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Abstract:

e We consider (arc) density of a parameterized interval catch digraph (ICD) family
with random vertices residing on the real line. The ICDs are random digraphs where
randomness lies in the vertices and are defined with two parameters, a centrality pa-
rameter and an expansion parameter, hence they will be referred as central similarity
ICDs (CS-ICDs). We show that arc density of CS-ICDs is a U-statistic for vertices
being from a wide family of distributions with support on the real line, and provide
the asymptotic (normal) distribution for the (interiors of) entire ranges of centrality
and expansion parameters for one dimensional uniform data. We also determine the
optimal parameter values at which the rate of convergence (to normality) is fastest.
We use arc density of CS-ICDs for testing uniformity of one dimensional data, and
compare its performance with arc density of another ICD family and two other tests
in literature (namely, Kolmogorov—Smirnov test and Neyman’s smooth test of uni-
formity) in terms of empirical size and power. We show that tests based on ICDs
have better power performance for certain alternatives (that are symmetric around
the middle of the support of the data).
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e asymptotic normality; class cover catch digraph; intersection digraph; Kolmogorov—
Smirnov test; Neyman’s smooth test; proximity catch digraph; random geometric
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1. INTRODUCTION

Intersection graphs have received considerable attention in literature since
their introduction. The main reasons for this attention are their applications in
real life and their “tame” behavior, in the sense that many problems that are
NP-hard for graphs in general are solvable in polynomial time for intersection
graphs ([Prisner, 1994]). Intersection digraphs are introduced by [Beineke and
Zamfirescu, 1982] who called them “connection digraphs”. Let V be an index
set and (S,,T,) be ordered pairs of sets associated with the elements v of V,
where S, is called the source and T;, is called the target or sink set ([Douglas,
1996]). The intersection digraph associated with this collection of ordered pairs
is D = (V, A) which has vertex set V' and arc (i.e., directed edge) set A with
(u,v) € Aiff S, NT, # (). When the source and sink sets are intervals, we obtain
interval digraphs ([Douglas, 1996]). If the set T, resides in S, for each v € V,
then the ordered pair set is a nest representation for the interval digraph, and if
T, is just a point residing in S,, it is called a catch representation. A digraph
is called an interval catch digraph (ICD), if it is an intersection digraph with a
catch representation ([Prisner, 1994]). The set of ordered pairs, {S,, T, = {pv}},
in the catch representation for the ICD is also called a “pointed set” where S,
is a set with base point p, ([Prisner, 1989]). Equivalently, an ICD is the catch
digraph of a family of pointed intervals of T" if (T, <) is a totally ordered set.
Indeed, [Maehara, 1984] provides a simple characterization of ICDs for finite n,
for which one can always take T' = R.

The ICDs we consider in this article are defined in a randomized setting.
Our ICDs are vertex random digraphs in which each vertex corresponds to a
random data point from a distribution, and arcs are defined by a bivariate relation
using the regions based on these data points. Our ICDs are a special type of
proximity graphs which were introduced by [Toussaint, 1980], and are closely
related to the class cover problem of [Cannon and Cowen, 2000] and proximity
catch digraphs (PCDs) which were introduced recently and have applications in
spatial data analysis and statistical pattern classification ([Ceyhan and Priebe,
2005]).

In this article, we define central similarity (CS) ICDs for one dimensional
data which may also be viewed as one dimensional version of the PCDs considered
in [Ceyhan et al., 2007]. We derive the asymptotic distribution of the arc density
of CS-ICDs for random data points. For undirected simple graphs, the edge
density (also called graph density) is defined as the ratio of number of edges
in the graph to the total number of edges possible with the same number of
vertices. So the edge density is 2|E|/(n(n—1)) for a graph G = (V, E) with
|V| =n. The minimal density is 0, which is attained for empty graphs (i.e.,
for £ = ()) and the maximal density is 1, which is attained for complete graphs
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([Coleman and Moré, 1983]). Based on the graph density concept, ‘dense’ and
‘sparse’ graphs are defined. For a dense graph, graph density is close to 1 and
for sparse graphs it is close to 0. There are other quantities related to graph
density, such as average degree which is defined as 2|E|/n ([Goldberg, 1984]);
edge density of a graph is also defined as | E'|/n in literature (see, e.g., [Griitnbaum,
1988]). Notice that both of these quantities are scaled versions of the edge or
graph density, 2|E|/(n(n—1)). On the other hand, density of a digraph is the
ratio of number of arcs in a given digraph with n vertices to the total number
of arcs possible (i.e., to the number of arcs in a complete symmetric digraph of
order n). Hence for a simple digraph D = (V, A) with vertex set |V| = n and arc
set A, digraph density (or arc density) is |A|/(n(n—1)), which is the quantity
of interest in this article. Arc density is also referred to as relative density in
literature. Properly scaled, the arc density of the ICDs is a U-statistic, which
yields the asymptotic normality by the general central limit theory of U-statistics
([Lehmann, 2004]). Our ICDs can also be viewed as a generalization of class
cover catch digraphs (CCCDs) which was introduced by [Priebe et al., 2001].
CS-ICDs have two defining parameters, a centrality and an expansion parameter.
Here, we derive the explicit form of the asymptotic normal distribution of the arc
density of the CS-ICDs for the (interiors of) entire ranges of these parameters for
uniform one dimensional data from a class whose support being partitioned by
points from another class. We investigate the arc density of CS-ICDs for uniform
data in one interval (in R) and the analysis is generalized to uniform data in
multiple intervals (see Remark 4.1). We determine the optimal parameters for
the rate of convergence to normality and show that arc density of CS-ICDs has a
faster rate than that of the respective optimal parameter values of another ICD
family called proportional-edge (PE) ICDs which were introduced in [Ceyhan,
2012] (and therein referred to as proportional-edge proximity catch digraphs).
We employ the arc density of CS-ICDs for testing uniformity of one dimensional
data and compare its performance with two prevalent tests in literature (namely,
Kolmogorov—Smirnov test and Neyman’s smooth test) in terms of size and power
as well as arc density of the PE-ICDs. Testing uniformity of one-dimensional data
is of substantial importance in various fields, e.g., for assessing the goodness-of-fit
problems ([Marhuenda et al., 2005]). For this purpose, some graph theoretical
tools are used in literature although not so commonly; e.g., minimum spanning
trees are employed for testing uniformity of two-dimensional data ([Jain et al.,
2002]). However, to the best of author’s knowledge, arc density is not previously
employed for testing uniformity of one-dimensional data. The tests based on the
arc density of the ICD families have been shown to have better power performance
for certain types of alternatives (which are symmetric around the midpoint of the
support of the distribution) against uniformity. CS-ICDs can also be used for
testing spatial patterns between (two or more) classes of data points.

We define the ICDs and describe the random ICDs and CS-ICDs in
Section 2, define their arc density and provide preliminary results in Section 3,
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provide the distribution of the arc density for uniform data in one interval in
Section 4, present the size and power analysis and comparison with other tests as
well as some consistency results in Section 5, and discussion and conclusions in
Section 6. Shorter proofs are given in the main body of the article; while longer
proofs are deferred to the Appendix.

2. RANDOM INTERVAL CATCH DIGRAPHS

Let (Q,F, P;) be a probability space equipped with a metric d: QxQ —
[0,00). Our random catch digraphs will be defined in a randomized setting where
vertices are randomly generated in ) and the associated metric distance will
be taken to be the Euclidean distance. Let X, = {Xi, Xo,...,X,,} and V,,, =
{V1,Ys,..., Y.} be two sets of Q-valued random variables from classes X and Y,
respectively, whose joint probability distribution is F’x y with marginals F'x and
Fy, respectively. Our random catch digraph will be based on &,, and Y,,. More
specifically, we choose X points to be the vertices and put an arc from X; to
X, based on a binary relation which measures the relative allocation of X; and
X with respect to Y points. In particular, in our setting, the ) points will be
used to partition the support set {2, and the relative position of X; and X; with
respect to ) points will be determined by the Euclidean distances between X,
Xj, and the ) points. Notice that the randomness is only on the vertices, hence
our catch digraphs are vertex random. Given Y, C Q, let P(£2) represent the
power set of , then proximity map Ny:Q — P(€) maps each point x € Q to
a proximity region Ny(x) C Q. A vertex random catch digraph has the vertex
set V =X, and arc set A defined by (X;, X;) € A if X; € Ny(X;) for i # j.
Hence the binary relation defining the digraph is based on the proximity region,
Ny, which indicates the relative allocation of X points with respect to ) points.
Notice also that arcs of the form (X;, X;) (i.e., loops) are not allowed in our catch
digraph definition. If loops were allowed, the corresponding digraph would have
been called a pseudodigraph according to some authors (see, e.g., [Chartrand et
al., 2010]). We also define arc probability, denoted p, (i, j), between two vertices
X; and X as po(i,j) == P((X;, X;) € A) for all i # j, 4,5 =1,2,...,n. If &), is
a random sample from F, then p,(i,j) = p, for all i # j, i,5 =1,2,...,n. For
calculations leading to the distribution of arc density of ICDs, we also need a
concept which is dual to proximity regions. For a set B C (), the I';-region is the
image of the map I'1 (-, Ny): P(2) — P(Q) that assigns the region I'y(B, Ny) :=
{z € Q: B C Ny(z)} to the set B. For a point = € 2, we denote I'y1({z}, Ny) as
I'y(x, Ny). The concept of I';-region is introduced in [Ceyhan and Priebe, 2005]
and is associated with another graph invariant called domination number (which
is denoted as 7). In a proximity graph, if a vertex falls in the I';-region, then the
domination number would equal to 1. For brevity, we drop the subscript ) in
the notation, Ny, henceforth.
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2.1. Central Similarity ICDs

For one dimensional data, we have {2 = R, then there is a natural partition-
ing of the real line based on Y points. Let Y(l-) be the it order statistic of ), for
i=1,2,...,m, with the extension that —oo =: Y(¢y and Y(,,;1) := 0o and assume
Y(;) values are distinct (which happens with probability one for continuous dis-
tributions). The Y(;) values partition R into (m + 1) intervals, with (—oo, Y(l))
and (Y(m), oo) being the end intervals, and (Y(z‘—1), Y(Z)) for ¢ = 2, ...,m being the
middle intervals. For one dimensional data sets, X,, and },,, we define the CS-
ICD with expansion parameter 7 > 0 and centrality parameter ¢ € (0,1) as fol-
lows. For z € (Y(;_1),Y(s)) (i.e., for z in a middle interval) with i € {2,...,m} and
Mei =Yy +e (Y = Yi) € (Vi) Vo), that is e x 100 % of (¥(y) — Vi)
is to the left of M, ;, we define the CS proximity region as follows:

(2.1) N(z,71,¢) =

(z=7(@=Yirn)s o+ 2 (2 =¥ 1)) 0 (o0, Y)) if 7€ (Vimys M)

(r— 2 (Yo =) 2+ 7 () =) N (Y1), Y) if o€ (Mea, ¥iy) -

Notice that dependence on Y points is explicit in the definition of the CS proxim-
ity region. Furthermore, the Euclidean distance is implicit in the terms (3: — Y(i_l))
and (Y(,) — x), where the former is d (x, Y(Z-_l)) and the latter is d (x, Y(Z)) This
definition yields two types of regions for N(z,7,c), one with 7 € (0,1] and the
other with 7 > 1. For 7 € (0, 1], we have
(2.2)

(¢=7 (@=Yyn), o+ D (2=Yin)) i 0 € (Vony, Med)
N(z,7,¢) =
(if—% (Y= =), $+T(Y(z‘>—$)) if 2 € (Mei, Yiy))

and with 7 > 1, we have

(2.3) N(z,7,¢) =

T(l—cC . CYi +T(1fc) Yz’—
<YE2'—1),$ + % (x_YEi_l))) if € (YEi—l)v <)c+7'(1—c)< 1)) )

o . Y +r(1=c) Y1y (1—c) Y;_1)+cTYy
— (YEz—l)’Yzz)) if ze€ ( (=0 : ; 1_0_1_07 > )
cT . (1—¢) Y;_1y+eTY;
(v - 2 (¥ —2) V) if o e (UEnenh ).

For an illustration of N(x,7,c) in the middle interval case, see Figure 1 (left)
where Vo = {y1,y2} with y1 =0 and y2 = 1 (hence M2 = ¢).

Additionally, for x in an end interval, i.e., x € (Y(i_l), Y(l)) with i€ {1, m+1},
the central similarity proximity region depends on the expansion parameter only.
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Figure 1:

So we denote

y\=0 c=1/2 Yo =1
,,,,,,,,, S

y1=0 ﬁ c=1/2 = =1

Plotted in the top two rows are illustrations of the construction
of central similarity proximity regions, N(z,,c) with 7 € (0, 1],
Yo ={y1,y2} with y3 =0 and y, =1 (hence M.2 =c¢) and = €
(0,¢) (first row) and « € (¢,1) (second row); and in the bottom
two rows are the proximity regions associated with CCCD, i.e.,
N(z,7=1,¢=1/2) foranz € (0,1/2) (third row) and = € (1/2,1)
(fourth row).

the central similarity proximity region for an x in an end interval

as Ne(x, 7). Then with 7 € (0, 1], we have

(2.4) Ne(z, 1) =

and with 7 >

(2.5)

(¢—r (o =), 247 (Yo —2)) i =<V,
(=7 (@~ Yom) 27 (2= Yim)) i &> Yim,
1, we have

(¢-r (Vo —2). Yoy)  if © < Yo,

Ne(:l:7 7—) =
(Yo 247 (= Yim)) i 2> Y.

If x € Vi, then we define N(x,7,¢) = {z} and N.(z,7) = {z} for all 7 > 0, and
if x = M, ;, then in Equation (2.1), we arbitrarily assign N(z,7,c) to be one of
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the two defining intervals. For X from a continuous distribution, these special
cases in the construction of central similarity proximity region — X € ), and
X = M_.; — occur with probability zero. Notice that 7 > 0 implies z € N(z, 7, c)
forallz € [Y(i_l), Y(Z)] withi € {2,...,m}and z € N.(z,7) forallz € [Y(Z»_l),Y(,»)}
with ¢ € {1, m + 1}. Furthermore, lim, o, N(x,7,¢) = (Y(i_l),Y(Z-)) for all z €
(Y(i_l),Y(i)) with ¢ € {2,...,m}, so we define N(z,o00,c) = (Y(i_l),Y(i)) for all
such z. Similarly, im,_,o Ne(z,7) = (Y(i,l),Y(i)) for all z € (Y(i,l),Y(i)) with
i€ {l,m+ 1}, so we define N.(x,00) = (Y(i,l), Y(Z)) for all such z. In the special
case of c=1/2 and 7 =1, central similarity proximity region N(z, T, c) is identical
to the proportional edge proximity region with centrality parameter 1/2 and
expansion parameter 2 (see [Ceyhan, 2012]).

In a vertex random CS-ICD, the vertex set is X,, and arc set A is defined
by (X;, X;) e A <= X, € N(Xj,7,¢) for X;, X; with i # j in the middle in-
tervals and (X;, X;) € A <= X; € N.(X;,7) for X;, X; with ¢ # j in the end
intervals. We denote such digraphs as Dy, ,,,(7,¢). When 7 =1 and ¢=1/2
(e, Me; = (Yi_1y+Y()/2) we have N(x,1,1/2) = B(z,r(z)) for an = in a
middle interval and Ng(z,1) = B(x,r(z)) for an z in an end interval where
r(x) = d(z,Vm) = mingey,, d(z,y) and the corresponding ICD is the CCCD of
[Priebe et al., 2001] or the proportional-edge PCD (PE-PCD) of [Ceyhan, 2012]
with expansion parameter 2 and centrality parameter 1/2. See also Figure 1
(right).

3. ARC DENSITY OF CS-ICDS

For a digraph D,, = (V, . A) with vertex set V and arc set A, the arc density

of D,, which is of order |V| = n > 2, denoted p(D,,), is defined as p(D,,) = n(|7;4—|1)

([Janson et al., 2000]) where |- | stands for the set cardinality function. So p(D,,)

is the ratio of the number of arcs in the digraph D,, to the number of arcs in
the complete symmetric digraph of order n, which is n(n — 1). For n < 1, we set

p(Dyp) = 0.
Let I;; = I((X;, X;) € A) =I(X; € N(X;)). Then for an ICD (hence for a
CS-ICD), we can write the arc density as
(D) =~ 3"
pP\n) = ij
n(n—1) = J

where h;j := (I;; +1;;)/2 Since the digraph is based on a relation that is not
symmetric, h;; is defined as half of the number of arcs between X; and X in order
to produce a symmetric kernel with finite variance ([Lehmann, 2004]). Notice that

E[p(Dyn)] = Elh12] = pa



Density of an Interval Catch Digraph Family 357

and

4
Var [hlz] + " ) Cov [hlg, hlg] S 1/4

o < Ver) - a2

n(n—1)

where
Var(hij] = Var[his] = § Var[lio +Tn] = (e t+psa)/2 — (1-p2)°
where pg, = P({(XZ-, X;), (Xj, XZ)} - A) is the symmetric arc probability and
Cov [h12, his] = E[hi2his] — .,
with
4E [highis] = 4E[(lig + Io1)(Ii3 + I31)]
- P({Xg,Xg} c N(X1)> + 2P<X2 e N(X1), X3 € FI(XI,N))
+ P({X2, Xs} C T4 (X1, V) .

See [Ceyhan, 2012] for the derivations. Since p(D,,), is a one-sample U-statistic
of degree 2 and is an unbiased estimator of the arc probability p,, a CLT for
U-statistics ([Lehmann, 2004]) yields v/n [p(Dy) — pa £, N(0,4v) as n — oo,
where —£» stands for convergence in law and N(u,o?) stands for the normal
distribution with mean p and variance o2 provided v = Cov [hij, hi) > 0 for all

i#j4k, i ke{l,2,...,n}.

Since E [|hij|3] <1, for v > 0, the sharpest rate of convergence in the
asymptotic normality of p(D,,) is

P(\/ﬁ(p(Dn) _pa) §t> —‘I)(t)

< 8K pg(4v) =32~ 1/2
4v

sup
(3_1) teR

ﬁ

Da
nuvd

= K

)

where K is a constant and ®(t) is the distribution function for the standard
normal distribution ([Callaert and Janssen, 1978]).

3.1. Distribution of the arc density of CS-ICDs

We consider CS-ICDs for which &}, and ),, are random samples from F'x
and Fy, respectively, so that the joint distribution of X,Y is Fix y € F(R) where

F(R) = {FX,Y on R with P(X=Y) =0

and the marginals, F'x and Fy, are non—atomic} .
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Then the order statistics of X, and ), are distinct with probability one.
We denote such digraphs as D,, ., (F,7,c) and focus on the random variable
Prm(F,T,c) = p(Dn,m(F, T, c)) Clearly 0 < pp i (F,7,¢) <1, and pp m (F,7,¢) >0
for nontrivial digraphs.

We first partition the real line based on ) points. Along this line, we let
y[l] = {Yv(ifl), Y(z)}7 zi:= (}f(ifl), }/(Z)), and X[l] =AX,NZ; fori=1,2,...,(m+1).
Let Dy;)(F), 7, c) be the component of the random CS-ICD induced by the vertices
in &}; (and based on ;). Then we have a disconnected digraph with subdi-
graphs, each might be null or itself disconnected and denoted as Dy; (F,T,c) for
i=12,..,(m+1). Let Ay be the arc set of Dy;(F,7,c), and p (F,7,c) de-
note the arc density of Dy (Fy7,¢); ny = ‘X[i} , and F; be the distribution Fx
restricted to Z; for ¢ € {1,2,...,m + 1}. Furthermore, let M.; € Z; be the point so
that it divides the interval Z; in ratios ¢ and 1 — ¢. Since we have at most m + 1

subdigraphs Dy; (F, 7, c) each of which having at most n;(n; — 1) arcs, it follows
that we can have at most n,. := 711 n;(n; — 1) arcs in the digraph Dy, ,,,(F, 7, ¢).

We adjust the arc density for the entire digraph as

- A X A 1
(3.2)  pam(F,7,0) = A = it M 2 Z(nz(nz_l)) py(F, 7).

n n n
T T =1

T

Hence, ppm(F, 7, ¢) is called as the adjusted arc density and is a mixture of the
m—+1
(F lues, since %=1 > 0 for each i and
pm( , T, c) values, since n, = 0 for each i an ; n.
focus on the simpler random variable p, (F,7,c). The almost sure (a.s.) results

w = 1. We first

follow from the marginal distributions Fx and Fy being non-atomic in the rest
of this section.

Lemma 3.1. For i€ {1,(m+ 1)} (ie., in the end intervals) if n; <1,
then p,, (Fy1,¢) =0 for all T > 0. Moreover, if n; > 1, then P (Fy7,c) > 1/2 a.s.
for all T > 1.

