 0.0058 0.0291 2.5086  0.0238 0.0034
n =200 02 1.0273 0.0461 0.0273 | 2.0541 0.1372 0.0271
«@ 1.0205 0.0050 0.0205 1.5180  0.0186 0.0120
01 1.4640 0.0040 0.0240 | 2.5061 0.0156 0.0024
n =300 0 1.0196 0.0317 0.0196 | 2.0374  0.0877 0.0187
«@ 1.0160 0.0033 0.0160 1.5128  0.0121 0.0085
01 1.4682 0.0031 0.0212 | 2.5044  0.0118 0.0018
n =400 0 1.0142 0.0237 0.0142 | 2.0279  0.0650 0.0140
«@ 1.0133 0.0025 0.0133 1.5094  0.0090 0.0063
01 1.4703 0.0026 0.0198 | 2.5036  0.0095 0.0014
n =500 0 1.0132 0.0194 0.0132 | 2.0200 0.0501 0.0100
«@ 1.0177 0.0020 0.0117 1.5073  0.0071 0.0049
01 1.4801 0.0012 0.0132 | 2.5021 0.0046 8.4513x107*
n = 1000 02 1.0055 0.0094 0.0055 | 2.0106  0.0249 0.0053
«@ 1.0073  9.5334x10™* 0.0073 1.5034  0.0036 0.0023

Now, the numerical examples are given for calculating the optimal stan-
dardized hold times of the simple SSALT under both criteria.

In the first example, we suppose that a simple SSALT to estimate the
percentile life of the Fréchet distribution under the usual operating condition
with a specified reliability R. For the given values of 6; = 900, > = 400, o = 2,
T = 1000, z = 0.5 and assuming R = 0.5, we determine the optimal hold time 7*.
Based on the above transformation, the standardized parameters are obtained as
m = 0.9 and 12 = 0.4. Using the criterion I, the optimal standardized hold time is
obtained 75 = 0.8165. So, the optimum stress change time is obtained 7% = 816.5.

Sensitivity analysis is performed to examine the effect of the changes in the
pre-estimated parameters (61,602, «) on the optimal hold time 7. Its objective is
to identify the sensitive parameters, which need to be estimated with special care
to minimize the risk of obtaining an erroneous optimal solution. According to
the definition of z and R; and since they take different values, we also examine
the impact of changes in their values.

Table 2 presents the standardized optimal hold time for the specified values
of n=30, R=0.5, x =05, a=2, 7 =0.3,05,...,1.7 and 72 = 0.1,0.3, ..., 1.5.
From this table, we can see that as n; increases, the optimal standardized stress
change time slightly increases. And also, as ny increases, then slightly decreases.
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Figure 1 shows the sensitivity of the initially estimated parameters with

respect to the criterion I. We can see:

1. The optimal value of 7%, slightly increases as 7; and « increase for
smaller values of 77 and «, and converges for larger values of 71 and «;
2. The optimal value of 7%, slightly decreases as 12, R and z increase, and
it is not too sensitive to parameters 7y and x.
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Figure 1: Optimal standardized hold time versus changes in initial parameters

under criterion I.
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In the second example, we suppose a simple SSALT is run to estimate the
reliability at a specified time & = 10000. The objective is to design a test that
achieves the best reliability estimates. To obtain the optimal hold time 7T, the
AV of the reliability estimate at time £ is minimized. The initial parameters
given 61 = 900, 05 =400, a« =2, x = 0.5, T'= 1000 and £ = 10000. Then the
standardized parameters are obtained as n; = 0.9, 72 = 0.4 and £ = 10. By
criterion II, the optimum standardized hold time is obtained as 7'0+ = 0.8925 and
the optimum stress change time is obtained as 77 = 8.925.

Table 3 presents the standardized optimal hold time for the specified values
of n=30, =05, a=2, £=10, 5 =0.3,0.5,...,1.7 and 72 = 0.1,0.3, ..., 1.5.
This table shows that, as n; increases, the optimal standardized stress change
time slightly increases. And also, as 7 increases, then slightly decreases.

Figure 2 shows the sensitivity of the initially estimated parameters with
respect to criterion II. We can see:

1. The optimal value of 7T, slightly increases as 71, a and ¢ increase for
smaller values of them, and converges for larger values of them;

2. The optimal value of 7T, slightly decreases as 1o and z increase, and is
not too sensitive to parameters 72 and x.

5. CONCLUSION

In this paper, we proposed an optimal design of simple step stress acceler-
ated life test with type I censored Fréchet data. Optimizing test plan will lead to
an improved parameter estimation which would further lead to a higher quality
of inference. The estimation was based on the maximum likelihood.

For the purpose of optimizing, two criteria were considered. These criteria
were based on minimizing the AV of the life estimate and the reliability estimate.
Furthermore, according to the simulation study, we have found that since the op-
timal hold times are not too sensitive to the model parameters, thus the proposed
design is robust. The results show that the simple SSALT model can be reliably
used which would remove the need for examining all the test products and would
have economic benefits concerning time and money.

ACKNOWLEDGMENTS

The authors would like to thank the Editor, the Associate Editor and the
three referees for carefully reading and for their constructive comments which
greatly improved the paper.



18 Nooshin Hakamipour and Sadegh Rezaei

APPENDIX I

The Fisher information matrix, can be obtained by taking the expected
values of the negative second derivatives with respect to 61, #2 and « of the
function (3.1). The results of these derivatives are given the following:
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The results of the above equations are then used to develop the Fisher

information matrix. And also, to simplify the second partial and mixed partial

derivatives, the following definitions are made:
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APPENDIX II

Detailed calculations of e; = E[%}, 1 = 1,2 is demonstrated through the

following three steps:

At the first step, n new products are tested at stress levels S until time 7,
where the test units are assumed independent and identically distributed. The
life of items follows the CDF of ¢ in equation (2.2). The number of failures n;
in time 7 is a binomial random variable with parameters n and p;. From the
equation (2.3), we have:

o=l (7))
ol (i)}

The second step starts with n — n; unfailed items, tested at stress levels S
until time 7. The life of items follows the CDF of ¢ given by the equation (2.2),
where the number of failures ns follows a binomial distribution with parameters
n —ni and pg. Then, from the equation (2.2), we have:

€1

I
e
K

p2 = P, (item fails in time T ‘ it not fails in time T in first step)
=1-F, (item not fails in item T ‘ item not fails in time 7')
exp{—(é + TQ_QT)_Q} — exp{—(é)_a}
1-— exp{—(ef—l)_a}

ey = E[nz] = E[ 2 -n_nl] = pa-(l—p1).
n n—mn n

Y
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APPENDIX III

In statistics, the delta method is a result concerning the approximate proba-
bility distribution for a function of an asymptotically normal statistical estimator
from knowledge of the limiting variance of that estimator.

A consistent estimator B converges in probability to its true value 3, and
often a central limit theorem can be applied to obtain asymptotic normality:

VaB-8) 2 N(%),

where n is the number of observations and ) is a (symmetric positive semi-
definite) covariance matrix. Suppose we want to estimate the variance of a func-
tion h of the estimator B. Keeping only the first two terms of the Taylor series,
and using vector notation for the gradient, we can estimate h(B) as

h(B) = h(B)+ Vh(B8)" (B —f),
which implies the variance of h(B) is approximately
Var(h(B)) ~ Var(h(8) + Vh(8)T(B - 5))
h(B) + Vh(B)" B~ Vh(8)3)

One can use the mean value theorem (for real-valued functions of many
variables) to see that this does not rely on taking first order approximation.

The delta method therefore implies that

Vi (n(B) = 1(8)) 2> N(0,Vh(3)T T Vh(B)).



Optimizing the Simple Step Stress Accelerated Life Test with Fréchet Data 23

REFERENCES

[14]
[15]

[16]

ALHADEED, A.A. and YANG, S.S. (2005). Optimal simple step-stress plan for
cumulative exposure model using log-normal distribution, IEEFE Transactions on

Reliability, 54, 64-68.

ALHADEED, A.A. and YANG, S.S. (2002). Optimal simple step-stress plan for
Khamis—Higgins Model, IEEE Trans. Reliability, 51(2), 212-215.

ARruL, A.J.; KUMAR, C.S.; MARIMUTHU, S. and SINGH, O.P. (2003). The
power law character of off-site power failures, Annals of Nuclear Energy, 30,
1401-1408.

Bai, D.S.; KM, M.S. and LEE, S.H. (1989). Optimum simple step-stress
accelerated life tests with censoring, IEEE Transactions on Reliability, 38, 528—
532.

BARRETO-SouzA, W.; CORDEIRO, G. M. and SiMmas, A.B. (2011). Some re-

sults for beta Fréchet distribution, Communications in Statistics—Theory and
Methods, 40, 798-811.

Kaawmis, 1. H. (1997). Optimum M-step design with K stress variables, Commu-
nications in Statistics: Simulation & Computation, 26(4), 1301-1313.

Kuawmis, I. H. and HicGins, J.J. (1996). An alternative to the Weibull cumu-
lative exposure model, 1996 Proc. Section on Quality & Productivity, American
Statistical Association, Chicago, Aug., 23(4), 230-350.

Koz, S. and NADARAJAH, S. (2000). Extreme Value Distributions: Theory and
Applications, London: Imperial college press.

FArRD, N. and L1, C. (2009). Optimal simple step stress accelerated life test
design for reliability prediction, Journal of Statistical Planning and Inference,
139, 1799-1808.

MILLER, R. and NELSON, W. (1983). Optimum simple step-stress plans for
accelerated life testing, IEEE Transactions on Reliability, 32(1), 59-65.

KRISHNA, E.; Josg, K. K. and RisTic, M. M. (2013). Applications of Marshall-
Olkin Fréchet distribution, Communications in Statistics—Simulation and Com-
putation, 42, 76-89.

MEEKER, W. Q. and ESCOBAR, L. A. (1998). Statistical methods for reliability
data, A Wiley-Interscience publication.

MILLER, R. and NELsoON, W. B. (1983). Optimum simple step-stress plans for
accelerated life testing, IEFEFE Transactions on Reliability, 32, 59-65.

NELSON, W. B. (1980). Accelerated life testing-step-stress models and data anal-
yses, IEEE Transactions on Reliability, 29, 103-108

NELSON, W. B. (1990). Accelerated Life Testing: Statistical Models, Data Anal-
ysis and Test Plans, John Wiley and sons, New York.

SRIVASTAVA, P. W. and SHUKLA, R. (2008). A log-logistic step-stress model,
IEEFE Transactions on Reliability, 57, 431-434.






REVSTAT - Statistical Journal
Volume 15, Number 1, January 2017, 25-43

EXPANSIONS FOR QUANTILES
AND MULTIVARIATE MOMENTS OF EXTREMES
FOR HEAVY TAILED DISTRIBUTIONS

Authors:  CHRISTOPHER WITHERS
— Industrial Research Limited,
Lower Hutt, New Zealand

SARALEES NADARAJAH

— School of Mathematics, University of Manchester,
Manchester M13 9PL, UK
mbbsssn2@manchester.ac.uk

Received: August 2014 Revised: March 2015 Accepted: May 2015

Abstract:

e Let X,, , be the r-th largest of a random sample of size n from a distribution function
oo

Flx)=1- Z ;7 % for & >0 and 8> 0. An inversion theorem is proved and
i=0

used to derive an expansion for the quantile F~!(u) and powers of it. From this

an expansion in powers of (nil, n~—h/ 0‘) is given for the multivariate moments of the

extremes {X,, ., 1 <i < k}/n'/® for fixed s = (s1,..., 5), where k > 1. Examples

include the Cauchy, Student’s ¢, F', second extreme distributions and stable laws of

index a < 1.

Key-Words:

e Bell polynomials; extremes; inversion theorem; moments; quantiles.

AMS Subject Classification:

e (62E15, 62E17.



26

C.S. Withers and S. Nadarajah



Extremes for Quantiles and Multivariate Moments 27

1. INTRODUCTION

For 1 <r <mn, let X,,, be the r-th largest of a random sample of size n
from a continuous distribution function F' on R, the real numbers. Let f denote
the density function of F' when it exists.

The study of the asymptotes of the moments of X, , has been of consider-
able interest. McCord [12] gave a first approximation to the moments of X, ; for
three classes. This showed that a moment of X,, ; can behave like any positive
power of n or n; = logn. (Here, log is to the base e.) Pickands [15] explored the
conditions under which various moments of (X, 1 — by) /a, converge to the cor-
responding moments of the extreme value distribution. It was proved that this is
indeed true for all F' in the domain of attraction of an extreme value distribution
provided that the moments are finite for sufficiently large n. Nair [13] investi-
gated the limiting behavior of the distribution and the moments of X, 1 for large
n when F' is the standard normal distribution function. The results provided
rates of convergence of the distribution and the moments of X, ;. Downey [4]
derived explicit bounds for E [X}, ;] in terms of the moments associated with F'.

The bounds were given up to the order o (nI/P), where / |z|?dF (x) is defined,

so E [X, 1] grows slowly with the sample size. For other Wo}k, we refer the readers
to Ramachandran [16], Hill and Spruill [9] and Hiisler et al. [10].

The main aim of this paper is to study multivariate moments of {X,, ,,—s,,
1 <i <k} for fixed s = (s1,..., S), where k > 1. We suppose F' is heavy tailed,
ie.,

(1.1) 1—F(z) ~ Cx™®

as x — oo for some C > 0 and o« > 0. For a nonparametric estimate of «, see
Novak and Utev [14].

There are many practical examples giving rise to { X, s, 1 <i < k} for
heavy tailed F'. Perhaps the most prominent example is the Hill’s estimator
(Hill [8]) for the extremal index given by

k
- IOg Xn,n—k + k_l Z IOg Xn,n—i—l—l .
i=1
Clearly, this is a function of X,, ,,—s;, 1 <7 < k. Real life applications of the Hill’s
estimator are far too many to list.

Since Hill [8], many other estimators have been proposed for the extremal
index, see Gomes and Guillou [6] for an excellent review of such estimators. Each
of these estimators is a function of X,, ,—s,, 1 < ¢ < k. No doubt that many more
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estimators taking the form of a function of X, ,—s,, 1 <14 < k will be proposed in
the future.

A possible application of the results in this paper is to assess optimality of
these estimators. Suppose we can write the general form of the estimators as

(12) W = W(Xn,nfsNXn,nfsga ---aXn,nfsk;”) s

where p contains some parameters, which include k itself. The optimum values
of u can be based on criteria like bias and mean squared error. For example, u
could be chosen as the value minimizing the bias of w or the value minimizing
the mean squared error of w. If (1.2) can be expanded as

k
w = Z a(91,92,...,0k;u) HX’erfn—si
i=1

01,02,...,0

then the bias and mean squared error of w can be expressed as

k

0;
HXn,n—si - W
=1

Bias(w) = Z a(91,92,...,9k;u) E
01,02,....0k

and

MSEw) = > > a(61,02, ..., 0k; ) a (91,02, ..., Og; p) E
01,02,....0, 91,92,...,0k

k
0;+9;
H Xn,n—si
=1

2

_ Z a(01,92,...,9k;u) E + [Bias(w)]z,

01,02,...,0k

k
9.
H X"Z,nfsi
i=1

respectively. Both involve multivariate moments of X,, ,_,,, 1 < i < k. Expres-
sions for the latter are given in Section 2, in particular, Theorem 2.2. Hence,
general estimators can be developed for g which minimize bias, mean squared
error, etc. Such developments could apply to any future estimator (also to any
past estimator) of the extremal index taking the form of (1.2).

Note that U,, = F'(X,,) is the r-th order statistics from U(0,1). For
1<ri<rg<--<rg<msetUpy ={Uyr, 1 <i<k}. BySection 14.2 of Stuart
and Ord [17], U, has the multivariate beta density function

k

(1.3) Unr ~ Bu:r) =[] (wip1 — ) 7" /By(r)
=0

on0<u; < - <up <1, where ug =0, up+1 =1, 710 =0, rp41 =n+ 1 and

k

(1.4) Bu(r) = [[ B (ri,rig1 —mi)
i=1
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David and Johnson [3] expanded X, ,, = F~! (U,,,) about u,; =E[U,,,] =
ri/(n+1): Xpp, = ZGU) (tn,i) (Un;i — um)] /3!, where G(u) = F~(u) and
§=0

GY)(u) = dG(u)/du?, and using the properties of (1.3) showed that if r de-
pends on n in such a ways that r/n — p € (0,1) as n — oo then the m-th order
cumulants of X, » = {X,,,,1 < i <k} have magnitude O (nl_m) — at least for
n < 4, so that the distribution function of X, , has a multivariate Edgeworth
expansion in powers of n~/2. (Alternatively one can use James and Mayne [11]
to derive the cumulants of X, , from those of U, y.) The method requires the
derivatives of F at {F‘1 (pi),1<i< k} so breaks down if p; =0 or pp, =1
— which is the situation we study here.

In Withers and Nadarajah [18], we showed that for fixed r when (1.1)
holds the distribution of X, ,1_r (where 1 is the vector of ones in R¥), suitably
normalized tends to a certain multivariate extreme value distribution as n — oo,
and so obtained the leading terms of the expansions of its moments in inverse
powers of n. Here, we show how to extend those expansions when

(1.5) FMu) =) bi(l—uw)™
=0

with ag < a1 < ---, that is, {1 — F(x)} 2~/ has a power series in {z=%: §; =
(ovi — ) /ap}. Hall [7] considered (1.5) with a; =i — 1/, but did not give
the corresponding expansion for F'(z) or expansions in inverse powers of n.
He applied it to the Cauchy. In Section 2, we demonstrate the method when

(1.6) 1-F(z) =a ¢ Zc,- P
=0

where o >0 and # > 0. In this case, (1.5) holds with o; = (i3 —1) /. In Section 3,
we apply it to the Student’s ¢, F' and second extreme value distributions and to
stable laws of exponent o < 1. The appendix gives the inverse theorem needed
to pass from (1.6) to (1.5), and expansions for powers and logs of series.

We use the following notation and terminology. Let (x); = I'(z +1)/T'(z)
and (z); = T'(z + 1)/T(z — i 4+ 1). An inequality in R consists of k inequalities.
For example, for x in C¥, where C is the set of complex numbers, Re(x) < 0
means that Re (z;) < 0for 1 <i < k. Also let [(A) = 1if A is true and I(A) =0

T
if A is false. For @ € C* let 8 denote the vector with ; = Z 0;.
j=1
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2.  MAIN RESULTS

For 1<ri<--<rp<nsets;=n—r;. Here, we show how to obtain
expansions in inverse powers of n for the moments of the X, ¢ for fixed r when
(1.5) holds, and in particular when the upper tail of F' satisfies (1.6).

Theorem 2.1. Suppose (1.6) holds with cy, a, 3> 0. Then F~1(u) is
given by (1.5) with o; =ia—1/a, a=fB/a and b; = C;j;/,, where Cj, =
cg)@ (=, co,x*) of (A.3) and x} =z (a,1,c) of (A.4). In particular,

Coy = ¢},

Cl,z/, = wcg_a_lcl ,
Coyp = 11)03’72%2 {0062 + (¢ —2a—-1) c%/2} ,
Ca = e [Ber + (0= 3a—1) cocres + {(+1)a/6(2 + 3a/2)(a+1)} ¢

and so on. Also for any 6 in R,

o)

(2.1) (F Y} =Y (1 —wiciy

=0

at 1 = 0/a.

On those rate occasions, where the coefficients d; = C; 1/, in F~Yu) =
o0

Z(l — 1) Y/%d; are known from some alternative formula then one can use
=0
Cip = d§C; (0,1/do,d) of (A.3).

Proof of Theorem 2.1: By Theorem A.1 with k=1, we have 7% =
Zaz u)'T at u = F(z), where

—1
Lo =C
-2
i =¢, " “a,
2
xQ—coa?’{ coca + (a+ 1)c }

xh =g 4{ ches + (24 3a) cocrea — (2+ 3a) (1 +a) i /2}

and so on. So, for S of (A.1), 27 = ¢y v [l + oS (v2,x*)] at v =1 —u. Now
apply (A.2). O
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Lemma 2.1. For 6 in C*,

k
(2.2) E|J]Q-Un)%| = bu(r:0),
i=1
where
k
(2.3) bn, (r:@) = Hb(rifri,l,nfriqtlzgi)
i=1

and b(a, 3 :0) = B(a, 5+ 0)/B(a, 3). Also in (1.4),

k
(2.4) B, (r) = HB(ri—ri_l,n—ri—i—l) .

i=1

Since B(a, 3) = oo for Ref < 0, for (2.2) to be finite we need n —r; + 1 +
Re §; >0 for 1 <i <k.

Proof of Lemma 2.1: Let I, denote the left hand side of (2.2). Then
k

I = /Bn(u ) [T (1 = w)? duy---duy, integrated over 0 < uy < --- < ug < 1 by

i=1
(1.3). So, (2.2), (2.4) hold for k = 1. Set s; = (u; —u;—1) /(1 —uj—1). Then

1 1
Iy = / a1 — ) / (ug —u1)™ " (1= u2)™ 2 quy [ By (x)
0 u

1

which is the the right hand side of (2.2) with denominator replaced by the right
hand side of (2.3). Putting 8 = 0 gives (2.2), (2.4) for k = 2. Now use induction.
O

Lemma 2.2. In Lemma 2.1, the restriction

(2.5) 1<r<--<rp<n may be relaxed to 1<r;<---<rp<n.

Proof: For k =2, the second factor in the right hand side of (2.3) is
b(?"g —ry, n—ro+1: 92) =f ((92) /f(O), where f(02) = F(’I’L—’I“Q + 1+92) /
F(n—rl + 1+§2) = 1 if ro = r1 and the first factor is b(rl,n—rl +1 :?1) =
E [(1 — Unm)el] . Similarly, if r; = r;_1, the i-th factor is 1 and the product of the

k
others is E H (1 — Un’r]_)ej , where 9; =0, for j #i—1 and 9; =0;—1+0;
=1
for j =i —1. O

Corollary 2.1. In any formulas for E [g (X, +)] for some function g, (2.5)
holds. In particular it holds for the moments and cumulants of X, ;.
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This result is very important as it means we can dispense with treating the
2k=1 cases r; < 141 or 15 = 1441, 1 < i < k — 1 separately. For example, Hall [7]
treats the two cases for cos (X, Xy ) separately and David and Johnson [3]

treat the 2¥~1 cases for the k-th order cumulants of Xnr separately for k < 4.
Theorem 2.2. Under the conditions of Theorem 2.1,

k
0;
H Xn’ri
=1

= Z Cirpn - Cip b (r 1 ia — /)

il,...,ik:()

(2.6) E

with by, as in (2.3), where 1 = 0/a. All terms are finite if Re@ < (s + 1) a, where

S; =N —T;.

Lemma 2.3. For «, 8 positive integers and 0 in C,

at+p—1
(2.7) bla,3:0) = [] A+6/)7".
=5
So, for @ in CF,
- k  si—1 B 1
(2.8) b (r:0) =] T] 0 +0:/5)
i=1j=s;+1

where s; = n — r; and rg = 0.

Proof: The left hand side of (2.7) is equal to T'(B+0)'(a+(3)/
{T(B+60+a)(B)}. But I'a+ z)/T'(x) = (2)a, so (2.7) holds, and hence (2.8).
0

k—1
From (2.3) we have, interpreting H b; as 1,
i=2
Lemma 2.4. For s; =n —1;,
(2.9) by (r:0) = B(s:0)n! /T (n+1+61),
where
— — k —
B (S : 0) =T (81 + 1+ 91) (81!)_1 Hb (Si,1 — 8§, S; + 1: 02)
i=2

does not depend on n for fixed s.
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Lemma 2.5. We have

oo
n!/T(n+14+0) = GZeZ
=0

eo(d) =1, e(0) =—(0)2/2, e2) =(0)3(30+1)/24,

(0) = —(0)4(0)2/ (4!-2),  ea(0) = (0)5 (156° + 300> + 50 — 2) / (5! - 48) ,
es(0) = —(0)6 ()2 (36* + 760 —2) /(6! - 16) ,

(6) = (0)7 (630° + 3150 + 3156° — 916% — 426 + 16) / (7! - 576) ,

(0) = —(0)3(0)2 (90" + 546° + 5167 — 580 + 16) / (8! - 144) .

Proof: Apply equation (6.1.47) of Abramowitz and Stegun [1]. O

So, (2.6), (2.9) yield the joint moments of X, ,n "/ for fixed s as a power
series in (1/n,n™%):

Corollary 2.2. Under the conditions of Theorem 2.1,

|| TLTLS

where ¥ = 0/a and

Cj(s:v) = Z{Ch,wl'”cik#’kB (s:ia—1): i1+"'+ik:j}-

— S T (n+14ja—3) " Cils:9)

=0

(2.10)

So, if s, 8 are fixed as n — oo and Re (0) < (s + 1) @, then the left hand
side of (2.10) is equal to

(2.11) WS m e (ja ) € (s )

1,7=0

If @ is rational, say a = M/N then the left hand side of (2.10) is equal to
(2.12) n1 i n~™Nd,, (s )
m=0
where
dn (50 9) = Y {ei (ja— 1) Gy (s 9): iN + M =m}
= > {em-ia (ja— 1) Ci(s:9): 0<j < mfa}

if N =1; so for d,, to depend on ¢; and not just ¢y we need m < M.
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The leading term in (2.11) does not involve ¢; so may be deduced from
the multivariate extreme value distribution that the law of X, ,_s,, suitably
normalized, tends to. The same is true of the leading terms of its cumulants.
See Withers and Nadarajah [18] for details.