Proof: By symmetry, distribution of p, (F,7,c) is same for i = 1,m + 1.
So we only consider ¢ = m + 1 (i.e., the right end interval). If n,,+1 < 1, then by
definition p, ., (7,¢) =0. So, assume ny,11 >1 and let Xy, 1) =1{Z1, 22, ..., Zn,, ;. }
with Z(;) being the corresponding order statistics. Then there is an arc from
Zjy to each Zy,y for k < j, with j,k € {1,2,...,n,11} (and possibly to some
other Z;) for all 7 > 1, since N, (Z(j),T) = (Y(m), Ziy+T (Z(j) —Y(m))) and so
Zk) € Ne (Z(j), 7'). This implies that there are at least 0+14+24---4+nyp41 —1 =
Nm41(Mm+41 —1)/2 arcs in Dy, 1qy(7,¢). Then p, /(7,¢) > (nms1(nmi1 —1)/2)/
(nm+1(nm+1 — 1)) = 1/2 L]

Let Dy, (F, 7, ¢) be a CS-ICD with n > 0 and m > 0. Then we obtain the
following lower bound for p, (F, 7,c) with 7 > 1.
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Theorem 3.1. Let k1 and ko be two natural numbers defined as k1 :=
Sy (ni,g (nie—1)/24+n; (N r — 1)/2) and ky 1= Zie{l,erl} n;(n; —1)/2, where
N g = ‘Xn N (Y(i_1),Mc,z‘)‘ and n;, := ‘Xn N (MCJ-,Y(Z-))|. Then for 7 > 1, we
have (k1 + ka2)/n, < pam(F,7,¢) <1 as.

Proof: We have k2 as in Lemma 3.1 for the end intervals (i.e., for i €
{1,(m+1)}). In the middle intervals, i.e., for i € {2,3,...,m}, let &Xj,:= A}; N
(Yiio1y, Mei) ={U1,Us, ..., Up, , }, and X, := Xy N (Me, Yi)) = {V1, Va, oo, Vi, -
Furthermore, let U;) and V() be the corresponding order statistics. For 7> 1,
there is an arc from U(;) to Uy and possibly to some other U; for k < j with
gk, €4{1,2,...,n;,}, and similarly there is an arc from V{;y to V;) and pos-
sibly to some other V; for k > j with j,k,l € {1,2,...,n;,}. Therefore, we have
prm(F,7,¢) > (k1+k2)/n,., since there are at least n; ¢(ni¢—1)/2+n;,(ni,—1)/2
arcs in Dy (F, 7, ¢). O

Theorem 3.2. When the expansion parameter is infinity (i.e., 7 = 00),
we have p, (T =00, ¢) =I(n; >1) and ppm(T =00,¢) =1 as. fori=1,2,3, ..., m+1
and n; > 1.

Proof: For 7 = o0, if n; <1, then p (T =00,¢) = 0. So we assume n; > 1
and let i =m+ 1. Then N(z,00) = (Y(m),oo) for all = € (Y(m),oo). Hence
Dy y11(00,¢) is a complete symmetric digraph of order ny,41, which implies
Py (T =00,¢) = 1. By symmetry, the same holds for i = 1. For i € {2,3, ..., m}
and n; > 1, we have N(x,00,c) = Z; for all z € Z;, hence Dy;j(o0, ¢) is a complete
symmetric digraph of order n;, which implies p (00, c) = 1. Then pym(c0,c) =
Zm+1 n;(n;—1) p[i](oo,c)

im1 - =1, since when n; < 1, n; has no contribution to n,, and

when n; > 1, we have p, (o0, ¢) = 1. O

4. DISTRIBUTION OF THE ARC DENSITY OF CS-ICDS FOR
UNIFORM DATA

Let X, = {X1, X9,..., X;,} be a random sample from Fx = U(d1,d2), the
uniform distribution on the bounded interval (01, d2), and let ), be a random
sample from non-atomic Fy with support S(Fy) C (d1,02). Then Fxy € F(R).
Suppose we have a realization of Y, as Vi, = {y1, Y2, ..., Ym } With the order statis-
tics satisfying 61 < y1) < y) <+ < Y(m) < d2, with the extension that y(y) := d;
and Y1) = 02. Then the distribution of X; restricted to Z; is Fx|z, = U(Z;).
We provide the distribution of the arc density of Dy, (7, ¢) for the whole range
of the parameters 7 and c¢. The following “scale invariance” for CS-ICDs will
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allow us to consider the special case of the unit interval (0, 1) as the support of
X points, thereby simplifying the computations in our subsequent analysis.

Theorem 4.1 (Scale Invariance Property). Let Yy, be a set of m distinct
Y points in a bounded interval (d1,02) and X,, be random sample from U(d1, 02).
Then the distribution of p , (1, c) is independent of Y| (and hence independent of
the restricted support interval Z;) for alli € {1,2,....,m+1}, 7 > 0, and ¢ € (0,1).

Proof: Let d; and d; and )V, be as in the hypothesis. Any (01, d2) random
variable can be transformed into a ¢(0, 1) random variable by ¢(x) = (v — d1)/
(62— 61), which maps intervals (t1,t2) C (61, 02) to intervals (¢(t1), ¢(t2)) € (0,1).
That is, if X ~U(d1,02), then we have ¢(X) ~U(0,1) and P(X € (t1,t2)) =
P(¢(X) € (6(t1), ¢(t2))) for all (t1,t2) C (d1,02). The distribution of P (T,€) is
obtained by calculating such probabilities. So, without loss of generality, we can
assume A[;) is a set of iid (independent identically distributed) random variables
from the 2/(0, 1) distribution. That is, the distribution of p, (7, ¢) does not depend
on Y and hence does not depend on the restricted support interval Z;. O

For 7 = 0o, we have P (tr=o00,¢) =1 as. for any non-atomic Fx with
support in (01, d2), hence the scale invariance of Py (T =00,¢) holds for all X,
from any such Fx. Based on Theorem 4.1, we may assume each Z; as the unit
interval (0,1) for uniform data. If x € Z; for i € {2,...,m} (i.e., in the middle
intervals), when transformed to (0, 1), the central similarity proximity region for
x € (0,1) with parameters ¢ € (0,1) and 7 > 0 is

(4.1) N( - ((1—7)$,(1+@T>$)ﬂ(0,1) if z€(0,c),

(x_ 5 (1-a), m—I—(l—w)T) n(0,1) if € (c1).

In particular, for 7 € (0, 1], we have
((1—7)x,(1+@7)x> if z€(0,¢),

(4.2) N(z,7,c) =
(:p_ s (1-x), z+ (1—56)7') if z € (c,1),

and for 7 > 1, we have

(0, (1+ e T) :c) if o e (0, m)
43)  N(z,7c)=1{(0,1) if z e (Cch_C)T, l_g;”>,
(r- g2 (-2).1) it we(55200),

and N (xz = ¢, T, ¢) is arbitrarily taken to be one of the two defining intervals above.

But the case of “X = ¢” happens with probability zero for uniform X.
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Furthermore, when transformed to (0, 1), if « is in the left end interval (i.e.,
z € I1), we have Ne(z,7) = (max(0,z —7(1—x)),min(1,z+7(1—x))); and if
is in the right end interval (i.e., z € Z,,41), we have N(z,7) = (max(O, (1—71) x),
min(1, (1+7)x)).

Each subdigraph Dy; (7, ¢) is itself a random CS-ICD (for brevity of nota-
tion, we suppress the dependence on the uniform distribution). The distribution
of the arc density of Dy;(7,¢) is given in the following theorem.

Theorem 4.2. Let p, (7,c) be the arc density of subdigraph Dy;(t,c) of
the CS-ICD based on U(61,92) data and Y, be a set of m distinct Y points in
(61,02). Then, as n; — oo, for 7 € (0,00) we have,

(i) i [pm(T, ¢) —pa(T, c)} £, N(0,4v(r,c)), where p,(7,c) = E[pm (T, c)]
is the arc probability and v(t,c) = Cov[hia, hi3] in the middle inter-
vals (i.e., fori € {2,...,m}), and

e . c .

(i) /i [ (m,0) = P (r,€)| =5 N(0, 4we(r), where pi (7, ¢) = B[ (7.
is the arc probability and v.(1) = Cov|hia, hi3] in the end intervals
(ie., fori e {1,m+1}).

Proof: By Theorem 1 of [Ceyhan, 2012], arc density of CS-ICDs is a U-
statistic, and hence the proofs follow by the asymptotic normality of U-statistics
provided the asymptotic variance is positive. In particular, in (i) by the scale
invariance for uniform data (see Theorem 4.1), a middle interval can be assumed
to be the unit interval (0,1). Then

E|:p[i](7', c)} = E[hi9] = P(Xg € N(Xy,, c)) = pu(T,0)

which is the arc probability. Similarly in (ii) we have E[pm (T, c)} = E[h12] =
P (X3 € Ne(X1,7)) = p&(,¢).

Furthermore, in (i), for 7 € (0,00), hi2 and h;3 tend to be high (resp. low)
together, if the proximity region N(Xi,7,¢) is large (resp. small), since 2hjs =
]I(Xg € N(Xq,, c)) + ]I(X1 € N(Xo, T, c)) is the number of arcs between X; and
Xy in the ICDs. Hence the asymptotic variance of p (1,¢), Covlhiz, hi3] =
4v(r,c) > 0. The same holds for end intervals in (ii) as well. O

For middle intervals, the asymptotic variance in Theorem 4.2 can be written
as

Covlhiz,hi3] = = (Pan 4+ 2 Png + Poc) — pa(T,€)?,

1=

where

Py = P({XQ,Xg} c N(X1,7, c)),

; Png = P(Xg € N(X1,7,¢), X3 € [y (X1, 7, c)> ,
an
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Py = P({XQ,Xg} c Fl(Xl,T,C)).

Similarly, for end intervals

1
Cov|hiz, h13] = 1 (Pane + 2 Pyee + Page) — pi(T,0)%,
where
Py = P({XQ,Xs} C Ne(X177)> ;
Pyge = P<X2 € Ne(X1,7), X3 € F1,e(X1,7')) )
and
Page = P({X2, X3} CT1o(X1,7)) |

with T'; c(z,7) being the I'i-region corresponding to Ng(z,7) in the end in-
tervals. Furthermore, for 7 = oo, E[pm(oo, c)} = E[h12] = p(o0,c) = P(X2 €
N(X1,00,¢)) = P(X5 € Z;) = 1 and v(00, ¢) = 0. Thus, Py (T =00,¢) =1as. and
the CLT result does not hold for 7 = cc.

4.1. Distribution of the arc density of D, »(7,¢)

In this section, we find the distribution of the arc density of D, »(7,¢) for
7> 0 and c € (0,1). For the special case of m = 2, we have Vo = {y1, 42} and
01 = y1 < y2 = 2, and only one middle interval and the two end intervals are
empty. By Theorems 4.1 and 4.2, the asymptotic distribution of any p,, (1,¢) for
the middle intervals with m > 2 will be same as the asymptotic distribution of
density of the CS-ICD based on U(0, 1) data.

For 7 € (0, 1], the proximity region is defined as in Equation (4.2) and for
7 > 1, the proximity region is as in Equation (4.3).

Theorem 4.3.  For 7€ (0,00), we have /n [pn2(7,¢) — pa(T,0)] £,
N(O,4V(T, c)), asn — oo, where

5 fo<r<1,
o palre) =

T(142c(7—1)(1—c .

2((CT—C-|—(1)(T2|—(C—CZ')) if 7> 1’
and

dvi(1,¢) = Ri(1,0) [(0< 7 < 1) + Rao(T,0) I(7>1)
where

7’2(027'3—3627'2—CT3+202’T—|—3C7‘2—62—20T—7’2+C+T)
3(ct—c+1)(c+17—cT)

k1(T,¢)

)
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and
ko(T,c) = {c(l— c) (2047'5 — 7t =438 143 320
27— 1632 — 7Pt —er® — 2t r 4B L 12828
+t +4BT -6 —derd—28 -3 T +4cer?

—1—02—1—07—72)}/[3 (CT—c+ 1)3(07—0—7)3} .

The proof is provided in the Appendix. Notice that ps(7,c) is indepen-
dent of the centrality parameter ¢ for 7 € (0,1]. See Figure 2 for the surface
plots of ps(7,¢) and 4v(7,c). Observe that lim,_,. v(7,¢) = 0, so the CLT re-
sult fails for 7 = oo and lim,_,g v1(7, ¢) = 0, but CS-ICD is not defined for 7 = 0.

l
i LTI
1'm,mmnmmnnmm:m I7
I llllmmllllllllllll
o
nn "l""l'l’l"l" ','

LUT77777741

Figure 2: The surface plots of the asymptotic mean p,(7,c) (top) and
the variance 4v(7,c¢) (bottom) as a function of 7 and ¢ for

€ (0,5] and ¢ € (0,1), respectively.

The sharpest rate of convergence in Theorem 4.3 is K \/% (the explicit form
nv(T,c

not presented) and is minimized at 7 &~ 1.55 and ¢ = 1/2 which is found by setting
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the first order partial derivatives of this convergence rate with respect to 7 and ¢
to zero and solving for 7 and ¢ numerically and verified by the surface plot.
Surface plots for the convergence rates f¢ (7,c) and f; (7,c) are presented in
Figure 3. At optimal parameters within their entire ranges, the convergence rate
for the arc density of CS-ICDs is faster than that of the PE-PCDs.

Figure 3: The surface plots of the rates of convergence to normality for
PE- and CS-ICDs for the entire ranges of expansion parameter, t,
and centrality parameter, c. The rate for CS-ICD is plotted in
light gray, while that for PE-PCDs is plotted in dark gray.

Each of the following special cases follows as a corollary of Theorem 4.3.

Special Cases:

Case (i): 7>0and c=1/2.
As n — oo, we have /n[pn2(7,1/2) — pa(1,1/2)] £, N(0,4v(r,1/2)),

where
T/2 ifo<r<1,

(4.5) Pa(m,1/2) = {T/(T—I— 1) if 7>1,

and
T2(1+2 7—72—73) .
(46) 4V(7-,1/2): , 31(T+1)2 1f0<7—§1,

Case (ii): 7=1and c€ (0,1).

As n — oo, we have /n [pn’g(l,c) —pa(l,c)] £, N(O,4u(1,c)), where
pa(l,c) =1/2 and 4v(1,¢) = c(1—¢)/3.
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Case (iii): 7=1and ¢=1/2:

Asn — oo, we have /i [ pp(1,1/2) —pa(1,1/2)] £, N(0,4v(1,1/2)), where
pa(1,1/2) =1/2 and 4v(1,1/2) = 1/12.

4.2. Arc density in the case of end intervals
(for U (51,y(1)) or U (y(m), (52) data)

With m > 1, we have the end intervals, 71 = (51, y(l)) and Z,41 = (y(m), 62).
In these intervals, the proximity and I'i-regions are only dependent on x and 7
(but not on ¢). Let Dp;(1,c) be the subdigraph of the CS-ICD based on uniform
data in (d1,02) where §; < d2 and ), be a set of m distinct ) points in (d1, d2).
By scale invariance of Theorem 4.1, we can assume that each of the end intervals
is (0,1).
For 7 € (0,1] and z in the right end interval, the proximity region is
1-7)z,(1+7)z) if x€ (0,1/(1+71)),
(4.7) Ne(z,7) = ( ) ( )
(Q=7)z,1) if z e (1/(1+7),1),

and for 7 > 1 and z in the right end interval, the proximity region is

0,(1+7)x) if x€(0,1/(1+71)),
N (X CI ER I
(0,1) if z€(1/(1+7),1).

Theorem 4.4. For i € {1,m+1} and 7 € (0,00), as n; — oo, we have
Vit [ (7) = P4(7)] =5 N0, 42 (7)), where

7 (742)

if 0<7<1
2(T+1) 1 ’
(4.9) Pa(T,c) =
21(12&) if>1,

and

72(4T+472T474T37T2) .

= if0<7T<1,

(4.10) 4ve(r) = . 3(r+1) |

W lf T > ]. .

The proof is provided in the Appendix. See Figure 4 for the plots of p¢(7)
and 4 v(7) with 7 € (0, 10]. Notice that lim,_,o v(7) = 0, so the CLT result fails
for 7 = oo and lim,_,g v¢(7) = 0. The sharpest rate of convergence in Theorem 4.4
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is K L(T() (explicit form not presented) for i € {1,m +1} and is minimized
n; Ve(T
at 7~ 0.58 which is found numerically as before and verified by the plot of

Pa(T)/\/ ve(T)?.
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Figure 4: The plots of the asymptotic mean p¢(7,c) (top) and the vari-
ance 4v,.(7) (bottom) for the end intervals as a function of 7

for 7 € (0, 10].

The distribution for the special case of 7 = 1 follows as a corollary to The-
orem 4.4: For z in the right end interval, Ne(z,1) = (0, min(1,2z)) for z € (0, 1).
Forie {1, m+1} (i.e., in the end intervals), as n; — oo, we have \/n; [pm (1) —pg(l)}

£, N(0,4 v(1)), where p&(1) = 3/4 and 4v.(1) = 1/24.

Remark 4.1. Multiple Interval Case: In the case of m > 2, we have two
versions of arc density. One is defined as the (adjusted) arc density as in Equation
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(3.2). The asymptotic distribution of py, , (7, ¢) is the same as given in Theorem 11
of [Ceyhan, 2012]. As for the other one, if we consider the entire data set A,
then we have n vertices. So we can also consider the arc density as pp (7, ¢) =
|A|/(n(n—1)). The asymptotic distribution for ppm(7,¢) is as in Theorem 12
of [Ceyhan, 2012].

Remark 4.2. Use of Arc Density for Testing Multi-Class Spatial Interactions:
Arc density of CS-ICDs can be employed in testing two-class spatial point pat-
terns of one-dimensional data, as was done in [Ceyhan et al., 2007] for two-
dimensional data. In particular, for two classes of points, X and )/, whose support
is in a compact interval in R, we assume some form of complete spatial random-
ness of X' points (i.e., X’ points having uniform distribution in the support interval
irrespective of the distribution of the ) points) as our null hypothesis. The al-
ternative patterns of interest are segregation of X from ) points or association
of X points with ) points. Association is the pattern in which the points from
the two classes tend to occur close to each other, while segregation is the pattern
in which the points from the same class tend to cluster together. In our context,
association implies that X points are clustered around ) points, while segrega-
tion implies that X points are clustered away from the ) points. The use of arc
density of CS-ICDs requires number of X points to be much larger compared
to the number of ) points. Furthermore, the power comparisons are possible for
data from large families of distributions to obtain the optimal parameters against
segregation and association alternatives.

Remark 4.3. Extension of Central Similarity Proximity Regions to Higher
Dimensions: In this article, we discuss the construction of CS-ICDs for one-
dimensional data and asymptotic distribution of their arc density (for uniform
data). The CS-ICDs in this article can be viewed as the one-dimensional version
of the PCDs introduced in [Ceyhan et al., 2007], which also contains the extension
to higher dimensions.

5. TESTING UNIFORMITY WITH THE ARC DENSITY
OF CS-ICDS

We can employ the arc density of the CS-PCDs for testing uniformity based
on its asymptotic normality. Let X; YR fori = 1,2,...,n where F' has a bounded
interval support (a,b) in R. Then our null hypothesis is H,: F' = U(a,b). For
testing this hypothesis, we use the arc density pp2(7,c) whose asymptotic dis-
tribution is provided in Theorem 4.3 for uniform data. By the scale invariance
property of the distribution of py, 2(7, ¢) (see Theorem 4.1), without loss of gen-
erality, we can assume (a,b) = (0,1). In this approach, for each choice of (7, ¢),
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we compute the arc density, py2(7, ¢), and standardize it as

R, (1,¢) = \/ﬁ(pn,g(T,c) —pa(T,C))/\/4V(T, c)

and use the standardized version as our test statistic. The critical values for the
one- and two-sided alternatives are based on the standard normal distribution,
e.g., the level o critical value for the left-sided alternative is z,, the ax 100%™
percentile of the standard normal distribution.

For comparative purposes, we employ the arc density of PE-ICDs intro-
duced by [Ceyhan, 2012]. In particular, the defining regions for the PE-ICD
are

(0,72) N (0,1) if x € (0,¢),
(5.1) Npg(x,r c) =
(1-r(1—=2),1)N(0,1) if z € (c1).

The asymptotic distribution of the arc density of PE-ICDs for uniform data was
provided in [Ceyhan, 2012]. Furthermore, we also employ Kolmogorov—Smirnov
(KS) test for uniform distribution and Neyman’s smooth test of uniformity since
the former is one of the most commonly used tests and latter is recommended for
a large family of alternatives for testing uniformity by [Marhuenda et al., 2005].

5.1. Empirical size analysis

We first perform an extensive size analysis to determine for which parameter
values the arc density of the ICDs have the appropriate size at specific sample sizes
in testing H,: F' =U(0,1). For this purpose, we partition the ranges of 7 and ¢
for the CS-ICD as follows. We take ¢ = .01,.02,...,.99 and 7 = .01, .02, ..., 10.00,
and consider each (7,c¢) combination on a 99 x1000 grid with n = 20,50, 100.
Similarly, we partition the ranges of r and c¢ for the PE-ICD as follows. We
use the same partition above for ¢ and take r = 1.01, ..., 10.00, and consider each
(r,¢) combination on a 99x900 grid with n = 20,50,100. For each (7,c) (and
(r,c)) combination, we generate Np,. = 10000 samples of size n iid from (0, 1)
distribution. Then for each sample generated, we compute the arc densities and
use their standardized versions as approximate test statistics. Empirical size
is estimated as the frequency of number of times p-value is significant at o =
.05 level divided by N, = 10000. We also estimate the empirical sizes for KS
and Neyman’s smooth tests with n = 20 and N,,,. = 10000. With N,,. = 10000,
empirical size estimates larger than .0536 (resp. less than .0464) are deemed liberal
(resp. conservative). These bounds are determined using a binomial test for the
proportions with n = 10000 trials at .05 level of significance. The size estimates
for KS and Neyman’s smooth test are found to be about the nominal level (i.e.,
between .0464 and .0536).
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Figure 5:

369

Ho, TS, CS-ICD

Ho, RS, CS-ICD

C [
Ho, LS, CS-ICD Ho, TS, PE-ICD
9 _]
| i
[ee] | I
e ‘
N || nil
-II' i »|| i
< -
o~
I I I I I I I I I I I I
00 02 04 06 08 1.0 00 02 04 06 08 1.0
[ [
Ho, RS, PE-ICD Ho, LS, PE-ICD

Two-level (i.e., black and white) image plots for the empirical size esti-
mates for the arc density of CS-ICD and PE-PCD based on n = 20 and
Npe = 10000 the two-sided (TS), right-sided (RS) and left-sided (LS)
alternatives. The empirical sizes not significantly different from 0.05
are represented with black dots, and others are represented with white
dots. For CS-ICD, we take 7 = .01, .02, ..., 10.00 and for PE-ICD, we take
r=1.01,1.02,...,10.00 and for both ICDs, we take ¢ = .01,.02,...,.99
with N,,. = 10000 Monte Carlo replications.
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We present the empirical size estimates in two-level image plots (with em-
pirical sizes not significantly different from 0.05 in black, and others in white)
for the two-, right- and left-sided alternatives for the CS-ICD with n = 20, ¢ =
.01,.02,...,.99 and 7 =.01,.02,...,10.00 and for the PE-ICD with n =20, ¢ =
.01,.02,...,.99 and r = 1.01,1.02,...,10.00 in Figure 5. The size estimates for
n = 50 and 100 have the similar trend with sizes closer to nominal level for more
parameter combinations (not presented). Notice that there is symmetry in size
estimates around ¢ = 1/2. For the one-sided alternatives, the regions at which
size estimates are appropriate are somewhat complementary, in the sense that,
the sizes are appropriate for the parameter combinations in one region for left-
sided alternative and mostly in its complement for the right-sided alternative for
each ICD family. Notice also that arc density of PE-ICD has appropriate size
for the two-sided alternative for more parameter combinations, and arc density
of CS-ICD has appropriate size for the left-sided alternative for more parameter
combinations.

5.2. Empirical power analysis

We perform power analysis to determine which tests have higher power
under various alternatives against uniformity. For the alternatives, we use three
families of non-uniform distributions with support in (0,1) which are proposed
by [Stephens, 1974]:

1) Fi(z,0)=(1-(1-2)°)[(0<z<1)+1(z>1),

I1) Fy(z,0) = (227122 [(0<z<1/2) + (1 -2} (1—2)?) [(1/2<z <)
+ [(z>1),

(III) Fs(z,0) = (1/2—2"4(1/2 —2)°) [(0 < = < 1/2)
+ (1/2+ 207Nz —1/2)0) I(1/2 <z <1) +I(z > 1).

That is,

H!: F=F(z0) withd>1,
HM: F=Fy(z,8) withd>1,
HHT . F = F3(x,0) withd>1.

The corresponding pdfs for the distributions in the alternatives are
I filz)=(6(1—-2z) ) I(0<z<1),
1) fo(z) = (6207122 ) I(0<z<1/2)+ (620 H(1—2)°~ 1) I(1/2< 2 <1),
(III) f3(z) = (6(1—22)° 1) 1(0<z<1/2)+ (6(2z —1)° 1) [(1/2<x<1).
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See Figure 6 for sample plots of the pdfs with various parameters under
types I-11I alternatives. Notice that in all the alternatives, § = 1 corresponds to
U(0,1) distribution. Under type I alternatives, with increasing § > 1, the pdf of
the distribution is more clustered around 0 and less clustered around 1; under
type II alternatives, with increasing 6 > 1, the pdf of the distribution gets more
clustered around 1/2 (and less clustered around the end points, 0 and 1); and
under type III alternatives, with increasing ¢ > 1, the pdf of the distribution is
more clustered around the end points, 0 and 1, and less clustered around 1/2.
Under the type II and III alternatives, the pdfs are symmetric around 1/2.

Figure 6: Sample plots for the pdfs of the alternative types I (top left), IT (top right),
and III (bottom) with § = 2,3,4. The horizontal line at 1 indicates the pdf
for U(0, 1) distribution (with § = 1).

We generate n = 20 points according to the specified alternatives with var-
ious parameters. In particular, for each of HI-H!'! we consider 6 = 2,3, 4.
With CS-ICDs, we use (7,¢) for 7 = .01,.02,...,10.00 and ¢ = .01,.02....,.99 and
with PE-ICDs, we use (r,c) for r =1.01,.02,...,10.00 and ¢ = .01,.02....,.99.
With CS-ICDs, for each (7,¢) and ¢ combination, and with PE-ICDs, for each
(r,c) and § combination, we replicate the sample generation N,,. = 10000 times.
We compute the power using the asymptotic critical values based on the normal
approximation.
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Table 1: The maximum power estimates for the one-sided alternatives
unadjusted (the first entry) and adjusted (the second entry)
for size. In the size adjusted version, only the parameter com-
binations at which the tests have appropriate level are kept.
RS: right-sided, LS: left-sided alternatives.

CS-ICD PE-ICD
alternative
RS LS RS LS
HI 0.86, .73 | .65, .30 | .93, .75 | .41, .41
H! 0.93,.90 | .29, .00 | .91, .90 | .60, .00
HHI 0.41, .18 | .81, .81 | .27, .13 | .81, .81
H',, RS, PE-ICD H',, RS, CS-ICD
e _
o
:
[
© 7 o
o
\ \ \ \ \ \ \
02 04 06 08 02 04 06 08
C [
H',, LS, CS-ICD
e
o
© —
<
o
\ \ \ \
02 04 06 08
Cc
Figure 7: Image plots for the power estimates for PE-ICD with r € (1,10) and

c € (0,1) and CS-ICD with 7 € (0,10) and ¢ € (0,1) under H!: § = 2,
with n = 20, N, = 10000. The intensity of the gray level increases
as the power increases, and the same darkness scale is used for each
image plot. RS stands for right-sided, LS stands for left-sided alter-

natives.
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We only keep the parameter combinations ((r,¢) for PE-ICDs and (7, c)
for CS-ICDs) at which the tests have the appropriate level (of .05), i.e., if the
test is conservative or liberal for the one-sided version in question, we ignore that
parameter combination in our power estimation, as they would yield unreliable
results. We call this procedure the “size adjustment” for the power estimation.
The maximum values of the power estimates under the one-sided alternatives
adjusted and unadjusted for the correct size are provided in Table 1. Observe that
the size adjustment has a substantial effect on the highest power values (and tends
to reduce the highest power estimates). Furthermore, under the alternatives H!
and H!!  the ICDs yield higher power for the right-sided alternative, while under
H!'T the ICDs yield higher power for the left-sided alternative. In particular,
PE-ICDs have high power for the right-sided alternative under H! and H!,
and left-sided alternative under H L{I I with virtually zero power for the opposite
direction under these alternatives. On the other hand, CS-ICDs tend to have a

H",, RS, PE-ICD H",, RS, CS-ICD

H"., LS, PE-ICD

Figure 8: Image plots for the power estimates for PE-ICD with r € (1,10) and
c € (0,1) and CS-ICD with 7 € (0,10) and ¢ € (0,1) under H!! and
HHMT with § = 2, n = 20, N,,. = 10000. The gray level intensity and
alternative labeling are as in Figure 7.
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similar trend, but the power estimates for the direction of the one-sided version
depends on the parameters. That is, e.g., under H!, CS-PCD has high power
estimates for the right-sided alternative at some (7, c¢) combinations, and for the
left-sided alternative at some other (7,c¢) values. The gray-scale image plots of
the power estimates under H/ are presented in Figure 7 and under HI! and H!!!
in Figure 8 (with the higher power estimates are represented with darker gray
level). Notice that the power estimates are symmetric around ¢ = 1/2 under H/!!
and H!'! which is in agreement with the symmetry in the corresponding pdfs
(around ¢ = 1/2).

The maximum power estimates and at which parameters of the ICDs they
occur are presented in Table 2. We also plot the histograms of the power esti-
mates (normalized to have unit area) under the alternatives in Figure 9. Under
H!, although the maximum power estimate for the right-sided alternative is at-
tained by PE-ICD test at (r,¢) = (1.02,.78), the CS-ICD test tends to have higher
power estimates. Among the competitors, the power estimate is .50 for Neyman’s
smooth test and .82 for KS test (with the right-sided alternative), and the ICD
tests have lower power compared to KS-test. Likewise, under Hél , although the
maximum power estimate for the right-sided alternative is attained by CS-ICD
at (1,c¢) = (1.96,.49), the PE-ICD test tends to have higher power estimates.
Among the competitors, the power estimate is .39 for Neyman’s test and .14 for
KS test (with the right-sided alternative), and the ICD tests have higher power
compared to Neyman’s test. Finally, under H({H , the PE-ICD test tends to
have higher power estimates. Among the competitors, the power estimate is .59

Table 2: The maximum power estimates and the parameter combinations
at which they occur. RS: right-sided, LS: left-sided alternatives
and 3 stands for empirical power estimates.

For CS-ICDs

H] HI HII
RS | LS RS | Ls RS | Ls
51o065-.73] 2020 | 85-.90 | — 1518 75-.80
| (79 | (6510 | @2754) | — (2.5,3) (1,2.5)
c| ~2 | (961) | (35.65 | — | (0,.00)U(96,1) | (4,6)

For PE-ICDs with RS alternatives

[ w [ a ar
5 0.65—-.75 || .88-.89 .80—-.81
r ~1 ~ 3.8 ~ 25

c| ~.86 (2,8) | (.33,.67)
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for Neyman’s test and .23 for KS test (with the left-sided alternative), and the
ICD tests have higher power compared to Neyman’s test for most parameter
combinations.

H',, RS, CS-ICD H'"., RS, CS-ICD
N ' '
- : o _ :
S ' - '
s o s
0 — ' '
2z ! 2 !
2 oo - s 2 © s
3 ' 3 ;
<t ' ~ '
~ 3 ~ 3
o - ‘ : e - :
\ \ \ \ \ \ \ \ \ \ \ \
00 02 04 06 08 10 00 02 04 06 08 1.0
power estimate power estimate
H",, LS, CS-ICD H',, RS, PE-ICD
~ o . N .
© - ! o | !
0 | 3 3
' 0 — '
z < 3 z 3
2 | 2 © !
s @ ! 3 :
j < - '
N ! !
o | il
o J ~ 3 o J j :
\ \ \ \ \ \ \ \ \ \ \ \
00 02 04 06 08 1.0 00 02 04 06 08 1.0
power estimate power estimate
H",, RS, PE-ICD H"., LS, PE-ICD
' ~ . —
o _ ' M :
- : © :
© 3 o0 - 3
R : 2 < :
c . ' c '
3 o ; 8 o o 1
s ~ s
o - 1 o 4 ! 7

T T T T T ] T \. T T T ]
00 02 04 06 08 1.0 00 02 04 06 08 1.0

power estimate power estimate

Figure 9: Histograms of the power estimates the alternatives H!-HI! for
the appropriate one-sided alternatives for CS-ICDs and PE-ICDs.
The vertical lines are the power estimates for KS (dotted lines)
and Neyman’s tests (dashed lines). LS: left-sided, RS: right-sided
alternatives.
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5.3. Counsistency of the tests based on the density of ICDs

Any reasonable test should have higher power under the alternatives as the
sample size increases, and this property is reflected in the concept of consistency.
We will prove consistency of the tests under the alternatives based on the arc
density of ICDs in a general framework, and then extend the results to our al-
ternative types for certain parameter combinations. Let H,: F' = U(0,1) and the
alternative H,: F' # U(0, 1) is parameterized by J so that § = §, corresponds to
the null hypothesis and with increasing § > d,, arc probability tends to increase
or decrease.

Theorem 5.1 (Consistency). Let p,2(d) be the arc density of the ICD
based on data from F parameterized by ¢ and p,(6) be the corresponding
arc probability. Moreover, suppose 4v(d) be the covariance term Covl[hia, hi3).
If the arc probability increases as ¢ increases (resp. decreases), the test against
H,: F #U(0,1) which rejects for R,, > z1_q (resp. for R, < z,) are consistent.

Proof: Under H, (i.e., for X, being a random sample from ¢/(0,1)), the
arc density is pp 2(0,), and arc probability is p,(d,) and Cov(hiz, hi3) is v(do).
Similarly, under H, (i.e., for &,, being a random sample from F') these quantities
are denoted similarly with J, being replaced with §. Suppose arc probability
increases as § > 0, increases. Then p,(d) > pa(d,) and the asymptotic variances
4v(d,)/n and 4v(d)/n tends to zero as n — oco. As standardized arc density,
R,, tends to standard normal distribution or is degenerate with unit mass at
Pa(0) or pa(d) under both null and alternative hypotheses, respectively, the power
under H, tends to 1 as n goes to infinity, and hence consistency follows. The
consistency for the alternative under which arc probability increases as ¢ decreases
is similar. O

The alternatives, HI-H!!! are parameterized with 6 so that §, = 1. Under
H! and H!T with F = Fj(z,0) for i = 1,2 the test based on CS-ICD and PE-ICD
which rejects for R,, > z1_, is consistent for most of the parameter combinations.
In particular, let p,, 2(F, 7, ¢) be the arc density, p,(F, T, c) and v(F, 7, ¢) be the arc
probability and Cov(hia, hi3) for CS-ICD with &, being a random sample from
F. Then under H., p,(Fy,T,¢) > pa(U, 7, ¢) for ¢ < 1/2, since under Fy, X; are
more likely to be in (0,1/2) and hence more likely to be closer to ¢ and hence the
N(7,c) regions are more likely to be larger which implies higher arc probability
compared to the null case. Moreover, for ¢ closer to 1 and large 7 (say 7 > 5),
under F, the N(7,c) regions are more likely to be smaller which implies lower
arc probability compared to the null case. Under H!!, p,(Fy,7,¢c) > po(U,T,c)
for all ¢ away from 0 and 1 and 7 > 0, since under F}y, X; are more likely to be
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closer to 1/2 and hence the N(7,c) regions are more likely to be larger which
implies higher arc probability compared to the null case. Moreover, for ¢ closer
to 1 and large 7 (say 7 > 5), under Fy, the N(7,c¢) regions are more likely to be
smaller which implies lower arc probability compared to the null case. Similarly,
under H!T p,(Fy,7,c) < pa(U,,c) for all c away from 0 and 1 and 7 > 0. Hence
consistency follows for these one-sided tests for such parameter combinations.
In fact, with careful bookkeeping one can determine the parameter ranges for
which consistency holds for each of the one-sided alternatives. For example,
under H!: 6§ =2 with ¢ € (0,1), for 7 € (0,1), pa(Fi1,7,c) > (resp. <) pa(U, T, )
for 7 > (resp. <) (2?;0—21_)%’ hence consistency for the right-sided (resp. left-
sided) alternative follows; likewise, for 7 > 1, p,(F1,7,¢) > (resp. <) po(U, T, )

for 7 < (resp. >) 2e+1-V3 Yence consistency for the right-sided (resp. left-sided)

alternative follost.C Tgfl_é/gorresponding three dimensional figure to illustrate these
regions of consistency for the one-sided alternatives are plotted in Figure 10 in the
Appendix. Under H!?: § = 2, p,(F,7,¢) > pa(U,7,c) for all ¢ € (0,1) and 7 > 0,
hence consistency for the right-sided alternative follows; and under H!!1: § = 2,
pa(F3,7,¢) < pa(U,T,c) for all ¢ € (0,1) and 7 > 0, hence consistency for the left-
sided alternative follows. The actual ranges of (7, ¢) for the one-sided alternatives

with other specific § values can also be determined by careful calculations.

Similarly, let pfg(F, r,¢) be the arc density, pL'*(F,r,c) and vpgp(F,r,c)
be the arc probability and Cov(hia,hi3) for PE-ICD with X, being a random
sample from F, respectively. Then under H!, pPE(Fy,r,c) > plEU,r,c) for c
close to 0, since for F;, X; are more likely to be around 0 and hence the Npg(r, ¢)
regions are more likely to be larger which implies higher arc probability compared
to the null case. Under HI! (resp. H!T), pPE(Fy, 7, c) > (resp. <) pL¥U,r,c)
for ¢ around 1/2, since for F» (resp. F3), X; are more likely to be closer to 1/2
(resp. 0 and 1) and hence the Npg(r, ¢) regions are more likely to be larger (resp.
smaller) which implies higher (resp. lower) arc probability compared to the null
case. Hence consistency follows for the right-sided (resp. left-sided) tests for such
parameter combinations. In fact, under H!: § = 2:

e With c € (0,1/2):

pPE(Fy, 7, c) > (resp. <) pPEU,r,c), for 1<r<1/(1—¢) and

8c3—6c2—6¢+3 .
r < (resp. >) 6cA_163+18¢2_12¢43 °

— pPE(Fy, 7 e) > (vesp. <) pPE(U,r,c), for 1/(1 —c) <r < 1/c and
(r,c) is in (resp. outside) the region bounded by r = 1/(1— ¢)
and the implicit curve 3r%c* —4r%e® —813¢3 +913¢2 4+ 6122 —
6cr?+3r—3=0;

pLE(Fy,re) > pPEU,r,c) for > 1/c.

Hence consistency for the right-sided (resp. left-sided) alternative follows
for these parameter values.
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e With ¢ e (1/2,1):

— pPE(Fy, 7 ¢) > pPE(U,r, c) for 1 <r < 1/c hence consistency for the
right-sided alternative follows ;

— pPE(Fy, 7 c) > (vesp. <) pPE(U,r,c), for 1/c <r <1/(1—¢) and
(r,c) is in (resp. outside) the region bounded by ¢ =1 and the
implicit curve 3rtct —1274¢3 + 182t —313¢2 — 12¢r* — 6122 +
6cr®+3rt+6¢r2 -3 —r+1=0;

pPE(Fy,rc) > plEU, 7 e) for 7> 1/(1—c).

Hence consistency for the right-sided (resp. left-sided) alternative follows
for these parameter values.

These regions of consistency for the one-sided alternatives are plotted in
Figure 11 in the Appendix. Under H!!': 6 =2, pPP(Fy,r,c) > pPF(U,r,c) for
all ¢ € (0,1) and r > 1, hence consistency for the right-sided alternative follows;
and under H!: 5 =2, pPE(F3,rc) < pPEU,r,c) for all ¢ € (0,1) and r > 1
(except (r,c) inside a region that is part of [1,1.4]x(][9.98,1] U [0,.02]) where
the inequality is reversed), hence consistency for the left-sided (resp. right-sided)
alternative follows. These regions of consistency for the one-sided alternatives are
presented in Figure 12 in the Appendix. The actual ranges of (r,c) for the one-
sided alternatives with other specific § values can also be determined by careful
calculations.

5.4. Extension of the methodology to test non-uniform distributions

We can modify the CS-ICD approach to test any distribution in a bounded
interval in R. Since any bounded interval (a,b) with a < b can be mapped to
(0,1), we can assume the support for the distribution in question to be (0,1).
First we prove the below result which is instrumental for this purpose.

Proposition 5.1. Let X; be iid from an absolutely continuous distribu-
tion F' with support (0,1) and let X, = {X1, X9, ..., X;,}. Define the proximity
map Ng(z,7,¢) := F~1 (N(F(:c), T, c)) More specifically for T € (0, 1],

(Fl((l— T)F(2)), F*1<(1+ @T)F(x))) if z€(0,F*(c)),
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and for T > 1,

(5.3) Np(x,7,¢) =

<O,F1((1+ (= T)F(x)>> it ae (0.5 ().
=3 0.1) if o € (F Y (crptas) FH (5) )

<F‘1(F(x) - (1—F(x))),1> it we (F Y (52)01).

Then the arc density of the ICD based on Nr and X,, has the same distribution
as pn2(U,7,c) (provided in Theorem 4.3).

Proof: Let U;:= F(X;) fori=1,2,....,nand U,, :={U;,Us, ..., U, }. Hence,
by probability integral transform, U; %ZM(O, 1). So the image of Np(z,r, ¢) under F
is F(Np(z,7,¢)) = N(F(x),r,c) for (almost) all z € (0,1). Then F(Np(X;,7,c¢)) =
N(F(Xi), T, c) = NU;,r,c) fori=1,2,...,n. Since U; ud U(0, 1), the distribution
of the arc density of the ICD based on N (-, 7,¢) and U, is given in Theorem 4.3.
Observe that for any j, X; € Np(X;,7,¢) iff X; € F7H(N(F(X;),7,¢)) iff F(X;)€
N(F(X;),7,c) iff Uje N(Uj,7,c) for i =1,2, ...,n. Hence the desired result follows.
O

A similar construction is available for the PE-ICDs.