The leading terms in (2.11) are
n¥1 [{1 T )2/2) Co (s ) +nCy (s : ) + O (n—2ao)] ,
where
ap = min(a, 1) ,
Co(s:%) = coB (s '—E) ;
Cr(s:) = o 2012% (s:al, - )

and I, = I(m < j). For k =1,
Co(s: ) = (s + 1)y = ¢/ (s)y
Ci(s: ) = e ™ ler(s + Day = ef " rer/(s)y-
Set
Te(A) = b(s1—sp, s+ 1:A) = [] 1/(1+)/4)
j=s2+1

for A\ an integer. For example, ms(1) = (s2+1)/(s1 +1) and 7s(—1) = s1/s9.
Then for k = 2,

Co(s: A1) = c2s1)qy (=)
=c2(s1—1)"tsy for A=1
= c2(sg—2)5 (s9)y 1 for A =2
and
Ci(s: A1) = A er(s1)gn Ams(=A) + ms(a— N}
= )\c(l)_“cl Yo a{31/32+7rs( 1)} for A\=1
= Aeger(s1) o (s1)2(s2)y  +ms(a—2)}  for A=2.
Set A\=1/a, Y, o = Xpn—s/ (nco)A and B, = )\ca“_lcl. Then for s > A —1
(213)  E[Yas] = {1-n7"(N)2/2} ()1 + 07 Ee(s)}], + O (n72*)
and for s1 > 2\ —1, s9 > A — 1, 51 > s9,

(214)  E[YysYas,) = {1—n"12))2/2} Bag+n “EcDy + O (n72%)



Extremes for Quantiles and Multivariate Moments 35

where Bag = (s1)5y (=), Do = (s1)55_, {7s(—=\) + 7s(a — A)} and
(2.15) Cov (Yns1, Yysy) = Fo+ Fi/n+ EcFa/n+ O (n=2%)

where FO = 3270 — <81>;\1<82>;1, F1 = <)\>2<81>;1<82>;1 — <2)\>2B2’0/2 and F2 =
D, — <81>;1<82>)_\ia — <81>;ia<82>;1. Similarly, we may use (2.11) to approxi-
mate higher order cumulants. If @ = 1 this gives E[Y;, 5] and Cov (Y, 5,, Y5 s,) to
O (n‘Q).

Example 2.1. Suppose a = 1. Then Y,, s = X, ,,—s/ (nco), Ec = caa_lcl,

Byo=—F1=(s1— 1)_1 52_1, = <31)2_152_1, D,= <81>2__1aGa, where G, = 8182_1 +
ms(a —1) for s1 > s9, G, = 2 for 51 = s9 and F» = D, — 31_1<32>1__1a — 32_1<31>1__1a.
So,

(2.16) E[Yns = s ' +n Ee(s);t, + O (n72%)

)

for s > 0 and (2.14)—(2.15) hold if
(2.17) st >1, 50 >0, S1 > 89

A little calculation shows that Cp (s : 1) = cfBro, C1 (s: 1) = ci=*"'¢; By ., and

k
= {14+ n""(k)2/2} Bro+n “EcBy. + O (n?%)

= mo(s) +n"lmi(s) + n"%ma(s) + O (n=2)

say for s; >k —i,1 <i<kand sy > - > s, where

k
By, = ZBk,j ;
i=1

k
Bio=[]1/(s1—k+1),

=1

i-1 i
Bij=][[Gi—k+a+i) " (sj—k+j+Lar J[ (si—k+i)",

i=1 i=j+1

k—1
Bng = H (Si —k+a+ i)_l <5k>f_1a

i=1

for s; >k —i and 1 <j <k. For example, By o= s1, Bomo = (51 — 1)71 551
and Bz g = (51 —2) ' (sp —1)7" 531 S0, kn(s) = & (Vs -y Y5, ), the joint cu-
mulant of (Y, s,y Yos, ), 18 given by rn(s) = ko(s) + n 1 k1(s) + n %q(s) +
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0 (nfzao), where, for example,

ko (81,82,53) = mo (51, 52,53) — mo (s1) Mo (52, 53) — Mo (52) Mo (51, 53)
3

—mg (s3) mo (s1, $2) + 2 HmO (s4)
=1
= 2(s1+s2—2)D(s1,82,83) ,

k1 (1, 82,83) = mq (s1,S2,83) —mg (s1) m (s2,53) — mo (s2) my (s1,53)
—myg (s3) m1 (51, 52)

= 2{s2(1—251) + 81 — s%} /D (s1,82,83) since mq(s1) =0,

Ka (81,82,83) = Mg (81,82,83) —mo (51) Ma (82, 83) — ma (1) Mo (s2, 83)
—myg (52) Ma (51,83) —ma (s2) Mo (51, 83) — Mo (83) Ma (51, 52)
—mg (83) mo (81, 52) +2mg (s1) mo (s2) Mg (83)
+2mo (s3) mo (1) ma (s2) + 2mo (s2) mo (s3) Ma (s1)

Where D (81, 59, 83) = <51>3 <52>283.

Consider the case a = 1. Then K, (s1, s2,53) = 0 so
Rn (81,82783) = 2{81 + S9 — 2 + nil (82 (1 — 281) + 51 — 8%)}/D (81,82, 83)

(2.18) +0(n7?).
k

Set s. = Zsj. Then
j=1

Bi.=Bi1—1, Bys=1/sy, Bas=1/so, Byo = s1,
By. = sfl + 551 = (s1+ s2)/(s152) ,
B371 = <82 — 1)_1 551 s B3’2 = (81 — 1)_1 851 s Bg}g = (81 — 1)_1 82_1 N
Bs. = {sy(s.—2) — s3} (s1 — 1)t (s2)5's3t,
B471 = (82 - 2)_1 (83 — 1)_1 Szl 5 B4,2 = (81 — 2)_1 (83 — 1)_1 SZl s
Big=(s1—2) " (s2—1)""s;',  Baa=(s1—2)"'(s2—-1)""s5",
B47. = {8.83 (SQ — 2) + 83 (82 — 482 + 4) — 8284} {(81 — 2) <82 — 2)2 <83>2 84}_1 .
Also B, = 06201, D, = 51_1 + 52_1, F5, =0, and
(219) EY,,] =s'+n'E.+0(n?) for s>0,
(220) E[VnqYns = (1—n"') By, +n 'EcDy+ O (n™%) if (2.17) holds,
(2.21) Cov (Yps1, Yioss) = (51)5 "85 " (82 — n_lsl) +0 (n_Q) if (2.17) holds .
In the case a > 2, (2.19)—(2.21) hold with E; replaced by 0. In the case a <1,

(2.14)—(2.16) with ag = a give terms O (n™2*) with the n~! terms disposable if
a<1/2.
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We now investigate what extra terms are needed to make (2.19)—(2.21)
depend on ¢ when a =1 or 2.

Example 2.2. « = 3 = 1. Here, we find the coefficients of n=2. By (2.12),

2
dy(s: ) = 262—]‘ (J—41) Cj(s: )
=0

) (—@1) Co(s:v)+er (1 —E1) Ci(s:¢)+Ca(s: )

= Co(s:ep) if ;=1 or 2.
For k=1, Cao(s:9) = Coy(s+1)a—y, where Co y, = @00374 {C[)CQ + (¢ — 3)0%/2},
so da(s: 1) = (s + 1)Fe, where Fe = ¢ > (coc2 — ¢}), so in (2.19) we may replace
O (n2?) by n (s + 1)Fecg' +0 (n=3). For k = 2,

Co(s:1) = Z{Ci716’~71B(s:O,j—1): i+j:2}

= C01C2,1{B(s:0,1)+ B(s:0,—-1)} + C} B (s : 0,0) ,
where B(s:0,\) =b(s1 —s2,52+1: ) =ms(A), so da(s:1)=Ca(s:1)—
Dy ¢He + 0626%, where Dy = (s2+ 1) (s1 + 1)_1 + 31351, H, = 662 (6062 — C%)

and in (2.20) we may replace O (n™2) by n~2?d (s : 1) g2+ 0 (n=3). Upon sim-
plifying this gives

Cov (Yn,s1, Ynsy) = <31>2_132_1 (1 — nilsl) — 652Hc F3¢ n 240 (nfz) ,

where Fyg = (s2 4+ 1) /(s1)2 + 55 "
Example 2.3. a=1,3=2. So,a=2, A\=1,% = 6. By (2.12),

da(s:1) = e2-2j (2j — ) Cj (s : 9)

1
=0
= es (—@1)CO(S:Q/J)+C’1(S:'¢)

= Cy(s:v) if ;=0,1 or 2.

<

For k =1,

cglei(s+1), ifyp=1,

Ci(s: — ¥ B ls) L, =
18 9) = Ve Terls)y {2(:51(;1, it =2,

s0 E[Yys) =5 4+ cpei(s+1)n 2+ 0 (n=3) for s > 0. For k=2, C(s:1) =
CaICIDQ’S for Dy s above, so

EY, s Yns] = (1 — n_l) (s1 — 1)_1 82_1 + n_2ca3ch2,S +0 (n_3)
and

Cov (Yo s, Yns,) = <31)2_132_1 (1 - n_lsl) —n72 05301 F56+0 (n_3) )
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3. EXAMPLES

Example 3.1. For Student’s ¢ distribution, X = tx has density function

(1+2%/N) gy = idi N
=0

where 7 = (N +1)/2, v =T()/ {VN7 T(N/2)} and d; = <§7>Aw+wN.
So, (1.6) holds with & = N, § =2 and ¢; = d;/(N + 2i). In particular,

co=N"gy,

o = —y NN +2)7 gy = =N (N +1) (N +2) gy /2,
2 = (72 NN +4) g /2,

s = (s N (N +6)7/6

and so on. So, a = 2/N and (2.12) gives an expression in powers of n~%?2 if N is

odd or n= if N is even. The first term in (2.12) to involve ¢1, not just co, is the

coefficient of n=9.

Putting N = 1 we obtain

Example 3.2. For the Cauchy distribution, (1.6) holds witha =1, =2
and ¢; = (—1)'(2i + 1) 771 So,a=2,¢ =0, Coy = ¥, Ciy =—9 n2¥/3,
Cop =07 ¥ {1/5+ (¥ —5)/a} and Csyp = -7 ¥ {1/105 — 2¢/15 +
(1 +1)2/162}. By Example 2.3, Y;, s = (7/n) X,, 5, satisfies

(3.1) E[Y,s = s ' —n 27 (s+1)+0 (n?)
for s > 0 and when (2.17) holds
(32) EYnsYns) = (1—n71)(s1 — D7 syt —n 272Dy /34 O (n™?)
for Dyg = (s2+1)/(s1+ 1)+ s1/s2 and
Cov (Yns1, Yns,) = (81>51551 (1 — n_lsl) +n2x? F54/34+0 (n_3)

for F3s = (s2 + 1) /{s1)2 + 55 . Page 274 of Hall [7] gave the first term in (3.1)
and (3.2) when s; = sy but his version of (3.2) for s; > sy replaces (s; — 1) 55"
and Do ¢ by complicated expressions each with s; — sy terms. The joint order of

order three for {Y;, 5,,1 < i < 3} is given by (2.18). Hall points out that F'~1(u) =
[ee]

cot (m — mu), so F~1(u) = Z(l —u)?71C; 1, where C; ; = (—47r2)i 7 1By /(2i)\.
=0
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Example 3.3. Consider the F' distribution. For N, M > 1, set v = M/N,
y=(M+ N)/2 and gy = v™/2/B(M/2,N/2). Then X = Fy y has density

function

o
xM/2 1+ve) "gun = v N/2 (1 + V_lx_l)_w IM,N = dev_N/Q_i ,
=0

where d; = harn <_,7> V' and hvyN =gunv™ ) = I/_N/z/B(M/Q,N/Q). So, for
7

N >2,(2.1) holds with a = N/2— 1, B =1 and ¢; = d;/(N/2 +i—1). f N =4
then o =1 and Examples 2.1-2.2 apply. Otherwise (2.13)-(2.15) give E[Y}, 4],
E [Yy.s,Yns,) and Cov (Y, 5, Y5 s,) to O (n_QaO), where Y, s = Xy n—s/ (nco) A,
A=1/a, a=2/(N —2), ap =min(a,1) =a if N >4 and ap = min(a,1) =1 if
N < 4.

Example 3.4. Consider the stable laws. Page 549 of Feller [5] proves that
the general stable law of index o € (0, 1) has density function

o0

>l ag(any)

k=1

where ag(a,7) = (1/7) D(ka + 1) {(=1)F/k!} sin{km(y — a)/2} and |y| < o
So, for x > 0 its distribution function F' satisfies (2.1) with f =« and ¢; =
air1(a, )y 1(i4+1)"L. Since a =1 the first two moments of Y, s = X, s/ (nco))‘,
where A = 1/a are O (n™?) by (2.13)—(2.15).

Example 3.5. Finally, consider the second extreme value distribution.
Suppose F(z) = exp (—z~%) for x > 0, where o > 0. Then (1.6) holds with 8 = «
and ¢; = (—1)*/(i +1)!. Since a = 1 the first two moments of Y, s = X, ,_s/n'/®
are given to O (n™?) by (2.13)—(2.15).
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APPENDIX: AN INVERSION THEOREM

Given z; = y;/j! for j > 1 set
(A.1) :§tx Zx]tszty Zy]tj/]!.

The partial ordinary and exponential Bell polynomials Bﬁm(x) and B, ;(y) are
defined for r = 0,1, ... by

= itrﬁm = ’L'Ztr ri(y)/r!.
r=t

S0, Bro(x) = Bro(y) = 1(r = 0), Bri(Ax) = NByi(x) and By.i(Ay) = X' Bri(y).
They are tabled on pages 307-309 of Comtet [2] for < 10 and 12. Note that

(A.2) (14 A8)2 Zt"c - Ztrc /.

where

(A.3) Cr = Cr(a,\x) = s Byi(x) ((5) \i
=0

and

¢ =G, (a7A7Y) = ZBT,Z(Y) <a>2)‘l :

So, @0 =1, Cy = alry, Cy = alzs + () \222 /2, 63 = adxsg + {a)eA?z129 +
(a)3A323/6 and Cp = 1, C1 = aly1, Cy = adys + (a)2A?yF. Similarly,

log(1 + \S) Ztr ,ﬂfzt" D, /r!

and
exp(AS) = 1+ "B, = 1+ "B, /rl,
r=1 r=1

where

)
3
Il
-]
i
}/
NeJ
Il
|
ing
os)}
S
~
-~
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B, = B,(\,x) = ZBM YA/l

and

Br = Br()‘7Y) = ZBr,i(Y) !
=1

Here, B,(1,x) and B,(1,y) are known as the complete ordinary and exponential
oo

Bell polynomials. If z; = y; = 0 for j even, then S = ¢! ZthQj, where X; =

Jj=1
Z25—1, SO

St =t thém-(X) and exp(AS) =1+ Ztkék ,
' k=1

where
By = Z{§r7i(X)Ai/i!: i=2r—k, k/2<r< k:} .

The following derives from Lagrange’s inversion formula.

Theorem A.l. Let k be a positive integer and a any real number.
Suppose

o0 o0
v/u = g riu't = g y; v /i
i=0 =0

with xg # 0. Then

[o¢]
i = Yot = 3 G
=0

where x} =z} (a,k,x) and y} =y} (a, k,y) are given by

(A4) 2] = kn'Ci(—n,1/mo,x) = kag™ Y (n+1);-1Bi;(x) (—z0) 7 /!
§=0

and

(A5)  yf = kn 'Ci(—n,1/yo,y) = kyg™ Y (n+1);-1Bi;(y) (—y0) ™7,
3=0

respectively, where n = k + ai.

Proof: u/v has a power series in v so that (u/v)¥ does also. A little work
shows that (A.4)—(A.5) are correct for i = 0,1, 2,3 and so by induction that =}z
and y}yi* are polynomials in a of degree i — 1. Hence, (A.4)—(A.5) will hold true
for all a if they hold true for all positive integers a. Suppose then a is a positive
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integer. Since v/u =z (1+ x(le) for S = g(ua, x) = S (u®,y), the coefficient
of u® in (v/u)™" is :UU_”CA’Z (—n,1/x0,%x) =y, "Ci (—n,1/y0,y) /(n — k). Now
set n =k + ai and apply Theorem A in page 148 of Comtet [2] to v = f(u) =

o
E ziut T, O
i=0

Theorem F in page 15 of Comtet [2] proves (A.4) for the case k =1 and a
a positive integer.
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1. INTRODUCTION

A diagnostic test is a medical test that is applied to an individual in order
to determine the presence or absence of a disease. When the diagnostic test
can only give two possible results (positive, indicating the provisional presence
of the disease, or negative, indicating the provisional absence of the disease)
the diagnostic test is called a binary diagnostic test (BDT) and it is used very
frequently in clinical practice. A stress test for the diagnosis of coronary disease
or a mammogram to diagnose breast cancer are two examples of BDTs. The
most common parameters to assess the accuracy or performance of a BDT are
sensitivity (Se) and specificity (Sp). Other commonly used parameters to assess
the performance of a BDT are predictive values (PVs). The positive predictive
value (PPV) of a BDT is the probability of an individual having the disease given
that the result of the BDT is positive and the negative predictive value (NPV)
is the probability of an individual not having the disease given that the result
of the BDT is negative. The predictive values (PVs) are a measure of clinical
accuracy of the BDT, and they depend on the sensitivity and the specificity of
the BDT and on the prevalence of the disease (p). Applying Bayes Theorem, the
PVs are calculated as

p x Se
PPV =
px Se+ (1—p) x (1-Sp)
(1.1) and
NPV = (1—]9) X Sp

px(1-Se)+(1—-p)xSp

In the study of statistical methods for the diagnosis of diseases, comparison of
the accuracy or the performance of two diagnostic tests is a topic of particular
importance. In paired designs (i.e. when the two BDTs and the gold standard
are applied to all of the individuals in a random sample), comparison of the PVs
of two BDT's in relation to the same gold standard has been the subject of several
studies in the statistical literature [1, 2, 3, 4]. In all of them, the comparison of
the two PPVs and the comparison of the two NP Vs is carried out independently.
Roldan-Nofuentes et al. [5] showed that the PVs of two (or more) BDTs are
correlated and they studied a global hypothesis test based on the chi-squared
distribution to simultaneously compare the PVs of two or more BDT's in relation
to the same gold standard. In all of these studies, the disease status of all of
the patients is known, as well as the results of the two diagnostic tests. This
situation is also known as ‘complete verification’ (because the gold standard is
applied to all of the individuals in the sample). Poleto et al. [6] studied the
comparison of the predictive values of two BDTs when for some individuals we
do not know the results of one of the two BDTs. Furthermore, in clinical practice
it is common for the gold standard not to be applied to all of the individuals in the
sample, thus leading to the problem known as partial disease verification [7, 8, 9].
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Therefore, the disease status (if the disease is present or absent) is unknown for
a subset of individuals in the sample. In this situation, Rolddn-Nofuentes et al.
[10, 11] studied the comparison of the PPVs and of the NPVs of two BDTs.
Nevertheless, in these two studies they did not consider the dependence that
exists between the PVs of the diagnostic tests. This is the essence of our article,
to study a global hypothesis test that allows us to jointly compare the PVs of two
(or more) BDTs in the presence of ignorable missing data. In this article, we study
a global hypothesis test to simultaneously compare the predictive values of two
or more BDTs when, in the presence of partial disease verification, the missing
data mechanism is ignorable. In Section 2, we propose a global hypothesis test,
and other alternative methods, to simultaneously compare the PVs of multiple
BDTs. In Section 3, Monte Carlo simulation experiments are carried out in order
to study the type I error probability and the power of the global hypothesis test
(and of the alternative methods) when comparing the PVs of two and of three
BDTs respectively. In Section 4, the method proposed is applied to two examples,
and in Section 5 the results obtained are discussed.

2. THE MODEL

Let us consider J BDTs (J > 2) that are applied independently to the
same random sample of size n extracted from a population that has a determined
prevalence of the disease (p). Moreover, let us consider that the gold standard
has not been applied to all of the individuals in the random sample. In this sit-
uation, the J diagnostic tests are applied to all of the individuals in the sample
whilst the gold standard is only applied to a subset of them. Therefore, the re-
sults of the J diagnostic tests are known by all of the individuals in the sample,
whereas the result of the gold standard (i.e. the disease status) is only unknown
to a subset of them. Let T}, V and D be the random binary variables defined
as: Tj which models the result of the j-th BDT (j=1,...,J), so that Tj =1
when the test result is positive and T; = 0 when the result is negative; V' models
the verification process, V =1 when the individual is verified with the gold stan-
dard and V = 0 when the individual is not verified; and D models the result of
the gold standard, D = 1 when the individual has the disease and D = 0 when
the individual does not. Let Se; = P(T;=1|D=1), Sp; =P (T; =0|D =0),
PPV;=P(D=1|Tj=1) and NPV; = P(D=0]|T;=0) be the sensitivity, the
specificity, the positive predictive value and the negative predictive value of the

J-th BDT respectively. Let the observed frequencies be: s;,, _;, is the number of

iy
patients verified in which 71 = i1, Ty =49, ..., Ty =4y and D = 1; r;, _ ;, is the
number of patients verified in which T} = iy, T5 =49, ..., Ty =iy and D = 0; and
Ui, ,....i, 1s the number of patients not verified in which T = i1, Ty =42, ..., Ty =iy

with ¢; =0,1 and j=1,...,J. Let n;, .i;, = Si,..i; +Tis, iy + Ui, i, and
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1
n= Y N,.i, - Asonly asubset of individuals in the sample have their disease
1500y g =0
status verified with the gold standard, the verification probabilities (Mg, i,)
are defined as the probability of selecting an individual for whom D = k, T} = i1,
Ty =9, ..., Ty =iy with k,i; = 0,1, j = 1, ..., J, to verify his or her disease status
ie.

Noiroi) = P(V:1 | D=k, Ty=i1, Ty =i, ..., TJ:z'J).

Assuming that the verification process with the gold standard only depends on
the results of the J BDTs and does not depend on the disease status, then
the missing data mechanism is missing at random (MAR) [12]. Assuming also
that the parameters of the data model and the parameters of the missingness
mechanism are distinct, then the missing data mechanism is ignorable [13]. Under
this model, the verification probabilities are

Akyit,iy = Nigyiy = P<V= 1| Ty=iy, To=ig, ..., Ty = iJ) ;

and all of the parameters can be estimated applying the maximum likelihood
method.

2.1. Maximum likelihood estimators of the PVs

As the J BDTs are applied to all of the n individuals in the random sample
and the gold standard is only applied to a subset of them, the frequencies observed
Tit,igs Sin,iy and g, with i; = 0,1 and j = 1,...,J, which can be written
in the form of a 3x2” table in which the sample of size n has been set, are the
realization of a multinomial distribution whose probabilities are

Ornis = P(V=1, D=1, Ti= i, To=is, .., Ty =1y),

901'1,...,@ = P(V: 1, D= 0, T1: il, TQ = ig, veey TJ: ’LJ)

and
Yirsois = P(V=0,Ty=it, Ty= i, o, Ty =is) .

Let w = (1,15, 80,...00 P11 -+, £0,....00 V1,15 ...,707,__70)T be a vector sized
(3 .27 ) whose components are the probabilities of multinomial distribution and
Nivroiy = Piv iy + Pirsiy +Yir,....i,- Assuming that the missing data mechanism
is ignorable, the PVs of the j-th BDT are written in terms of the parameters of
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the vector w and of the verification probabilities as

1

-1
Z ¢’L17---71J A’£17~..,Z’J

W15yt =05 15=1

PPV; = 1
Z Mityeeiy
i1,y =035 =1
(2.1) and
1
1
Z Piy,.. Sty )\7,1, Ly
i1y00yi =03 15 =0
NPV; = 1 ,

> Niv iy

01 eeyi j=0; i =0

where N, i, = (i,.i; + Pir,i;)/Mir,...i, are the verification probabilities.
Therefore, in equations (2.1) we can observe the dependence of the PVs of the
verification process subject to the MAR assumption. In this situation the loga-
rithm of the likelihood function is

1 1
I = Z Szl, iy log (diy,..iy) + Z Tiy,..i; 108 (@i, .iy)
Ulyeesly U105ty =0
+ Z Uiy,... iy Iog (’yi17--~7iJ) )
i1y g =0

so that maximizing this function, the maximum likelihood estimators (MLEs) of
Gir,iy> Pin,.iy and v, 5, are the estimators of multinomial proportions [14],
ie.

. Siyoi R Tiyooi R Uiy
(22) ¢i1,...,ij = % ) SOZ'L...,Z'J = “TZJ a‘nd ,yil,...,i‘] = “TZJ )
and the MLE of n;, . i, i8S iy ,..i, = Niy,..i, /7. Substituting in equations (2.1)
the parameters with their respective MLEs given in equations (2.2), the MLEs
of the PVs of the j-th BDT are

1
Z Siq,eig Tig,.iyg
S . Siy,..iytTip, g
—_— i1,...07=0;7;=1
PPV, =
1
Z o Mg,y
i1,...05=05%;=
and
1
Z Tiq,...igTig,...ig
. . . Siq,.igtTiq, i
— i1,...57=0;1;=0
NPV, = -

Once we have obtained the MLFEs of the PVs of the J BDTs, we then estimate
their variances-covariances.
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2.2. Estimation of the variances-covariances of the PVs

As the vector w is the vector of probabilities of a multinomial distribution,
the variance-covariance matrix of @ is Y = {diag (w) —w'w}/n. Let T =
(PPV4,...,PPV; NPV, ..., NPVJ)T be a vector sized 2.J whose components are
the PVs of the J BDTs, and let ¥ be the MLE of 7. As 7 is a function of
the components of the vector w, applying the delta method [15] the asymptotic
variance-covariance matrix of 7 is

Z N or Z or T
# \Ow @\ dw )’
Substituting in the previous expression each parameter with its corresponding

MLE, we obtain the estimated asymptotic variances-covariances of the estimators
of the PVs of the J BDTs.

Moreover, the asymptotic variances-covariances of ¥ can also be estimated
through bootstrap [16], generating, from the random sample of size n, B sam-
ples with replacement and from these B samples asymptotic variance-covariance
matrix of 7 is estimated.

Once we have obtained the MLEs of the PVs and their estimated asymp-
totic variances-covariances, it is possible to solve the global hypothesis test to
simultaneously compare the PVs of the J BDTs.

2.3. Global hypothesis test

The global hypothesis test to simultaneously compare the PVs of J BDTs
is

Hy: PPV; =PPVo=..-=PPV; and NPV, =NPVo=...= NPV,

Hy: at least one equality is not true,
which is equivalent to the hypothesis test

(2.3) Hy: AT=0 vs Hy: AT #0,

where A is a full rank matrix sized 2 (J —1) x 2J whose elements are known

constants. For two BDTs (J = 2) the matrix A is <é ?) ® (1 —1), and for

J = 3 this matrix is ( (1] (1) ) 2 ( (1) _11 _01 )7 where ® is the Kronecker product.

As the vector 7 is asymptotically distributed according to a normal multivariate
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distribution, i.e. # —— N (7, X;), the Wald statistic for the global hypothesis
n—oo
test (2.3) is

~ —1
(2.4) Q% = #+TAT <AZAAT> A+,

which is asymptotically distributed according to a chi-squared distribution with
2 (J — 1) degrees of freedom when the null hypothesis is true.

If the global hypothesis test is solved applying bootstrap, the statistic for
the global test is similar to that given in the expression (2.4), substituting 7
with the bootstrap estimator of 7 and 2+ with the variance-covariance matrix
estimated through bootstrap.

Other alternative methods will now be proposed to solve the global hypoth-
esis test (2.3).

2.4. Alternative methods

The method proposed in the previous Section to solve the global hypoth-
esis test (2.3) is based on the chi-squared distribution. The following are some
alternative methods to solve this hypothesis test:

Method 1. Consists of solving the J (J — 1) marginal hypothesis tests given
by
Hy: PPV, =PPV, vs H;: PPVy# PPV,

and
Hy: NPV, = NPV, vs H: NPV, # NPV,

with k,0=1,...,J and k # [, each one to an error rate of a/{J(J —1)}, i.e.
applying the Bonferroni method [17], where the statistics is
PV, — PV,
(25) z= b l — N(0,1),
\/ Var (PV; ) + Var (PV;) — 2Cov ( PV, PV))

and where PV is PPV or NPV respectively.

Method 2. Consists of solving the J (J — 1) marginal hypothesis tests and
applying the multiple comparison method of Holm [18] to a global error rate of
Q.

Method 3. Consists of solving the J (J — 1) marginal hypothesis tests and
applying the multiple comparison method of Hochberg [19] to a global error rate
of a.
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These methods are very easy to apply from the p-values calculated in the
J (J — 1) marginal hypothesis tests. The Bonferroni method is a classic method of
post hoc comparison, and the Holm and Hochberg methods are less conservative
post hoc methods than the Bonferroni method. Furthermore all of the aforemen-
tioned methods can be applied both if the PVs and their variances-covariances
are estimated through the maximum likelihood method and the delta method
respectively, or if they are estimated through the bootstrap method.

3. SIMULATION EXPERIMENTS

Monte Carlo simulation experiments were carried out to study the type I
error probability and the power of the global hypothesis proposed in Section 2.3
and of the alternative methods proposed in Section 2.4, when comparing the
PVs of two and of three BDT's respectively, and both if the variance-covariance
matrix is estimated through the delta method and if it is estimated through
the bootstrap method. These simulation experiments were designed in a similar
way to those carried out by Roldan-Nofuentes et al. [5], and consisted of the
generation of 5000 random samples with multinomial distributions sized 50, 100,
200, 500, 1000, 2000 and 5000. For all of the study o = 5% was set. All of the
random samples were generated in such a way that in all of them it was possible
to estimate the PVs and their variances-covariances. In the case of bootstrap,
for each random sample 2000 samples with replacement were generated and from
these ¥ and z,,:_ were calculated. All of the random samples were generated
from the PVs and the prevalence, without setting the values of sensitivity and
specificity of each BDT in the following way:

1. As PVs we took the values {0.60,0.65,...,0.90,0.95}, which are quite
common values in clinical practice, and as values of the disease preva-
lence we took the values {0.05,0.10,...,0.90,0.95}.

2. Once the PVs and the disease prevalence were set, the sensitivity and
the specificity of each diagnostic test were calculated from equations
(1.1), and then the maximum values of the dependence factors between
the two BDTs were obtained from the values of the sensitivity and
specificity of each diagnostic test applying the model of Vacek [20] for
two BDTs and applying the model of Torrance-Rynard and Walter [21]
for three BDTs. In Appendix A both models are summarized.

3. For two BDTs, as verification probabilities we took the values

(M1 =0.70, Ao = Ag1 = 0.40, Ao = 0.10)
and
(A1 =0.95, A9 = Ag1 = 0.60, Ago = 0.30),

which can be considered a scenario with low verification and a scenario
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with high verification respectively. For three BDT's, we took the values

(A111 = 0.70, Ai10 = 0.40, Ajg1 = 0.40, Ajgo = 0.25,

Aot1 = 0.40, Moo = 0.25, Agor = 0.25, Aogo = 0.05)
and
(M1 =1, Ai10 = 0.80, A1 = 0.80, A1go = 0.40,

o1l = 0.80, Aol = 0.40, 001 = 0.40, A000 = 0.20) s
which can also be considered as scenarios with low and high verification.

4. In the case of two BDTs, the probabilities of the multinomial distribu-
tions were calculated from the equations of the model of Vacek [20] (Ap-
pendix A). In the case of three BDTs, the probabilities of the multino-
mial distributions were calculated from the model of Torrance-Rynard
and Walter [21] (Appendix A).

3.1. Two BDTs

In Table 1 we show the results obtained for the type I errors probabili-
ties and the powers when comparing the PVs of two BDTs, for different values
of the PVs and for intermediate and high dependence factors, when the PVs
are estimated through maximum likelihood and the variance-covariance matrix is
estimated through the delta method (other tables with results from the simula-
tion experiments can be requested from the authors). Regarding the type I error
probability, the global hypothesis test has a type I error probability which, in gen-
eral terms, fluctuates around the nominal error of 5% especially when n > 500.
In some cases, especially when n < 200 and the verification probabilities are low
and/or the dependence factors are high, the type I error probability may over-
whelm the nominal error. This may be due to the fact that the samples are
not large enough, and therefore some frequencies of the multinomial distribution
which are equal to zero, and the variance-covariance matrix are not well repre-
sented. Regarding Methods 1, 2 and 3 (Bonferroni, Holm and Hochberg), the
type I error probability of each one of them performs in a similar way to that
of the global test, although it is usually somewhat lower than the nominal error
(especially for n > 2000).

Regarding the power, in general it is necessary to have samples of between
500 and 1000 individuals (depending on the verification probabilities) so that
the power of the global hypothesis test is high (higher than 80% or 90%). The
power of the global hypothesis test increases when there is an increase in the
verification probabilities; whereas the increase in the dependence factors does
not have a clear effect on the power of the global hypothesis test (sometimes
it increases and sometimes it decreases). Regarding Methods 1, 2 and 3, their
respective powers perform in a similar way to that of the global test, although
the power of each one of them is slightly lower than that of the global test.



Comparison of the PVs of Multiple BDTs

Table 1: Type I errors probabilities and powers when comparing the PVs
of two BDTs (M1: Method 1, M2: Method 2, M3: Method 3).
TYPE I ERRORS PROBABILITIES
PPVi = PPV, = 0.80, NPVi = NPV, = 0.90
p = 20%
Se1 = Sex = 0.5714, Spl = Sp2 = 0.9643
A1 = 0.70, Aio = 0.40, Mor = 0.40, oo = 0.10
e1 = 0.075, o = 0.01 e1 =0.15, o = 0.02
" | Global test \ M1 \ M2 \ M3 | Global test \ M1 \ M2 \ M3
50 0.007 0.007 | 0.007 | 0.007 0.003 0.003 | 0.003 | 0.003
100 0.039 0.035 | 0.035 | 0.039 0.044 0.039 | 0.039 | 0.044
200 0.070 0.069 | 0.069 | 0.069 0.068 0.067 | 0.067 | 0.068
500 0.066 0.065 | 0.065 | 0.066 0.069 0.068 | 0.068 | 0.069
1000 0.059 0.058 | 0.058 | 0.059 0.054 0.050 | 0.050 | 0.051
2000 0.056 0.055 | 0.055 | 0.055 0.049 0.039 | 0.039 | 0.042
5000 0.048 0.042 | 0.042 | 0.044 0.054 0.048 | 0.048 | 0.049
A1 = 0.95, Mg = 0.60, Aor = 0.60, Moo = 0.30
e1 = 0.075, o = 0.01 e1 = 0.15, £o = 0.02
" | Global test | M1 [ M2 [ M3 | Global test | M1 | M2 | M3
50 0.022 0.021 | 0.021 | 0.021 0.011 0.011 | 0.011 | 0.011
100 0.062 0.058 | 0.058 | 0.062 0.067 0.066 | 0.066 | 0.067
200 0.068 0.067 | 0.067 | 0.068 0.069 0.068 | 0.068 | 0.068
500 0.055 0.056 | 0.056 | 0.057 0.058 0.057 | 0.057 | 0.057
1000 0.058 0.057 | 0.057 | 0.058 0.059 0.057 | 0.057 | 0.058
2000 0.054 0.052 | 0.052 | 0.053 0.048 0.043 | 0.043 | 0.044
5000 0.049 0.044 | 0.044 | 0.047 0.052 0.046 | 0.046 | 0.047
POWERS
PPV, =0.85, PPV, =0.90, NPVi =0.75, NPV, = 0.80
p="75%
Seq = 0.9444, Sp, = 0.50, Ses = 0.9429, Spo = 0.6857
A1 = 0.70, Ao = 0.40, Ao1 = 0.40, Moo = 0.10
e1 = 0.02, £ =0.06 e1 = 0.04, £ =0.12
" | Global test [ M1 | M2 | M3 | Global test | M1 [ M2 | M3
50 0.004 0.004 | 0.004 | 0.004 0.006 0.006 | 0.006 | 0.006
100 0.090 0.089 | 0.089 | 0.090 0.065 0.066 | 0.066 | 0.068
200 0.307 0.264 | 0.026 | 0.266 0.336 0.333 | 0.333 | 0.335
500 0.770 0.667 | 0.667 | 0.668 0.913 0.863 | 0.863 | 0.863
1000 0.984 0.940 | 0.940 | 0.940 0.999 0.998 | 0.998 | 0.998
2000 1 0.998 | 0.998 | 0.998 1 1 1 1
5000 1 1 1 1 1 1 1 1
A1 = 0.95, Ao = 0.60, Ao1 = 0.60, Moo = 0.30
e1 = 0.02, £ =0.06 e1 = 0.04, £ =0.12
" | Global test \ M1 \ M2 \ M3 | Global test \ M1 \ M2 \ M3
50 0.051 0.050 | 0.050 | 0.050 0.032 0.031 | 0.031 | 0.032
100 0.198 0.195 | 0.195 | 0.201 0.175 0.185 | 0.185 | 0.192
200 0.431 0.388 | 0.388 | 0.392 0.553 0.540 | 0.540 | 0.543
500 0.833 0.780 | 0.780 | 0.782 0.965 0.949 | 0.949 | 0.949
1000 0.990 0.978 | 0.978 | 0.978 1 1 1 1
2000 1 1 1 1 1 1 1 1
5000 1 1 1 1 1 1 1 1

95
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Regarding the solution of the global test applying the bootstrap method,
the results obtained are almost identical to those obtained through the method of
maximum likelihood and the delta method. Therefore, in terms of the type I error
probability and the power there is practically no difference between solving the
global hypothesis test through the maximum likelihood method and the bootstrap
method, although the bootstrap requires a greater computational effort.

3.2. Three BDTs

In Table 2 we show some of the results obtained for the type I error prob-
ability and the power when comparing the PVs of three BDTs, also for different
values of the PVs and for intermediate and high dependence factors, when the
PVs are estimated through maximum likelihood and the variance-covariance ma-
trix is estimated through the delta method (other tables with results from the
simulation experiments can be requested from the authors). For three BDT's we
have not considered sample sizes smaller than 100, since with smaller samples
there are too many frequencies equal to 0 (above all when the prevalence is low
and/or the verification probabilities are low) and it is not possible to calculate
the estimators or the variances-covariances. In general terms, the conclusions
reached are similar to those obtained for two BDTs, although for the global test
and for methods 1, 2 and 3 it is necessary to have larger sample sizes so that the
type I error probability fluctuates around the nominal error.

With regard to the power of each method, this increases with an increase in
the verification probabilities, and decreases when there is an increase in the values
of the dependence factors. In very general terms, when the verification probabil-
ities are low it is necessary to have samples of between 500 and 1000 individuals
so that the power of the global test is higher than 80% or 90% (depending on
the values of the dependence factors), although in some situations (high depen-
dence factors) it is necessary to have very large samples (n > 5000) in order to
reach this power. Regarding Methods 1, 2 and 3, in general terms there is no
important difference in power in relation to the global hypothesis test, especially
when n > 500, whilst for smaller sample sizes the global test is somewhat more
powerful than for the other three methods.

3.3. Conclusions

From the analysis of the results obtained in the simulation experiments one
may conclude that the global hypothesis test based on the chi-squared distribution
displays the performance of an asymptotic hypothesis test (from a certain sample
size onwards, its type I error probability fluctuates around the nominal error).
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Table 2: Type I errors probabilities and powers when comparing the PVs
of three BDTs (M1: Method 1, M2: Method 2, M3: Method 3).

TYPE I ERRORS PROBABILITIES

PPV, = PPV, = PPV3 =085, NPVi =NPVo=NPV3=0.80
p=25%
e1 = Sea = Ses = 0.2615, Sp1 = Sp2 = Sps = 0.9846

A111 = 0.707 1o = 0.40, A1o1 = 0.40, X100 = 0.25
Ao11 = 0.40, Aoio = 0.25, Aoo1 = 0.25, Agoo = 0.05

§ = 0.0075, &= 0.0001 5=0015, &= 0.0002

" [ Global test | M1 [ M2 [ M3 | Global test | M1 | M2 | M3

100 0.001 0.001 | 0.001 | 0.001 0.001 0.001 | 0.001 | 0.001

200 0.005 0.003 | 0.003 | 0.003 0.005 0.004 | 0.004 |  0.004

500 0.041 0.026 | 0.026 | 0.028 0.045 0.030 | 0.030 |  0.032
1000 0.058 0.041 | 0.041 | 0.045 0.059 0.040 | 0.040 | 0.045
2000 0.059 0.043 | 0.043 | 0.050 0.059 0.058 | 0.058 |  0.059
5000 0.053 0.044 | 0.044 | 0.048 0.054 0.037 | 0.037 |  0.042

A1 =1, A110 = 0.80, A101 = 0.80, X100 = 0.40
Aot = 0.80, Aoto = 0.40, Aoor = 0.40, Aggo = 0.20
5 = 0.0075, &= 0.0001 5 =0.015, &= 0.0002

" | Global test | M1 | M2 | M3 | Global test | M1 [ M2 | M3

100 0.007 0.005 | 0.005 | 0.005 0.006 0.004 | 0.004 |  0.005

200 0.043 0.031 | 0.031 | 0.032 0.043 0.029 | 0.020 | 0.031

500 0.050 0.037 | 0.038 | 0.041 0.056 0.039 | 0.039 |  0.041
1000 0.057 0.045 | 0.045 | 0.047 0.057 0.042 | 0.042 |  0.047
2000 0.058 0.044 | 0.044 | 0.046 0.059 0.047 | 0.047 |  0.052
5000 0.054 0.037 | 0.037 | 0.041 0.052 0.041 | 0.041 |  0.044

POWERS
PPV; = 0.70, PPVs = 0.80, PPVs = 0.90, NPV, = 0.75, NPVs — 0.85, NPVs — 0.95
p=60%

Se1 = 0.9074, Sp1 = 0.4167, Sex =0.9231, Spz = 0.6538, Sez = 0.9706, Sps = 0.8382

A111 = 0,707 10 = 0.40, Aol = 0.40, A100 = 0.25
Ao11 = 0.40, Aoio = 0.25, Ago1 = 0.25, Apoo = 0.05

§=0.001, ¢=0.01 §=0.002, &=0.02
" | Global test | M1 | M2 | M3 | Global test | M1 [ M2 | M3
100 0.042 0.041 | 0.041 | 0.041 0.034 0.033 | 0.033 | 0.034
200 0.261 0.260 | 0.260 | 0.260 0.219 0.218 | 0.218 |  0.218
500 0.823 0.823 | 0.823 | 0.823 0.741 0.740 | 0.740 |  0.740
1000 0.986 0.986 | 0.986 | 0.986 0.950 0.950 | 0.950 | 0.950
2000 1 1 1 1 1 1 1 1
5000 1 1 1 1 1 1 1 1
)\111 = 17 )\110 = 080, )\101 = 080, Al()() =0.40
)\011 = 0.80, AOIO = 0.40, )\001 = 0.407 )\000 =0.20
5 =0.001, &=0.01 §=0.002, &=0.02
" | Global test \ M1 \ M2 \ M3 | Global test \ M1 \ M2 \ M3
100 0.316 0.315 | 0.315 | 0.315 0.276 0.275 | 0.275 | 0.275
200 0.724 0.724 | 0.724 | 0.724 0.652 0.651 | 0.651 | 0.651
500 0.971 0.970 | 0.970 | 0.971 0.910 0.909 | 0.909 | 0.910
1000 1 1 1 1 0.995 0.995 | 0.995 | 0.995
2000 1 1 1 1 1 1 1 1
5000 1 1 1 1 1 1 1 1
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In general terms, its type I error probability fluctuates around the nominal
error (especially for n > 500) and it is necessary to have large samples (n > 500)
so that the power is greater than 80%. From the results obtained in the simulation
experiments carried out, the global hypothesis test

Hy: PPV} =PPVo=---=PPV; and NPV =NPVy=...=NPVjy,

H;: at least one equality is not true,
can be solved through the following procedure:

1. Solving the global hypothesis test based on the chi-squared distribution
to a global error rate of o using the statistics given by equations (2.4)
or bootstrap method.

2. Ifthe global hypothesis test is not significant, then one cannot reject the
homogeneity of the J PP Vs and of the J NPVs. If the global hypothesis
test is significant to an error rate of a, in order to investigate the causes
of the significance the following marginal hypothesis tests are solved

Hy: PPV;=PPV; vs H;: PPV;# PPV
and

Hy: NPV;=NPV; vs Hi: NPV;# NPV,

using the statistics given by equation (2.5), and applying some of the
methods of multiple comparison used (Bonferroni, Holm or Hochberg)
to an error rate of «.

4. EXAMPLE

The results obtained in Section 2 and the procedure given in Section 3.3
were applied to the diagnosis of coronary stenosis. Coronary stenosis is a disease
that consists of the obstruction of the coronary artery and its diagnosis can be
made through a dobutamine echocardiogram, a stress echocardiogram or a CT
scan, and as the gold standard a coronary angiography is used. Coronary an-
giography may cause different reactions in patients (thrombosis, heart attacks,
infections, even death) and therefore not all patients are verified with the gold
standard. In Table 3 (Study of coronary stenosis), we show the results obtained
by applying the dobutamine echocardiogram (variable T7), the stress echocardio-
gram (variable T5) and the CT scan (variable T5) to a sample of 2455 males over
45 years of age and by only applying the coronary angiography (variable D) to a
subset of these individuals. This study was carried out in two phases: firstly, the
three BDTs were applied to all of the individuals in the sample, and secondly the
gold standard was applied to a subset of these individuals depending on only the
results of the three diagnostic tests. This data are part of a study carried out at
the University Hospital in Granada (Spain). In this example, one can assume that
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the missing data mechanism is ignorable, and therefore the results from Section 3
can be applied. The values of the estimators of the PVs are P/Pvl = 0.742,
PPV, = 0.622, PPV; = 0.805, NPV, = 0.933, NPV = 0.850, NPV; = 0.952,
and applying the delta method, the estimated asymptotic variance-covariance

matrix is
0.000234 0.000108 0.000086 0 —0.000063 —0.000038
0.000108 0.000258 0.000106 —0.000035 0 —0.000025
Z _ 0.000086 0.000106 0.0000239 —0.000059 —0.000069 0
7 0 —0.000034 —0.000059 0.000114 0.000080 0.000045
0.000063 0 0.000069  0.000080 0.000169 0.000064
0.000038 0.000025 0 0.000045 0.000064 0.000085

Applying equation (2.4) it holds that Q? = 145.103 (p — value = 0), and there-
fore we reject the equality of the three PPVs and of the three NPVs.
In order to investigate the causes of the significance, the marginal hypothe-
sis tests (Ho: PPV; = PPV, and Hy: NPV; = NPVj) are solved. In Table 3
(Marginal hypothesis tests), we show the results obtained for each one of the
six hypothesis tests that compare the PVs. Applying the Bonferroni method,
the Holm method or the Hochberg method, it holds that the three PPVs are
different, and that the PPV of the CT scan is the largest, followed by that of
the dobutamine echocardiogram and, finally, that of the stress echocardiogram.

Table 3: Data from the study of coronary stenosis and marginal hypothesis tests.

Study of coronary stenosis
T =1 T, =0
T =1 To =0 T =1 T =0
T3:1 T3:0 ngl TgZO T3:1 T3:O T3:1 T3:0 Total
V=1
D=1 457 30 84 5 34 0 7 1 618
D=0 41 23 5 61 16 86 32 95 359
V=0 92 31 85 120 42 195 88 825 1478
Total 590 84 174 186 92 281 127 921 2455
Marginal hypothesis tests
Hypothesis test ‘ z Two sided p-value
Hy: PPV, = PPV, vs Hi: PPVy # PPV, 3.61 0.003
Hy: PPV, = PPVs vs Hy: PPVi # PPVs 7.20 6.06 x 10713
Ho: PPV, = PPVs vs Hi: PPV, # PPV3 10.79 0
Ho: NPVi = NPV, vs Hi: NPVi # NPV, 7.46 8.37 x 10714
Ho: NPVy = NPVs vs Hi: NPViy # NPV3 1.76 0.078
Ho: NPVo = NPVs vs Hi: NPVa, # NPVs 8.99 0
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Regarding the NPVs, no significant differences were found between the NPVs
of the dobutamine echocardiogram and of the CT scan, whilst the NPV of the
dobutamine echocardiogram is significantly lower than the NPVs of the other
two BDTs.

5. DISCUSSION

Different studies have examined the problem of the comparison of the PVs
of two or more BDTs when the diagnostic tests and the gold standard are applied
to all of the individuals in a random sample. These models cannot be applied
when a subset of individuals in the random sample have not had their disease
status verified through the application of the gold standard, since the results ob-
tained may be affected by the verification bias. In this article, we have studied a
global hypothesis test to simultaneously compare the PVs of two or more BDTs
when for a subset of individuals in the sample the disease status (either present
or absent) is unknown. The global hypothesis test is based on the chi-squared
distribution, and can be solved through the method of maximum likelihood and
the delta method (equation (2.4) or through the bootstrap method, although
the latter requires a greater computational effort. In terms of the type I er-
ror probability, both methods lead to very similar results, and the type I error
probability fluctuates around the nominal error especially for n > 500. Other
alternative methods to solve the global hypothesis test have been studied. The
method based on the marginal comparisons of the PPVs (NPVs) to an error rate
of a = 5% leads to a type I error probability that clearly overwhelms the nominal
error, and therefore this method may give rise to erroneous results. The meth-
ods based on marginal comparisons applying the corrections of Bonferroni, Holm
and Hochberg respectively give rise to a type I error probability that fluctuates
around the nominal error especially for n > 500. In terms of power, the global
hypothesis test based on the chi-squared distribution (equation (2.4) or bootstrap
method) is a little more powerful than the methods based on the corrections of
Bonferroni, Holm and Hochberg respectively. Therefore, from the results of the
simulation experiments carried out, the following method is proposed to com-
pare the PVs of J BDTs in the presence of ignorable missing data: 1) Apply
the global hypothesis test based on the chi-squared distribution to an error rate
of a (equations (2.4) or bootstrap method); 2) If the global hypothesis test is
significant to an error rate of «, investigate the causes of the significance solving
the marginal hypothesis tests Hy: PPV; = PPV} and Hy: NPV; = NPV} along
with a method of multiple comparisons (Bonferroni, Holm or Hochberg). This
procedure is similar to that used in an analysis of variance. Firstly, the global
test is solved and then a method of multiple comparisons is applied.
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An alternative method to that proposed in Section 2 consists of solving the
global test applying the Wilks method. Similar simulation experiments to those
described in Section have demonstrated that the type I error probability and the
power of this method are very similar to those obtained with the Wald method
(equation (2.4)).