In Proposition 5.1, we have shown that if the defining proximity region for
our ICD is defined as Np(z,7,c) := F~'(N(F(z),7,c)) where F is an increasing
function in (a,b) with a < b, the exact (and asymptotic) distribution of the arc
density based on the ICD for N is the same as py, 2(U, 7, c). Hence we can test
whether the distribution of any data set is from F' or not with the methodology
proposed in this article. For example, to test a “data set is from F(z) = 22
with S(F) = (0,1)” (so the inverse is F~!(x) = y/z and the corresponding pdf is
f(x) =22T(0 <z <1)), we need to compute the arc density for the ICD based
on the following proximity region: For 7 € (0, 1],

(5.4)
(x\/ﬁ,m/u(lj)r) it @€ (0,/0),

<\/:1:2 — g (I—a?), /22 + (1—562)T> if € (Ve 1),

<O,ZL‘ 14_(1(:6)7) ifxe((), c—i—(lc—c)’r>’

NF($a7—a C) = (Oa 1) if ze (\/c—l—(lc—c)r’ \/1—2—7&—-07) )

<\/x2 — (1), 1) if @ ¢ (\/: 1>-

NF(x77—a C) =

and for 7 > 1,
(5.5)




380 Elvan Ceyhan

Then the arc density for the ICD based on Np(-, 7, ¢) will have the same distri-
bution as p,2(U, T, c) and hence can be used for testing data is from F' or not
with the procedure discussed in Section 5.

6. DISCUSSION AND CONCLUSIONS

We consider the central similarity interval catch digraphs (CS-ICDs) based
on one dimensional data. The CS-ICDs are defined with two parameters: an ex-
pansion parameter 7 > 0 and a centrality parameter ¢ € (0,1). We study the arc
density of CS-ICDs, and using its U-statistics property, we derive its asymptotic
(normal) distribution for uniform data for the (interiors of)) entire ranges of 7 and c.
Along this process, we also determine the parameters 7 and ¢ for which the rate
of convergence to normality is the fastest. We also consider the arc density of
proportional-edge ICD (PE-ICD) for comparative purposes. We demonstrate
that convergence rate of arc density of CS-ICDs is faster than that of PE-PCDs
at their respective optimal parameters, which implies that distribution of arc
density of CS-ICDs is closer to normality at smaller sample sizes, compared to
the arc density of PE-PCDs.

We use the arc density of the ICDs for testing uniformity (i.e., for testing
H, “data set is a random sample from U(0,1)”), and show that under type I
alternatives in which pdf of the data points is larger around one of the end points
(0 or 1) CS-ICD test has higher power compared to PE-ICD test, but under the
types II and III alternatives in which pdf is larger around 1/2 or around both
end points, then PE-ICD test tends to have higher power compared to CS-ICDs.
We also compare the ICD tests with two well known tests in literature (namely,
Kolmogorov—Smirnov (KS) test and Neyman’s smooth test of uniformity). Under
type I alternatives, KS test tends to have higher power compared to the ICD tests
and Neyman’s smooth test, Neyman’s smooth test has higher power compared
to PE-ICD test, but lower power compared to CS-ICD tests for some parameter
combinations. Under type II (resp. type III) alternatives, ICD tests have higher
power than KS and Neyman’s smooth test for almost all (resp. most) parameter
values which have appropriate size. The recommended parameter combinations
for the ICDs are provided in Table 2.

The CS-ICDs for one dimensional data can also be used in testing spatial
interaction between multiple classes whose support is one-dimensional (see Re-
mark 4.2). The arc density approach is easily adaptable to testing nonuniform
distributions as well (see Section 5.4 for more detail). Furthermore, the study of
arc density of CS-ICDs in the one dimensional case will provide insight for and
form the foundation of related catch digraph extensions in higher dimensions.
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APPENDIX

A. PRELIMINARIES

In the proofs below, we can, without loss of generality, assume that the
support of the uniform distribution is (0, 1) based on Theorem 4.1.

A.1. Proof of Theorem 4.3

There are two cases for 7, namely 0 <7 <1 and 7 > 1.

For 7 € (0, 1], the proximity region is defined as in Equation (4.2) and the
I';-region is

(H—(ifc)r’ &) if ze (0, c(l—T)} ’
(A1) Ti(z,7,¢) = (c+(ffc)7, (11__Cgi;r:T> if € (c(l—7),c(l—7)+1],
(%%) it € (c(l—7)+71).

For 7 > 1, the proximity region is as in Equation (4.3) and the I';-region is

cx (1—c)x+ecT
+(1-¢o)7 1l—c+ecr )

(A.2) Ty (2,7,c) = <C

Case 1: 0 <7 <1: In this case depending on the location of xi, the
following are the different types of the combinations of N (z1,7,¢) and 'y (21, T, ¢).

Let .
ap = (1—71)z1, a2::w1<1+( _C)T>,
c
ct(l—2x
agzzml—(l_cl), ag =21+ (1 —mx)7,
and
L CIx1 — 1
g1 C—i—(l—C)T’ g2 : 1_7_7
w7 r(l—c)+eT
93 =9 =T T er
Then

(i) for0<z; <c(1—7), we have N(x1,7,¢) = (a1,a2) and I'y (21, 7,¢) =
(91792)7
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(ii) for c¢c(l1—-7)<z1<¢, we have N(z1,7,¢)=(a1,a2) and
Li(z1,7,¢) = (91, 94),

(iii) for c<z1 <c(l—7)+7, we have N(zi,7,¢)= (a3,as) and
Li(z1,7,¢) = (91, 94),

(iv) for c¢(l—7)+7 <z <1, we have N(x1,7,¢)= (as,as) and
Ty(z1,7,¢) = (93, 94)-

Then
C

pa(T,C) = P<X2 S N(Xl,T,C)) = /0 (a2 —ay) dxy +/1(a4 —a3)dry = 7/2.

For Cov(hi2, hi13), we need to calculate Py, Png, and Pag.

Py = P<{X27X3} C N(Xy,, C))
c 1
= /(ag — a1)2d:L“1 +/ (ayq *ag)zdl’l = 7'2/3.
0 c
Pne = P(X2 e N(X1,7,¢), X3 € 1 (X1, 7, c))
c(1-71) c
= / (a2 —a1) (g2 — g1) dy +/ (a2 —a1) (g4 — g1) dy
0 c

(1=7)

c(l—7)+7 1
+ / (as —a3) (g4 — g1) dy +/ (as — a3) (94 — g3) dz1
c c(l—7)+71
72 (627'3 —5272 —erd 44T +5¢m2 -2 —der— 72 +20+27’)

6 (ctr—c+1)(c+T7—cT)

Finally,
Pag = P({X2, Xs} CT1(X1,7,0))

c(1-7) ) c(1—7)+7 ) 1 )
= / (92 — g1)"dzy +/ (94 — g1)7dzy +/ (94 — 93)"dxy
0 c(1-7) c(1-7)+

B (2027'—02—207'—1—0—1-7')7'2
 3(ct—c+1)(c+T—cT)

Therefore
4E[h12h13] =
= Pyn +2Png + Pag

72 (627’3—602T2—C7'3+8627'+60T2—462—80T—T2+4C+47‘)
3(ecr—c+ 1) (c+T7—cT) '

Hence
4 COV[hlg, h13] =

T2 (0273—30272—CT3+202T—|—367'2—02—207—72+c+7)
3(ctr—c+1)(c+7—cT)
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Case 2: 7 > 1: In this case depending on the location of x1, the following
are the different types of the combinations of N(z1,7,¢) and I'y(z1, 7, ¢).

(i) for 0<a; < m, we have N(z1,7,¢) = (0,a2) and

Fl(xla T, C) = (glv g4)7

(ii) for m <m < 1=t we have N(z1,7,¢)=(0,1) and
Iy(z1,7,¢) = (91, 94),
(iii) for =5 <z1 <1, we have N(z1,7,¢)=(as,1) and

Fl(xlv T, C) = (917 94)
Then

pa(T,C) = P(Xg € N(Xq,, c))

C CT 1
ct+(1—c)T —ctecT
:/+1 agdﬁﬂ1+/l i 1d$1—|—/ (1—&3)d£€1
0

c cT
ct+(l—c) T l—c+eT

T (2027'—202—207'—1—20—1)
2(ct—c+1)(ct—c—1)

Next

Py = P({Xz,Xg} c N(Xy,, c))

= /c+(l_c>7a% dxy +/1_C+”1 dxy —l—/l (1—a3)?dz;
3272221 —3¢m2 -2+ 2¢ct+c—1
3(ectr—c+ 1) (cTt—c—1) ’

Pyg = P<X2 € N(X1,7,¢0), X3 € '1(Xq,T, C))

Fa-a7 =
= / as (ga — g1) dxy +/ (94 — g1) dy
0

¢
ct+(l—c) T

1
+ [ G-a)@-g)dn

Toeter
= [72(6667'4—240673—18C5T4+360672+726573
+ 187 — 2487 — 1082 — 84t P — 63T + 68
+ 72T +132¢4 72 +483 72 —18¢° — 92t — 84372
— 12327 +26 + 643 T +30272 — 222 — 262 T — 6T
+ 1002—4—607—20—7)]/{6 (CT—C+1)3(CT—C—T)3] :
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Finally,

Py = P({Xz,X:%} cI'i(Xy,T, C))
1
= /(94—91)261561
0
= |:7'2<304T2—6C4T—GC3T2+364+1263T+362T2— 63

—9627+7C2+3CT—4C+1):|/|:3 (ct—c+ 1) (et —c—1)°|.

Therefore
4E[h12h13] = Ponv +2Png + Poa
= 12875 —5057° =36 P70 + 797 4+ 150> 70 + 36 A7 C
— 56873 —237rt — 175 — 12370 + 146542
+ 168773 + 297 +1003 70 + 251 — 426572
— 9220 19937 — 25270 — 5 — 6P + 582
+16033 + 75274 +3° + 7t — 46372
— 7027 —15er* =3t — 431 +2027% +18¢ 78
+ C3+627'—4C7'2—37'3}/|:3 (ct—c+ 1)3(07—0—7)3} )
Hence
4 Covlhia, hi3] = [c(l—c) (20475 7Tt 4B 48P 1434
+32 =22 1633 — 1A —e? — 2t + 432
+ 1223+ +4BT -6 —derd -2 -3 T +4eT?

+c2+c7—72)}/[3 (cr—c+ 1P (cr—c—1)]. O

A.1.1.Special Case (i) 7> 0 and ¢ =1/2

For x € (0,1/2), the proximity region for 7 € (0, 1] is

(A'g) N(I,T,l/Q) _ ((1—7)1’, (1+T)x) if.Z‘E(O,l/?),
(r—(1—a2)r, 2+ (1—2)7) if z€(1/2,1),

and for 7 > 1
(0,(1+7)z) if z€(0,1/(1+7)),

(A.4) N(z,7,1/2) = < (0,1) if ze(1/(1+7),7/(1+71)),
(z—(1-2)7,1) if z€ (r/(1+7),1).



Density of an Interval Catch Digraph Family 385

Corollary A.1. For 7 € (0,00) and ¢ = 1/2, we have \/n[pn2(7,1/2) —
pa(7,1/2)] £, N(0,4v(7,1/2)) as n — oo, where

T/2 if0<t<1,
(A.5) Pa(7,1/2) =
t/(t+1) if 7>1,
and
T2 ror) jrg<r <1
(A.6) Av(r,1/2) = S(r+1)? -
2k ifr>1.

See Figure 10 for the plots of pu(7,1/2) and 4v(7r,1/2) with 7 € (0,5].
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/
/
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Figure 10: The plots of the asymptotic mean p,(7,1/2) (top) and the
variance 4v(7,1/2) (bottom) as a function of 7 for 7 € (0, 5].



386 Elvan Ceyhan

The sharpest rate of convergence in Corollary A.1 is % f&s(7,1/2) where

27T (67’-{—3—37’3—372)72
(1,1/2) = 2 (+1)°

3v3r (271 \ /2 :
1 <(T+1)2> if 7>1,

—3/2
> if 0<7<1,
(A.7)

C
cs

and is minimized at 7 & .73 which is found by using simple calculus and numerical
methods.

The plot of pu(7,1/2)/y/v(7,1/2)3 also indicates that this is where the
global minimum occurs. Convergence rates for PE- and CS-ICDs are presented
in Figure 11 (bottom) for ¢ = 1/2 as a function of expansion parameter. See
[Ceyhan, 2012] for the explicit form of fg_(r,1/2). Notice that at the optimal
expansion parameters, convergence rate of CS-ICDs is faster with ¢ = 1/2.

rate

0.9

rate

Figure 11: The plots of the rates of convergence to normality for PE-
and CS-ICDs. Plotted in the top are f<_(1,c) (solid line) and
f¢,.(2,c) (dashed line); and in the bottom are f¢_(t,1/2) (solid)
and f¢ _(t,1/2) (dashed).
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A.1.2.Special Case (i) =1 and ¢ € (0,1)

For z € (0, 1), the proximity region has the following form:
(0,z/c) if z € (0,¢),

(A.8) N(z,1,¢) =
(z—¢)/(1—¢),1) if z € (c1).
Corollary A.2. Asn— oo, for c€(0,1), we have \/ﬁ[pn,g(l, ¢)—pa(1, c)]
£, N(O,4y(1,c)), where p,(1,¢) = 1/2 and 4v(1,¢) = c(1—c¢)/3.

Observe that ps(1,c) is constant (i.e., independent of ¢) and v(1, ¢) is sym-
metric around ¢ = 1/2 with v(1,¢) = v(1,1—¢). Let %fés (7,¢) be the rate of
convergence to normality for CS-ICDs. Then the sharpest rate of convergence in
Corollary A.2 is % f&s(1,¢) where

38
2/ (=)

Convergence rate is minimized at ¢ = 1/2 (which can be verified by simple calcu-

(A.9) fos(1,0)

lus). Also, let % fe,(r,c) be the rate of convergence to normality for PE-ICDs
(see [Ceyhan, 2012] for its explicit forms). Then we have f¢ (2,¢) < f5. (1,¢)
for all ¢ € (0,1) with equality holding only at ¢ = 1/2 (see also Figure 11 (top)).
Thus at these specific centrality parameters, convergence rate to normality is
faster for PE-PCDs.

A.1.3.Special Case (i) 7=1and ¢ =1/2

In this case we have N(z,1,1/2) = B(x,r(z)) where r(z) = min(x, 1 — z)
for x € (0,1). Hence CS-ICD based on N(x,1,1/2) is equivalent to the CCCD of
[Priebe et al., 2001] and the PE-ICD with expansion parameter 2 and centrality
parameter 1/2 of [Ceyhan, 2012].

Corollary A.3. As n — oo, we have /n [pn(1,1/2) —pa(1,1/2)] £,
N(0,4v(1,1/2)), where pa(1,1/2) = 1/2 and 4v(1,1/2) = 1/12 with the sharpest

: pa(1,1/2) _ K
rate of convergence being K\/m =123 NG

A.2. Proof of Theorem 4.4

There are two cases for 7, namely, 0 < 7 < 1 and 7 > 1.
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For 7 € (0,1] and z in the right end interval, the proximity region is

((1—7)33, (1—|—T)x) if v e (0, 1/(1+T)),

(A.10) Ne(z,7) =
(1=7)z, 1) if z€(1/(1+7),1),

and the I';-region is
(ﬁﬁ) if 2e(0,1-7),

(A.ll) Flje(x,’l') =
(H%J) if ze(1—71).

For 7 > 1 and «x in the right end interval, the proximity region is

(0,(14—7’);17) if z € (O,l/(l—i—v')),

A.12 Ne(z,7) =
( ) ( ) (0,1) if x € (1/(1+7)’1) J

and the I'y-region is 'y ¢ (z,7) = (2/(1+7),1).

Case 1: 0 <7 <1: For z; € (0,1), depending on the location of z;, the
following are the different types of the combinations of N¢(x1,7) and I'y ¢(x1, 7).

(i) for 0 <zy <1—7, we have N.(z1,7) = ((1—7)z1, (1+7)21) and
F1,e($1,7’)= (5111/(1+T),$1/(1—7')),

(ii) forl—7 <z <1/(1+7), wehave Ne(z1,7) = ((1—7)z1, (14+7)21)
and Fl,e(xlﬂ') = (wl/(l—i-T),l),

(iii) for 1/(147) <z <1, we have Ng(z1,7)=((1—7)z1,1) and
I'ye(z1,7) = (:El/(l—l—T), 1).

Then

pe(r,c) = P(Xg c Ne(Xl,T))

1/(1+7) 1
= / (14 7)z1 — (1—7)21) day +/ (1—(1—=7)21)day
0 1/(147)

1/(1+71) 1 T(T—|—2)
- 27 1) d 1- dpy = T2
/0 ( T.%'1> xr1 + /1/(1+T)( xr1 —i—l’l’]’) X1 5 (T+1)

For Cov(hiz, h13), we need to calculate Pan e, PnG.e, and Poge.
Pone = P({X2,X3} C Ne(X1,7)>

1/(1+7) 1
= / (27'x1)2da:1 +/ (1—x4 +x17')2dx1
0 1/(147)

72 (72+3T+4)
3(r+1)?
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Pnge = P(Xz € Ne(Xy1,7), X3 € Fl,e(Xl,T))

1-7 27 1 1/(147) T
= /o (27':51)(17_12>d:c1 +/1 ) (21 21) <1—1+17_> dxy

+/1;(1+T)(1—(1—T)x1)( o )dxl

(77‘24—147—1—8—274—273)72
6(7—1—1)3 ‘

Finally,
Pyge = P({X27X3} - Fl,e(XlaT))

1-7 2711 2 1 x1 2 72(3T+4)
= d 1— dry = —— .
/0 (1—7’2> x1+/1_7< 1—|—T> o 3(r+1)2

T2 (272457+4)(27+4-72)
3(r+1)° :

Therefore 4E[h12h13] = P2N,e + 2 PNG,e + P2G,e =
Hence

72 (47’—1—4—274—47'3—7'2)

4COV[h12, hlg] = 3 (7— n 1)3

Case 2: 7> 1: For x; € (0,1), depending on the location of xj, the
following are the different types of the combinations of N¢(x1,7) and I'y ¢(x1, 7).

(i) for 0 <21 <1/(1+7), we have Ng(z1,7)= (0,(1+7)z1) and
[ye(xr,m) = (:cl/(1+7') 1)

(ii) for 1/(1+7) <1 <1, we have Ne(z1,7) = (0,1) and I'y o(21,7) =
(xl/(1+7') 1)

Then
pe(r,¢) = P(XQEN (X1, ))

/(147) 1 1 9
/ (1+7) atldxl—i—/ ldxy = ¥
0 1/(1+7) 2(r+1)

Next,
Pone = P({XQ,X?,} C Ne(XlaT))

1/(147) 1
= / ((1+T)951)2d$1 +/ ldzy = ﬂ,
0 1/(147) 3(r+1)

Prce = P(XQ € No(X1,7), X3 € FLe(Xl,T))

i 1 d 1 11— g
_/0 ( +T)x1)< I+7 ) x1+/1/(1+7')< _1+T> o

673 +1272+67+1
6(7’+1)3 .
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Finally,

Page = P({X2,Xa} C Tio(X1,7))
! 1 2 372437 +1
= [ (1- de) = =212
0 1+7 3(T+1)2

Therefore 4 E[hi2h13] = Pane +2 Pyge + Page = 127322(if1‘;§57+3. Hence

7_2

4COV[h12,h13] = m . O

A.3. Figures for the consistency results in Section 5.3

Figure 12: The three dimensional plot of the difference between arc prob-
ability of CS-ICD under H!:§ =2 and the null hypothesis
pa(F1,7,¢) — poU, T, ¢) for ¢ € (0,1) and 7 € (0,5). The hor-
izontal plane is at z =0 and is used to determine the sign
changes in the difference.
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Figure 13: The three dimensional plot of the difference between arc prob-
ability of PE-ICD under H!:§ =2 and the null hypothesis
pPE(Fy,r,e) — pPE(U, 7, c) for c € (0,1) and r € (1,10). The
horizontal plane is at z = 0 and is used to determine the sign
changes in the difference.
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Figure 14: The three dimensional plot of the difference between arc prob-
ability of PE-ICD under H!?:§ =2 and the null hypothe-
sis pPE(F3,7,¢c) — pPE(U,r,c). The top plot is with ¢ € (0,1)
and r € (1,10) and the bottom plot is with ¢ € (.98,1) and
r € (1,1.4) (to better visualize the region of positive difference
around (r,¢) = (1,1)). The horizontal planes at z = 0 are used
to determine the sign changes in the difference.
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1. INTRODUCTION

Verifying the identifiability conditions for time series models is a funda-
mental task in constructing the consistent estimators of model parameters and
ensuring the positive definiteness of their asymptotic covariance matrices. Al-
though time series models are assumed to be identifiable in many situations, its
verification is often nontrivial and even troublesome, especially in handling non-
linear generalized autoregressive conditional heteroscedasticity (GARCH) mod-
els. This issue has a long history and there exist a vast amount of relevant studies
in the literature. For instance, Rothenberg [28] introduced the global and local
identification concept and verified that local identifiability is equivalent to the
nonsingularity of the information matrix. Phillips [26] derived asymptotic the-
ories in partially identified models. Hansen [12] and Francq et al. [7] proposed
a test for the hypothesis wherein nuisance parameters are unidentifiable. Ko-
munjer [16] provided the primitive conditions for global identification in moment
restriction models. In most cases, the identifiability condition is inherent to given
statistical models; for example, the multiple linear regression model is uniden-
tifiable when exact multicollinearity exists. Thus, in nature, the verification of
identifiability is more complicated in nonlinear time series models with volatili-
ties, such as threshold autoregressive and smooth transition GARCH models (see,
for instance, Chan [3] and Meitz and Saikkonen [24]). Thus, there is a need to
develop a more refined approach than the existing ones to cope with the problem
more adequately.