If all of the individuals are verified with the gold standard, and therefore

all of the frequencies w;, .. ;, are equal to 0, the method proposed by Roldan-

iy
Nofuentes et al. [5] is a particular case of the scenario analyzed in this study.
Therefore, the simultaneous comparison of the PVs of two (or more) BDTs in

paired designs is a particular case of the scenario analyzed in this article.
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APPENDIX A

In the case of two BDTs, the probabilities of the multinomial distribution
were calculated applying the model of conditional dependence of Vacek [20], and
their expressions are

Pij = Aijp {Sei(l — Sei)' TISe)(1 — Sea) ™ + 5ijgl} 7
e = A (1=7) {Sp%_i(l — Sp1)'Spy 7 (1= Spa)’ + 5ij€0} ,
vig = (1= ) p{Sei (1 = Se1) 7' Sel(1 - Sea)' ™ + e |
+ (1=Xi;) (1 —p) {Sp “(1-Sp) Spl I(1— Spa)’ + 5”60} :

where 0;; =1 when i =j and J;; = —1, and ¢; is the dependence factor (co-
variance) between the two BDTs when D =i. In clinical practice, the two
BDTs are usually conditionally dependent on the disease, and it is verified [20]
that 0 < e; < Sej (1 — Sez) when Sey > Se; and 0 < e < Sea (1 — Sep) when
Se; > Seg, and in the same way, 0 < g9 < Sp; (1 — Sp2) when Spy > Sp; and
0 <eo < Spz(1—Sp;) when Sp; > Spy. If the two BDTs are conditionally in-
dependent on the disease then 1 = ¢¢ = 0.

In the case of three BDTs, the probabilities of the multinomial distributions
were calculated applying the model of Torrance-Rynard and Walter [21]:

P(Vzl,Dzl Ty =iy, Ty = in, T3:i3> -

= pA 14943 { H S@Z](l *56])1 i -+ Z ( 1)|ljzk|6]k} 7

=1 7k, g<k
P(V:LD:O, Ty =iy, Ty = io, T3:i3) -

= (1-p) lezls{HSp 171 (1 — Sp; )lj'i‘ Z (-1 )'ZJ lkEjk}

Jsk,g<k

and

P(VZQ Ty =iy, To = 12, T3=i3) =

Jik,g<k

= p(l— 111223) {H Sej (1_56])1 R + Z (_1)|ij_ik5jk}

+ (1 _p) (1 - A’i1’i223 {H Sp = 7IJ<1 - Sp )ZJ + Z ( 1)|Z]_Zk|€]k} ’

1.k, g<k

with i; =0,1, 44, = 0,1 and j,k =1,2,3, and where §;; (¢j;) is the factor of
dependence between the j-th BDT and k-th BDT when D=1 (D =0).
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The factors of dependence dj;, and ej;, verify restrictions that depend on the
values of sensitivity and specificity of the three BDTs. In order to simplify the
simulation experiments, it has been considered that d;; = 6 and €;; = €, so that
the factors of dependence verify the following restrictions:

§ < Min{(l—Sel) (1—Ses) Ses, (1—Ser) Ses (1—Ses), Sey (1—Ses) (1—563)}
and
e < Min{(l—Spl) (1—Sp2) Sp3, (1—Sp1) Spa (1—Sp3), Sp1 (1—Spz) (1—5193)}-

In clinical practice, factors d;, and/or €, are greater than zero, so that the BDT's
are conditionally dependent on the disease status. When ¢;, = €5 = 0 the three
BDTs are conditionally independent on the disease status.

ACKNOWLEDGMENTS

This research was supported by the Spanish Ministry of Economy, Grant
Number MTM2012-35591. We thank the two referees, the Associate Editor and
the Editor (M. Ivette Gomes) of REVSTAT for their helpful comments that

improved the quality of the paper.

REFERENCES

[1] BENNET, B.M. (1972). On comparison of sensitivity, specificity and predictive
value of a number of diagnostic procedures, Biometrics, 28, 793-800.

[2]  BENNET, B. M. (1985). On tests for equality of predictive values for ¢ diagnostic
procedures, Statistics in Medicine, 4, 525-539.

[3] LEISENRING, W.; ALONZO, T. and PEPE, M. S. (2000). Comparisons of predic-
tive values of binary medical diagnostic tests for paired designs, Biometrics, 56,
354-351.

[4]  WnNag, W.; Davis, C.S. and SOONG, S.J. (2006). Comparison of predictive
values of two diagnostic tests from the same sample of subjects using weighted
least squares, Statistics in Medicine, 25, 2215-2229.

[5] ROLDAN NOFUENTES, J.A.; LUNA DEL CASTILLO, J.D. and MONTERO
ALoNsO, M. A. (2012). Global hypothesis test to simultaneously compare the
predictive values of two binary diagnostic tests, Computational Statistics and
Data Analysis, Special issue “Computational Statistics for Clinical Research” ,
56, 1161-1173.



64

Marin Jiménez and Roldan Nofuentes

PoLETO, F.Z.; SINGER, J. M. and PaurLiNno, C.D. (2011). Comparing diag-
nostic tests with missing data, Journal of Applied Statistics, 38, 1207-1222.

BeGG, C.B. and GREENES, R. A. (1983). Assessment of diagnostic tests when
disease verification is subject to selection bias, Biometrics, 39, 207-215.

Zuou, X. H. (1993). Maximum likelihood estimators of sensitivity and specificity
corrected for verification bias, Communication in Statistics Theory and Methods,
22, 3177-3198.

ROLDAN NOFUENTES, J. A. and LUNA DEL CASTILLO, J. D. (2007). The effect
of verification bias in the naive estimators of accuracy of a binary diagnostic test,
Communications in Statistics — Simulation and Computation, 36, 959-972.

ROLDAN NOFUENTES, J. A. and LUNA DEL CASTILLO, J.D. (2008a). EM al-
gorithm for comparing two binary diagnostic tests when not all the patients are
verified, Journal of Statistical Computation and Simulation, 78, 19-35.

ROLDAN NOFUENTES, J. A. and LUNA DEL CASTILLO, J. D. (2008b). The effect
of verification bias on the comparison of predictive values of two binary diagnostic
tests, Journal of Statistical Planning and Inference, 138, 959-963.

RuBIN, D. B. (1976). Inference and missing data, Biometrika, 4, 73-89.

SCHAFER, J. L. (1997). Analysis of Incomplete Multivariate Data, Chapman and
Hall/CRC, USA.

BisHop, Y. M.; FIENBERG, S. E. and HoLLAND, P. W. (1975). Discrete Multi-
variate Analysis: Theory and Practice, The MIT Press.

AGRESTI, A. (2002). Categorical Data Analysis, John Wiley and Sons, New York.

ErroN, B. and TiBsHIRSNI, R.J. (1993). An Introduction to the Bootstrap,
Chapman and Hall, New York.

BONFERRONI, C. E. (1936). Teoria statistica delle classi e calcolo delle probabil-
itd, Pubblicazioni del R Istituto Superiore di Scienze FEconomiche e Commerciali
di Firenze, 8, 3-62.

HowrM, S. (1979). A simple sequential rejective multiple testing procedure, Scan-
dinavian Journal of Statistics, 6, 65-70.

HOCHBERG, Y. (1988). A sharper Bonferroni procedure for multiple tests of
significance, Biometrika, 75, 800-802.

VACEK, P. (1985). The effect of conditional dependence on the evaluation of
diagnostic tests, Biometrics, 23, 959-968.

TORRANCE-RYNARD, V.L. and WALTER, S.D. (1997). Effects of dependent
errors in the assessment of diagnostic test performance, Statistics in Medicine,
16, 2157-2175.



REVSTAT - Statistical Journal
Volume 15, Number 1, January 2017, 65-88

THE BETA GENERALIZED
INVERTED EXPONENTIAL DISTRIBUTION
WITH REAL DATA APPLICATIONS

Authors:  R.A. BAKOBAN
— Department of Statistics, Faculty of Science AL-Faisaliah Campus,
King Abdulaziz University, Jeddah, Saudi Arabia
rbakoban@kau.edu.sa

HaNAA H. ABU-ZINADAH

— Department of Statistics, Faculty of Science, AL-Faisaliah Campus,
King Abdulaziz University, P.O. Box 32691, Jeddah 21438, Saudi Arabia
habuzinadah@kau.edu.sa

Received: July 2014 Revised: April 2015 Accepted: May 2015

Abstract:

o The four-parameter beta generalized inverted exponential distribution is considered
in this article. Various properties of the model with graphs of the density function
are investigated. Moreover, the maximum likelihood method of estimation is used
for estimating the parameters of the model under complete samples. An asymptotic
Fisher information matrix of the estimators is found. Additionally, confidence interval
estimates of the parameters are obtained. The performances of findings of the arti-
cle are shown by demonstrating various numerical illustrations through Monte Carlo
simulation studies. Finally, applications on real data-sets are provided.

Key-Words:

e beta generalized inverted exponential distribution; Fisher information matriz;
goodness-of-fit test; mazimum likelihood estimator; Monte Carlo simulation.

AMS Subject Classification:

e 62-07, 62E20, 62F10, 62F25, 62N02.



66

R.A. Bakoban and Hanaa H. Abu-Zinadah



The beta Generalized Inverted Exponential Distribution... 67

1. INTRODUCTION

The generalized inverted exponential distribution (GIED) was introduced
first by Abouammoh and Alshingiti (2009). It is a generalized form of the inverted
exponential distribution (IED). IED has been studied by Keller and Kamath
(1982) and Duran and Lewis (1989). GIED has good statistical and reliability
properties. It fits various shapes of failure rates.

The probability density function (pdf) of a two-parameter GIED is given
by

w1 o= (D)o (D) e (D) s anso

and the cumulative distribution function (cdf) is given by

1 et [ien(2) a0 easo

In the last few years, new classes of distributions have been found by extending
certain distributions such that these new classes will have more applications in
reliability, biology and other fields.

Let G(t) be a cdf of a random variable T', such that

(1.3) G p— / A e )
: = —— w —w w

B(aa b) 0 ’
where a > 0, b > 0, and B(a,b) = fol w1 (1 — @)’ ldw is the beta function. The
skewness of the distribution is controlled by the two parameters a and b. The
cdf G(t) could be any arbitrary distribution, and, consequently, F' is named the
beta G distribution. The previous formula in (1.3) was defined by Eugene et al.
(2002) as a class of generalized distributions.

The beta normal distribution (BND) was introduced by Eugene et al.
(2002). They used the cdf G(t) of the normal distribution in (1.3) and derived
some moments of the distribution. Expanding on this work, Gupta and Nadara-
jah (2004) established more general moments of BND. Based on the cdf G(t) of
the Gumbel distribution, Nadarajah and Kotz (2004) presented the beta Gum-
bel distribution and provided closed form expressions for the moments and the
asymptotic distribution of the extreme order statistics and obtained the maxi-
mum likelihood estimators (MLE) of the parameters. Further, by using the cdf
G(t) of the exponential distribution, Nadarajah and Kotz (2005) considered the
beta exponential distribution. They studied the first four cumulants, the moment
generating function, and the extreme order statistics and found the MLE. Fur-
thermore, Lee et al. (2007) considered the beta Weibull distribution and studied
applications based on censored data.
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Recently, Barreto-Souza et al. (2010) proposed the beta generalized expo-
nential distribution by taking G(t) in (1.3) to be the cdf of the exponentiated
exponential distribution and discussed the MLE of its parameters. Addition-
ally, Nassar and Nada (2011) presented several properties of the beta general-
ized Pareto distribution. They estimated the distribution’s parameters using the
MLE. An application on actual tax revenue data was investigated. Paranaiba
et al. (2011) discussed the beta Burr XII distribution. Mahmoudi (2011) pre-
sented the beta generalized Pareto distribution. Cordeiro and Lemonte (2011)
investigated the beta Laplace distribution. Zea et al. (2012) studied statistical
properties and inference of the beta exponentiated Pareto distribution (BEPD).
They provided an application of the BEPD to remission times of bladder cancer.
Leao et al. (2013) studied the beta inverse Rayleigh distribution. They provided
various properties, including the quantile function, moments, mean deviations,
Bonferroni and Lorenz curves, Rényi and Shannon entropies and order statistics,
as well as the MLE. Baharith et al. (2014) discussed properties, the MLE and the
Fisher information matrix for the beta generalized inverse Weibull distribution.

In this paper, a new beta distribution is introduced by taking G(-) to be the
GIED, and we refer to it as the beta generalized inverted exponential distribution
(BGIED). In Section 2, the BGIED is defined. Statistical properties of the model
are derived in Section 3. Maximum likelihood estimators of the parameters are
derived in Section 4. In Section 5, the asymptotic Fisher information matrix is
investigated. Additionally, interval estimates of the parameters are found using
the maximum likelihood method in Section 6. Section 7 explains the simula-
tion studies that illustrate the theoretical results. Finally, Section 8 provides
applications to real data-sets. Various conclusions are addressed in Section 9.

2. BETA GENERALIZED INVERTED EXPONENTIAL DISTRI-
BUTION

In this section, we introduce the four-parameter beta generalized inverted
exponential distribution (BGIED) by assuming G(z) to be the cdf of the gen-
eralized inverted exponential distribution (GIED). Substituting (1.2), the cdf of
GIED, into (1.3), the cdf of the BGIED is obtained in the following form

1 1-[1—exp(2)]"
2.1 F(z) = 1 — )bt
(2.1) (x) B(a,b)/o o’ (1l —w)” dw ,

x>0, a,ba and A\ > 0.

The pdf of the BGIED takes the form

e 0= S5 o o ()T e ()]

x>0, a,b,ac and A > 0.
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For a positive real value a > 0, (2.2) can be rewritten as an infinite power
series in the form

(2.3) f(z) = odexp (5) i 2}1&(3 {1 — exp (—:)]“(”kn’

x>0, a,b,a, and A > 0.

From (2.3), the corresponding cdf can be written as follows

B 1 oo (71)]“_1 )\ a(b+k)
(24) Flx) = B(a,b) prd a(b+k)B(a—k,k+1) {1 TP <x>] ’

x>0, a,baa and A > 0.

The GIED is a special case of (2.2) when a = b = 1. Therefore, we can assume all
of the properties of the GIED that were investigated by Abouammoh and Alshin-
giti (2009) still hold. Additionally, when o =1 in (2.2), the BIED is obtained,
which is related to the BGIWD when the shape parameters are equal to one and
has been discussed by Baharith et al. (2014).

1, 1, 4, 2)
2, 2, 2, 2)
(3.5, 2, 1, 0.5)
i1, 3, 4, 4
(, 2, 4, 2)

Figure 1: The pdf curves of the BGIED with (a, b, a, A).

3. STATISTICAL PROPERTIES

3.1. The reliability and hazard functions

The reliability function is the probability of no failure occurring before time ¢.
Alternately, the hazard function is the instantaneous rate of failure at a given
time. These two functions are very important properties of a lifetime distribution.
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The reliability function of the BGIED is given by

B 1 0o (_1)k+1 . o(b+k)
(31 R =1 503 kzzo ab+ W)Bla—kkt1) [1 — o (x)] ’

x>0, a,baa and A >0,

and the corresponding hazard function of the BGIED can be written as

arexp(=) & (—1)*I'(a
;p23(2,b)) ZO (k!an—(k)) [1—exp

(3.2) h(z) = - ;

S —1)k+1 _ay1a(btk)
1- B(;,b) kgo a(b+k()B()afk,k+1) [1—exp (57)]

()]

x>0, a,ba and A > 0.

Figure 2 shows different choices for the parameters of the BGIED. Additionally, it
is shown from Figure 3 that the hazard function of the BGIED has an upside down
bathtub shape. As is shown, the hazard function increases and then decreases.

Rebability function

iﬂ»—-.\-\._‘\ \
0s| b L L4

\ o e
*or S 3.5, 2, 1, 0.5)
04 \ .. ‘L“ (lv 3| 41 4}

VB e o W B IS )
0.2 \'\_ il
.,_‘_‘_‘_‘_ - [ -
— = x
0 1 2 3 4 g

Figure 2: The reliability curves of the BGIED with (a,b, o, \).

The upside down bathtub hazard function indicates that the risk of failing de-
creases as soon as the item has passed a specific time, during which it may have
experienced some type of stress. Thus, the BGIED shows good statistical behav-
ior based on these two functions.
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Harard function
3.0¢

(.1 43
(2, 2, 2, 2)
(3.5, 2, 1, 0.5)
(1, 3, 4, 4)
— (1,2, 4,2

Figure 3: The hazard curves of the BGIED with (a, b, a, A).

3.2. Moments and various measures

The 7" moment about the origin, u/. = F(X") of a BGIED with pdf (2.2)
in the non-closed form is

_ ana—1 ab—1
e (2) 5 5
- AP ) (1o |1 = . 1- A
Hr /0 v r2B(a, b) P\ P\ dz,
r=12,..

that is, for k > r, u! takes the closed form

, AT oo 00 (_1)k+j(j+1)r—1
33) oy = B(a, b) kZ_:_O ; a(b+k)Bla—k,k+1)B(j+1,a(b+ k) — j)

1=

= ()
X {ZOZ‘(Z_M‘FET(U} s

where B(a,b) is the beta function, and E,(z) is called the exponential integral
function (Abramowitz and Stegun (1972)), which is defined as

oo —_—
(3.4) En(z) = / exp (=2t 4y
1 tn
Substituting » = 1 in (3.3), we obtain the mean of the BGIED as follows
(3.5) A vy el
2 T Blab) & 4 b+ R)Bla—kk+ DB+ Lalb k) )
o (1)
- + Ei(1
* {;z‘2(i—1)!+ 1@

where F1(1) = 0.577216 is Euler’s constant.
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Additionally, the variance of the BGIED can be found from

SRS ()¢ + 1)

(3.6) Var(z) = 2;)ab+k B(a—k,k+1)B(j +1,a(b+ k) — j)

X{ z-'((:)l)+E2( >} -
i=0

bl

M8“

3.3. Quantile function and various related measures

The quantile function of the BGIED corresponding to (2.2) is

(3.7) a(w) = = fog {1 - [1—[;1(a,b)ﬁ}7 0<u<l,

where I (a,b) is the inverse of the incomplete beta function with parameters a

and b, such that
I,(a,b) = ab/w (1-w) ldw,

The above form of g(u) allows us to derive the following forms of statistical
measures for the BGIED:

1. The first quartile Q1, the second quartile @2 (median), and the third
quartile 3 of the BGIED correspond to the values u = 0.25, 0.50, and
0.75, respectively

2. Themedian (m), also, can be found using (2.4) such that |1— exp (2 )‘ <1,
for a = 1, and then

-2

(3.8) m = — .
log |1 — (—0.5)@}

3. The skewness and kurtosis can be calculated by using the following
relations, respectively:

Bowley’s skewness is based on quartiles; Kenney and Keeping (1962) cal-
culated it as follows

Q3 -20Q2+ Q1
Q3—-Q1

Moors’ kurtosis (Moors (1988)) is based on octiles via the form

q(7/8) —q(5/8) — q(3/8) + 4¢(1/8)
q(6/8) — q(2/8) ’

where ¢(-) represents the quantile function defined in (3.7).

(39) V3 =

(3.10) Vg4 =
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When a = b=11in (2.3), (3.3) and (3.7) give the moments and the quantile
of GIED, and, when a = b=« = 11in (2.3), (3.3) and (3.7) give the moments and
the quantile of IED. Therefore, all measures above are satisfied for GIED when
a=b=1, and for IED whena=b=a = 1.

3.4. The mean deviation

Let X be a BGIED random variable with mean p = E(X) and median m.
In this subsection, the mean deviation from the mean and the mean deviation
from the median are derived.

3.4.1. The mean deviation from the mean can be found from the following theorem:

Theorem 1. The mean deviation from the mean of the BGIED is in the
form

( 1)k+1+y

ab kZOJZO (b+k)B(a—k,k+1)[a(b+k)+1]

o Hexp (=jA k) = GAL (0, 5A/p)
Blj+Lab+k)—j+1

E(IX —pl) =

where T (a,z) = [7°t* ! exp (—t) dt.

Proof: The mean deviation from the mean can be defined as
BOX =) = X = pl f(@) da
o
=2 [ (X =) fla) da

0
= 2p F(p) —21(p)

where I(z) = [ tdG(t), and d[t.dG(t)] = G(t) dt + t dG(t).

Therefore, E(|X — p|) =2 [} F(z) d.

Using (2.4), and expanding the term (1 — exp (—\/x))® ab+k) we obtain
)(k+1+])

o0 [e.9] (
Zzab—i-k Bla—k,k+1)[a(b+k)+1]

a,b k:O]:O
1 W N ]
- Bi+1Lab+k)—j+1) /O exp (—jA\/x) dx

E(IX —ul) =
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where
(3.11) / exp (—jA/xz)dx = cexp(—jA/c) — jAT (0,5\/c) .
0
Hence, the theorem is proved. O

3.4.2. The mean deviation from the median can be found from the following theorem:

Theorem 2. The mean deviation from the median of the BGIED is in the
form
(—1)E+) 5 )\

2
BIX—m) = gy 2 3 B R R DR ]

I'(0,jA\/m)
B(j+1l,ab+k)—j5+1)"

X

JA>0, m>0.

Proof: The mean deviation from the median can be defined as
BX —m)) = [ o= mif (@)
_ 2/ (m — 2) f(x)da —/ (m — 2) f(z)dz +/ (z —m) f(@)da
0 0 m

(3.12) _ /0 "m = o) f)do + /O “la = m) f)da
h—2 [mF(m) _ /0 mF(x)dx}

m

= ,u—m—i—2/ F(z)dz .
0

Substituting (2.4) into (3.12) and using (3.11), we obtain
B(X —ml) = p—m

2 o = (=DM Imexp (—jA/m) — AT (0, jA/m)]
ZZ alb+k)Bla—k,k+1)[a(b+k)+1]

“Bl+Lab+k) —j+1]
= p—m+2mF(m)
Ay (=1)**4AT (0, jA/m)
alb+k)B(a—Fk,k+1)[a(b+ k) + 1]

\V)

o

=0 j=

X .
Blj+Lalb+k) —j+1]

Hence, the theorem is proved. O
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3.5. The mode

The mode for the BGIED can be found by differentiating f(z) with respect
to x; thus, (2.2) gives

F@) = f@ {2+ 25— (ab= )L exp (A exp (=)
(3.13) + (a—1)[1 = (1 —exp(=N/z)**

X %ﬁ exp (—A/z) (1 — exp (—)\/x))o‘l} .
By equating (3.13) with zero, we get
(3.14) 1 27“”” +(exp (=A/z) — 1) x
X {a (a—1)[(1—exp(=A/2))"*=1]"" = (ab— 1)} ~ 0.
Then, the mode of the BGIED can be found numerically by solving (3.14).

In Table 1, we present the values of the mean, standard deviation (SD),
mode, median, skewness and kurtosis for different values of a, b, o and A.

Table 1: The mean, SD, mode, median, skewness and kurtosis
for different values of the parameters.

’ a ‘ b ‘ «@ ‘ A ‘ mean ‘ SD ‘ mode ‘ median ‘ skewness ‘ kurtosis ‘
1 1|4 2 1.35919 | 1.04298 | 0.76393 | 1.08802 | 0.23016 | 0.66022
1 1] 4 4 2.71838 | 2.08595 | 1.52787 | 2.17604 0.23016 0.66022
1 2| 4 4 1.79735 | 0.88156 | 1.30871 | 1.60709 | 0.16158 | 0.44815
1 314 4 1.50143 | 0.61555 | 1.19585 | 1.38881 | 0.13109 | 0.35990
1 2| 4 2 0.89867 | 0.44078 | 0.65435 | 0.80354 | 0.16158 | 0.44815
2 1] 4 2 1.81971 | 1.24786 | 1.12748 | 1.50317 0.22047 0.63372
2 21 2 2 1.98654 | 1.39808 | 1.19879 | 1.62873 | 0.22323 | 0.63985
2 21 2 4 | 3.97308 | 2.79615 | 2.39758 | 3.25747 | 0.22323 | 0.63985
35121105 | 197910 | 302.436 | 0.65618 | 1.17708 | 0.32893 1.01650

The results of studying the behaviour of the BGIED are shown in Table 1
and Figure 1. We note that the distribution is unimodal and positively skewed.
For fixed values of a, b and «, the kurtosis values remain constant; therefore, the
mode, median and mean increase with the increase of A. As we increase the value
of @ > 1 and fix the other parameters, the kurtosis value increases and the mean
decreases. It is noted that the distribution has a long right tail for fixed values
of b, a and A. Moreover, for fixed values of a, a and A the kurtosis and the mean
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values decrease as we increase the value of b. Additionally, for different values of
o and X and fixed values of a and b, the skewness and the kurtosis values remain
stable. Alternately, for fixed values of « and A, the skewness and the kurtosis
values decrease as we increase a and b. Furthermore, we found that our results
for a = b =1 are exactly the same as the results in Abouammoh and Alshingiti
(2009).

4. MAXIMUM LIKELTHOOD ESTIMATORS

In this section, we examine estimation by maximum likelihood and inference
for the BGIED. Let X4, Xo, ..., X,, be a random sample from the BGIED with
pdf and cdf given, respectively, by (2.2) and (2.4). The likelihood function in this
case can be written as (Lawless (2003)):

(4.1) Ll) = [ f() .
=1

where f(-) is given by (2.2) and = (a, b, a, ).

The natural logarithm of the likelihood function (4.1) is given by
(4.2) ¢ = log L(0|z) Zlogf x;) -
For the BGEID, we have have

log L = nlog (a\) — nlog B(a,b) + (ab—1) Zlog (1_6Xp< A))

T
i=1
n n n _)\ a
4.3 -A =2 log (z; —1)) log|l1—(1- — :
(4.3) ;fvz ;0g($)+(a );og[ ( exp(wi>)]
Assuming that the parameters § = (a, b, a, A), are unknown, the likelihood equa-

tions are given for 6

810gL B 1 8f(l’1)

I = =0, j=1,23.4.

From (2.2), we have
(4.4)

st S g2 oo [ (2 ]
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dlogL n S A 1 1
B\ —X—i—(ab—l)in <exp<m)—1> —in

i=1 v i=1

n a -1 _
(4.5) —Ma—D?}@llb—ﬁn«:j)> —1] <mp(2>—1>1,

dlogL  —-n - -2\ \*
w1 (5) ]

i=1

_ 0B(a,b)  T'(b)[I'(a+b)I'(a) —T'(a)ol'(a+b)/0a)

$1

0a [C(a+ b))
— B(a,b) [¥(a) — vla+b)] .
where 1(z) = F(lz) ag(zz) = % is called the Psi function (Abramowitz and Stegun

(1972)). Then,

(4.6) mgfL — [w(a)—w(a+b)]+zn:10g {1— (1—exp (”))a] ,

T
i=1 ¢

dlogL  —n - A
b B(a,b)¢2+a2bg (1_exp <x>> !

i=1

5 _ OBl@b) _ T(a)[Na+h)I'(b) ~D(0)IT(a+b)/2b
T [D(a + )2
= B(a,b) [¢(b) —(a+b)],

(@7) algfL ) a0 log (1 ~ exp (?)) |

i=1

The solution of the four nonlinear likelihood equations via (4.4), (4.5), (4.6)
and (4.7) yields the maximum likelihood estimates (MLEs) 6 = (a,b, &, \) of § =
(a,b,a, \). These equations are in implicit form, so they may be solved using

>

numerical iteration, such as the Newton—Raphson method via Mathematica 9.0.

5. ASYMPTOTIC VARIANCES AND COVARIANCES OF ESTI-
MATES

The asymptotic variances of maximum likelihood estimates are given by the

elements of the inverse of the Fisher information matrix I;; (§) = E <—g;1§9L_).
10U

Unfortunately, the exact mathematical expressions for the above expectation are
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very difficult to obtain. Therefore, the observed Fisher information matrix is
given by I;; = — gzv_lgé which is obtained by dropping the expectation on operation
E (Cohen (1965)). The approximate (observed) asymptotic variance-covariance

matrix F for the maximum likelihood estimates of the BGIED can be written as

follows
F=[L;©)], ij=1234 and 0= (aba,X).

The second partial derivatives of the maximum likelihood function for the BGIED
are given as the following

0?log L —n o, A !

oS [een(2) ] n(2) )
X —1+<exp<;>_>1 (@—1)+a _

Tlogl _ —n_ @Hé [bg(l_exp(;j))r [<1_exp<;j)
-1

X< 1+ <1 — exp (?) >_a— 1] ,
0%log L
Sz = (@) = vatD)] .
where
/ 9(2)
V' (2) 5
9?log L , ,
S = [ ®) —wa+b)
9% log L
6aO§b = ny'a+b),

8;)l\oagalz _ gﬂfl (exp<;)_ )1 b (a—1) [(1—exp(;j\)>a_ 1] =

—1
9%log L o AN A !
rne = oS | (e () ] (o0(2) )
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82 log L SN A !
oaob ; T\ PP\, ’
9%log L & =\ oy 17
= — 1 1-— — 1-— — —1
OJada ;0g< eXp(%‘ )) [( exp<xi>> ] ’

9?log L - Y
= I 1-— —_— .
0o Ob ; Og( exp( x; >>

Consequently, the maximum likelihood estimators of a, b, @ and A and have an

asymptotic variance-covariance matrix defined by inverting the Fisher informa-
tion matrix F' and by substituting a for a, b for b, & for o and A for A.

6. INTERVAL ESTIMATES

If Lo = Lo (y1,...,yn) and Uy = Uy (y1, ..., yn) are functions of the sample
data y1, ..., yn then a confidence interval for a population parameter 6 is given by

P(Ly<0<Uy) =,

where Ly and Uy are the lower and upper confidence limits that enclose § with
probability . The interval [Lg, Uy| is called a 100y % confidence interval for 6.

For large sample sizes (Bain and Engelhardt (1992)), the maximum like-
lihood estimates, under appropriate regularity conditions, are consistent and
asymptotically normally distributed. Therefore, the approximate 100y % con-
fidence limits for the maximum likelihood estimate 6 of a population parameter 6
can be constructed, such that

(6.1) P(—2S0_0§Z>=%

standard normal percentile. Therefore, the approximate

where z is the w

100y % confidence limits for a population parameter 6 can be obtained such that
(6.2) P(0—z0(0)<0<b+2000) = .

Then, the approximate confidence limits for a, b, « and A will be constructed
using (6.2) with a confidence level of 90%.
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7. SIMULATION STUDIES

Simulation studies have been performed using Mathematica 9.0 to illustrate
the theoretical results of the estimation problem. The performance of the result-
ing estimators of the parameters has been considered in terms of their absolute
relative bias (ARBias) and mean square error (MSE), where

0—0

ARBias (9) == and  MSE (9) —E (é _ 9)2 .

Furthermore, the asymptotic variance, covariance matrix and confidence intervals
of the parameters are obtained. The algorithm for the simulation procedure is
described below:

Step 1. 1000 random samples of sizes n = 10(10)50, 100, 200 and 300 were
generated from the BGIED. The true parameter values are se-
lectedas (a=1, b=2, a =4, A=2).

Step 2. For each sample, the parameters of the distribution are estimated
under the complete sample.

Step 3. The Newton—Raphson method is used for solving the four non-
linear likelihoods for a, A, a and b given in (4.4), (4.5), (4.6) and
(4.7), respectively.

Step 4. The ARBiase and MSE of the estimators for the four parameters
for all sample sizes are tabulated.

Step 5. For large sample sizes n = 100,200 and 300, the Fisher informa-
tion matrix of the estimators are computed using the equations
presented in Section 5.

Step 6. By inverting the Fisher information matrix that was computed in
Step 5, the asymptotic variances and covariances of the estimators
are found.

Step 7. Based on the values of the asymptotic variances and covariances
matrix that were found in Step 6 and on Eq. (6.2), the approxi-
mate confidence limits at 90% for the parameters are computed.

Simulation results are summarized in Tables 2, 3 and 4. Table 2 gives
the ARBias and MSE of the estimators. The asymptotic variances and covari-
ances matrix of the estimators for complete samples of size n = 100,200 and 300
and true parameter values (a =1, b =2, o = 4, A = 2) are displayed in Table 3.
The approximate confidence limits at 90% for the parameters are presented in
Table 4.



The beta Generalized Inverted Exponential Distribution...

81

Table 2: The ARBias and MSE of the parameters § = (a,b, a, A).
b & A
n
ARBias MSE ARBias MSE ARBias MSE ARBias | MSE
10 | 2.77997 | 57.22180 | 1.23642 | 39.93170 | 0.34929 | 57.85210 | 0.04445 | 4.49668
20 | 1.57487 | 18.92080 | 0.75400 | 18.13730 | 0.01542 | 23.75870 | 0.02126 | 3.08791
30 | 1.17703 8.04064 | 0.59348 | 10.72860 | 0.13843 | 12.21520 | 0.03641 | 2.48411
40 | 1.01435 7.53433 | 0.32958 4.15377 | 0.25344 7.47854 | 0.12458 | 1.52254
50 | 0.81716 5.63524 | 0.35502 5.58289 | 0.23793 8.44674 | 0.08708 | 1.65372
100 | 0.34507 2.01241 | 0.13037 1.57136 | 0.37237 5.26341 | 0.15154 | 0.73170
200 | 0.09587 0.78450 | 0.04185 0.88988 | 0.45129 4.69708 | 0.18296 | 0.46773
300 | 0.05260 0.56916 | 0.04620 0.88359 | 0.46429 4.67339 | 0.18716 | 0.31603
Table 3: Asymptotic variances and covariances of estimates
for complete samples.
’ n ‘ Parameters a b & A

a 0.00860 0.00389 | —0.00021 | —0.00359

100 b 0.00389 0.05006 | —0.00513 0.00867

« —0.00021 | —0.00513 0.04464 0.01414

A —0.00359 0.00867 0.01414 0.01308

a 0.00673 0.00327 | —0.00018 | —0.00411

200 b 0.00327 0.03238 | —0.00883 0.00346

« —0.00018 | —0.00883 0.02928 0.00772

A —0.00411 0.00346 0.00772 0.00951

a 0.00630 0.00320 | —0.00075 | —0.00445

300 b 0.00320 0.02563 | —0.00722 0.00197

« —0.00075 | —0.00722 0.02245 0.00664

A —0.00445 0.00197 0.00664 0.00888

Table 4: Confidence bounds of the estimates at a confidence level of 0.90.

’ n ‘Parameters Estimated mean | Lower bound | Upper bound‘ Width

a 1.34507 1.19294 1.49719 0.30424
100 b 2.26075 1.89380 2.62770 0.73390
e 2.51052 2.16399 2.85704 0.69304
A 1.69693 1.50931 1.88455 0.375241
a 1.09587 0.96132 1.23041 0.26909
200 b 2.08370 1.78856 2.37883 0.59027
o 2.19482 1.91416 2.47549 0.56132
A 1.63408 1.47409 1.79408 0.31999
a 1.05260 0.92241 1.18279 0.26038
300 b 2.09239 1.82981 2.35498 0.52517
e 2.14283 1.89709 2.38857 0.49147
A 1.62569 1.47108 1.78030 0.30922
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From these tables, the following observations can be made on the perfor-

mance of the parameter estimation of the BGIED:

1.

As the sample size increases, the MSEs of the estimated parameters
decrease. This indicates that the maximum likelihood estimates provide
asymptotically normally distributed and consistent estimators for the
parameters (see Table 2).

Although the estimators of a and b are consistent according to the
ARBias, it is noted that the estimators of o and A are not consistent.
Table 2 shows that, for large sample sizes (n = 100, 200 and 300), the
ARBiases are increased, which indicates that the estimates of v and A
are not consistent.

The asymptotic variances of the estimators decrease when the sample
size is increasing (see Table 3).

The interval of the estimators decreases when the sample size is in-
creasing (see Table 4).

The interval estimations of all parameters were reasonable except the
interval estimate of a. The estimated intervals at a confidence level of
0.90 for n = 100, 200 and 300 did not cover the real value of .

We conclude from the previous points that the MLE of the parameters is

a good estimator for a, b and A.

8. APPLICATIONS

In this section, two sets of data are presented to demonstrate the utility of
using the BGIED. These two sets were investigated by Abouammoh and Alshin-
giti (2009). The GIED was fitted to both of these sets.

8.1. The first data-set

The following data-set is presented in Lawless (2003). The data resulted
from a test on the endurance of deep groove ball bearings. The data are as

follows:

17.88, 28.92, 33.0, 41.52, 42.12, 45.60, 48.40, 51.84, 51.96, 54.12, 55.56, 67.80,
68.64, 68.64, 68.88, 84.12, 93.12, 98.64, 105.12, 105.84, 127.92, 128.04, 173.4 .
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Descriptive statistics of these data are tabulated in Table 5.

Table 5: Descriptive statistics for the ball bearing data.

Measure ‘ Value ‘ Measure ‘ Value ‘
n 23 Minimum 17.880
Maximum | 173.400 Mean 72.22
Q1 45.600 Q3 98.640
Median 67.800 Mean deviation | 29.429
Variance | 1405.580 SD 37.491
Skewness 0.941 Kurtosis 3.486

We apply the Kolmogorov—Smirnov (K-S) statistic to verify which distri-
bution better fits these data. The K-S test statistic is described in detail in
D’Agostino and Stephens (1986). In general, the smaller the value of K-S is, the
better the fit to the data is. All graphs and computations presented to analyse
the data were carried out by Mathematica 9.0. The model selection was carried
out using the AIC (Akaike information criterion), the BIC (Bayesian information
criterion) and the CAIC (consistent Akaike information criterion):

AIC = —21(0) +2p ,

BIC = —21(f) 4+ plogn

and 9
CAIC = —21(8) + —L" |
n—p—1
where 1(f) denotes the log likelihood function evaluated at the maximum likeli-
hood estimates, p is the number of parameters and n is the sample size. Table 6
lists the values of the K-S statistic and of —2l(é). The K-S goodness-of-fit test
of the BGIED as well as the GIED are the best among all models; accordingly,
the BGIED model can be used to analyse the ball bearing data. Table 7 provides
the MLEs with corresponding standard errors (SEs) of the model parameters.

Table 6: Goodness-of-fit measures and K-S statistics
for the ball bearing data.

Model \BGIED\ GIED \ IED \ BIED \

K-S statistics 0.097 0.091 0.306 0.104
—QZ(Q) 227.723 | 227.098 | 243.452 | 228.288
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Table 7: MLEs of the model parameters, the corresponding SEs and the
statistics of the AIC, BIC and CAIC for the ball bearing data.

Estimates Statistics
Model Method — -
Py | b | & | A AIC | BIC | CAIC
BGIED MLE | 20.615 | 9.427 | 0.532 7.161 235.723 | 240.265 | 237.946
SE 0.125 | 0.279 | 8.052 0.262
GIED MLE 5.307 | 129.996 231.098 | 233.369 | 231.698
SE 0.188 0.015
IED MLE 55.055 245.452 | 246.587 | 245.642
SE 0.018
BIED MLE | 15.858 | 3.692 11.858 234.288 | 237.695 | 235.552
SE 0.112 | 0.508 0.161

8.2. The second data-set

The data that is studied in this section was provided by Ed Fuller of the
NICT Ceramics Division in December 1993. It contains polished window strength
data. Fuller et al. (1994) described the use of this set to predict the lifetime for
a glass airplane window. The data are as follows:

18.83, 20.8, 21.657, 23.03, 23.23, 24.05, 24.321, 25.5, 25.52, 25.8, 26.96,
26.77, 26.78, 27.05, 27.67, 29.9, 31.11, 33.2, 33.73, 33.76, 33.89, 34.76,
35.75, 35.91, 36.98, 37.08, 37.09, 39.58, 44.045, 45.29, 45.381 .

Descriptive statistics of the window strength data are tabulated in Table 8.

Table 8: Descriptive statistics for the window strength data.

Measure ‘ Value ‘ Measure ‘ Value ‘
n 31 Minimum 18.830
Maximum | 45.381 Mean 30.820
Q1 25.500 Q3 35.910
Median 29.900 | Mean deviation | 6.145
Variance | 52.539 SD 7.248
Skewness 0.403 Kurtosis 2.290

The K-S goodness-of-fit test of the BGIED as well as the BIED are the best
among all models; therefore, the BGIED model can be used to study the window
strength data. Table 10 presents the MLEs with corresponding SEs of the model
parameters.
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Table 9: Goodness-of-fit measures and K-S statistics
for the window strength data.

Model \BGIED\ GIED \ IED \ BIED \

K-S statistics 0.133 0.137 0.474 0.130
—QZ(Q) 208.207 | 208.454 | 274.523 | 208.105

Table 10: MLEs of the model parameters, the corresponding SEs and the statistics

of the AIC, BIC and CAIC for the window strength data.

Estimates Statistics
Model Method — —
Py | b | a | A AIC | BIC | CAIC
BGIED MLE | 27.850 | 7.354 ] 1.978 | 17.601 216.207 | 221.943 | 217.745
SE 0.088 | 0.341 | 2.401 0.247
GIED MLE 90.855 | 148.412 212.454 | 215.322 | 212.883
SE 0.011 0.029
IED MLE 29.215 276.523 | 277.957 | 276.661
SE 0.034
BIED MLE | 14.506 | 20.169 26.053 214.105 | 218.407 | 214.994
SE 0.205 | 0.146 0.166

Finally, we conclude the following from studying the AIC, BIC and CAIC

statistics of the two previous data-sets.

odf

L0 —

08

= —— Empirical cdf

/
0.4 ){ ' IED

L] : : ':-II : ; ) - '|I-:l!l > = i 2 ]':lﬁ =

Figure 4: The empirical distribution and estimated cdf
of the models for the ball bearing data.
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£ BIED
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It is noted that the GIED has a smaller value compared with the values of
other models for the two data-sets. The BIED and BGIED follow next. That
indicates that the GIED seems to be a very competitive model for these data.
Because the values of the AIC, BIC and CAIC are approximately equivalent for
the GIED, BIED and BGIED, the BGIED can thus be a good alternative model
for these data, as can the GIED. Alternately, the IED presents the worst fit for
the second dataset. Figure 4 shows the empirical distribution and estimated cdf
of the models for the ball bearing data. Figure 5 shows the empirical distribution
and estimated cdf of the models for the window strength data.

odf

1.0 R — - —

osf s

. Empirical cdf
o6} j BGIED
., GIED

0.4 / IED

: BIED
0 ‘-J:

/
L]
Q + 1] LU i

Figure 5: The empirical distribution and estimated cdf
of the models for the window strength data.

9. CONCLUDING REMARKS

In this study, the four-parameter beta generalized inverted exponential dis-
tribution (BGIED) is proposed. BGIED generalizes the generalized inverted ex-
ponential distribution discussed by Abouammoh and Alshingiti (2009). Addition-
ally, the BGIED represents a generalization of the inverted exponential distribu-
tion (IED). IED has been considered by Keller and Kamath (1982) and Duran and
Lewis (1989). Statistical properties of the BGIED are studied. Maximum likeli-
hood estimators of the BGIED parameters are obtained. The information matrix
and the asymptotic confidence bounds of the parameters are derived. Monte
Carlo simulation studies are conducted under different sample sizes to study the
theoretical performance of the MLE of the parameters. Two real data-sets are
analysed, and the BGIED has provided a good fit for the data-sets.
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1. INTRODUCTION

In the reliability literature and analyzing survival data for the components
of a system or a device, there have been defined several measures for various
conditions and situations of the system. Sometimes, we only have information
about between two lifetime points, so studying the reliability measures under the
condition of doubly truncated random variables, is necessary. If the random vari-
able X denotes the lifetime of a unit, then the random variable , X, = (y — X |
r < X <y) is called the doubly truncated reversed residual lifetime and it mea-
sures the time elapsed since the failure of X given that the system has been
working since time z and has failed sometime before 3. Note that the well-known
random variable, X, = (y — X | X <y), which some of researchers called it, “re-
versed residual lifetime (RRL)”, “past time to failure”, “inactivity time” or “idle
time”, is the special case of ; X, when z = 0.

The subject of doubly truncation of a lifetime random variable in reliability
literature has been started by Navarro and Ruiz (1996) and Ruiz and Navarro
(1995, 1996) that generalized the failure rate function for doubly truncated ran-
dom variables. Later, Sankaran and Sunoj (2004) defined and obtained some
properties of the expected value of the doubly truncated lifetime distributions.
Recently, many authors such as Su and Huang (2000), Ahmad (2001), Betensky
and Martin (2003), Navarro and Ruiz (2004), Bairamov and Gebizlioglu (2005),
Poursaeed and Nematollahi (2008) and Sunoj et al. (2009), studied the properties
of the conditional expectations of doubly truncated random variables in various
areas like order statistics and k-out-of-n systems. Also, recently Khorashadizadeh
et al. (2012) have studied the doubly truncated mean residual lifetime and the
doubly truncated mean past to failure and also obtained some characterization
results in both continuous and discrete cases.

In this paper, we study some reliability measures based on the doubly
truncated reversed lifetime random variable, , X,, in both continuous and discrete
lifetime distributions, which some of the results that achieved are not similar to
each other. The relationship among doubly truncated reversed residual expected
(mean) value (dRRM ), doubly truncated reversed residual variance (dRRV') and
doubly truncated reversed residual coefficient of variation ({RRC'V') are obtained.
Also, their monotonicity and the associated ageing classes of distributions are
discussed. Some characterization results of the class of the increasing dRRV
are presented and an upper bound for dRRV under some conditions is obtained.
Furthermore, we characterize the discrete distribution based on doubly truncated
covariance and obtained some results for binomial, Poisson and negative binomial
distributions.
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CONTINUOUS DOUBLY TRUNCATED REVERSED RESID-
UAL LIFETIME

Let X be a non-negative continuous random variable with cumulative distri-
bution function (cdf), F(x

() and probability density function (pdf), f(x). Navarro
and Ruiz (1996) defined and studied the generalized failure rate (GFR) to the
doubly truncated continuous random variables by

. [Pe<x<a+n]z<X<y) f(z)
hi(z,y) = hlgé{r n F(y) — F(x)
and )
o [Py+r<X<yla<X <y) ()
ha(z,y) = lim _ h F(y) — F(z)’

for (z,y) € D ={(z,y); F(x) < F(y)}. Note that the special cases, hy(z,0)
1 f%()m) is the failure rate and h2(0,y) = 1)

Fy) 18 the reversed failure rate. Navarro
and Ruiz (1996) have shown that GFR determines the distribution uniquely.

We denote the continuous doubly truncated reversed residual expected

value by dRRM and the continuous doubly truncated reversed residual variance
by dRRV and define them as

i(z,y) = BE(.X,) = E(y— X |z < X <y)
and

&*(z,y) = Var(;X,) = Var(y— X |2 < X <y) = Var(X |2 < X <y),
respectively, such that E(X?) < oo, (z,y) € D and ji(z,z) = 6%(x,z) = 0. Ruiz
and Navarro (1995, 1996) and Navarro et al. (1998) have shown that m(z,y) =
E(X |z < X <y) determines F(z) uniquely. So, this is also true for f(x,y)
y —m(z,y).

The dRRM can be rewritten as

fi(z,y) = E(y - X |z < X <y)
B (x—y)F(z)+ [ F(t)dt
2 T Py -F)

So, we have

LT [F(y) — F(2)])* — f(y)[(x —y) F(z) + [Y F(
ay“( 'Y) Fly) - Flo )]2

By using the above equation, the fi(z,y) determine the general failure rate,
ha(z,y), via relation

(t) dt] ‘

1— 5 (x
ho(x,y) = Iu(%;)y) ) (z,y) € D.
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Furthermore, using part by part integration method, we can see that 62(z, )
and fi(z,y) are related via the following equation:
(y* —2?)F(z) — 2 [YtF(t)dt

F(y) - F(z)
This equation will be useful in proving various other relationships. We have the
following definitions of ageing classes related to the fi(x,y) and &2(x,y).

(22) 5’2($,y) = + 2yﬂ(96,y) - /7’2(x7y) :

Definition 2.1. A random variable X is said to be

(i) increasing in doubly truncated reversed residual expected value
(IdRRM) if for any (z,y) € D, fi(x,y) is increasing in y,

(ii) increasing in doubly truncated reversed residual variance (IdRRV)
if for any (z,y) € D, 6%(x,y) is increasing in y.

The dual classes are defined similarly. For the random variable X,, Nanda
et al. (2003) showed that the class of decreasing RRM is empty. Thus, in the next
theorem, we answer the natural question that whether the classes of decreasing
doubly truncated reversed residual expected value (DdRRM) and decreasing
doubly truncated reversed residual variance (DdRRV') of life distributions are

null or not.

Theorem 2.1.

I. There exist no non-negative random variable that has DdARRM property.
I1. There exist no non-negative random variable that has DdARRV property.

Proof: The two part can be proved by assuming the opposite. Suppose
that fi(z,y) is decreasing in y. From (2.1), we have

Oglj(xay>§y_xa V(ac,y)GD,

and also
lim fi(z,y) =0.
y—x

Thus, if fi(x,y) is decreasing in y, then i(z,y) < f(x,z) =0, for all (z,y) € D,
which is contradict the fact that fi(z,y) cannot be negative or identically zero.
Similarly, for part II., on contrary, suppose that 62(x,%) is decreasing in y. For
all (z,y) € D, we have

0<5%(x,y) < (v —2°)

and
lim 5%(x,y) = 0.

y—a
Thus, if 2(z, y) is decreasing in y, then 62(x,y) < 5%(z,x) =0, for all (z,y) € D,
which is contradict the fact that variance cannot be negative or identically zero.

O]
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In the next theorem, we obtain an upper bound for 6%(z,y), when X has
the IdRRM property.

Theorem 2.2. If the non-negative continuous random variable X, has
the IdRRM property, then,

(2:3) o*(z,y) < @P(z,y),  (zy)€D.
Proof: According to (2.1), we have
dt

/: (F(t) - Fa)] fie, £) dt = /xy

_ y/:F(z) dz—/myzF(z) dz+/xy(:1c—t)F(1:) dt,

/ F(z)dz + (x — ) F(x)

using (2.2), it implies that

So, we have

- . 2 /y - -

2 2

oc(x,y) — i (x,y) = F(t)— F(x)| |pp(x,t) — plz,y)| dt
<0,

since fi(x,y) is increasing in y. This completes the proof. O

Now, we investigate the connection between IdRRV and other classes of
life distributions.

Theorem 2.3. Ifji(x,y) is increasing in y, then 62(x,y) is increasing in v,
i.e., the IdRRM property is stronger than the IdRRV property.

Proof: The proof is trivial by using the following relation:

(2.4) fy&%,y) = haa,y) [2(ey) — 32(x.)] - 0

In special case, the Example 2.1 in Nanda et al. (2003) shows that the
converse of the above theorem is not true.
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Another reliability measure that has been recently considered and is related
to the reversed residual variance and the reversed residual expected value, is the
reversed residual coefficient of variation. So, in doubly truncated random vari-
ables we consider the doubly truncated reversed residual coefficient of variation
(dRRCV) as

- _ 9(z,y) .
(2.5) Yy =25, @veDb
The Eq. (2.4) can be written as
(2.6 55 @) = ha(e.) e [ - 7o)

so, 62(x,y) is increasing in y according as 2(z,y) < 1.

The next theorem characterizes the monotonic behavior of the variance of
the random variable , X,. A similar result for the variance of ;X has been given
by Nanda et al. (2003).

Theorem 2.4. The following statements are equivalent:

(i) &%(x,y) is increasing in y for any fixed x such that (z,y) € D.

(ii) 4%(z,y) <1 for all (x,y) € D.
E[(y—X)?|x<X <y]

(iii) P(z,y) = B[—X [0<X <] is increasing in y for any fixed x such that
(z,y) € D.
Proof: Using (2.6) and (2.2) the results will follow. O

3. DISCRETE DOUBLY TRUNCATED REVERSED RESIDUAL
LIFETIME

In reliability analysis, interests in discrete failure data came relatively late
in comparison to its continuous analogue.