In this study, we deal with the identifiability problem within a framework
similar to that of the M-estimation. To elucidate, let us consider the nonlin-
ear least squares (NLS) estimation from a strictly stationary ergodic process
{(Yy, Z1)}, with E(Y;|Z;) = f(Zy, 5°) for some known function f. Then, the limit
of the random objective functions for parameter estimation is uniquely minimized
at 8° when the following identifiability condition holds:

(1.1) f(Z1,8) = f(Z1,5°) a.s. implies (= [3°.

In most M-estimation procedures, the identifiability conditions are given in the
form of (1.1), where f can be a conditional mean, variance, or quantile function
(see Hayashi [13, p.463], Berkes et al. [2], and Lee and Noh [19]). Moreover,
as seen in Wu [33], to ensure the positive definiteness of asymptotic covariance
matrices of the NLS estimator, one needs to verify that AT f(Zy,3°)/08 = 0 a.s.
implies A = 0. The method described in this study is also useful to verify the
positive definiteness of asymptotic covariance matrices of parameter estimators.

As a representative study on the issue with nonlinear time series, we can
refer to Chan and Tong [4], who studied the asymptotic theory of NLS esti-
mators for the smooth transition AR (STAR) models and verified the positive
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definiteness of asymptotic variance matrices. Later, many authors handled this
problem using various GARCH-type models because it is crucial when verify-
ing the asymptotic properties of quasi-maximum likelihood estimators (QMLES).
For example, Straumann—Mikosch [29], Medeiros and Veiga [22], Kristensen and
Rahbek [17], Meitz and Saikkonen [24], and Lee and Lee [18] consider the iden-
tifiability problem in exponential and asymmetric GARCH(p, ¢) models, flexi-
ble coefficient GARCH(1, 1) models nesting a smooth transition GARCH(1, 1)
(STGARCH) model, nonlinear ARCH models, nonlinear AR(p) models with
nonlinear GARCH(1, 1) errors, STAR(p)-STGARCH(1, 1) models, and Box—Cox
transformed threshold GARCH(p, ¢) models. To ensure (1.1), these authors de-
veloped their own methods that reflect the nonlinear structure of underlying
models.

In this study, we develop a method that refines existing ones to deduce
the identifiability conditions for various nonlinear time series models, tribute to
STGARCH(p, ¢), Poisson autoregressive, and multiple regime STAR(p) models.
The remainder of this paper is organized as follows. In Section 2, we describe
our method using some examples. In Section 3, we investigate the identifiability
conditions in the aforementioned models. The proofs are provided in Section 4.

2. EXAMPLES AND MOTIVATION

In this section, we explore some existing methods that verify the identifi-
ability of STAR models and asymmetric GARCH (AGARCH) models. In what
follows, { X;} and F; denote the data-generating process and the o-field generated
by {X;s:s <t}

First, we consider the STAR model with two regimes as follows:

Xt = m(Xt—17 "'7Xt—p; 90) + €t

m(Xt_l, aaey Xt—p; 90)

o o X —d — Co
BTXy o+ BTX F <’fz> :

where {g;} are iid random variables, #°7 = ( ST, fT, c®,r°)and Xy = (1, Xy—1,
vy Xt—p)T, and F(-) is a smooth distribution function. Chan and Tong [4] verified
the positive definiteness of E[1;(0°)1n:(6°)T], where 14(6°) = r(X¢—1, ..., X¢—p; 0°)
denotes the gradient of m(x;0) at 6°, by showing that for a given A # 0, there
exists S C R?, such that {\Tr(x;0°)}? is positive for any x € S and P({(X;_1, ...,
Xi—p) € S}) > 0. On the other hand, Meitz and Saikkonen [24] also considered
the above model and verified that m(X;—1,..., X;—p;0) = m(X¢—1, ..., Xi—p; 6°)
a.s. implies # = 6°. In both cases, the main step is commonly to show that the
function x + g(x;0,6°), which equals (§ — 6°)T7(x;60°) in Chan and Tong [4]
and m(x;0) — m(z;0°) in Meitz and Saikkonen [24], satisfies g(x;6,60°) =0 for
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all z € supp(Xy_1, ..., X4—p), where supp(Y’) denotes the distribution support of
the random vector Y. With this equation, they could deduce certain conditions
to guarantee 8 = #°. Motivated by these studies, we take a similar approach to
deduce the identifiability conditions for nonlinear time series models. In fact,
our method is handier than those in the existing studies, such as Kristensen—
Rahbek [17], Meitz and Saikkonen [24], and Lee and Lee [18]. For example, our
method no longer requires the condition that either the observations or their
conditional volatilities should take all values of an open interval with a positive
probability.

Next, we consider the case of an AGARCH(1,1) model with power 2:
21)  Xe=om, o0f =w+a° (| Xea]| =" Xe1)? + 8007

where {n;} is a sequence of iid random variables with En; =0 and En? = 1.
Kristensen and Rahbek [17] and Straumann and Mikosch [29] derived identifia-
bility conditions for asymmetric power ARCH and AGARCH models. We denote
0° = (w°,a°,3°,7°)T and © = (0,00) x [0,00) x [0,1) x [~1,1], where a® > 0.
Assuming that Model (2.1) has a strictly stationary solution {X,}, for 6 € ©,
we define a strictly stationary process {o?(#)} as the solution of

(2.2) 02(0) = w+a(|X; 1| —vXi1)* + o2 (0), Ve,
where ¢7(6°) is equal to o2.

In this case, the identifiability condition is that o7 = 02(f) a.s. for some

t € Z and 0 € © implies § = 0°, which is crucial to verify the strong consistency
of QMLE. Below, we demonstrate the approach of Straumann and Mikosch [29].
Note that o7 = () a.s. for all ¢ because {o? — d2(#)} is stationary. Then, one
can obtain

(2.3) W —w+tot Vi =0 as.,

where Y;_1 = a® (1| — v°m-1)? — & (Ine—1| — ym—1)” + B° — 3. As shown in
Lemma 5.3 of Straumann and Mikosch [29], Y;_; is F;_s-measurable due to (2.3),
but at the same time, it is independent of F;_o. Then, § = 6° can be easily de-
duced from the degeneracy of Y;_1 and certain mild conditions on the distribution
of m;—1. This approach, however, cannot be extended straightforwardly to more
complicated models. Thus, in our study, we take a different approach.

Our idea is to interpret the left-hand side of equation (2.3) as a function
of ny_1. Considering that o;_1 is given, for example, as constant o, we introduce
the continuous function:

9(@,0) = v —w+0?{a® (o] = 1%2)* —a (| = 72)” + 5" - 5}

Since (2.3) implies g(n:—1,0¢—1) = 0 a.s., it follows that g(z,0) = 0 for all (z,0) €
supp(n¢—1,0¢—1). Further, owing to the independence of n;_1 and oy_1, we have
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g(x,0) =0 for all (z,0) € supp(n;—1) x supp(o¢—1). This, in turn, implies
(2.4) P{g(az,at_l) =0 forall z € supp(nt_l)} =1.

Assume that supp(n:—1) = R; in fact, it is sufficient to assume that supp(n;—1)
comprises three distinct (one positive and one negative) real numbers.
Then, g(z,0,-1) =0 a.s. for all z € R and, particularly g(0,0¢—1) = w® —w +
o2 1 (8° — B) = 0 a.s., which leads to 8 = 3° and w = w° owing to the nondegen-
eracy of 02 ;. Henceforth, the equation g(z,0;_1) = 0 a.s. Vo € R is now reduced
to

(2.5) o (|lz] —7°z)? —a (x| —y2)> =0, VreR,

and thus, 6 = 0° is derived. This AGARCH(1,1) example demonstrates that
equation (2.4) plays a crucial role in obtaining the conditions to guarantee the
identifiability of a time series model. Later, to obtain the desired results for
general nonlinear time series models, such as STGARCH, nonlinear Poisson au-
toregressive, and multiple regime STAR models, we will often apply the equa-
tions analogous to (2.4) and results such as P {limy_o g(z,0¢4—1) =0} =1 or
P {limg,H,OO v 2g(z,00 1) = 0} =1, as seen in the proof of Theorem 3.1.

3. IDENTIFIABILITY IN NONLINEAR TIME SERIES

3.1. Smooth transition GARCH models

Gonzdlez-Rivera [11] introduced the STGARCH(p, ¢, d) model:

Xt = Ot

3.1) o 2 [¢] 2 o o L [e]
( op = w’+ ZaliXt{i + (Z 042in¢> F(Xt—a,7°) + Zﬂj%{j )
i1 j=1

i=1
where {n;} is the same as that in Model (2.1),

1 1

F(Xi-4,7°) = 1+ Xea 27

de{l,..,q} is pre-specified, and 7° > 0 is the smoothness parameter that
determines the speed of transition. It is noteworthy that when +° — oo, the
STGARCH(1,1,1) model becomes a GJR-GARCH(1,1) model proposed by
Glosten et al. [10], which is identical to Model (2.1).
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We denote the true parameter vector by 6°= (7% w® afy, ..., AT gs A1, ey W5,
BTy ﬂ;)T. Let © = [0,00) x (0,00) X A x B be the parameter space, where

A= {(0411,...,051(1,0421, ...,a2q) S R2q oy > 0, ‘0421" < 2041i,Vi},

(82) B= {(ﬂl,...,m ef0.17: 38 < 1},
j=1

and assume that 6° € © for the conditional variance to be positive.

Sufficient conditions to ensure the existence of a stationary solution for
Model (3.1) are not specified in the literature. For instance, Straumann—Mikosch
[29] and Meitz and Saikkonen [23] derived such conditions only for general GARCH-
type models. However, for example, it can be seen that the STGARCH(1,1,1)
model is stationary when E [log {3{ + (a5, + 3|a$|) n71}] < 0 (cf. Example 4
and Table 1 of Meitz and Saikkonen [23]).

Given the stationary solution {X;} and a parameter vector § € ©, we define

q q
ala) = w+ Z Oinf_i + (Z Oé2z‘XtQ_i> F(Xi—a,7)
i=1 i=1

where a = (y,w, a11, ..., a1q, 21, ..., (aq). Note that the polynomial G(z) =1 —
P ;27 has all its zeros outside the unit disc because of (3.2). Define o7(0) =
B(B)~ci(a), where B is the backshift operator. Then, we have the following.

Theorem 3.1. Let {X;} be a stationary process satisfying (3.1) and sup-
pose that

(a) a3, # 0 for some 1 <i < q and~° > 0.
(b) The support of the distribution of n; is R.

Then, if 0 = 02(0) a.s. for somet € Z and € ©, we have 0 = 0°.

Remark 3.1. It is remarkable that the identifiability in the STGARCH
models needs no restriction concerning orders p and gq. The above theorem shows
that the STGARCH(p, ¢, d) models can be consistently estimated by fitting any
STGARCH(p*, ¢*, d) models with p* > p and ¢* > ¢q. However, this is not true for
GARCH and AGARCH models, wherein conditions such as (c¢) in Theorem 3.2
below are necessary. See Francq and Zakoian [8] and Straumann and Mikosch [29].

Remark 3.2. As pointed out by a referee, the common root condition
for the STGARCH models is not required owing to the reasons described below.
Consider a STGARCH(0, 1, d) model and let o7 be the conditional variance. Mul-
tiplying (1 — 8B) to both sides of the volatility equation, we get (1 — 8B)o? =
(1= Pw+anX? | — BanXP o+ anX? | F(Xia,7) — Ban X7 oF (Xi—a-1,7).
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This, however, is not expressible as a form of STGARCH(1, 2, d) models, unlike
we see in GARCH and AGARCH models.

Remark 3.3. As in the case of the AGARCH model in Section 2, the
support needs not be R. For example, supp(n;) = Z is sufficient.

Condition (a) in Theorem 3.1 suggests that there exists a smooth transition
mechanism, that is, conditional variances asymmetrically respond to positive and
negative news. When it fails, the STGARCH model becomes a standard GARCH
model. The following theorem demonstrates that model parameters in (3.1) are
only partially identified when no such transition mechanism exists.

Theorem 3.2. Let {X;} be a stationary process satisfying (3.1) with
7 =0oray, =0,i=1,..,q Suppose that condition (b) in Theorem 3.1 and
the following condition hold:

(c) af; >0 for some 1<i<gq, (ai,,B;)# (0,0), and the polynomials
af(z) = Y20, a9;2" and 3°(z) = 1= 3_F_, 3727 have no common zeros.
If 02 = 0}(0) a.s. for somet € Z and € O, then w = w°, a1; = a3;, B = B; for
1<i<q,1<j<p,andeither y =0 or ag; =0, 1 < i < q holds.

Remark 3.4. The hypothesis testing of whether the smoothness mecha-
nism exists has been studied by Gonzalez-Rivera [11]. This is a type of testing
problem wherein nuisance parameters are unidentifiable under the null hypothe-
sis. In addition, inference in a similar situation has been studied by Hansen [12]
and Francq et al. [7].

3.2. Threshold Poisson autoregressive models

Poisson autoregressive models (or integer-valued GARCH models) are used
to model time series of counts with over-dispersion and have been widely applied
in fields ranging from finance to epidemiology to estimate, for example, the num-
ber of transactions per minute of certain stocks and the daily epileptic seizure
counts of patients. See Fokianos et al. [5], Kang and Lee [15], and the references
therein.

Let {X;:t >0} be a time series of counts and {)\; : ¢t > 0} its intensity
process. Let Fy+ denote the o-field generated {Ao, Xo, ..., X¢}. An integer-valued
threshold GARCH (INTGARCH) model is then defined by

X¢|Fot—1 ~ Poisson(A) ,

<33) o o o o o\+ o
M= w +a] X1+ (0 —a)) (X1 = 1°)T 4+ N1,
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for ¢t > 1, where a™ denotes max{0, a}. We assume that the true parameter vector
0° = (w°, 3,03, 8°,1°) belongs to a parameter space © = (0,00) x [0,1)3 x N.
Theorem 2.1 of Neumann [25] indicates that if 5° + max{af, a5} < 1, there exists
a unique stationary bivariate process {(X;, A\¢) : t > 0} satisfying (3.3). Then, the
time domain can be extended from Ny = NU {0} to Z. Franke et al. [9] considered
the conditional LS estimation in these models.

Given the stationary process {X; : ¢t € Z} and a parameter vector 0 € O,
we define a stationary process {A\;(6)} as the solution of

)\t(H) =w+o X1+ (042 — al)(Xt_l — l>+ + ﬁ)\t_l(e) R teZ.

Then, we have the following.

Theorem 3.3. Suppose that {X; : t € Z} is a stationary process satisfy-
ing (3.3) and of # o5. Then, if \y = M\¢(0) a.s. for somet € Z and 6 € ©, we have
0 =06°.

Remark 3.5. When o} = o5 > 0, Model (3.3) becomes an integer-valued
GARCH(1,1) model. In this case, it can be seen that parameters, except the
threshold parameter [, are identifiable.

3.3. General Poisson autoregressive models

Neumann [25] considered a class of nonlinear Poisson autoregressive models
{X} :t € Z} of counts with intensity process {\; : t € Z} such as

(34) Xt|ft_1 ~ POiSSOl’l(At) s At = f()\t—l)Xt—lu 00) y

for some known function f : [0, 00) x Ng x © — [0, 00). According to Theorems 2.1
and 3.1 of Neumann [25], when f(-,0°) satisfies the following contractive condi-
tion:

|f()‘7y700) - f()\/ay/>90)| < ’%1|)\ - )\/| + H2|y - y/| ) V)‘v)‘, > Oa vyay/ € NO )

where k1, k2 > 0 and k1 + ko < 1, there exists a stationary process {(Xy, \¢)} with
At € Fi—1 satisfying (3.4). Further, in view of Theorem 3.1 in Neumann [25], one
can define a stationary process {\:(0)} satisfying

A15(0) = f(At—1(0)7Xt—170) ) VteZ,

for the stationary process {X;} and parameter vector § € ©. Fokianos and Tjgs-
theim [6] studied ML estimation in these models.
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The following theorem presents the mild requirements of f for their iden-
tifiability assumptions. Its proof is straightforward in view of the proof of Theo-
rem 3.3.

Theorem 3.4. Let {(X¢, \t)} be a stationary process satisfying (3.4) and
suppose that

(a) For each 6 € O, f(-,0) is continuous on supp(A;) x Ny.
(b) f(\y,0) = f(\y,0°), VA € supp(\1), Vy € Ng implies § = 6°.

Then, if \y = M\¢(0) a.s. for some t € Z and § € ©, § = 6°.

3.4. Multiple regime smooth transition autoregressive models

Regime switching models for financial data have received considerable at-
tention. For example, Terdsvirta [32] studied inference for two-regime STAR
models and McAleer and Medeiros [21] and Li and Ling [20] considered multiple-
regime smooth transition and threshold AR models. In this subsection, we con-
sider the nonlinear LS estimation in a multiple-regime STAR model with het-
eroscedastic errors proposed by McAleer and Medeiros [21].

Suppose that {X;} follows a multiple-regime STAR model of order p with
M + 1 (limiting) regimes, that is,

M
(3.5) X, = B3 X1+ ZﬁfTthlG(Xt—do;'Y;a ;) tet,
i=1
where {e;} is white noise, 57 = (¢, 93, ..., ¢5,)" for 0 <i < M, X1 = (1, X; 1,
ey Xi—p) T, and G(Xy—go;75, ¢9) is a logistic transition function given by

1
1 4 e (Ximao—¢7)

(3.6) G(Xi—ae57i,67) = ;
wherein the regime switches according to the value of transition variable X;_go:
d° € {1,...,p} is a delay parameter, —oo < ¢§ < -+ < ¢§j; < oo are threshold pa-
rameters, and 7y > 0, 7 = 1,..., M, are smoothing parameters. When ~; is quite
large, Model (3.5) is barely distinguishable from the threshold model studied by
Li and Ling [20].

In the literature, one can find sufficient conditions under which Model (3.5)
is stationary when the error terms are iid. For example, Theorem 2 of McAleer
and Medeiros [21] ensures the stationarity of Model (3.5) of order 1. Using the
same reasoning and Lemma 2.1 of Berkes et al. [2], we can see that Model (3.5)
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has a stationary solution if

p
Zsup < 1.
j=1 z€R

M
b3+ 3 65,G (@197, ¢5)
=1

It is also true if maxo<i<mr Z§:1 ’Z;{:o qﬁzj‘ < 1, which can be deduced from
Theorem 3.2 and Example 3.6 in An and Huang [1].

We denote by 6 = (8L, 8L, ..., B, v1, -, Y01, €1, vy €01, d) T & parameter vec-
tor belonging to a parameter space © ¢ RIMFTDPH)F2M o 17" 51 and set

M
(X1, Xiop, 0) = Bo" Xio1 + ) BT X 1G(X—givin i) -
i=1

Then, we have the following.

Theorem 3.5. Let {X;} be a stationary process satisfying (3.5). Assume
that

(a) Foreachi=1,..,M, 3 #(0,...,0)T € RPFL,
(b) The support of the stationary distribution of (X, ..., X1) is RP.

(c) The parameter space © satisfies that v; > 0,i=1,..., M, and —oo <
cp << cy <oo.

Then, if m(X¢—1,...,X¢—p,0°) = m(Xy—1,..., X4—p,0) a.s. for some t € Z and
0 € ©, we have 0 = 0°.

Remark 3.6. Theorem 3.5 is closely related to the identifiability of the
finite mixture of logistic distributions (see Lemma 4.1 in Section 4). Although
the restriction on threshold parameters has a natural interpretation, it is not
necessarily required. In fact, if we only assume that (77,¢),i=1,...,M, are
distinct, instead of the condition ¢j < ¢f, ;, then Model (3.5) is weakly identifiable
in the sense of Redner and Walker [27].