Suppose T be a non-negative discrete random variable with support
{0,1,2,...} and cdf, F(t) and probability mass function (pmf), p(t). Navarro and
Ruiz (1996) defined the generalized failure rate (GFR) to the doubly truncated
discrete random variables for all (¢,k) € D* = {(t,k); F(t~) < F(k)} by

(3.1) Mtk = g f(?(t_l)
and
(3.2) ha(t, k) = p(k)
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Let (T, = (k—T |t < T < k) be the reversed doubly truncated random vari-
able in discrete lifetime distributions. So, the doubly truncated reversed residual
expected value and reversed residual variance based on ;7T}, are as follow,

fa(t,k) = E(Ty) = E(k—=T|t<T <k),
Ga(t,k) = Var(k —T[t<T <k) = Var(T |t <T < k),

respectively, where (¢, k) € D*. The function fi4(t, k) can be rewritten as follow,

(3.3) gt k) = E(k=T[t <T <k)
(=R FE=1)+ > F()
B F(k)—F(t—1)

One can easily obtain that the doubly truncated reversed residual expected value
can characterize the general failure rate ho(t, k) via the relation,

ﬂd(tv k)

(3.4) ho(t k) =1 — 1+ fg(t,k—1) "

(t,k) e D*.

Khorashadizadeh et al. (2012) have shown that if T' be discrete random vari-
able with support {0,1,2,...,m} (m can be finite or infinite), then for a known ¢,
F(-) can be uniquely recovered by fiq(t, k) as follows:

(3.5) F(k) = Ag + F(t = 1) [1 = Ay] ,
where Ay = H?ikﬂ % and F(t —1) = Ai‘;—l'

The monotonic ageing classes of distributions, IdRRM and IdRRV in
discrete cases can be defined similar to Definition 2.1. Based on the discrete
random variable T} = (k — T |T < k), Goliforushani and Asadi (2008) showed
that the class of decreasing reversed residual expected value is empty.

Theorem 3.1. There is no non-degenerate discrete distribution that has
DdRRM or DAdRRV property.

Proof: On contrary, suppose that fig(t, k) is decreasing in k, then for any
fixed ¢, fig(t,k+1) < fiq(t, k) < fiq(t,t) = 0, which is contradict the fact that
fq(t, k) > 0. Similar prove can be done for DdRRV property. O

One can obtain that

k+t)(k—t+1D)Ft—1)—2%F iF(i—1)
F(k)—F(t—1)

+ (2k + 1) fua(t, k) — g (t, k) -

(3.6) Ga(t,k) =
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In the next theorem, we obtain an upper bound for 6%(, k), when fiq(t, k)
is increasing in ¢, which is not the same as that obtained in Theorem 2.2 for
continuous case.

Theorem 3.2. If the non-negative discrete random variable T, has
IdRRM property, then,

(3.7) Ga(t,k) < fia(t, k) [1+ fa(t, k)], (t,k) € D*.

Proof: According to (3.3), we have

k k
2> [F(i) = F(t=1)] fra(t,i) = (k+t)(k—t+1)F(t—1) — QZjF(j—l)

i=t
(3.8) b1
+(2k+2) [(t—k)F(t—1)+ ) F(j)
j=t
Thus, dividing the both sides of (3.8) by F(k) — F'(t — 1) and making use of (3.6),
implies

k—1
. F(k)+F(t—1)
00 [ 1)
< :ad(t? k) )

since fig(t, k) is increasing with respect k. Hence the required result is obtained.
]

The connection between IdRRV and other classes of distributions are also
discussed for discrete case in the following theorem.

Theorem 3.3. In discrete lifetime distributions, the IdRRM property
implies the IdRRV property.

Proof: Using (3.6), we have
(k4+t)(E—t+1)Ft—1)—23F iFG—1)
F(k)—F(t—1)
+ (2k + 1) fia(t, k) — f5(t, k)
(k+t—1)(k—t)F{t—1) -2 iF@i-1)
F(k—1)—F(t—1)
— (2k — 1) ig(t,k — 1) + a3(t, k — 1) .

531, k) — 3tk — 1) =

(3.9)
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On the other hand, one can see that

(k+t)(k—t+1)Ft—1)—2%F iFG-1)
F(k)—F(t—1)
(k+t—10)(k—t)F(t—1) -2 iF(i—1)
Flk—1)—-F(t-1) B

- [(Qk ) fualt k—1) — @3tk — 1) — &2tk — 1) + 2/{} ha(t, k) — 2k
and also
fa(t k) — fia(t,k —1) = 1 — ho(t, k) [fa(t, k — 1) + 1] .

So, by using these two relations and summarizing the equations, we can write the
Eq. (3.9) as

(3.10)  &3(t, k) —62(t, k—1) =
= ha(t, k) [fta(t, k) fua(t b = 1) + fra(t, k) = G3(8, % = 1)]

Since, [i4(t, k) is increasing in k,
63@? k) - 63@7 k— 1) > hZ(ta k) [ﬂg(ta k— 1) + /ld(t’ k— 1) - 63@7 k — 1):| )

so on using Theorem 3.2, we get the required results. O

The converse of the Theorem 3.3 is not true. The following counterexample
shows that IdRRV property dose not imply the IdRRM property.

Example 3.1. Let T be a discrete random variable with cdf,

k| 0 1 2 3 4 5
F(k)\0.0625 0.1046 0.1901 0.5561 0.875 1

One can see that in this distribution, 63(0, k) is increasing in k, but ji4(0, k)
is not monotone.

We consider the discrete doubly truncated reversed residual coefficient of
variation as
&d(ta k)
ﬂd(tv k) ‘
Another characterizations for the IdRRV and IdRRM classes of distributions
based on 44(t, k) are obtained in the next theorem.

:Yd(ta kj) =
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Theorem 3.4. For non-negative discrete random variable T', we have
(i) T has IdRRV property, if and only if,

fa(t, k+1) [1 1 }
[Ld(t7k) ﬂd(tvk)

(ii) T has IdRRM property, if and only if,

A3t k) <

1
~2
tk) <1+ ———.
’Yd( ) :ud(tak)

Proof: The statement (i) can be proved by using Eq. (3.10) and the state-
ment (ii) can be proved by using Theorem 3.2. O

In the next theorem, we present a characterization via 62(t, k) which is not
quite similar to Theorem 2.4 in continuous case.

Theorem 3.5. G3(t, k) is increasing in k, if and only if,
G2tk —1)
fa(t,k) g (t. k) =
where i} (t,k) =E(k—T|t<T <k).

Proof: Using (3.10) and i} (t,k) = fig(t,k — 1) + 1 the required result is
obtained. O

4. CHARACTERIZATIONS OF SOME DISCRETE LIFETIME
DISTRIBUTIONS

In this section, we characterize discrete distributions based on the doubly
truncated random variables. Nair and Sudheesh (2008) and Sudheesh and Nair
(2010) have presented some characterization results with their applications for
discrete distributions based on one way truncated random variable. In the fol-
lowing theorems, we extend their results for doubly truncated random variables,
which are more general and applicable. Since sometimes, the available informa-
tion is in the specific interval period of times.

Let ¢(+) be any real valued function, so that for any (¢1,t2) € D*,

Sz, e(i) pli)
F(ty) = F(t1 — 1)

(4.1) me(ti,ta) = E(c(T)|t1 <T <t5) =

is the conditional expected value of doubly (interval) truncated random variable.
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Theorem 4.1. Let T be a non-negative discrete random variable with
pmf, p(t), and cdf, F(t). Also suppose that for any real valued function c(-),
p= E(c(T)) and o = Var(c¢(T)), then for (t1,t2) € D*, T follows the family of
distributions satisfying
p(t+1) og(t)

42 - . t=0,1,2,..,
(42) p(t) og(t+1)—p+c(t+1)

with og(t) =30, % [ — ¢(4)], if and only fif,

hi(ti —1,t2)

. c ) = -1
(43) meltr t2) = ptoglti=1) 7 hi(ti —1,12)

—og(ta) ha(tr,ta) .

Proof: Suppose (4.2) holds, then,

(4.4) c(t) p(t) = pp(t) +op(t = 1) g(t = 1) —ap(t) g(t) -
Summation the both side of (4.4) from ¢; to t2 leads to

t2

(4.5) > [e(i) — plp(i) = oplts — 1) g(ts — 1) — p(t2) g(t2)] .

i=t1

Dividing the both sides of (4.5) by F(t2) — F(t;1 — 1) and using (3.1), (3.2) and
(4.1), we get (4.3) and vise versa. O

Remark 4.1. It can be seen that, in special cases, when t; — 0 or t5 — 00,
Theorem 4.1 is identical with that of Nair and Sudheesh (2008) and Sudheesh
and Nair (2010).

In the next theorem, we characterize the family of the form (4.2) based on
doubly truncated conditional covariance and expected value.

Theorem 4.2. The distribution function of the non-negative discrete ran-
dom variable T, belongs to the family of the form (4.2), if and only if, for all
non-negative integer values (t1,t2) € D*,

Cov(s(T),c(T)[t1 <T <t3) = o E(As(T).g(T) | t1 < T < t3)
(4.6) -+ [,u — mc(tl, tg)] [ms(tl, tg) — S(tQ + 1)]

~ og(ti-1) 1?&;1—?3&2) [s(t2+1) — s(t1)]

where c(-) and s(-) are any real valued functions such that E(s*(T)) < oo,
E(As(T).g(T)) < 0o, As(T) # 0 and mg(t1,t2) = E(s(T)|t1 < T < ta).
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Proof: First, we know that

(4.7) B(s(T)(e(T) =) |1 ST < t) =
1 N |
- R FT 0@ -
~ Flta) —1F(t1—1) 2_ st t ) { > (@ =mpi) = 3 (e(i) u)p(z‘)]
J=0 i=t1+j i=t1+j+1
= Fla) - Fla-1) Z As(j) Y (e )u)p(i)] + 5(tr) (me(tr, t2) — p) -
j=t1 i=j+1
Now, suppose that T has a distribution of form (4.2), hence, on using
D (ei) = p)p(i) = olp(j) 9(j) — p(t2) g(t2)] ,
i=j+1
we have
(4.8) E(s(T)(c(T) —mw) |t ST <) =
1
T F(ty) — Ft; — 1) Z;AS J) — o g(t2) p(t2) Z;As

+ 5(t1) (me(t1, t2) — p)

hi(t1 — 1,t2)
1-— hl(tl — l,tg)
hl(tl — 1,t2)
1-— hl(tl — l,tg)

= UE(AS(T).Q(T) ‘tl <T< tg) + as(tl)g(tl - 1)

+ 8(752 + 1) |:mc(t1,t2) il ag(t1 — 1)
or
E(s(T).c(T)|t1 ST < t3) =
= o E(As(T).g(T) |t1 <T < t3) + s(ta+ 1) (me(ts,t2) — p)
hi(ti —1,t2)
1-— hl(tl — l,tg)
which easily leads to (4.6).

—og(ty — 1) [s(ta +1) = s(t1)] + pms(ts,ta) ,

Conversely, let (4.6) is true, then, comparing (4.7) and (4.8) implies

(4.9) > As(G) Y (eld) = p)pli) =
J=t1 i=j+1 t
= 0 30 A sp0) — st pltn) 32 A
Jj=t1 =h

Changing t; to t; — 1 and subtracting from (4.9) leads to (4.5), which is equivalent
to the distribution with the form (4.2). O
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Remark 4.2. In special case of Theorem 4.2, when s(T) = ¢(T) =T, we
have

G3(t1,t2) = Var(T' |t < T < t)

(4.10) = " E(g(T)|t1 < T < tg) + [p* —m(t1,t2)] [m(t1,t2) — 2 — 1]
hl(tl — 1,t2)
1-— hl(tl — 1,t2)

— U*g(tl—]_) [t2—t1—|—1] ,
where m(ti,t2) = E(T |t1 < T < t3) is the doubly truncated expected time to
failure function and pu* = E(T) and 02* = Var(T).

In the table in the following page, we illustrate the results of Remark 4.2
in some distributions.

Remark 4.3. It should be noted that similar results and definitions in
discrete case, can be verified by using the doubly truncated reversed random vari-
ables (+T, = (k—T|t<T <k), Tj- =(k—T|t<T <k)or +Tp,- =(k—T|
t<T<Ek).

5. SUMMARY AND CONCLUSIONS

In this paper, we obtain some reliability properties of the reversed residual
lifetime via doubly truncation. Also, their similarities and differences are com-
pared in both discrete and continuous lifetime distributions and the following
partial chain is obtained.

ha(a,b) is decreasing in b =— [dRRM — IdRRV .

Also, some characterization results are obtained in discrete distributions via con-
ditional covariance and variance.
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geometric quantiles grows at a fixed rate. We take profit of these results by defining
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such a notion of multivariate quantile to detect outliers or analyze extremes of a
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1. INTRODUCTION

Let X be a random vector in R?. Up to now, several definitions of multi-
variate quantiles of X have been proposed in the statistical literature. We refer
to [25] for a review of various possibilities for this notion. Here, we focus on the
notion of “spatial” or “geometric” quantiles, introduced by [14], which generalises
the characterisation of a univariate quantile shown in [22]. For a given vector u
belonging to the unit open ball B¢ of R%, where d > 2, a geometric quantile with
index vector u is any solution of the optimisation problem defined by

(1.1) argmin E([| X — ql| — | X]) — (u,q)
geR?
where (-, -) is the usual scalar product on R? and || - || is the associated Euclidean

norm. Note that q(u) € R? possesses both a direction and magnitude. It can be
seen that geometric quantiles are in fact special cases of M-quantiles introduced
by [3] which were further analysed by [23]. Besides, such quantiles have various
strong properties. First, the quantile with index vector v € B? is unique whenever
the distribution of X is not concentrated on a single straight line in R (see [14]
or Theorem 2.17 in [21]). Second, although they are not fully affine equivariant,
they are equivariant under any orthogonal transformation [14]. Third, geometric
quantiles characterise the associated distribution. Namely, if two random vari-
ables X and Y yield the same quantile function ¢, then X and Y have the same
distribution [23]. Finally, for u = 0, the well-known L2-geometric median is ob-
tained, which is the simplest example of a “central” quantile [28]. We point out
that one may compute an estimation of the geometric median in an efficient way,
see [8].

These properties make geometric quantiles reasonable candidates when try-
ing to define multivariate quantiles, which is why their estimation was studied in
several papers. We refer for instance to [14], who established a Bahadur expansion
for the estimator of geometric quantiles obtained by solving the sample counter-
part of problem (1.1). [10] then introduced a transformation-retransformation
procedure to obtain affine equivariant estimates of multivariate quantiles. This
notion was extended to a multiresponse linear model by [11]. Recently, [16] de-
fined a multivariate quantile—quantile plot using geometric quantiles. Conditional
geometric quantiles can also be defined by substituting a conditional expectation
to the expectation in (1.1). We refer to [6] for the estimation of the condi-
tional geometric median and to [15] for the estimation of an arbitrary conditional
geometric quantile. The estimation of a conditional median when there is an
infinite-dimensional covariate is considered in [13].

Let us note though that the previous papers focus on central properties
of geometric quantiles and of their sample versions. While some of them label
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geometric quantiles as “extreme” when |lu|| is close to 1 ([14, 15]) and use it in
real applications (see e.g. [12] for an application to outlier detection), the specific
properties of these extreme geometric quantiles have not been investigated yet.
In this study, we provide the asymptotics of the direction and magnitude of the
extreme geometric quantile g(u) when ||u|| — 1, under suitable moment condi-
tions. There are well-known analogue results for univariate extreme quantiles in
the right tail of a distribution, see e.g. [18]. A particular corollary of our results
is that the magnitude of the extreme geometric quantiles of a random vector X
having a finite covariance matrix grows at a fixed rate. Moreover, in this case, the
magnitude of the extreme geometric quantiles is asymptotically characterised by
the covariance matrix of X. This is an intriguing property, which opens the door
to a parametric estimation of extreme quantiles whose asymptotic properties are
studied in this work.

The outline of the paper is as follows. Asymptotic properties of geometric
quantiles are stated in Section 2. An illustrative application to the estimation of
extreme geometric quantiles is given in Section 3. Some examples and numerical
illustrations of our results, including a study of a real data set, are presented in
Section 4. Section 5 offers a couple of concluding remarks, in which some warnings
are given to practitioners who would like to use such geometric quantiles to detect
outliers or analyze extremes of a random vector. Proofs are deferred to Section 6.

2. ASYMPTOTIC BEHAVIOUR OF EXTREME GEOMETRIC
QUANTILES

From now on, we assume that the distribution of X is not concentrated on
a single straight line in R? and non-atomic. [14] proved that, in this context, the
solution g(u) of (1.1), namely the geometric quantile with index vector u, exists
and is unique for every u € BY. Let 1: RIxR? — R be defined as v (u,q) =
E([|X —q| — IX|) — (u,q) and assume further that ¢/||t|| = 0 if t = 0. If u € R?
is such that there is a solution g(u) € R? to problem (1.1), then the gradient of
q — ¥ (u,q) must be zero at q(u), that is

X —q(u)
(2.1) u+E< = 0.

1X = q(u)]
This condition immediately entails that if « € R? is such that problem (1.1) has
a solution g(u), then |lu|| < 1. In fact, we can prove a stronger result:

Proposition 2.1. The optimisation problem (1.1) has a solution if and
only if u € BY.

Moreover, remarking that the function ¢ (u, -) is strictly convex, [14] proved
the following characterisation of a geometric quantile: for every u € B9, q(u) is
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the solution of problem (1.1) if and only if it satisfies equation (2.1). In particular,
this entails that the function G: R? — B? defined by

X —q
VgeR?Y, G(q) = -E ()
) X —dl

is a continuous bijection. Proposition 2.6(iii) in [23] shows that the inverse of the
function G, i.e. the geometric quantile function u — ¢(u), is also continuous on
B

In most cases however, computing explicitly the function G is a hopeless
task, which makes it impossible to obtain a closed-form expression for the geo-
metric quantile function. It is thus of interest to prove general results about the
geometric quantile g(u), especially regarding its direction and magnitude. Our
first main result focuses on the special case of spherically symmetric distributions.

Proposition 2.2. If X has a spherically symmetric distribution then:

(i) The map u+ q(u) commutes with every linear isometry of R
Especially, the norm of a geometric quantile q(u) only depends on
the norm of u.

(ii) For all u € B%, the geometric quantile g(u) has direction u if u # 0
and ¢(0) = 0 otherwise.

(iii) The function ||u|| — ||q(u)|| is a continuous strictly increasing func-
tion on [0,1).

(iv) It holds that ||q(u)|| — oo as ||u| — 1.

Although Proposition 2.2(i,iii) cannot be expected to hold true for a random
variable which is not spherically symmetric, one may wonder if (ii,iv), namely that
a geometric quantile shares the direction of its index vector and that the norm
of the geometric quantile function tends to infinity on the unit sphere, can be
extended to the general case. The next result, which examines the behaviour of
the geometric quantile function near the boundary of the open ball B, provides
an answer to this question.

Theorem 2.1. Let S%! be the unit sphere of R,

(i) It holds that ||q(v)|| — oo as [|v]| — 1.
(ii) Moreover, if v — u with u € S and v € B? then q(v)/|q(v)| — w.

Theorem 2.1 shows two properties of geometric quantiles: first, the norm
of the geometric quantile ¢(v) with index vector v diverges to infinity as ||v|| T 1.
In other words, Proposition 2.2(iv) still holds for any distribution. This is a rather
intriguing property of geometric quantiles, since it holds even if the distribution
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of X has a compact support (for instance, when X is uniformly distributed on
a square). A related point is the fact that sample geometric quantiles do not
necessarily lie within the convex hull of the sample, see [4] for a counter-example.
Second, if v — u € S?71, then the geometric quantile ¢(v) has asymptotic direc-
tion u. Proposition 2.2(ii) thus remains true asymptotically for any distribution.

It is possible to specify the convergences obtained in Theorem 2.1 under
moment assumptions. Theorem 2.2 provides a first-order expansion of both the
direction and the magnitude of an extreme geometric quantile g(au) in the di-
rection u, where v is a unit vector and « tends to 1.

Theorem 2.2. Let u e S%1,

(i) If E||X|| < oo then q(au) — {|lq(ou)||u+E(X— (X, u)u)} - 0asa 1.
(ii) If E|X|?> < oo and X denotes the covariance matrix of X then

1
lg(aw)|® (1 —a) — 5 (tr X —u'Su) >0 as all.

Let us note that the integrability conditions of Theorem 2.2 exclude any
random vector ||.X|| whose distribution possesses a right tail which is too heavy.
For instance, condition E||X|| < co in (i) excludes the multivariate Student dis-
tribution with less than one degree of freedom, while condition E|X||? < oo
in (ii) excludes the multivariate Student distribution with less than two degrees
of freedom.

Consequence 1. It appears that, if X has a finite covariance matrix X,
then the magnitude of an extreme geometric quantile is determined (in the asymp-
totic sense) by X. In other words, since the asymptotic direction of an extreme
geometric quantile in the direction u is exactly u by Theorem 2.1, it follows that
the extreme geometric quantiles of two probability distributions which admit the
same finite covariance matrix are asymptotically equivalent. This phenomenon
is illustrated on simulated data in Section 4 below. This is surprising from the
extreme value perspective: one could expect the behaviour of extreme geometric
quantiles not to be driven by a central parameter such as the covariance ma-
trix, as happens in the univariate context where the value of an extreme quantile
depends on the tail heaviness of the probability density function of X.

Consequence 2. The map A~ ||g((1 — A71)u)|| is a regularly varying
function with index 1/2 (see Bingham et al., 1987) and therefore:

lg(Buw)| (11— a\"?
latow)] (1—5) (1+0(1))

when o« — 1 and § — 1. In other words, given an arbitrary extreme geomet-

ric quantile, one can deduce the asymptotic behaviour of every other extreme
geometric quantile sharing its direction, independently of the distribution.
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Again, this is fundamentally different from the univariate case when deducing
the value of an extreme quantile from another one then requires the knowledge
(or an estimate) of the extreme-value index of the distribution, see [18], Chap-
ter 4. A further, perhaps unexpected, consequence is that our results can actually
be used to define a consistent and asymptotically Gaussian estimator of extreme
geometric quantiles by using the standard empirical estimator of the covariance
matrix of X, see Section 3 below.

Consequence 3. Finally, Theorem 2.2 provides some information on the
shape of an extreme quantile contour. It is readily seen that the global maximum
of the function hy(u) :=tr% —u/Su on S9! is reached at a unit eigenvector
Umin Of X associated with its smallest eigenvalue Ay > 0. Thus, the norm of an
extreme geometric quantile is asymptotically the largest in the direction where
the variance is the smallest. Similarly, the global minimum of h; is reached at
a unit eigenvector umax of 2 associated with its largest eigenvalue A > 0. In
particular, if f is the probability density function associated with an elliptically
contoured distribution [7], the level sets of f coincide with the level sets of the
function ha(u) := v'Xu. The global maximum of hy is reached at the eigenvec-
tor umax while the global minimum is reached at .. The extreme geometric
quantile is therefore furthest from the origin in the direction where the density
level set is closest to the origin, see Section 4 for an illustration on real data. In
such a case, the extreme geometric quantile contour plot and the density level
plots are in some sense orthogonal (even though they agree when the distribu-
tion of X is spherically symmetric). Of course, one should not expect a direct
geometric match between quantile contours and density contours, but this phe-
nomenon should be kept in mind when designing outlier detection procedures.
In our view, this can be seen as a consequence of the lack of affine-equivariance
of geometric quantiles. To tackle this issue, one may apply a transformation—
retransformation procedure, see [27]. Such procedures admit sample analogues,
see for instance [9, 10], at the possible loss of geometric interpretation, see [26].

3. AN ESTIMATOR OF EXTREME GEOMETRIC QUANTILES

In this paragraph, our focus is to illustrate Consequence 2 of Theorem 2.2
at the sample level. Let X1,..., X,, be independent random copies of a random
vector X having a finite covariance matrix Y. It follows from Theorem 2.2 that
any extreme geometric quantile g(au) of X, with o 71 and u € S9=1 can be
approximated by:

1/2
(3.1) Geq(au) = (1 — a)~Y/2 [; (tr ¥ — u/Eu)] u.
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This can be used to define an estimator of the extreme geometric quantiles of X:
let X, =n"! 22:1 X}, be the sample mean and

. 1 & _ _
S, = - ;(Xk - X, (Xp — X,

be the empirical estimator of the covariance matrix ¥ of X. Let further (a,)
be an increasing sequence of positive real numbers tending to 1. Our estimator
Gn(anu) of g(apu) is then

1, R 1/2
an(anu) = (1 — an)_1/2 [2 (tr >, — u'Z,m)] U .
The consistency of ¢, (apu) is examined in the next result.

Theorem 3.1. Let u € S ! and assume that o, T 1. If E|X|?> < oo
then

V1-—a, (c?n(oanu) — q(anu)) — 0 almost surely as n — oo .

This result actually means that the extreme geometric quantile estimator
is relatively consistent in the sense that

Z]\n(anu) - Q(anu)
la(anu)|

— 0 almost surely as n — oo,

since ||¢(anu)| ™t = O(V/T — @), see Theorem 2.2(ii). This normalisation could
be expected since the quantity to be estimated diverges in magnitude. Under
the additional assumption that X has a finite fourth moment, an asymptotic
normality result can be established for this estimator:

Theorem 3.2. Letu € S ! and assume that o, 11 is such that n(1—ay,)
— 0. If E|X||* < co then

n(1 — ) (Gn(cnu) — g(ayu)) 4z as n — oo

where Z is a Gaussian centred random vector.

Let us highlight that the covariance matrix of the Gaussian limit in Theo-
rem 3.2 essentially depends on the covariance matrix M of the Gaussian limit of
\/ﬁ(f]n — X)), see the proof in Section 6. Although M has a complicated expres-
sion (see e.g. [24]), it can be estimated when E|| X||* < oo, which makes it possible
to construct asymptotic confidence regions for extreme geometric quantiles.

Extreme geometric quantiles can thus be consistently estimated by @, (a,u),
whatever the “order” «,, and an asymptotic normality result is obtained when
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an T 1 quickly enough. The proposed estimator is therefore able to extrapolate
arbitrarily far from the original sample. This is very different from the univari-
ate case, where the empirical quantile g, (ay,) = inf{t € R| ﬁn(t) > oy}, deduced
from the empirical cumulative distribution function ﬁn, estimates the true quan-
tile g(cv,) consistently only if v, converges to 1 slowly enough. The extrapolation
with faster rates «,, is then handled assuming that the underlying distribution
function is heavy-tailed and by using adapted estimators, see e.g. [29] and the
monograph [18].

4. NUMERICAL ILLUSTRATIONS

4.1. Simulation study

In this section, our main results are illustrated, particularly Theorems 2.2,
3.1 and 3.2 in the bivariate case d = 2 to make the display easier. In this frame-
work, u € St can be represented by an angle: u = ug = (cos#,sind), 8 € [0, 27).
The iso-quantile curves Cq(a) = {g(aug), 0 € [0,27)} and their estimates Cgy, ()
= {qn(augp), 0 € [0,27)} can then be considered in order to get a grasp of the
behaviour of extreme quantiles in every direction. The following two distributions
are considered for the random vector X:

e The centred Gaussian multivariate distribution NV (0,vx, vy, vxy), with
probability density function: Vz,y € R,

1 1 /z\ 1<x> . ( VX ny)
T,Yy) = ——— exp|—= by with ¥ = .
f(@y) 21 vVdet ¥ p( 2 <y) Y vxXy Uy

e A double exponential distribution E(A_, p—, Ay, g ), with A, g, Ay, py
> (0, whose probability density function is: Vz,y € R,

1 A+M+6_>‘+|‘T‘_#+|y‘ lf xy > 07
A_p_e A-lwl=nll i gy <0,

In this case, X is centred and has covariance matrix

RO S O S DU
A2 2 | Appy A_p_

1[ 1 1 } 1,
2 [Appg Aope Tt
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Three different sets of parameters were used for each distribution, in order
that the related covariance matrices coincide:

e N(0,1/2,1/2,0) and £(2,2,2,2) with spherical covariance matrices;
e N(0,1/8,3/4,0) and £(4,2+/2/3,4,24/2/3) with diagonal covariance

matrices;
e N(0,1/2,1/2,1/6) and £(2V/3,2V/3,2./3/5,21/3/5) with full covariance
matrices.

In each case, we carry out the following computations:

e For each o € {0.99, 0.995, 0.999}, the true quantile curves Cq(a) ob-
tained by solving problem (1.1) numerically, as well as their analogues
Cgeq () using approximation (3.1) are computed. The normalised squared
approximation error

2T
e(0) = (1=a) | lawcrso) = a(eu) a9

is then recorded.

e For each value of «, we draw N = 1000 replications of an n-sample
(X1, ..., X,) of independent copies of X, with n € {100, 200,500}. The
estimated quantile curves céj )(a) corresponding to the j-th replication
and the associated normalised squared error

. 2
3 (oug) — Q(Oéue)H df

21
EW(a) = (1-a) /

are computed as well as the mean squared error E, (o) = N1 Zj\f: ) EY )(a).

The true quantile curves, as well as the approximated and the estimated
ones are displayed on Figures 1-6 in the case n = 200 and « = 0.995. The true
quantile curves look very similar in Figures 1 and 4, in Figures 2 and 5 and
Figures 3 and 6 (in which the words “best”, “median” and “worst” are to be
understood with respect to the L? error). This is in accordance with Theorem 2.2:
eventually, extreme geometric quantiles only depend on the covariance matrix of
the underlying distribution. Moreover, the approximated quantile curves are close
to the true ones in all cases, and the estimated quantile curves are satisfying
in all situations with a moderate variability. Similar results were observed for
n = 100,500 and a = 0.99,0.999. We do not report the graphs here for the sake
of brevity; we do however display the approximation and estimation errors in
Table 1. Unsurprisingly, the estimation error E,(a) decreases as the sample size
n increases. Both approximation and estimation errors e(a) and E,(a) have a
stable behaviour with respect to a.
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Figure 1: Spherical Gaussian distribution A(0,1/2,1/2,0) for a = 0.995.
Top left: comparison between a numerical method and the use of
the equivalent (3.1) for the computation of the iso-quantile curve,
full line: numerical method, dashed line: asymptotic equivalent.
Top right, bottom left and bottom right: best, median and worst
estimates of the iso-quantile curve for n = 200, full line: numerical
method, dashed-dotted line: estimator g,.
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Figure 2: Diagonal Gaussian distribution N(0,1/8,3/4,0) for a = 0.995.
Top left: comparison between a numerical method and the use of
the equivalent (3.1) for the computation of the iso-quantile curve,
full line: numerical method, dashed line: asymptotic equivalent.
Top right, bottom left and bottom right: best, median and worst
estimates of the iso-quantile curve for n = 200, full line: numerical
method, dashed-dotted line: estimator g,.
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Figure 3:

Full Gaussian distribution N(0,1/2,1/2,1/6) for « = 0.995.
Top left: comparison between a numerical method and the use of
the equivalent (3.1) for the computation of the iso-quantile curve,
full line: numerical method, dashed line: asymptotic equivalent.
Top right, bottom left and bottom right: best, median and worst
estimates of the iso-quantile curve for n = 200, full line: numerical
method, dashed-dotted line: estimator g,.
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Figure 4:

Spherical double exponential distribution £(2,2, 2, 2) for o = 0.995.

Top left: comparison between a numerical method and the use of
the equivalent (3.1) for the computation of the iso-quantile curve,
full line: numerical method, dashed line: asymptotic equivalent.
Top right, bottom left and bottom right: best, median and worst
estimates of the iso-quantile curve for n = 200, full line: numerical
method, dashed-dotted line: estimator g,,.
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Figure 5: Diagonal double exponential distribution & (4,2\/%,4,2\/%)
for a = 0.995. Top left: comparison between a numerical method
and the use of the equivalent (3.1) for the computation of the iso-
quantile curve, full line: numerical method, dashed line: asymp-
totic equivalent. Top right, bottom left and bottom right: best,
median and worst estimates of the iso-quantile curve for n = 200,
full line: numerical method, dashed-dotted line: estimator g,,.
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Figure 6: Full double exponential distribution &£(2v/3,2v/3,2./3/5,2+/3/5)
for a = 0.995. Top left: comparison between a numerical method
and the use of the equivalent (3.1) for the computation of the iso-
quantile curve, full line: numerical method, dashed line: asymp-
totic equivalent. Top right, bottom left and bottom right: best,
median and worst estimates of the iso-quantile curve for n = 200,
full line: numerical method, dashed-dotted line: estimator g,,.
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4.2. Real data illustration

The finite sample behaviour of extreme geometric quantiles is illustrated on
a two-dimensional dataset extracted from the Pima Indians Diabetes Database.
This data set! was already considered by [15] and [12], among others. In the latter
study, geometric iso-quantile curves with a high « are used to detect outliers in
the data set. Using extreme quantiles for outlier detection was advocated in e.g.
[5, 20] in the univariate case and [19] using depth-based quantile regions in the
multivariate case; see also the monograph [1].

After working on the data set so as to eliminate missing values, the data
set consists of n = 392 pairs (X;,Y;), where X; is the body mass index (BMI) of
the i-th individual and Y; is its diastolic blood pressure. The centered data cloud
is represented in Figure 7 with blue crosses, along with the geometric iso-quantile
curve with a = 0.95. While geometric quantiles with a moderate a tend to give
a fair idea of the shape of the data cloud (see e.g. [12]), the same cannot be said
for extreme geometric quantiles on this example. This is an illustration of the
phenomenon described in Consequence 3 in Section 2: the norm of an extreme
geometric quantile is the largest in the direction where the variance is the smallest.
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Figure 7: Pima Indians Diabetes data set. Black dashed line: estimate
of the iso-quantile curve for a = 0.95, with the estimator g,,.

We are thus led to think that here, outlier detection would be dangerous without
a preliminary transformation-retransformation procedure [10].

! Available at ftp.ics.uci.edu/pub/machine-learning-databases/pima-indians-diabetes
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5. CONCLUDING REMARKS

In this paper, we established the asymptotics of extreme geometric quan-
tiles. A particular consequence of our results is that, if the underlying distribution
possesses a finite covariance matrix Y, then an extreme geometric quantile may be
estimated accurately, no matter how extreme it is, with the help of the standard
empirical estimator of ¥. This result is supported by our numerical study. The
situation is very different from the univariate case, in which the asymptotic decay
of a survival function can be linked to the asymptotic behaviour of an extreme
quantile.

An additional issue, illustrated on a real data set, is that although central
geometric quantile contours may roughly match the shape of the data cloud, this
does not necessarily stay true for extreme iso-quantile curves. This is why we
would advise practitioners to be cautious when using such a notion of multivariate
quantile to detect outliers or analyze the extremes of a random vector. We believe
that one can tackle this problem by applying a transformation—retransformation
procedure, see [27] at the population level, and [9, 10] at the sample level. Future
work on extreme geometric quantiles thus includes building and studying their
analogues for transformed-retransformed data.

Finally, let us underline again that this work was carried out under moment
conditions such as the existence of finite first and second-order moments for || X||.
The case when these assumptions are violated is investigated in [17].

6. PROOFS

Some preliminary results are collected in Paragraph 6.1, their proofs are
postponed to Paragraph 6.3. The proofs of the main results are provided in
Paragraph 6.2.

6.1. Preliminary results

The first lemma provides some technical tools necessary to show Theo-
rem 2.2(ii).
Lemma 6.1. Let ¢: RxR; xS%~!1 — R be the function defined by

o(x,r,v) = r [1 + (z—rv, v) U>] .
|z — 7ol
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Then, for all v € S, (-, -,v) is nonnegative and
Ve e RY Vr < |z, o(z,r,v)<2r? and Vr>|z|, oz, rv) < |z)?.

In particular, @(x,r,v) < 2||z||? for every (z,r,v) € R¢xR, x §4~1,
The next lemma is the first step to prove Theorem 2.2(i).

Lemma 6.2. Let u € ST, If E||X|| < oo then, for all v € R?,

_M v - - — u)u, v as «
e (o= i) = B = () “‘

Lemma 6.3 below is a result which is similar to Lemma 6.2.

Lemma 6.3. Let u € S4 . If E|X||?> < oo then

U 2 au — q(QU) q(QU) — —1 — u)u 2 as o
o )”< ||q<au>||’rq<au>||> g ElX =X w)ul T

Lemma 6.4 is the first step to prove Theorem 3.2. It is essentially a refine-
ment of Lemma 6.2.

Lemma 6.4. Let u € S4 1. If E|X||? < oo then, for all v € RY,

- q(QU) v — u)u, v —
ot [latanl (o= R o)+ ECE- (X, o)

— (u,v) Var(X,u) — % (u,v) E|| X — (X, u>uH2 + (u,v) |E(X — (X, u)u)H2
— Cov({X,u), (X,v))

as a1 1.

Lemma 6.5 below is a refinement of Lemma 6.3. It is the second step to
prove Theorem 3.2.

Lemma 6.5. Let u € S 1. If E||X|®> < oo then

au)  qlow)
aw)] Tg(aw)]

la(o)] <||q(ozu)\l2 <au qg

1 2
_ a >+2EHX— <X,u)uH ) NN

o E((X,u> [(X,E(X—(X,u)u)>—HX—(X,u>uHQD as all.
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6.2. Proofs of the main results

Proof of Proposition 2.1: From [14], it is known that if u € B? then
problem (1.1) has a unique solution ¢(u) € R?. To prove the converse part of this
result, use equation (2.1) to get

= (=) =

Let us introduce the coordinate representations X = (Xi,..., Xy) and q(u) =
(q1(w),...,q4(u)). The Cauchy-Schwarz inequality yields

= e (=i - Ed: (i)
> e(f i) =1

=1

IA

Furthermore, equality holds if and only if for all i € {1, ..., d}, there exists pu; € R
such that
X B QZ( )

—
IX =gl ™

almost surely. In particular, if w = (u1, ..., q), this entails X € D = g(u) + Rw
almost surely, which cannot hold since the distribution of X is not concentrated
in a single straight line in RY. It follows that necessarily ||u||? < 1, which is the
result. O

Proof of Proposition 2.2:

(i) Note that (2.1) implies that, for any linear isometry h of R? and every

ven (X) (u)
h(X)—hogq(u)) _
o+ (M=) = o

Since h is a linear isometry, the random vectors X and h(X) have the same
distribution and the equality || X — q(u)|| = ||h(X) — hog(u)|| holds almost surely.

It follows that X — o g
I oq u
h(u)—i—E() =0.
| X —hoq(u)

Since h(u) € B?, it follows that h o ¢(u) = q o h(u), which completes the proof of
the first statement.

(ii) To prove the second part of Proposition 2.2, start by noting that since
X and —X have the same distribution, it holds that E (X/||X|) = 0. The case
u = 0 is then obtained via (2.1). If u # 0, up to using the first part of the result
with a suitable linear isometry, we shall assume without loss of generality that
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u = (u1,0,...,0) for some constant u; € (0,1). It is then enough to prove that
there exists some constant ¢;(u) > 0 such that ¢(u) = (¢1(u),0,...,0). To this
end, let us remark that, on the one hand, if v; € R and w = (1,0,...,0) then

X.
6.1 Vie{2,..,d, E J)—o,
(6.1) J € (2 nd) Qm—mw

since, for all j € {2,...,d}, the random vectors (X1, ..., X;—1, —Xj, Xj11, ..., Xq)
and X have the same distribution. On the other hand, the dominated convergence
theorem entails that the function

X1 — U1 >
v — E|l -
(IIX — viw||
is continuous, converges to 1 at —oo, is equal to 0 at 0 and converges to —1 at

400. Thus, the intermediate value theorem yields that there exists some constant
q1(u) > 0 such that

Xi—aqi(u) '\ _
(62 “+EQx—mme‘0'

Consequently, collecting (6.1) and (6.2) yields

and it only remains to apply (2.1) to finish the proof of the second statement.

(iii) To show the third statement, use the first result to obtain that the
function g: ||u|| — ||g(u)]|| is indeed well-defined; since the geometric quantile func-
tion is continuous, so is g. Assume that g is not strictly increasing: namely,
there exist uy, ug € B? such that ||ui| < ||uz|| and ||q(u1)]| > ||q(u2)||. Since
q(0) = 0, it is a consequence of the intermediate value theorem that one may find
u, v € BY such that |lu| < |lv|| and ||g(w)| = ||g(v)|. Let h be an isometry such
that A(u/[[ul]) = h(v/[|v]]); then

la(h(u))ll = llatw)] = llg@)] = llg(h(v))]

and

ah(w) _ hw _ h@v) _ qh(v)

lgChCu)ll [l R lla(h)]]
In other words, g(h(u)) and g(h(v)) have the same direction and magnitude, so
that they are necessarily equal, which entails that h(u) = h(v) because the geo-

metric quantile function is one-to-one. This is a contradiction because ||h(u)| =
llu|| < ||v]| = ||h(v)]|, and the third statement is proven.

(iv) Assume that ||g(u)|| does not tend to infinity as ||u|| — 1; since g
is increasing, it tends to a finite positive limit . In other words, ||¢(u)|| < r for
every u € B4, which is a contradiction since the geometric quantile function maps
B? onto R?, and the proof is complete. ]
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Proof of Theorem 2.1:

(i) If the first statement were false, then one could find a sequence (vy)
contained in BY such that ||v,|| — 1 and such that (||q(v,)||) does not tend to in-
finity. Up to extracting a subsequence, one can assume that (||g(vy,)]|) is bounded.
Again, up to extraction, one can assume that (v,) converges to some vy, € ga-1
and that (g(v,)) converges to some g, € RY. Moreover, it is straightforward to
show that for every ui,ug, q1, g2 € R?

|W(ur, q1) = ¥(uz, @2)| < {1+ [[uall} llaz — aall + lloall [Juz — wa

so that the function v is continuous on R%xR?. Recall then that the definition
of q(v,) implies that for every ¢ € R%, ¥(v,, q(vn)) < ¥(vp, q) and let n tend to
infinity to obtain

(oo = arg min (v, q) -
q€Rd

Because v € S?!, this contradicts Proposition 2.1, and the proof of the first
statement is complete: [|g(v)| — oo as ||v|| — 1.

(ii) Pick a sequence (v,) of elements of B? converging to u and remark

that from (2.1),
X — Q(vn) ) =0
”X - Q(Un)H
for every integer n. Hence, for n large enough, the following equality holds:

O3 R (H el ™ Teto| i T~ IIZEZZ;HD =0

Since the sequence (q(vy,)/||q(vy)]]) is bounded it is enough to show that its only
accumulation point is u. Let then u* be an accumulation point of this sequence.

vn—i—E(

Since ||q(vp)|| — o0, we may let n — oo in (6.3) and use the dominated conver-
gence theorem to obtain u — u* = 0, which completes the proof. O

Proof of Theorem 2.2:

(i) Let (u,wi,...,wg_1) be an orthonormal basis of R and consider the
following expansion:

q(au) S
(6.4) e ~ bla)u + ;ﬂk(a) wg

where b(a), 51 (@), ..., ﬁd,l(a) are real numbers. It immediately follows that

uyu} =

o) 1)+ $ N Bu(o) ~ B,
= (ble) 1) *Z lo(ew]

q(au)

65) o]~ Tacom] (B

Wi -



130 Stéphane Girard and Gilles Stupfler

Lemma 6.2 implies that
(6.6)

— q<au> w = — au o) — — w as «
ot o = (0 ) = <)l Ae) — ~B(X,w) s a1

for all k € {1, ..., d — 1}. Besides, let us note that q(au)/|q(au)| € S entails

(6.7 )+ 3 ) = 1.
Theorem 2.1 shows that b(a) — 1 askalT 1 and thus (6.6) yields:
68) laew)] (1 - be) = 3 llaten)] (1 —4(@) (1+o0(1)
= gl S 8@ (1 +o(1) — 0 s a1,
Collecting (6.5), (6.6) and (6.8), we obtai];:1
o]~ Tatay (B~ @000} = o) e a1

which is the first result.

(ii) Recall (6.4) and use Lemma 6.2 to obtain

q(au) d w as «

for all k € {1, ..., d — 1}, leading to

2
(6.9) lg(ew)|? Bi(@) — [E(X,w)]”  as a1l
for all k € {1, ..., d — 1}. Recall (6.7) and use Lemma 6.3 to get
2 1 2

(6.10) lg(aw)|? [ab(a) — 1] — —3 E||X — (X, u)ul| as all.
Since (u, wy, ..., wy_1) is an orthonormal basis of R, one has the identity

) d—1
(6.11) X = (X, uyul” =D (X, wy)?.

k=1

Collecting (6.9), (6.10) and (6.11) leads to

d—1 d—1
llg(au)]? [1 —ab(a) — ;Zﬁg(a)] — % ZV&r(X, wg) as all.

k=1

Therefore,
(6.12)

1 d—1
lq(ou)||? [1 —abla) - 5 (1- bQ(a))] D Var(X,wy) as all,

k=1

DN |
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and easy calculations show that

(6.13)  1—abla)— % (1-8(@) = % (1 a) (1 +a) + (a —b(a))’]

Finally, in view of Lemma 6.2,

g(au)
llg(ouw)|| <au , > -0 as all
la(au)
which is equivalent to
(6.14) lg(aw)|? (@ = b(a))® = 0 as all.

Collecting (6.12), (6.13) and (6.14), we obtain
1 41
lg(aw)|® (1 - a) — 3 ZV&r(X, W) as all.

k=1

Remarking that, for every orthonormal basis (e, ..., eq) of R?,

d
(6.15) ZVar (X, ex) = Ze Ye, = trX
k=1
proves that
2 1 I
lg(auw)||” (1 — a) — §(tr2—u2u) >0 as all.

Finally, note that if we had tr 3 — «/3u = 0 then by (6.15) we would have that
Var(X,wy) =0 for all k € {1,...,d — 1}. Thus the projection of X onto the or-
thogonal complement of Ru would be almost surely constant and X would be
contained in a single straight line in R?, which is a contradiction. This completes
the proof of Theorem 2.2. O

Proof of Theorem 3.1: Note that

1 1/2
(616) VA (679 an(anu) - |:2 (trE — U/ZU):| u
almost surely as n — oo. Moreover, by Theorems 2.1 and 2.2
(6.17)

q(onu) 1 N
VI—a, qlanu) = VIi—ap r\q<anu>||wrﬂ)”ﬂ[2(tr2—u2u)} u

almost surely as n — co. Combining (6.16) and (6.17) completes the proof. [
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Proof of Theorem 3.2: Consider the following representation:

n(l - an) (Zl\n(anu) - Q(anu)) = Tl,n + TQ,n + T3,n

with Ti, = Vn ([ {tr 3, —uEnu}]l/2 B {trE—u’Eu}]l/2> _\antl)
1 1/2 glanu)
Tom = Vn ([2 {re— u'zu}] —Vi-a, \Q(anU)H) -
and Tz, = —/n(1 — an) [|Gn(cnu)| < g(anv) u) )

lg(anu)]|

We start by examining the convergence of 17 ,. Observe first that

1 S, — WS} — {trS - o'Su) q(anu)

\[ {trZ 5> u} 1/2 + {trE —u’Eu}l/2 llg(anu)|

{trE —u Znu} {trZ —u Zu}
= Vn 1/2

22 {trE — u’Eu}

in view of Theorem 2.1(i) and from the consistency of £,. Denote by M the

Gaussian centred limit of \/n(S, — ) (see e.g. [24]). Since the map A — tr A —
v’ Au is linear, it follows that

f{trE —uZnu} {trZ—uZu}
2f{tr2—u’2u}1/2

where Y is a centred Gaussian random variable. Now, clearly Z :=Yu is a

1n —

u(1+ op(1)) as n — oo

Y as m — 0o

Gaussian centred random vector and we have
(6.18) Tin 47 as n—oo.

The sequence T5 j, is controlled in the following way: using Lemmas 6.4 and 6.5
and following the steps of the proof of Theorem 2.2(ii), we obtain

lganu)|* (1 — an) = % (tr 2 — u'Su) + O(llg(anu) | 7)

:%(trE—u/Eu)+O(\/1—an) as n — 00.

As a consequence
(6.19) |Ton] = O ( n(l— an)) =o(l) as n—oo.

We conclude by controlling 75 ,,. Theorem 2.2 entails

Qn anU
(Tl = OIP’( = an) 1 ||>

la(emu)|
trS 'S 12
r¥, —u'Xau
2 = 1—
(6:20) Op n(l = an) [ trX —u/3u

= Op ( n(l— an)> =op(l) as n— oo

by the consistency of 3,,. Combining (6.18), (6.19) and (6.20) completes the proof.
O
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6.3. Proofs of the preliminary results

Proof of Lemma 6.1: The fact that ¢ is nonnegative and the inequality
(6.21) Vr < lz|| , o(z,r,v) < 272

are straightforward consequences of the Cauchy—Schwarz inequality. Further-
more,  can be rewritten as

) |z = (z,v)o]”

o(z,r,v) =r
|z — rol| [llz —rv| = (z —rv, v)]

Let us now remark that, if ||z|| < r, then, by the Cauchy-Schwarz inequality,
(x —rv, v) = (x,v) —r < 0 which makes it clear that

2 |z = (@)

6.22 z,r,v) 1 <r
(6.22)  p(@,7,0) Uja)<ry TP—

Ljzj<ry =2 ¥(2,7,0) Loy -

Since ||z — rv||* = ||z — 2r(x, v) + 2, the function ¢ (x, -, v) is differentiable on
(|||, +00) and some easy computations yield

If (z, v) <0 then ¥(z,-,v) is increasing on (||z||, +o0) and thus
(6.23) vr > x|, Yz, rv) < ligl Yz, mv) = ||z — (z,0)v]* < ||z|?.

Otherwise, if (x,v) > 0 then ¢ (z, -, v) reaches its global maximum over [||z|], +00)
at ||z||?/(z, v) and therefore,

(6.24) v s ol o) < w(a:, [l ) TS

(z,0)

Collecting (6.22), (6.23) and (6.24) yields

(6.25) o(@,r,0) Ljppary < N2l Lyja<ry -

Combining (6.21) and (6.25) shows that ¢(z,7,v) < 2||z||* for every r > 0 and
every v € S% 1 and completes the proof of the result. O

Proof of Lemma 6.2: Let v € R and W,(-,v): R? — R be the function

defined by
_1_ . gq(ow) y
1] <rq<au>u Taau)]’ >

Wa(z,v) = [

H Hq(;)H - HZEZgH‘
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For « close enough to 1, (2.1) entails

_ dlow) y 1 ) =
620 o= ) F BV, 0) + e B = 0.
It is therefore enough to show that

627)  fglow)| E(Wa(X.v)) — —{u, v) E(X,u) as aT1.