4. PROOFS

Proof of Theorem 3.1: We only prove the theorem when d =1 since
the other cases can be handled similarly. Owing to the stationarity, we have
02 = 02(0) a.s. for any t € Z. Since 3°(z) # 0 for |z| < 1 and 07 = 3°(B) " Lei(a®),
Wwe can express

1) ala) = BB)I7(0) = B(B)B°(B) ei(a®) = c(a®) + ) bjerj(a)
j=1
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where 143277, bjz) = B(2)/B°(z) for |2| < 1. As discussed in Section 2, we can
express (4.1) as a function of 7,1 and F;_s-measurable random variables:
g1 (nt—l) Ot—1, At,2a Bt,27 A;Zz B;Q) Dt,?) =
= (an —afy)oinp g + Ag — Afo + (0421(7?—1"73—1 + Bi2) F(ot-1mt-1,7)
- (a(2)107t2—1771€2—1 + BZ2) F(ot—1mt-1,7°) — Dy

= 0 a.s.,

where for 2 <¢* < ¢ and 2 <k,

q q [ee]
2 2 o
Ap e = w + g a1; X7 ;,  DBpp = E i X{ i, Dyp = g bjci—i(a®),
=i j=k—1

i=i*
q q
o _ . o0 o 2 o __ o 2
Ap e =w” + E auXiii, Bigx = E a9 Xi_ ;.
=i =i

Using the arguments that obtain (2.4) and condition (b), we can see that with
probability 1, g1(x, 0¢—1, At 2, Bt 2, A7, By, D;2) =0 for all z € R. Particularly,
this implies

(42) 91(07 0t—1, At,?: Bt,27 A?,Z? BZQ; Dt,?) = At,? - A;Z - Dt,Q =0 a.s..

Then, viewing (4.2) as a function of 7;_9 and F;_3-measurable random variables,
we can express

(o] [0) o «—
92(77t—2,0't—2,At,3aAt,37At—1,27Bt—1,27Dt:3) T

= (a12 — 092)07 oM} 5 + Arg — A3 — bici-1(a®) — Dy

(4.3) = (12 —aSy)of oni o+ Aty — Al — Dy
—bi{as 07 om0+ Af 12+ (aS107 omi o0+ By 1) F(or-am-2,7°)}
=0 as.,

which entails

(4.4) P(gZ(x,Ut_Q,At,g,Agg, ® 19, BY 12, Dys) =0, Var € R) —-1.
Note that if

(4.5) f(z) == az® + b+ (ca® + d)F(ox,7°) = 0

for all x €R, where a,b,¢c,d, 0 >0, v >0 are real numbers, because
limg 400 2 2f(2) =0 and lim, .+ f(z) = 0, it must hold that a = c =0 and
b=d=0. Then, combining this and (4.4), we get bia3; =0 and b1 By |, =0
a.s.. Further, By ;, =0 a.s. if and only if agy =~ = a3, = 0. Due to condi-
tion (a) and (4.3), we have by = 0 and A; 3 — A3 — Di3 =0 a.s., and similarly, it
can be seen that by =0, k > 2, Ay 49 — A;’,k+2 —Dipy2=0as,2<k<qg-2,
and w —w® — Dy 42 =0 as., k > ¢ — 1. This implies 3(-) = 5°(-), w = w°, and
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Ao = Afo, ., Arg = A7 4 a.s., and subsequently, a1q = af,, ..., 12 = afy. From
this and (4.1), we can obtain

hl(nt—l,at—laBt,QaBz?,Q) =

= (a1 —a$))o7_1miy + (2107171 + Bra) F(or—1m-1,7)

(4.6) . ] ]
- (04210?—1771%2—1 + BYy) F(oi—1m-1,7°)
= 0 a.s.

Suppose that v = 0. Then, F(X;_1,7) =0, and using (4.5) and (4.6), we
get a3, = 0 and Byy = 0 a.s. Since this is a contradiction to condition (a), v must
be positive. Thus, from (4.6), we have

: -2 2 -1
xILH;oI hi(z,00-1,Bi2, Bfy) = 07 1 {on1 —af; =27 (az1 —a5;)} = 0 as.
Further, taking the limit + — —oo, we obtain a11 = af; and a9 = a3, so that

lim hy(x,0¢—1, B2, Biy) = —2_1Bt’2 + 2_13,?2 =0 a.s.,
T—00 ’ ’

which results in ag; = a3;, 2 < i < ¢. Then, in view of (4.6), we obtain

o ) o 1 1
h2(77t*1a0-t*173t,2) = (01210'152_177152_1 + Bt,2) <1 4 eYot-1m-1 o 14+ eWOUtlﬂt1>

= 0 as..
If v < +° and additionally if o5, # 0, we should have

: —2 _~vyoi—1T o o o 2 o
wh_)n;ozn e ha(x,01-1,Bry) = as0;4 =0 as.,

which leads to a contradiction. However, if a§; = 0, we have lim,_,o, €77t hy(z,
ot-1,Byy) = Byy = 0 a.s., which also leads to a contradiction to condition (a).
Hence, we must have v > ~°. Since v > ~° is also impossible, we conclude that
v = ~°, which completes the proof. O

Proof of Theorem 3.2: As in handling (4.3), we follow the same lines in
the proof of Theorem 3.1 to obtain

/ o o L
9o (Ne—2, 012, Av 3, A7 3, AY 1 9, Dy3) =
o o 2 2 o o
= (12 —ajy —biagy)op_on o + Atz — Ajg — b1 A} 19— D3
=0 as..

Then, as in handling (4.2), we get Atz — Af3 —b1Aj 4 5 — Di3 = 0 a.s. Similarly,

it can be seen that w —w® —b1 A7 |  —bo AP o, 1 — - —bg—147 119~ Digr1 =0
a.s. Then, with probability 1, for all z € R,
(4.7)

g(z) = (w—w) = b (acl’qo*f_q_le + wo) — by (acl’7q_1af_q_1m2 + Af_zq) — ..

o 2 2 o o 2 2 o
= bg-1(af207_ 12" + A7 113) = bg(afioi_g 12" + A7y 5) — Digio
=0,
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which, in turn, implies

P (xlirgo(j?jf; =biaj, + -+ bgai; = 0) =1.
In fact, we can obtain an analogous relationship between 7;_,_; and F_;_p_1-
measurable random variables, k > 2, and as such, byag, + -+ + bgyq—107; = 0 for
all k > 1, which implies that 3(z)3°(z)~'a5(2) is a polynomial of at most g orders.
Then, using condition (c) and the arguments similar to those in Straumann and
Mikosch (2006), p. 2481, we can see that 3(-) = 5°(-), and thus, b; = 0 for j > 1.
Combining this, (4.2) and (4.7), we get Ata = Afg, ..., Atg = Aj a8, andw = w°,
which, in turn, implies a1y = af,; ..., a12 = afy. Hence, (4.1) can be reexpressed
as

h/1(77t71a Ot—1, Bt,2) = (a11— ac1>1)0-t2—177t2—1 + (a21<7t2—177t2—1 +Bt,2) F(or1mi-1,7)

=0 a.s..

From this, we can easily obtain aj; = af; and the same equation as in (4.5),
which finally leads to ap; = -+ = a9y = 0. This completes the proof. O

Proof of Theorem 3.3: First, we conjecture that the support of the sta-
tionary distribution of (X1, A1) is a Cartesian product of Ny and supp(A1). If it is
not true, there exists (m’, \') € Ny x supp(A1) such that (m’, \') ¢ supp(X1, \1),
and for some positive real number r,

X +r
0=PXi=m',MeXN-—rXN+r) = / (m/N) e ™ dFy, (u) ,
A

I—r

where F), is the distribution function of A\;. Since the integrand is positive, it
must hold that P(A; € (X' —r, X + 1)) = 0, which, however, contradicts to the
fact that A € supp(A1). Thus, our conjecture is validated.

Note that owing to the stationarity, for all ¢t € Z,
9(Xi-1,M-1) = (w—w°)+ (a1 —af) X1+ (ag — o) (X — )T
= (a3 = a])(Xem1 = 1°)7 + (B = B7) M
=0 as.,

and therefore,
(4.8) g(m,\) =0 for all m € Ny and A € supp(A\) ,

since g(-) is continuous and supp(X1, A1) = Ng X supp(A1). In particular, g(0,\) =
(w—w®)+ (8 —6°)A =0 for any X € supp(\1). Note that \; is not degenerate
when of # a3, since otherwise, X;_1 should be degenerate. Thus, we have w = w°
and = (°, so that g(1,\) = a1 —a§ = 0. Further, it follows from (4.8) that
limy, 0o m~tg(m, \) = ag — a5 = 0. Then, using the fact that g(I,\) = g(I°, \) =
0 and o] # a3, we obtain [ = [°, which completes the proof. O
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Proof of Theorem 3.5: For simplicity, we assume that d° = 1: the other
cases can be handled similarly. From condition (b) and the continuity of m(-, ),
we can see that

(4.9) m(x1,...,xp,0°) = m(x1,...,2p,0), Vr;eR, 1<j<p.
Suppose that d # 1. From (4.9), we can express

m(z1, ..., Tp, 0°) — m(z1, ..., zp,0) =

= {fé’( — fo(x2) Zfz X2) 3Ud§%'aci)}
— ¢o1 — Z ¢i1 G(2d; Vi Cz)} 1

(4.10) +

(fi (x2) + ¢e1) G157, )

where G(-) is the one in (3.6), xg = (22, ..., )T, and

f(xa) = ¢+ Y S5xy,  filxe) = i+ Y bz, for i=0,1,.., M.
2<j<p 2<j<p
Then, applying Lemma 4.1 below to (4.10), we have ¢3; = 0 and f7(x2) = 0 for
each x3 € RP~1, which, however, contradicts to condition (a). Thus, it must hold
that d = d° = 1. Owing to the above, we can reexpress (4.9) as

(411)  (fo(x2) + ¢g121) +Z (x2) + Pha1) G(@1; 75, 7)) =

=1

M
= (fo(x2) + dorz1) + > (filx2) + daw1) Glz1; v ci)
i=1
ijER, 1<5<p.

Lemma 4.1 ensures that a family of real-valued functions G = {1,i(-) } U{G(-;v,¢) :
v>0,ce R}U{i(\)G(57,¢) : v > 0,c € R}, where i(-) is an identity function,
i.e., i(y) =y, are linearly independent. Thus, any element of the linear span
of G is uniquely represented as a linear combination of the elements of G: see
Yakowitz and Spragins [34]. Further, there exists a vector x5 € RP~! such that
(f2(x3), ¢51) # (0,0) for all 4 = 1, ..., M; unless otherwise, ¢f, = -+ = ¢, = 0 for
some i, which contradicts condition (a). Then, viewing (4.11) with x5 substituted
by x/, as a function of x; and using condition (c¢), we obtain ¢, = ¢o1 and ¢ =
bi1, V5 =i, ¢ =¢; fori =1, ..., M. Subsequently, owing to (4.11), for all z; € R
and x; € RP™L, we get
M

(f5(x2) = fo(x2)) + Y (f7 (x2) — filx2)) G(a1;77,¢5) = 0.

=1
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Then, applying Lemma 4.1 again, we conclude that ¢fy = ¢io and ¢7; = ¢4j, j =
2,...,p,1=0,1,..., M. This completes the proof. O

Lemma 4.1. Let (y1,¢1), ..., (7%, cx) be distinct real vectors with ~; > 0,
t=1,...,k. Suppose that for all y € R,

1

k
(4.12) doo + dory + ;(dio + dily)m = 0.

Then, di(] = dil =0 fori = 0, 1, ,k‘

Proof: Denote by g(y) the left-hand side of (4.12). Then, limy—,_ ooy 'g(y)
= dp1 = 0, and thus, lim,._« g(y) = doo = 0. In what follows, for function f :
R — R, we denote by L{f} its two-sided Laplace transform, that is, L{f(-)}(s) =
ffooo e ¥ f(y)dy. Note that the transform of the logistic distribution function is
as follows:

P £ G ﬂ.,yflefcs 0
7Y = 5 = s <s <.
b(ai7.0) = L{GLm oY) = T s<7
Further,
Fi(s;v,e) = L{()G(57,0)}(s)
—-1,.,—cs 2.,—2_—cs -1
s ce T e “Scosm s
= 7 —— + i —5 i 7 ) 0<s<y.
sinmy~ts sin“my~ts

Without loss of generality, assume that (v;,¢;), ¢ = 1, ..., k, satisfy a lexicograph-
ical ordering, that is, v; < v;4+1 and ¢; < ¢;41 when v; = v;41. Suppose that

Yi=-=%<Y41 < <, and ¢; < --- < ¢. Then, applying the two-sided
Laplace transformation to (4.12), we have that for all 0 < s < 71,
k k
(4.13) ZdioF()(S;%,CZ‘) —‘erilFl(S;’yi,Ci) = 0.
i=1 i=1

Since the numerator of the left-hand side of (4.13) is an analytic function on R,
(4.13) is still valid for all s € R\D, where D = {s:s=~ym,1 <i<k,m e Z}.
Multiplying sin? 7, s to both the sides of (4.13), we attain

l
sin 7771_13 E {digﬂfyl_lefcis + dilﬂfyflciefcis} +
i=1

k —1_—¢is -1, —cis

+ sin“ 7y s E {diO, et di—
i=l+1 i

2,,—2_—¢;s -1
e COST("Yi S

! k
_ 9 e : _ T4,
+ cosmy, ls g din T3y 2e=cis 4 gin? ™)1 ls g dit ———5—— = 0.
i=1 i=l+1 Sy s
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Then, if we set Ny = {n € N:yin # vym for all | <i < k,m € N}, for any fixed
n € Ny, letting s — v1n through the values in R\ D, we can have

l
(4.14) S dpememm = 0.
i=1

Since (4.14) holds for all n € Ny, multiplying e“'"" to both the sides of (4.14)
and letting n — oo through the values in Ny, we get d1; = 0. Similarly, it can be

seen that do1 = --- = dj; = 0. Meanwhile, multiplying sin 77y, s to both the sides
to (4.13) and letting s — 1n, we can have Elizl djpe” "™ =0 for any n € Ny,
and henceforth, dig = -+ = djg = 0. Continuing the above process, one can finally
establish the lemma. O

Remark 4.1. Lemma 4.1 actually entails the identifiability of logistic mix-
ture distributions (cf. Yakowitz and Spragins [34] and Sussmann [30]). Hwang
and Ding [14] also proved the linear independence of logistic distributions and
their density functions to deal with the identifiability problem in artificial neural
networks. However, their results do not directly imply Lemma 4.1. Our proof is
simpler and is based on Theorem 2 of Teicher [31].
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1. INTRODUCTION

Topp and Leone [19] introduced a family of distributions with finite support
whose cumulative distribution function (cdf) is given by

0, z <0
[/
(1.1) F(z|0,8) = (%(2_%)) L 0<z<p , 0>0,
1, x>0

and the probability density function (pdf) is given by

(1.2) f<x|eﬁ>—2"<1—””)<f”<2_””))“ O<z<B, 650
' S B I} B ’ ’ ’

For simplicity, we denote this distribution by T'L (6, 3). Topp—Leone (T-L)
distribution is a continuous unimodal distribution with bounded support; this
makes it appropriate for modeling lifetime of distributions with finite support.
Topp and Leone [19] did not provide any motivation for this family of distribu-
tions except to saying that it could be used to model failure data. Nadarajah
and Kotz [15] showed that this distribution exhibit bathtub failure rate functions
with widespread applications in reliability. Moreover, Ghitany et al. [10] showed
that T-L distribution possesses some attractive reliability properties such as the
bathtub-shape hazard rate, decreasing reversed hazard rate, upside-down mean
residual life, and increasing expected inactivity time. Moments for T-L distribu-
tion were derived by Nadarajah and Kotz [15]. Zghoul [21] provided expressions
for moments of ordered statistics from T-L distribution. Recently, Bayoud [6]
derived admissible minimax estimates for the shape parameter of the T-L distri-
bution under squared and linear-exponential loss functions. A reflected version of
the Generalized T-L distribution was used by Van Drop and Kotz [20] to fit the
U.S. income data for the year 2001 for Caucasian, Hispanic and Afro American
populations.

Classical and Bayesian inferences of the parameters of T-L distribution
have not yet been studied in the presence of censored samples. In this pa-
per, we study classical and Bayesian estimations for the shape parameter of
the T-L distribution when the sample is progressive Type II censored. A Type
IT progressive censoring scheme can be expressed as follows: suppose that n
units are placed on a life test at time zero and the experimenter decides before-
hand the quantity m, the number of failures to be observed. When the first
failure time Xi.;,., is observed, Ry of the remaining n — 1 surviving units are
randomly selected and removed. At the second observed failure time Xs.,,.p,
Ry of the remaining n — Ry — 2 surviving units are randomly selected and re-
moved. This experiment terminates at the time X,,.m:n when the m'" failure
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is observed, and the remaining R,, =n — Ry — Ry — --- — R;,—1 — m surviving
units are all removed. The sample { X1.m:m, X2umm, -y Xm:mn } 18 called progres-
sively Type II censored sample of size m from a sample of size n with censoring
scheme {R1, Ra, ..., R, }. The values {m; Ry, Ry, ..., Ry, } are determined prior to

the study. Note that, if R1 = Ry = --- = R,, = 0, so that n = m, then the pro-
gressively Type Il censoring scheme reduces to the case of complete sample. Also
note that if Ry = Ry = --- = R;,—1 = 0, so that R,, = n — m, then the censoring

scheme reduces to a conventional Type II censoring scheme. Readers may refer
to [2] for more details about the progressive censoring.

The rest of this paper is organized as follows. In Section 2, we provide
the model assumptions based on the progressive Type II censoring. The MLE is
studied in Section 3. We propose an approximate MLE (AMLE) in Section 4.
The Bayes estimate and the construction of the credible interval are discussed in
Section 5. In Section 6, data analysis and some simulation studies are carried out
to investigate the performance of the proposed estimation methods. Finally, we
conclude the paper in Section 7.

2. MODEL ASSUMPTIONS

Let X1.mmy Xomen, oy Xmemen be a progressively Type II censored sample
from T-L lifetime distribution (1.2), with {m; R1, Ra, ..., R, } being the progres-
sive censoring scheme. The likelihood function based on the observed progressive
Type II censored sample D = {Z1.m:m, T2:mmn, --s Tmemen } 1S given by:

m

(21) L(D|§,B) = ¢ (if)mﬂl (1 - “jg"> D (Ziomn) [1 —u? (:ci:m;n)]Ri ,

where

-1

3

c:n(n—l—Rl)(n—2—R1—Rg)---(n— (Ri+1))> 0 < Zjomn < B,

=1

and

U (Tizmm) = legln (2 - ngn) € (0,1) Vi=1,2,....m.

The log-likelihood function, I(D|6, 3) = In L(D|6, 3), may be written from (2.1)
as:

(22)  UDIG,B) o mIn(0) + > Olnu (wimn) + > Riln [1 e (xi;mm)] :

i=1 i=1
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3. MAXIMUM LIKELTHOOD ESTIMATE

Equating the partial derivative of the log-likelihood function I(D]6,3) in
(2.2) to zero, we have that:

I(D|9, 3 - iimin)
(3.1) 8(7| —|—Zlnu Timen) Z o’ (x; Inu (Timm)Ri = 0.
=1

The MLE of 6 is the solution of the likelihood equation (3.1). Since (3.1) is
a non-linear equation, a numerical technique is needed. Newton-Raphson method
is proposed to obtain the MLE iteratively. A suitable initial guess for the iter-
ative method will be proposed in the next section. However, numerical results,
presented in Section 6, show that the numerical MLE converges to the true pa-
rameter quite accurately without showing any problem with convergence.

4. APPROXIMATE MAXIMUM LIKELIHOOD ESTIMATE

The likelihood equation (3.1), as mentioned in the previous section, does

not admit explicit solution for the shape parameter. Therefore, we expand the
ue(xi:m:n) hlpi
1- Ue(zi:m:n lnu(xi:m:n)’
J> R;
where p; =1 —[[/L,, ;11 s m’tlﬂR for i =1,2,...,m. We may then con-
sider the following approximation:
UV (X4 WY (g

@) (o) m ) g gy U i)
1— v (xzmn) [1 — uvi (:Uzmn)]

function g¢; (0) = y ina first-order Taylor series around v; =

5 I (Timen) -

Using the approximation in (4.1), (3.1) is roughly:

zmn 0 — )
_ Z (zi {1 + 1_§Lvi (;Ln) Inu (Timm) | mu (imm)Ri = 0.

From (4.2), we obtain the AMLE of # as a solution of the quadratic equa-
tion:
AP>+BO+m =0,

where

- u? (xi:m:n) 2
A= — Inu (zsm:m)|” Ry
; [1—uvi (mi:m:n”z | ( )

and
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w @emn) [y M @imn)
’ 1T —uvi (xzmn) ’ 1 — v (xi:m:n) .

B = Zlnu(wi;mm) [1 - R
i=1

Therefore, the AMLE, say 0 AMLE, is obtained as

—B —+VB?—4Am

(4.3) OamLE = 7 ;

which is the only positive root. This procedure has been used, for example, by
Balakrishnan and Aggarwala [2], Balakrishnan and Varadan [3], Balosooriya and
Balakrishnan [4] and Kim and Han [12].

It is worth mentioning that the proposed AMLE (4.3) may provide a con-
venient starting value for the iterative solution for the MLE in (3.1).

5. BAYESIAN INFERENCE

In this section, we discuss the Bayes estimate and the associated credible
interval for the shape parameter. The squared error loss function (SELF) is
considered, which is defined as

where 6 is the estimator of 6.

5.1. Prior and posterior analysis

The shape parameter 6 is positive. So, it is assumed that § has an Expo-
nential prior with pdf:

g(0) =ae ¥, >0 and a>0.
This prior is conjugate when the complete sample is considered; see [6].

It follows, from (2.1) and the prior pdf, that the posterior density function
of 6 can be written as:

L(DI0,3)g (9)
OfL(DW,ﬁ)g (6) 46

™ (01D, ) =

0™ Ty v (Timen) [1 — 0® (Zizmen) | "

K )
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o

where K = [ gme—a? I, ¥ (Ziomen) [1 —u? (aci;m:n)]R’ df, the normalizing con-
0

stant.

Under the SELF, the Bayes estimate of 0, say éB(a), is the posterior mean,
which is given by:

R;

(52) Op(a) = Ex (61D, 5) /9m+1 —aenu imn) [L =0 (i)

It is obvious that (5.2) cannot be evaluated explicitly. Therefore, we propose two
approaches to approximate (5.2): Lindley’s procedure and the MCMC using the
importance sampling technique.

5.2. Lindley’s approximation

Lindley [14] proposed an approximation procedure to evaluate the ratio of
two integrals, such that the Bayes estimate in (5.2) takes a form containing no
integrals. This procedure has been used by several authors in the literature to
obtain the Bayes estimates for various distributions; see, for instance, Press [18].
Consider:

f y 0)+7(0) do

(5.3) I(D,a) = fel +T9)d9

where [ is the log-likelihood function of the observed sample, y(6) is a continuous
function in 0, and 7() = In g() where ¢ () is the prior pdf of 6.

Based on Lindley’s procedure, the ratio (5.3) is approximated by:

~ 1, . . 1/ 5=
(5.4) I(D,a) ~ y <9> +3 (Yoo + 29070) G0 + B (yedgaleee)
where 399 denotes the second derivative of the function y(6) with respect to 6,

Joo represents the same expression evaluated at 0 = Oyrg, 79 = %7(9)\ =011 7

— Pl 500 — — L
l 892 |9 GMLE’ l090 - 893 ’9:9MLE and 099 - l0€ :

Hence, the approximate Bayes estimate can be obtained using Lindley’s
procedure, by substituting y(0) = 6, I=log-likelihood function (2.2) and g () =
ae~® in Lindley’s approximation (5.4), as

. 11
(55) Op.1(a) ~ Oure+ f + 5%
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where éMLE is the MLE of 6,

N 9%l m G 2 UéMLE (Tizmen)
lop = =—=|p_ 5. =—= =Y [Inu(Zimn)] — R;
802 0=0me 0%\4LE ; |:1 - UéMLE (xi:m:n)] ’
and
. 93l
logo = %b:ém,ﬂ
m m ufvrs (Ti:men) [1 + ufvns (xzmn)}
= o = 2 M @il : 5 Bi.
Ovie o [1 — ufuLe (xi:m:n)}

5.3. MCMC method

Unfortunately, Lindley’s procedure fails to construct credible intervals for
the unknown parameter. Hence, we propose to use the importance sampling
technique to approximate the Bayes estimate and to construct the associated
credible interval. Similar procedure was used, for example, by Chen et al. [7],
Kundu and Pradhan [13], Pradhan and Kundu [16] and [17]. To implement the
importance sampling technique, we rewrite the posterior pdf (5.1) as follows:

m(0|D,B) oc f1(0|D) f2(0)
where

_ e = mu(@aman)™ i 0l nu(@smn)]
f1(0|D) = T(m+ 1) e 1

which is clearly a gamma density function with the shape parameter (m + 1) and
scale parameter [a — > it Inu(@jmy)] "t and

£00) = [T — o @sma)] -
i=1
Therefore, (5.2) can be written as:
J 641(61D) f2(0)d0
(5.6) 05 (a) = % .
gfl(ng)f2(9)d9

Now, we propose the following algorithms, along the line of Kundu and Pradhan
[13], to compute the approximate Bayes estimate and to construct the associated
credible interval for the parameter 6.
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5.3.1. Algorithm 1 (BE)

Step 1) Generate a random sample of size M from f;(6|D), gamma density
function with the shape parameter (m + 1) and scale parameter

la = > I w(&imen)] ™1, say 01,09, ..., Oar;
Step 2) Compute f2(6;) =[] [1 — u% (@))%, for j = 1,2, ..., M;
Step 3) Under the assumption of SELF, a simulation consistent estimate
of # can be obtained using the importance sampling technique as:

1 05f2(65)
Ly fa0y)

éB,IS (a) =

Using this algorithm, it is possible to construct the Bayes estimate of any function
of 6, say H(0) as:

M
R -~ H(O; 0,; .
H(0) = ZJAM (65) /2 ]), provided that H(0) is defined at all j = 1,2,...,m.
Zj:l f2(9j)
Now, to compute the credible interval of 6. Let, for 0 < p <1, 6, be such that
Op

P(0 <6,|D,B3) = [(6|D,)dd = p, where 7(0|D, 3) is the posterior pdf defined
0
in (5.1).

5.3.2. Algorithm 2 (credible interval)

Here, we use the sample 61, 0o, ..., 05 that is obtained from Algorithm 1.

Step 1) Compute w; = % for j =1,2,..., M;
=

Step 2) Arrange the set {(61,w1), (02, w2), ..., (Orr, war)} as
{0y, wpp), 02y wiay)s -5 Oary, wian) }
where 9(1) < 9(2), ceny < 9(M)7
Step 3) The 100(1 — a)% credible interval for 6 is given by:

(95 61-5)
where ép is a simulation consistent Bayes estimate for ¢,, which
is given by 6;7,) such that M), is the integer satisfying:

My+1

MP
YowySp< Y wy
=1 j=1
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Proposition 5.1. The posterior pdf w(0|D, 3) in (5.1) is log-concave.

Proof: Since u(z;) = (2 — %) > 0, then it is easy to see that:

0?Inm(0|D, B3) mo e o U (Timm)
—_— = |-+ In v (Z5:mm — Ri| <0
902 62 ZZ:; i ) [1— uf (Liomn)]
for any @, this proves the result. O

Since the posterior distribution (5.1) is log-concave, then one can apply
Devroye’s algorithm introduced in Devroye [8] to generate a sample from the
posterior distribution, say 61,62, ...,05;. Based on this sample and under the
SELF, the approximate Bayes estimate of 6 is given by:

Orvicve = E0|D) = Ze

The 100(1 — a)% credible interval of 6 can be computed by ordering 601,02, ..., 0/
as ) <) < ... < (0pr) and taking the interval as:

(9< Mg O~ )))

6. SIMULATION STUDY AND DATA ANALYSIS

6.1. Simulations

In this section, we present some simulation studies to observe the behavior
of the proposed estimation methods for different sample sizes, different priors and
for different censoring schemes. We have considered three sample sizes, n = 15,
25 and 50; and three progressive Type II censoring schemes with m = 5, namely,
(n —m,0,0,0,0), (0,0,0,0,n —m) and (Ry, R2, R3, R4, R5) where R; = " for
1=1,2,...,5.

In all cases, the parameter 3 is assumed without loss of generality to equal
1. Simulations are performed for three values of the shape parameter, namely,
0 =0.5,0 = 1and 0 = 10. For a given n, m and (R, Ra, ...R;;,), we have generated
a sample for the given censoring scheme. The AMLE is computed for the shape
parameter based on the method proposed in Section 3. We use this AMLE as a
starting value to obtain the MLE iteratively by using Newton-Raphson method
as discussed in Section 2. The approximate Bayes estimate is computed for
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the shape parameter using Lindley’s procedure and the importance sampling
technique based on 1000 importance sampling. For Bayesian estimation, the
following priors are considered: Prior 0: assuming a = 0.0001, a very small value,
and Prior 1: informative prior with a ~ 1/6 and a ~ 2/6, separately, since E(6) =
1/a. The expected value and the corresponding mean squared error (MSE) of the
proposed estimates are computed over 1000 replications. The results are reported
in Tables 1, 2 and 3 when # = 0.5,0 = 1 and 0 = 10, respectively.

From Tables 1, 2 and 3, it is clear that as the sample size increases, the
MSE decreases for all estimation methods. This verifies the consistency of the
proposed methods. It is also obvious that the AMLE and the approximate Bayes
estimates under Prior 1 perform, in terms of MSE, better than the iterative MLE
and the approximate Bayes estimates under Prior 0. For fixed sample size n,
fixed # and for any censoring scheme, the approximate Bayes estimates under
Prior 1 with a ~ 2/6 outperform the other estimates in terms of the MSE. It
is noticeable that the AMLE performs better than the MLE in all cases. The
approximate Bayes estimates under Prior 0 do not perform as efficiently as the
other estimates.

Table 1: Expected value of the proposed estimators
and the corresponding MSE when 6 = 0.5.

05.1(a) 0p.15(a)

a=2 ‘ a=4 ‘a:1074 a=2 ‘ a=4 ‘a=1074

n Scheme Orvre | OamLe

0.532 | 0.521 | 0.530 | 0.483 0.587 0.528 | 0.488 0.586
0.0204 | 0.0193 | 0.0170 | 0.0112 | 0.0353 | 0.0175 | 0.0132 | 0.0356

15 0.534 | 0477 | 0.534 | 0.481 0.593 0.533 | 0.488 0.593

(0,0,0,0,10)

(2:22.2.2) | 00235 | 0.0167 | 0.0192 | 0.0120 | 0.0394 | 0.0200 | 0.0141 | 0.0392
10.0.0.0.0) | 0-333 | 0517 10543 0472 | 0.623 | 0.540 | 0483 | 0.624
(10,00.0.0) | 00308 | 0.0286 | 0.0252 | 0.0125 | 0.0604 | 0.0254 | 0.0166 | 0.0607
522 | 0.51 524 | 0.4 : 51 4 54
0.0.0020) | % 0516 | 0.5 0497 | 0.555 | 0.515 | 0.490 | 0.548

0.0145 | 0.0141 | 0.0131 | 0.0105 | 0.0190 | 0.0137 | 0.0123 | 0.0188

25| (44444 0.523 | 0.474 | 0.527 | 0.493 0.562 0.524 | 0.493 0.558
(44,44,4) 0.0167 | 0.0128 | 0.0150 | 0.0111 | 0.0226 | 0.0155 | 0.0122 | 0.0225

0.524 | 0.509 | 0.541 | 0.494 0.587 0.537 | 0.497 0.588

(20,0,0,0,0) | o 0252 | 0.0232 | 0.0230 | 0.0131 | 0.0360 | 0.0225 | 0.0153 | 0.0364
000045 | 0909 | 0507 [0514 [0500 | 0532|0476 | 0452 | 0.505
(0,0,0,0,45) | 4 0078 | 0.0077 | 0.0075 | 0.0063 | 0.0102 | 0.0093 | 0.0097 | 0.0117
50 | (0000 | 0505 [0470 [0.515 [0.498 [ 0534 [0494 [0474 | 0520
(9.9.99.9) | 50087 | 0.0076 | 0.0084 | 0.0075 | 0.0111 | 0.0099 | 0.0094 | 0.0114
(15,0000 | 0908 [ 0491 T0.527 Toa97 [0561 0522 [0495 | 0563

0.0135 | 0.0133 | 0.0138 | 0.0114 | 0.0215 | 0.0133 | 0.0120 | 0.0221
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Table 2: Expected value of the proposed estimators
and the corresponding MSE when 6 = 1.

Sch 0 ) 05.,1(a) 05,15(a)
n cheme
MLE AMLE a1 ‘ w—29 ‘a=1074 a—1 ‘ u—2 ‘a:10*4
0.00010) | 108 [ 106 /108 0978 | 113 1.07 |0.989 | 1.13
(0,0.0.010) | 51010 | 0.0946 | 0.0816 | 0.0524 | 0.1231 | 0.0842 | 0.0632 | 0.1228
15 | (20209) | 108 [0:969 1108 0.974 | 115 1.08 |0.99 | 1.15
422:2) 10.1060 | 0.0760 | 0.0853 | 0.0513 | 0.1427 | 0.0884 | 0.0628 | 0.1434
100000 | 109 [ 106|111 10956 | 1.19 110 | 0.981 | 1.20
(10.0.0,0.0) | 1500 | 0.1370 | 0.1160 | 0.0509 | 0.2014 | 0.1190 | 0.0684 | 0.2032
000000 | 103|102 /104 0.994 | 1.09 1.02 | 0973 | 1.08
(0,0,0.0.20) | 00611 | 0.0594 | 0.0549 | 0.0443 | 0.0709 | 0.0559 | 0.0504 | 0.0751
25 | (4444 | 103 10937 | 104 0985 | 110 1.04 |0981 | 1.10
(4:4,4,44) | 50604 | 0.0548 | 0.0619 | 0.0465 | 0.0792 | 0.0648 | 0.0507 | 0.0784
90.0000) | 104 [10L /108 098 | 116 1.07 |0.993 | 1.16
(20,0,0,0,0) | 01020 | 0.0960 | 0.0925 | 0.0527 | 0.1368 | 0.0917 | 0.0612 | 0.1388
000045 | 102|105 1 1.03 0.99 | 106 0.953 | 0.903 | 0.990
(0,0.0.045) | 0352 | 0.0347 | 0.0340 | 0.0245 | 0.0356 | 0.0384 | 0.0372 | 0.0390
50 | (90000 | 102 |0.947 | 104 0.991 | 107 1.00 | 0947 | 1.04
(9.9,9.99) 10,0387 | 0.0326 | 0.0374 | 0.0260 | 0.0466 | 0.0431 | 0.0352 | 0.0470
15.0.0.0.0) | L1 10.992 | 1.06 0.983 | 112 1.05 | 0979 | 1.13
(45,0,0,0.0) | 0628 | 0.0600 | 0.0639 | 0.0408 | 0.0920 | 0.0618 | 0.0427 | 0.0930

Table 3: Expected value of the proposed estimators
and the corresponding MSE when 6 = 10.

) R éByL(a) éB,IS(a)
n | Scheme | Ouie | Oamie a=01]a=02]a=10"|a=01]a=02]a=10"
000010 | 197 | 100 | w9 | a9 | 150 | o1 | 5o | 128
151 22222) | 195 | s9 | o1 | 51 | 147 | ‘o9 | 61 | 147
(100000) | 150 | 154 | 115 | s2 | 23 | 119 | ¢o | 2is
0000200 | 95 | aw | ea | T L e | e | ds | e
% aaa0 [ G20 00 | 5o | 05 | ‘&6 | ‘61 | 50 | a7
200000) | 93 | g9 | 86 | 53 | 1o | s4 | e1 | 151
000045 | 51 | 5y | Ten | 9 | Se | osn | 5o | 4w
01 909999 [ 55| 52 | 87 | 50 | 45 | 43 | 38 | ‘4
150000 | "5 | 6o | 65 | 44 | 105 | 6s | 47 | 104
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6.2. Data analysis

In this section, we analyze real and simulated data sets using the proposed
estimation methods for illustrative purposes.

6.2.1. Real data

We analyze the failure time (in mileage) of eighteen military carriers pre-
sented by Grubbs [11] as follows:

162, 200, 271, 302, 393, 508, 539, 629, 706, 777,
884, 1101, 1182, 1463, 1603, 1984, 2355, 2880.

First, it was checked whether the T-L distribution can be used or cannot to
analyze this data set. The MLE of § is 2880, the maximum order statistic, and
the MLE of 8 is 1.133 . The Bayes estimate of 8, under the SELF, is 1.125
when a =1, see [6]. It is obvious that the MLE and the Bayes estimate are
almost the same. The Kolmogorov-Smirnov (KS) distance between the empirical
distribution function and the fitted distribution function, using the MLEs, has
been used to check the goodness of fit. The KS statistic value is 0.135, and the KS
critical value is 0.309 at at » = 18 and a = 0.05. Accordingly, one cannot reject
the hypothesis that the data are coming from T-L distribution. We consider the
following censoring schemes, assuming m = 6:

Scheme 1) (R1:R2:'“:R5:0,R6:12).
Scheme2) (RlZRQZ"':R5:R6:2).
Scheme3) (R1=12,R2:---:R5=R6=O).

Based on Schemes 1, 2 and 3, we have generated the following progressive
Type II censored samples:

D = (162,200,271, 302,393, 508) ,

D = (162,271,393,508, 539, 884)
and
D = (162,302,508, 777,884,1463) ,

respectively. The proposed estimates and the credible interval for the shape
parameter are computed and reported in Table 4. It is observed from Table 4 that
all estimates are in quite similar agreement and close to the estimates obtained
using the complete sample. The approximate Bayes estimates dominate the other
estimates when the hyper-parameter a is assumed to equal 1. The associated
credible intervals for the shape parameter are satisfactory in all the cases.
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Table 4: Real Data Analysis.

H.A. Bayoud

. Censoring Scheme
Estimate
Scheme 1 Scheme 2 Scheme 3
One 1.169 1.303 1.241
Oarre 1.153 1.289 1.236
a=0.5 1.205 1.346 1.307
0p,1(a) a=1 1.163 1.290 1.246
a= 0.996 1.066 1.002
a= 1.151 1.307 1.285
0B,15(a) a=1 1.128 1.287 1.246
a= 1.085 1.141 1.053
a= (0.76,1.51) | (0.69,1.49) | (0.79,1.85)
90% Credible Interval | a =1 (0.74,1.47) | (0.66,1.47) | (0.77,1.84)
a=35 | (0.66,1.38) | (0.58,1.27) | (0.65,1.48)

6.2.2. Simulated data

We analyze the following simulated data set presented by Genc [9] assuming
f=03and g=1:

0.1425,0.2707,0.2783, 0.0718,0.4537,0.0615, 0.0047, 0.3454, 0.4428, 0.1909,
0.1028,0.0013, 0.0592, 0.5413, 0.2442, 0.0001, 0.0002, 0.0178,0.0114, 0.5388

We consider the following censoring schemes, assuming m = 4:

Scheme 1) (Rl = R2 = R3 = 0, R4 = 16).
Scheme 2) (R1 == R2 = R3 = R4 = 4).
Scheme 3) (R; =16,Rs = R3 = R4 =0).

Based on Schemes 1, 2 and 3, we have generated the following progressive
Type II censored samples:

D = (0.0001,0.0002,0.0013,0.0047),
D = (0.0001,0.0047,0.01114,0.0178)
D = (0.0001,0.0013,0.0718,0.2707) ,

and )
respectively.

The proposed estimates and the credible interval are computed and reported
in Table 5.
the approximate Bayes estimates dominate the other when the hyper-parameter

It is clear from Table 5 that all estimates are quite similar, and

a = 5. It is also observed that the credible intervals are satisfactory under all the
cases.



Progressive Type II Censoring from T-L Distribution 429

Table 5: Simulated Data Analysis.
. Censoring Scheme
Estimate

Scheme 1 Scheme 2 Scheme 3

One 0.3699 0.4381 0.3664

Oamre 0.3694 0.4266 0.3662

a=0.75 0.3901 0.4651 0.4041

05.1(a) a=35 0.3674 0.4294 0.3720

a=25 0.3550 0.4100 0.3546

a=0.75 0.3541 0.4731 0.3972

0p,15(a) a=3.5 0.3792 0.4120 0.3675

a=25 0.3530 0.4054 0.3555
a=0.75 | (0.25,0.46) | (0.23,0.46) | (0.24,0.58)
90% Credible Interval | a =3.5 | (0.24,0.47) | (0.21,0.44) | (0.22,0.56)
a=5 (0.23,0.45) | (0.21,0.42) | (0.22,0.51)

7. CONCLUSIONS

In this article, classical and Bayesian point estimations were proposed for

the shape parameter of the Topp—Leone distribution when the sample is pro-

gressive Type II censored. It was observed that the MLE cannot be derived in

explicit form. Hence, an approximate MLE was proposed. Bayes estimate of the

shape parameter cannot be obtained in explicit form. Lindley’s procedure and the

importance sampling technique were proposed to obtain the approximate Bayes

estimate and to construct the credible interval for the shape parameter. The

performance of the different estimation methods was compared by Monte Carlo

simulations. It was observed that the approximate Bayes estimates, based on the

informative prior with a =~ 2/6, outperform the other estimates in terms of the
MSE. It was also noticed that the AMLE performs well and dominates the MLE
in terms of the MSE in all cases.
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1. INTRODUCTION

The Rayleigh distribution is a continuous probability distribution serving
as a special case of the well-known Weibull distribution. This distribution has
long been considered to have significant applications in fields such as survival
analysis, reliability theory and especially communication engineering.

When considering the complete Rayleigh model, the probability density
function is given by

(1.1) f(x;0) = 20xe % , x,0 >0,

using the parametrization of the distribution as proposed by Bhattacharya and
Tyagi (1990), and is denoted by X ~ Rayleigh(f). The parameter 6 is a scale
parameter, and characterizes the lifetime of the object under consideration in
application.