Since, for every x € RY,

2 2
q(ou) 2 q(ou) ]
(6.28) H - —1- <x ¥ ,
laCaw)l [lg(au)] lg(aw)]l lg(aw)ll /' llg(au)|?
it follows from a Taylor expansion and Theorem 2.1 that
(6.29) llg(aw)||Wa(X,v) — —(u,v) (X,u)  almost surely as aT1.
Besides,
-l
lg(au)] llg(au laCew)l[ [lg(ou)
x qlow) 171
<[] il
()] [lg(cu)]]
2 < q(au) > [E§
lg(aw)]l lglew)/ llg(au)|?

and the Cauchy—Schwarz inequality yields

H el oo <|q ol Tagea®) < -

Thus, using the triangular mequahty and the Cauchy—Schwarz inequality, it fol-
lows that

ot < 1ol [ 1+ |y~ ) Hqﬂ 2+ )

Consequently, one has

la(ew) || Walz, )] Ljz<iigeny < 3020 Lge)<gtau; -

Furthermore, the reverse triangle inequality entails, for 2 € R? such that |jz| >

lg(au)|: ‘
o i~ el <

lg(aw) || [Wa(z,0)| Lgjzi>aeay < 3ol 2] Lz lqauw) -

and therefore,

Finally,
la(eu)|| [Wa(X,v)| < 3ol | X]|

so that the integrand in (6.27) is bounded from above by an integrable random
variable. One can now recall (6.29) and apply the dominated convergence theorem
to obtain (6.27). The proof is complete. O
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Proof of Lemma 6.3: Let Z,: R? — R be the function defined by
z—q(ou)  glau) >

Iz = q(au)]|” llg(au)]|

Zo(z) = 1+<

For a close enough to 1, (2.1) yields

glow)  glow) B
(6.30) <a“ Taew)] ||q<au>||>+E(Z°‘(X)) =0

and it thus remains to prove that

llg(au)? E(Za(X)) — %]EHX—<X,U>UH2 as al1l.

[ la au)H <$ HZEZZM '

It thus follows from equation (6.28), Theorem 2.1 and a Taylor expansion that

B 1 o {p o) \ qlaw) o
Zal@) = 2||q<au>u2< < ’ |rq<au>||> ot >(” )

for all z € R?. Using Theorem 2.1 again, we then get
(6.32)
lg(aw)||? Za(X) — | X||? = (X, u)? = || X —(X,u)u|> almost surely as o T 1.

To this end, rewrite Z, as

(6.31)  Zo(z) =

- H lg(au)]

To conclude the proof, let p: R4 xR, x S9! — R be the function defined by

(x - ro, w].

2
o(z,rv) =71 [1+
|z —ro|

Note that [|g(au)||?*Za(z) = ¢(z, [|¢(au)], ¢(aw)/|g(au)|). By Lemma 6.1:

la(ew)]* Za(X) = ¢(X, la(ew), glaw)/lglaw)]) < 2)X|?

and the right-hand side is an integrable random variable. Use then (6.32) and
the dominated convergence theorem to complete the proof. O

Proof of Lemma 6.4: Let v € R% and recall the notation

] [H oo~ ] - 1] et~ Tato )

from the proof of Lemma 6.2. From (6.26) there, it is enough to show that

Wa(x,v)

(6.33)  [lg(aw)]] E(Hq(au)l! Wo (X, v) + (u,v) (X, u>) —
— % (u,v) E|| X — (X, u>uH2 — (u,v) Var(X, u)
+ Cov ({X, u), (X,0)) — (u,0) |E(X — (X, uu)]||’
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as a 1 1. Use now (6.28) in the proof of Lemma 6.2, Theorem 2.2(i) and a Taylor
expansion to obtain after some cumbersome computations that

latau) | (lla(aw)l| Wa (X, v) + (u,v) (X,u)) =

= % (u, 0) [|X = (X, w)ull® = (u, v) (X, ) ((X,u) — E(X, u))

+ (X, u) ((X,v) — E(X,v)) — (u,v) (X, E(X — (X, u)u))
2

+ > 1X1 g5 (a, X, g(au))

=0

with probability 1, where for all j € {0,1,2}, ¢;(a,y,2) — 0 as max(1l — «,
lyll/lIzI) | 0. In particular

lataw)] (Jla(ew)|Wa (X, v) + (u,v) (X,u)) —
(6.34) — % (u,v) HX— (X, u>uH2 — (u,v) (X, u) ((X, u) — E(X, u))
— (u,v) (X, BE(X — (X, u)u)) + (X, u) ((X,v) — E(X,v)),

almost surely as a T 1. The proof shall be complete provided we can apply the
dominated convergence theorem to the left-hand side of (6.34). To this end, let
0 € (0,1) be such that

X
a€(1-94,1) and I X] <6 = max|eg;(a, X, qlou)| < 1.
0<j<2

lg(au)]

Equality (6.34) thus entails for a close enough to 1:
lg(aw)| |[[g(aw)[| Wa (X, v) + (u,v) (X, U>‘ Igx|<slglan)} <
< Pr(IX) Tgpx<sligtanny

where Pj is a real polynomial of degree 2. Besides, it is a consequence of the
definition of W, (X, v) and the Cauchy-Schwarz inequality that

lg(au)| |[[g(aw)[| Wa (X, v) + (u,v) (X, U>‘ I x| >s1qauw))} <
200+ 0) [[oll |\ 2
< =52 IXIP Tgxaieewny -
One can conclude that there exists a real polynomial P of degree 2 such that

gt [la(@u)| Wa (X, v) + (u,0) (X, u)| < P(IX]))

so that the integrand in (6.33) is bounded by an integrable random variable.
Recall (6.34) and apply the dominated convergence theorem to complete the
proof. O



Intriguing Properties of Extreme Geometric Quantiles 137

Proof of Lemma 6.5: The proof is similar to that of Lemma 6.4. Recall
from the proof of Lemma 6.3 the notation

z—qlou)  glau) >

I = g(au)[|” [lg(cu)]|

Zao(x) =1 —|—<
From (6.30) there, it is enough to show that
635)  late)] (o) 20(X) - SEIX~ (X —
- E((X, ) [[| = (X, wyul* - (x, E(X—(X,u>u)>D

as a 1 1. We first use (6.28) in the proof of Lemma 6.2, equation (6.31) in the
proof of Lemma 6.3, Theorem 2.2(i) and a Taylor expansion to obtain after some
burdensome computations that

(6.36) [a(ow)] <Hq(au>!!22a(X) -5 llxX-x, u>ul!2) -
3
= (X (X~ (X ul” = (X B(X (X w)u))) + D 1K) & (. X, g(ow))

with probability 1, where for j € {0,1,2,3}, ¢j(o,y,2) = 0 as max(l — a,
lyll/Nl=]]) | 0. Especially

630t (ot 203) - 5 X~ ()
— () (X = (Xl = (X E(X —(X,u)u)))

as a1 1. Our aim is now to apply the dominated convergence theorem to the
left-hand side of (6.35). To this end, pick ¢ € (0,1) such that

X
1-4,1 d 6 = i(a, X <1.
a € ( ,1) an < Orgnjagg‘sj (o, X, q(au))| <

lg(eu)]]

Equality (6.36) thus entails for « close enough to 1:

1 2
laten)| [lla(@w)l? Za(X) = 5 [|X = (X, wyul[*| g x ) <spgaanny <
< Pu((IX1) Lgyxy<sfatan )y

where Pj is a real polynomial of degree 3. Moreover, the Cauchy—Schwarz in-
equality yields

1
lg(ew) | [lla(a)|? Za(X) = 5 X = (X, wbull?| Doty <

44 §? 5
< S X Ngx>s)eaw)y -
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Consequently, there exists a real polynomial P, of degree 3 such that

laton)| la(aml? Zu(X) ~ 5 |IX ~ (X, upul| < Po(IX]).

We conclude that the integrand in (6.35) is bounded by an integrable random

variable. Recall (6.37) and apply the dominated convergence theorem to complete

the proof. O
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Abstract:

o Zielinski (2010) showed the existence of the shortest Clopper—Pearson confidence inter-
val for binomial probability. The method of obtaining such an interval was presented
as well. Unfortunately, the confidence interval obtained has one disadvantage: it does
not keep the prescribed confidence level. In this paper, a small modification is intro-
duced, after which the resulting shortest confidence interval does not have the above
mentioned disadvantage.
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1. INTRODUCTION

The problem of estimating the probability of success in a binomial model
has a very long history as well as very wide applications. Let us recall the def-
inition of a confidence interval for probability of success 6 € (0,1) (see Cramér
(1946), Lehmann (1959), Silvey (1970); for a general definition of confidence in-
terval see Neyman (1934)):

A random interval (6(X), (X)) is called a confidence interval for a param-
eter 6 at the confidence level 7y if

Pg{Q(X)ﬁQS@(X)} >~ forall §e(0,1).

Here X denotes the number of successes in a sample of size n.

It is easy to note that for any d(n),g(n) > 0 the interval (8(X) — d(n),
6(X) + g(n)) is of course also a confidence interval. So an additional criterion
is needed for choosing a confidence interval. There are a lot different criterions.
Clopper and Pearson, who proposed the first confidence interval for 6, took under
consideration the equal risk of underestimation and overestimation. The problem
of the shortest confidence intervals was seldom considered in the past (Crow 1956,
Blyth and Hutchinson 1960, Blyth and Still 1983, Casella 1986). Zielinski (2010)
proposed a simple method of obtaining the shortest confidence interval for 6.
Unfortunately, the solution has a serious disadvantage: the proposed confidence
interval does not keep the nominal confidence level. So, in what follows a slight
modification is proposed. Namely, an auxiliary random variable Y € (0,1) is
applied and the shortest confidence interval is constructed on the basis of X + Y.
It appears that such a confidence interval does not have the above mentioned
disadvantage.

2. THE CONFIDENCE INTERVAL

Consider the binomial statistical model
({o, 1,..n}, {Bin(n,0), 0< 0 < 1}) :

where Bin(n,f) denotes the binomial distribution with probability distribution

function (pdf)
n

k) k1 —0)"*,  k=0,1,...n.

It is well known that

Z(Z) ok(1—o)"k = F(n—:c,a:—l—l;l—G) = 1—F(x—|—1,n—;1:; 0),
k<z
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where F'(a,b; ) is the cumulative distribution function (cdf) of the beta distribu-
tion with parameters (a, b).

Let X denote a binomial Bin(n,f) random variable. A confidence interval
for probability 6 at the confidence level « is of the form (Clopper and Pearson,
1934)

(F‘l(X,n—XJrl;%); FH (X +1,n-X; 72))’

where 71,72 € (0,1) are such that v5 —y; = v and F~1(a,b; ) is the a quantile
of the beta distribution with parameters (a,b), i.e.

P{oe (FH (X, n-X+Lm); FH(X+1Ln-X;%))} >, ¥oe(,1).

For X = 0 the left end is taken to be 0, and for X = n the right end is taken to
be 1.

Zieliniski (2010) considered the length of the confidence interval when X = x
is observed:

d(y,z) = F_l(:c+1,n—x;7+’y1) —F_l(x,n—x+1;71).

Let = be given. The existence as well as the method of finding 0 <~} <1—7
such that d(vf, z) is minimal was shown. Examples of shortest confidence inter-
vals (left, right) are given in Table 1.

Table 1: The shortest c.i. (n = 20, v = 0.95).

’ T H ol ‘ left ‘ right ‘
0 || 0.00000 | 0.00000 | 0.13911
1 0.00000 | 0.00000 | 0.21611
2 || 0.00125 | 0.00261 | 0.28393
3 || 0.00561 | 0.01839 | 0.34998
4 || 0.00966 | 0.04318 | 0.41249
5 || 0.01302 | 0.07344 | 0.47156
6 || 0.01587 | 0.10763 | 0.52766
7 || 0.01840 | 0.14496 | 0.58118
8 || 0.02071 | 0.18496 | 0.63234
9 || 0.02288 | 0.22733 | 0.68126

10 || 0.02500 | 0.27196 | 0.72804

By symmetry, for z > n/2 we have vj(z) = (1 — ) —vj(n — ), left(z) =
1 —right(n —z) and right(z) = 1 — left(n —z). The confidence level of the shortest
confidence interval for probability 6 equals

i (Z) 07 (1— 0)"" 1(,0) ,

=0
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where

(. 6) 1 if 0 € (left(x), right(z)) ,
z,0) =
0 otherwise .

For n = 20 and v = 0.95 the confidence level is shown in Figure 1.

1.00 —
0.00 —

0.98 —

0.96 —

0.95 —f--mmmmmmmmmmofe oo -

0.94 —|

0.93 —

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

Figure 1: The confidence level of the shortest confidence interval:
n =20, v = 0.95.

Note that for some probabilities # the confidence level is smaller than the
nominal one. This is in contradiction with the definition of the confidence interval
(see Neyman 1934, Cramér 1949, Lehmann 1959, Silvey 1970).

In what follows, a small modification is introduced, after which the resulting
shortest confidence interval does not have the above mentioned disadvantage, i.e.
its confidence level is not smaller than the prescribed one.

Let Y be a random variable conditionally distributed on the interval (0, 1)
with cdf Gy|x—,(-). The confidence interval will be constructed on the basis of
two random variables: Z; = X +Y and Z; = X — (1 —Y'). The distributions of
those r.v.’s are easy to obtain:

0 if <0,
aflt], [t]) P{X=1t]} if [t]=0,

o P{X =k} +a(lt],[6) P{x=1t]} if 1<t <n,
1 if [t|>n,

Py{Zs <t} =
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0 if t<—1,
P Za<t) = a(lt],[t]) Po{X=[t] +1} if [t]=—1,
e S ORIX=k} +a(t)+1,[0]) B{X=t)+1} i 0<|t)<n-—1,
1 if [t]>n,

where |¢] denotes the greatest integer no greater than ¢ and

[t] =t — |t] and a([t], [t]) = Gy |x=|t)(du) .

It is easy to note that the distribution of Y may be taken as the uniform U(0, 1)
independently of X.

The shortest confidence interval (01,60 ) at the confidence level v will be
obtained as a solution with respect to 6 of the following problem:

Oy — 0, = minl!,
Py {Zs<t} = 72,
Po{Za>ty =1-m,
Y2—7 =7
Hence, for observed X = x and Y = y we have to find 67 and 0y such that
Oy — 60, = min!,
o Po{X =k} +yPy{X=2} =,
Sheo PoAX =k} +yPo{X=2+1} = m,
27 =7,
or, equivalently,
Oy — 60, = min!,
(1-y)F(z,n—2+10,) + yF(z+1,n—2;01) = 1,
(I-y) Flz+1,n—z;0p) + yF(z+2,n—z—-1;0p) = v+mn .

Let
GO;n,z,y) = (1—y)F(x,n—:U—|—1;9) + yF(:L‘+1,n—x;9).

We take F'(a,0;6) =0 and F(0,b;0) = 1. Then

0, = G_l(vl;n,az,y) and Oy = G_l(’y—l—vl;n,x—f—l,y).

In what follows we consider only the case x < n/2. If > n/2, the role of
success and failure should be interchanged.
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The problem of finding the shortest confidence interval may be written as
the problem of finding v; which minimizes
d(’yl;nvxuy> = G_1(7+’717n7x+17y) - G_l(’)/l;n,.f,y)

for given y € [0,1], n and z.

Theorem 2.1. For x > 2 and for all y € (0,1) there exists a two-sided
shortest confidence interval.

Proof: We have to show that for z > 2 and for all y € (0, 1) there exists
0 < < 1— such that d(y1;n,x,y) is minimal. The derivative of d(y1;n,x,y)
with respect to v equals

od(yi;n,x,y) 1 B 1
o7 LHS (yi;n,2,y)  RHS(y1;n,2,y)
where
n—xr—1
LHS(y1;n,2,y) = (1—G’1(7+71;n,x+1,y)> G vy e +1,y)"
(
G*1(7+71,n,x+1,y)B(x—|—1,n—:L“)
N y
(1-G'v+y;nz+1,y)Bl@+2,n—z—1)
and
n—x
RHS(’Yl?n7$7y) = (1—G_1(’}’1;7’L,[E,y)) G_l(Fyl;nvxay)x
1—y
G~Yy;n,2,y) B(z,n —z + 1)
N y
(1-GYy;n,z,y) Blz+1,n—x) )
Because

G 0;n,z,y) =0 and G YLin,z,y)=1,
for 2 <z < n/2 we have:
if v1—0 then LHS(vi;n,z,y) >0 and RHS(yi;n,z,y) — 0T,
if 9 —1—~ then LHS(y;;n,z,y) — 07 and RHS(vi;n,z,y) >0.
Therefore, the equation

() ad(vy1;n, ,y)

=0
o

has a solution. O
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It is easy to see that LHS(;n,x,y) and RHS(-;n,x,y) are unimodal and
concave on the interval (0,1 — ). Hence, the solution of (x) is unique. Let ~f
7(%("%;?”/) < 0 for v <~ and 7&1(%;@’%” > 0 for

Y1 > 71, we have d(v{;n,z,y) = inf{d(’yl;n,x,y): 0<ym <1 —7}.

denote the solution. Because

Theorem 2.2. For x =1 there exists y* € (0,1) such that if Y < y* then
the shortest confidence interval is one-sided, and it is two-sided otherwise.

Proof: For x =1 we have
ad(yi;n, 1,y) 1 B 1
o LHS(yi;m,1,y)  RHS(y1;n,1,y)

where

1 n—2 1 2
LS (s 1,y) = (1= G (v +mim29)) G (3 +mim,2,)

1—y
<G1(’Y+Vlvn,2,y) B(zﬂn_ 2)

N y
(17G71(7+r}/1,n72ay))3(37n72)

1 n— _

- 5(n—1)n(l—G*I(V—F’yl;n,Q,y)) e, Yy 4+91:n,2,9)

: (2(1—G*1(’Y+71;n,27y)) +y(nG (Y yn, 2,y) — 2))

and

n—1

RES(1im, 1) = (1= 67 um,1,y) G nim, L,y)

l-y
Gil(%;”’ 17y) B(lvn)

N y
(1 - G_l(’}/l; n, 17y)) B(Qan - 1)
= n(l — Gil(’yl;n, 1,y))n_2
: <1 —G (i, Ly) + y(nG (s, 1,y) — 1)) :
It can be seen that if v; — 0, then

(1 -~ G Yy;n,2, y))n_ G~ (vin,2,y)
B(2,n—1)

: (2 (1-GYyn2,9) +y(nG H(yin,2,y) — 2)) :

RHS(v1;n,1,y) — (1—y)n.

3

LHS(y1;n,1,y) —

If v1 — 1 — 7, then
LHS(y1;m,1,y) — 01|
RHS(y1;7n,1,9) > 0.
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Because LHS(0;n,1,0) < RHS(0;n,1,0) and LHS(0;n,1,1) > RHS(0;n,1,1),
there exists y* such that LHS(0;n,1,y*) = RHS(0;n,1,y*). So, for y < y* the
shortest confidence interval is one-sided, and it is two-sided otherwise. ]

The value of y* may be found numerically as a solution of

LHS(0;n,1,y*) = RHS(0;n,1,y") .

In Table 2 the values of y* for different n and confidence levels v are given.

Table 2: Values of y*.

] n H ~ =09 \7:0.95\7:0.99\7:0.999

10 || 0.783163 | 0.870995 | 0.964326 | 0.994792
20 || 0.828155 | 0.904080 | 0.976758 | 0.997138
30 || 0.840388 | 0.912599 | 0.979647 | 0.997620
40 || 0.846076 | 0.916491 | 0.980924 | 0.997825
50 || 0.849360 | 0.918718 | 0.981643 | 0.997937
60 || 0.851499 | 0.920160 | 0.982104 | 0.998009
70 || 0.853002 | 0.921170 | 0.982424 | 0.998058
80 || 0.854117 | 0.921917 | 0.982660 | 0.998094
90 || 0.854976 | 0.922491 | 0.982840 | 0.998121
100 | 0.855658 | 0.922947 | 0.982983 | 0.998143
150 || 0.857680 | 0.924294 | 0.983403 | 0.998206
200 || 0.858678 | 0.924955 | 0.983608 | 0.998237
300 || 0.859666 | 0.925610 | 0.983810 | 0.998267
400 || 0.860156 | 0.925934 | 0.983910 | 0.998281
500 || 0.860449 | 0.926128 | 0.983969 | 0.998290
600 || 0.860644 | 0.926257 | 0.984009 | 0.998296
700 || 0.860784 | 0.926349 | 0.984037 | 0.998300
800 || 0.860888 | 0.926418 | 0.984058 | 0.998303
900 || 0.860969 | 0.926471 | 0.984075 | 0.998306
1000 || 0.861034 | 0.926514 | 0.984088 | 0.998308

The above considerations may be summarized as follows. Observe a r.v. X
distributed as Bin(n,f) and draw Y distributed as U(0,1). If X > n/2 then
consider X’ = n— X. Calculate y*, the solution of the equation LHS(y*;0,n,1) =
RHS(y*;0,n,1).

If X +Y <1+ y* then the confidence interval is of the form
(0; G yin, X + 1, Y)) .

If X +Y > 1+y* then find 7§ which minimizes d(y1;n, z,y). Then the confidence
interval takes on the form

<G*1(’yi“;n, X, Y); G71(7+fyf;n,X + 1,Y)) .
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If X > n/2 is observed then the shortest confidence interval has the form
(1—G_1(7;n,X’+1,Y);1) if X'4Y <14y*,

(1 — Gy +45n, X+ 1,Y); 1= G, X’,Y)) otherwise .

Theorem 2.3. Py{0;, <0 <60y} >~ for 6 € (0,1), and Py5{0; < 0.5 <
Out =~

Proof: Let# € (0,1) be given. Let 2., ¥, and 7, be such that 6 = G~ (7 + y4;
N, Ty, Yu). Similarly, let x4, y4 and 74 be such that 0 = G~ (vg;n, zq + 1,5q).
Of course, x4 < x,, and v < 7v,. So

PplOr <0 <0y} = P{eg+ya < X+Y <zy+uyu} =7+ —7 > 7.

If # =0.5 then, by symmetry, x, =n— x4, Yy, =1 —yq and v, = v4. Hence
P0.5{9L S 0.5 S HU} =. ]

The confidence level of the randomized shortest confidence interval for n =
20 and v = 0.95 is shown in Figure 2.

1.00 —
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0.94 —

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00
Figure 2: The confidence level of the randomized shortest

confidence interval: n = 20, v = 0.95.

In Clopper and Pearson’s times, calculating quantiles of a beta distribu-
tion was numerically complicated. Nowadays, it is very easy with the aid of
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computer software, so using the shortest confidence interval is recommended (a
short Mathematica program is given in the Appendix). To avoid problems with
wrong inference due to the confidence level, one should use randomized shortest
confidence intervals. Of course, the generated value y of a U(0,1) r.v. must be
attached to the final report. So results now are given by three numbers: number
of trials, number of successes and the value y.

3. AN EXAMPLE

Consider an experiment consisting of n = 20 Bernoulli trials in which x = 3
successes were observed. Let v = 0.95. The standard Clopper—Pearson confidence
interval (F*1(3, 18;0.025); F~1(4,17; 0.975)) takes on the form

(0.0321, 0.3789) .
The length of the standard Clopper—Pearson confidence interval equals 0.3468.

To calculate the randomized shortest confidence interval one has to draw a
value y of the auxiliary variable Y and then calculate the ends of the confidence
interval on the basis of  +y. The uniform random number generator gives
y = 0.0102162 and the randomized shortest confidence interval takes on the form

(0.0184, 0.2898) .

The length of that confidence interval is 0.2714. Note that the length of the
proposed confidence interval equals 78% of the length of the standard confidence
interval.

The final report may look as follows:

n=20, =3, y=00102162, v=0095, 6 € (0.0184,0.2898) .

In practical applications it is important to have conclusions as precise as
possible. Hence the use of the randomized shortest confidence intervals is recom-
mended, especially for small sample sizes. Those intervals are very easy to obtain
with the aid of the standard computer software (see Appendix).
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APPENDIX

Below we give a short Mathematica program for calculating ] and the
ends of the randomized shortest confidence interval. Of course, one can also use
other mathematical or statistical packages (in a similar way) to find the values
of 7.

In[1]:= << Statistics’ContinuousDistributions’
n=.; x=.; y=.; gq=.;
Bet[a_,b_,x_]=CDF[BetaDistribution[a, b], x];
G[O_,n_,x_,y_1=(1-y)*If[x==0,0,Bet [x,n-x+1,0]]+y*If [x==n,0,Bet [x+1,n-x,0]];
(xdefinition of the confidence intervalx)
Lower [p_,n_,x_,y_]:=If [x<=1+Ystar,0,0/.FindRoot [G[0,n,x,y]==p,{0,0.001,0.999}];
Upper[p_,n_,x_,y_]:=If [x>=n-1-Ystar,1,0/.FindRoot [G[0,n,x,y]==p,{0,0.001,0.999}];
Length[p_,n_,x_,y_,v_]:=Upper [y+p,n,x+1,y]-Lower[p,n,x,y];
In[2]:= n=20; (*input n*)
x=7; (*input x (<n/2)*)
q=0.95 ; (xinput confidence levelx)
y=RandomReal[];
(*calculate Y starx)
eps=10~(-10); al=0; ar=1;
While[ar-al>eps,{
aa=(ar+al)/2;
Dol=f/.FindRoot [G[#,n,2,aa]l==q, {6, 0.001, 0.999}];
LHS=(1-Dol) " (n-3)*Dol*(2*(1-Dol)+aa*(n*Dol-2))/Beta[2,n-1];
RHS=(1-aa)*n;
If [LHS>RHS,ar=aa,al=aal;}]
Ystar=aa;
(xcalculate ends of the shortest confidence intervalx)
pp=If [x+y<=1+Ystar,O0,
p/ .FindMinimum[Length[p,n,x,y,q],{p,0,1-q }]1 [[2]]1] (*probability ~i*)
Left=Lower [pp,n,x,y] (*left endx*)
Right=Upper [q+pp,n,x,y] (kright endx*)
y (*drawn U(0,1) r.v.*)
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