Mostert (1999) did extensive work concerning the censored model, and
showed that the censored Rayleigh model is relatively easy to use compared to
other more complex models (such as the Weibull- and compound Rayleigh mod-
els). In certain types of applications, it is not uncommon that some observations
may cease to be observed due to machine failure, budgetary constraints, and the
likes. To compensate for such events, right censored analyses utilizes information
only obtained from the first d observations. Thus, the right censored sample con-
sists of n observations, where only d lifetimes (d an integer), z1 < x2 < ... < 24
are measured fully, while the remainder n — d are censored. These n — d censored
observations are ordered separately and are denoted by zg11 < Zgio < ... < Zp.
In the context of reliability analysis (for example), a lifetime would be the time
until a unit / machine fails to operate successfully.

In the paper of Soliman (2000), a family of non-informative priors were
introduced:

1
(1.2) g(0) = g m,0 >0,

and was termed a “quasi-density” prior family. This paper explores the application
of this prior family with regards to the right censored Rayleigh model. Different
known prior densities are contained within (1.2), namely the Jeffreys prior (m =1),
Hartigan’s prior (m = 3), and a third prior illustrating the diminishing effect of
the prior density family — this is termed a “vanishing” prior (some large value
of m, chosen arbitrarily such that m = 10). The choice of m would be up to
the practitioner to determine the extent of the objectivity required. It is worth
noting that Hartigan’s prior (m = 3) is known as an asymptotically invariant prior
as well. Liang (2008) provides valuable contributions when considering relevant
choices of hyperparameters.
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Mostert (1999) showed that the likelihood of the censored Rayleigh model
is given by
L(6) o (20)%ue™T
d
where T'=Y"" | 27 ~ gamma(%,6). The quantity u is defined as u = Hl‘i, see
i=1
Mostert (1999) for further details. It can be shown that the posterior distribution
results in
1.3 o7 = —M

which characterizes a gamma(d —m + 1,T) distribution, where I'(-) denotes the

d—m+1
T (d=m+1)=1,-0T

gamma function. Note that, since the posterior distribution is always a proper
distribution, it ensures the need of restrictions on the parameter space. In order
for (1.3) to be well-defined, it is thus assumed throughout that m < d + 1.

Together with Soliman (2000), Mostert (1999) compared the Bayesian es-
timators under the linear exponential (LINEX) loss function and squared-error
loss (SEL) function, and Dey and Dey (2011) did similar work for the complete
model by applying Jeffreys prior and a loss function as proposed by Al-Bayyati
(2002). This paper extends concepts in the literature for the censored Rayleigh
model by considering this new loss function, namely the Al-Bayyati loss (ABL),
and comparing it to other known results.

Gruber (2004) proposed a method where a balanced loss function is used
in a Bayesian context. A balanced loss function is where a weighted loss value
is constructed by substituting each estimate into its corresponding loss function
and determining some weighted value thereof. In this paper an extension of this
methodology is considered, by obtaining a new estimator as a weighted value of
the Bayesian estimator under either SEL or ABL, and some other estimate of the
unknown parameter (in this case, §). This is also known as a shrinkage based
estimation approach.

The focus of this paper is the evaluation of the ABL estimator in terms of its
performance by considering its risk efficiency in comparison to the SEL estimator,
and also the effect of the parameter m, the prior density family degree. In this
respect the following proposal is adopted:

1. Obtain the Bayes estimator under SEL, and evaluate under ABL;

Obtain the Bayes estimator under ABL, and evaluate under SEL; and

3. Obtain shrinkage estimators of both SEL and ABL estimators by com-
bining the Bayesian estimators with some prespecified point estimate
of the parameter, and evaluate under SEL.

In Section 2 the respective Bayesian estimators are determined and the
risk (expected loss) are studied comparatively. The effect of risk efficiency is
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also investigated, and a shrinkage approach is also then considered. In section 3
an illustrative example involving a simulation study and a real data analysis
presented, and section 4 contains a discussion and some final conclusions.

2. SQUARED-ERROR LOSS (SEL) & AL-BAYYATI LOSS (ABL)

2.1. Parameter estimation under SEL & ABL

This section explores the Bayesian estimators under the loss functions for
the model discussed in the introduction. The SEL is defined by

(2.1) Lspr(0,0) = (0 - 0)?
and the loss function proposed by Al-Bayyati (2002):

(2.2) Lapr(0,0) =6°(0—0)>, ceR.

SEL is a widely used loss function due to its attractive feature of symme-
try — where the function focuses on the size of the loss rather than the direction
(over- or underestimation) of the loss. The ABL introduces the additional param-
eter ¢, which assists in determining a flatter loss function (albeit still symmetric)
or the alternative, and it specifically generalizes the SEL (2.1). ¢ can also be
considered the order of weighting of the quadratic component. Under SEL, the
(posterior) risk function has the following form:

~

Ropr(0.0) = / LspL(6,6)9(0|T)d6
0

I'(d—m+2) I'(d—m+3)
'd=m+1)T T(d-m+1)T?"

= 02p, — 20sEL

From (1.3) the Bayesian estimator Oskr is given by the posterior mean of

d—m+1

(2.3) Ospr = T

Since (1.1) indicates that the parameter § must be positive, a restriction implied
by (2.3) is that m < d+ 1 (corresponding to the restriction discussed in the In-
troduction regarding the posterior distribution). Under ABL, the (posterior) risk
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function has the following form:

A~

Rapr(0,0) = / Lapr(6,0)g(0/T)d6
0
o I'(d—m+c+1) - I'd—m+c+2)

= 63 —20
ABLD(d—m + 1)T¢ ABLT(d —m + 1)Tett
I'd—m+c+3)

I'(d—m+1)Tet2

The Bayesian estimator 0 ABL 1S

A d—m+c+1

(2.4) OapL = —

Similar to the case of the SEL estimator, m < d-+ ¢+ 1 for positive ¢, and m+c¢ <
d + 1 for negative c in order for the gamma function to be well-defined.

2.2. Comparing the risk of SEL and ABL

The three different prior degrees are of interest here, namely the Jeffreys
prior (m = 1), Hartigan’s prior (m = 3), and the vanishing prior (m = 10). The
posterior risk of the two loss functions was compared against each other for certain
parameter values — notably for increasing values of 6 and for the three different
values of m.

The risk was determined empirically by simulating 5000 samples of sizes
n = 30,40 and 50 each, using the inverse-transform method and wuniform (0,1)
random variates. From each of these obtained samples, the parameter was es-
timated under SEL and ABL (with ¢ = 0.5), and the average loss of all 5000
samples was determined. The value of d was set at d = 0.2n, which implies that
20% of lifetimes have been observed. There are practical examples were a cen-
soring of between 70% and 90% have been observed (see Stablein, Carter, and
Novak (1981)), which is why, as an illustration, a censoring of 80% is used.

In Figures 1 to 3 it is seen that the shape of the functions do not change
for different values of m, but it is observed that the risk is increasing for larger
m values. Also, as the sample size n increases, the magnitude of the risk is
decreasing. From the simulation it is evident that for positive ¢, SEL has least
risk and would thus be preferable. An effective way of comparing the risk of
different loss functions is by determining the risk efficiency — which is explored
in the next section.
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Figure 2: Simulated risk for SEL and ABL (n = 40).
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Figure 3: Simulated risk for SEL and ABL (n = 50).

2.3. Risk efficiency between SEL and ABL

Risk efficiency is a method that provides an intuitive way of determining
which estimator — under a certain loss function — performs better than the
other. The form of the risk function considered is

R% (Best, 0) = Ep(L(Beg,0)) = /0 h L(Best, 0) f(T)dT

using the distribution of T'. Here, L denotes the loss function under which the
risk efficiency is calculated, and éest denotes its estimator of §. The risk efficiency
is then given by: R
*
REL(éL,éy) = w
R} (01,0)
translating to, the risk efficiency of 01, with respect to 9y under L loss (9y de-
notes an estimator under any other loss function than L). This is similar as
the approach by Dey (2011). Now, éL denotes the estimator for the parameter
that needs to be estimated under loss L, and éy denotes the estimator for the
parameter under the loss y. The interpretation of this expression is that when
RE7, (9L, éy) > 1, the estimator 0y, is preferable under L loss than that of 9y.
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2.3.1. SEL vs. ABL under SEL

The risk efficiency for the estimators derived in section 2.1 under SEL are
given by:

Ripy(BanL.9)

REsgr(0ser,0apL) = . .
RZ'EL (QSELv 9)

The expressions required by above equation are obtained as:

Ripr(0apr.0) :/ Lsgr(fapr,0)f(T)dT
0

_pfld=m+l4c?® d-m+l+c
‘9<<;—1><3—2> @1 “)

and

Ry (Bsi,0) = / Lsi(Bsmn,0) f(T)dT
0

o (d=m+1)? ,d-—m+1
=0 <<g—1(g—2> SCESY “)'

The risk efficiency of ésel with respect to éabl under SEL is then

RZEL (éABIn 9)

RgEL(QSELa 9)

(25) (d=m+14+c)?  5d—m+l+c
<(%71><g72> 25 +1)

(d—m+1)2  5d—m+1
((g—n(g—?) 27 “)

REspr(0spr,0ap1) =

An interesting characteristic of this equation (2.5) is that it is independent
from the sample information i.e. independent of x;. It is only dependent on n, d,
¢, and m.

Figure 4 illustrates the risk efficiency (2.5) for arbitrary parameter values.
Since the function is not dependent on sample information, no simulation from
(1.1) is required. A sample size of n = 30 was specified along with d = 0.2n and
for different values of c¢. The risk efficiency values is plotted against values of m,
the prior family degree. It is of special interest that for negative values of ¢, the
ABL estimator performs better than that of the SEL counterpart for small values
of m. The converse holds when this “threshold” value of m is reached, where the
more efficient estimator becomes the SEL estimator.
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Risk efficiency

Figure 4: Risk efficiency of SEL- and ABL estimator under SEL.

2.3.2. ABL vs. SEL under ABL

The risk efficiency for SEL and ABL under ABL is given by:

Ry, (OspL.9)

REp1(0apr,0sE1) = . .
R 51 (0aBL,0)

The expressions required by above equation are obtained as:

Riypr(0spL,0) 2/ Lapr(Ospr,0)f(T)dT
0

per (((d=m+1)*  d-m+1
= ((3—1)(’;—2) Z-1 “)

and

Riipr(0asL,0) Z/ Lapr(0apr,0)f(T)dT
0

_ e (d=—m+1+c)? d-m+1+c
0 ((3_1)(3_2) -1 +1>




Objective Bayesian Estimators 443

again using the relations derived in section (2.3.1). The risk efficiency of Ot
versus 64, under ABL is:

Rypr(Ospr,0)

REApL(0aBL,0sEL) = A
R45.(0aBL,0)

(2.6) (d=m+1)?  5d—m+1
((%71)(%2) 27 “)
(d=m+140)?  od—m+tlte ’
((g—n(%—?) 25 “)

It is observed that this last result is the reciprocal of the (2.5). Figure 5 illustrates
this result; where the converse of the discussion of (2.5) holds.

Risk efficiency

Figure 5: Risk efficiency of SEL- and ABL estimator under ABL.

2.4. Shrinkage estimation approach

Gruber (2004) proposed a method where a balanced loss function is used
for Bayesian analysis. A balanced loss function is where a weighted loss value
is constructed by substituting each estimate into its corresponding loss function
and determining some weighted value thereof. As a slight twist on this approach,
consider obtaining a new estimator as a weighted value of the Bayesian estimator
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under either SEL or ABL, and some other estimate of the unknown parameter
(in this case, #). This is also known as a shrinkage based estimation approach.
Define the SEL-based Bayesian shrinkage estimator by

(2.7) s, = Mspr +(1—Nb,, 0<A<1,
and the ABL-based Bayesian shrinkage estimator by
(2.8) s, = Mapr +(1—=XN0,, 0<A<1.

where 6, is a pre-specified point realization of . Similar as in the case of the
SEL- and ABL estimators, these two newly proposed estimators ((2.7) and (2.8))
is compared in terms of their risk functions. The analysis here is only considered
under the SEL. For the SEL-based shrinkage Bayesian estimator we have from
(2.1) and (2.7)

X . 2
Rspp(0s,,0) = Er <)\95EL — A0+ N0+ (1 — )by — 9)

(o ()

+ (1= X%)(0p — 0)?
+2M(1-A) (90ET(9SEL) — 0Er(Ospr) — 060 + 92))

where Er(Ospr) = (d—m+1) (3971), using the expected value of the gamma
2

distribution of 7. The ABL-based shrinkage Bayesian estimator is, from (2.2)
and (2.8), given by

Rip(05,.0) = Er (Mapz — M+ 20+ (1 - Ny —0)’
_ 2 (g2 (d—m+1+c)? ~2(d-—m+1+¢) 1))
( ((3—1)(3—2) G-
+ (1= 2%)(0p — 0)?
+ 2)\(1 — )\) (90ET(éABL) — HET(éABL) — 060y + 92))

where ET(éABL) =(d—m+1+ c)ﬁ. When this method is repeated with
2

ABL as the underlying loss functions, similar expressions are obtained but in a
scaled form (stemming from the scaling value 6¢ from the ABL), and is omitted
here.
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2.4.1. Risk comparison under SEL and ABL for shrinkage estimators

A similar approach was followed as in Dey (2011) and as discussed in section
2.2, but in this instance the shrinkage estimators were considered with the true
risk. Again because of the inferential nature of the ABL, it is only discussed here
for the SEL. Two viewpoints were considered: the first of which was for different
prior point estimates and for varying A, and the second was for fixed prior point
estimate, different values of m, and for varying A. This was all considered in the
same simulated data setting as in section 2.2, with the addition that the “true”
value of 6 was 10. An underestimated value, an overestimated value, together
with the MLE of § was considered; i.e. 8y = 7, 7.7625, and 15 (here, OpLE = %)
Figure 6 illustrates the effect of these different prior point estimates and m = 1,
whilst Figure 7 illustrates for different values of m and the prior point estimate
equal to the MLE of the censored Rayleigh distribution. The two figures illustrate
these effects.

G,=7 G,=10.35 B,=15

80 -

Risk

00 0z 04 06 08 1000 02 04 06 08 1000 02 04 06 08 10
A

| s Estimator 51 Estimator 52 |

Figure 6: Risk under SEL for shrinkage estimators ésl and 932,
different 6y, and varying A (m =1 (fixed)).

As can be seen in both cases, least risk can be obtained for some nonzero
and nonunity value of A\, except for the case depicted in Figure 7 when m = 10.
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This however makes little practical sense if not viewed in comparison with that
of the “original” risk for only the Bayesian estimators. In the next section, this
comparison is explored with reference to the risk efficiency.

80 -

Risk

oo 02 04 06 OB 1000 02 04 06 08 1000 02 D4 06 0B 10

| s Estimator S1 Estimator 52 |

Figure 7: Risk under SEL for shrinkage estimators ésl and 932,
different m, and varying A (6p = MLE (fixed)).

2.4.2. Risk efficiency under SEL and ABL for shrinkage estimators

Now, the risk efficiency for the shrinkage estimators was determined under
these two loss functions. The following comparisons are considered:

X A Rt ... (0s,,0
(2.9) REsgr(0serL,fs,) = M
RSEL(GsebG)
and
A R R% 5 (0s,,0
(2.10) REApL(0apL,0s,) = M

Ryp(0apr,0)

The same parameter choices as used previously was employed here, and
different values of 6y were chosen arbitrarily, to assist with the comparison.
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The prior density degree was m = 1, the Jeffreys prior, and the true value of
0 from which the observations were simulated from, is 10. Three values were con-
sidered: a value that underestimates the true value of 8, the MLE, and a value
that overestimated the true value of #. Two considerations were examined and is
illustrated by the respective figures below. Figure 7 illustrates the risk efficiency
under SEL for varying A, and these different prior point estimates. Figure 8 il-
lustrates the same, but for the case where the underlying loss function is ABL.
For these illustrative purposes, the ABL constant ¢ was set to 0.5.

B,=7 6,=10.35 8,=15

110+

1.05

Risk Efficiency

1.00 -

0.95 -

00 02 04 06 08 1000 02 04 06 08 1000 02 04 06 08 10
A

Figure 8: Risk efficiency under SEL for shrinkage estimators ésl
and 0g,, different 6y, and varying A.

Figure 8 clearly shows that there is indeed some shrinkage estimator value
(i.e. 0 < X\ < 0.25) that is more appropriate to use than the the true corresponding
Bayesian estimator (for a risk efficiency value of < 1). This seems only true for the
case of underestimation (fy = 7). For the case of the MLE and overestimation
(Ao = 15), only the Bayesian estimate seems appropriate. Figure 9 shows the
reciprocal results, where the shrinkage estimator seems more appropriate to use
in overestimation.
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Figure 9: Risk efficiency under ABL for shrinkage estimators ésl
and 6g,, different 6y, and varying .

3. ILLUSTRATIVE EXAMPLES

3.1. Simulation study

In this section, the RMSE (root mean square error) comparison of the
SEL estimator (2.3), the ABL estimator (2.4), and the shrinkage counterparts
(2.7) and (2.8) is calculated via simulation. It is known that an estimator with
least RMSE is considered preferable. As the parameter ¢ in (1.1) indicates a
lifetime, it is important to use an estimator which estimates the true value of the
population parameter as closely as possible, otherwise the chosen estimator may
overestimate or underestimate the value too severely, resulting in catastrophic
events in real life. For example, when estimating the lifetime of an airplane
engine, underestimating the lifetime is much less serious than overestimating the
lifetime of the engine. By using the RMSFE the estimator which exhibits the
smallest error in estimation can be determined.
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p
Z(éest—9)2
The RMSE is given by RMSE = \| =L p

ber of observations of 6. éest denotes the estimated value of # under a specific
loss function. The following steps outline the method followed in this simulation.

, where p denotes the num-

1. Simulate p = 5000 random samples from (1.1) for a given value of 6.
From each simulated sample, determine éest under SEL, ABL, and both
considered shrinkage estimators (for the shrinkage estimators, the value
of §p = MLE). Then, calculate the value of the RMSE.

Repeat Step 1 for a successive range of § values, in this case, § = 1...40.

3. Plot the RMSE for all four estimators upon the same set of axis. The
estimator with lowest RM SFE is considered the preferable estimator.

Figure 10 and 11 shows the results for different choices of .
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Figure 10: Root mean square error for éest under SEL, ABL, S,
and S where g = M LE, and varying 6 (m = 1 (fixed),
c¢c=0.5, A =0.5).

It is observed that the SEL estimator is preferable for the considered
Rayleigh model against that of the ABL estimator, and both considered shrinkage
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estimators. The SEL estimator is also preferable to its corresponding shrinkage
estimator, and the ABL estimator is also preferable to its corresponding shrink-
age estimator. These are for the cases when the M LFE and the Bayesian estimate

carries equal weight in the shrinked estimator.

2.00

1.754

1.50

1.25

RMSE (root mean square error)

1.00 4

0 10 20 30 40
B
SEL estimator — — — ABL estimator
— - — Estimator 81  —— — EstimatorS2

Figure 11: Root mean square error for 0. under SEL, ABL, S,
and S where 8y = M LE, and varying 6 (m = 1 (fixed),
c=0.5, A=0.1).

Figure 11 shows the case when the weight of the shrinkage estimators are
skewed toward the M LE. Even in this case, both Bayesian estimates are preferred
compared to their respective shrinkage estimators.

3.2. Practical application: gastrointestinal tumor group

The results are illustrated using gastrointestinal tumor study group data,
obtained from Stablein, Carter, and Novak (1981) from a clinical trial in the
treatment of locally advanced nonresectable gastric carcinoma. Mostert (1999)
showed that the Rayleigh model is suitable for this data — it is also of censored
nature which applies here. The sample size is n = 45, and the number of fully
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observed lifetimes is d = 37, where T" = 133.643. The MLE of # was used as the
estimate 0y. Table 1 below gives the parameter estimates under different loss
function ((2.3) and (2.4)) for different parameter combinations.

Table 1:  Parameter estimates under SEL and ABL for the real data set,
for different values of m and c.

Value of m | Estimate value H c=—1 c=—-0.5 c=0.5 c=1

éSEL = 0.27685
m=1 Orre = 0.27685
0anL 0.26937  0.27311  0.28059  0.28433
éSEL = 0.26189
m=3 OriLe = 0.27685
Oanr 0.25440  0.25815  0.26563  0.26937
Ospr = 0.20951
m =10 Orie = 0.27685
OapL 0.20203  0.20577  0.21325  0.21699

This example aims to emphasize the effect of the shrinkage effect of the
respective shrinkage estimators ((2.7) and (2.8)) and was achieved via a boot-
strapping approach. By using the bootstrap method, a sampling distribution
of the mentioned estimators can be constructed, and determined whether the
estimator has a convergent nature — also, to have small standard error. The
convergent nature of the bootstrap in parameter estimation is expected to illus-
trate the shrinkage effect to determine which estimator seems more appropriate
for the given data set.

As mentioned, the performance of the estimator was studied via bootstrap-
ping from the sample k = 1000 times. Thus, 1000 samples were drawn from the
original sample with replacement, and for each of the drawn samples, the estima-
tor under SEL was computed, and the risk value. The risk value was computed
via

. 1854 /. 2
R (Oser,0) = > (65,4 - 0)
1=1

where ésl i is the shrinkage estimator (2.3) for the ith bootstrapped sample, and 6
the fixed sample parameter (determined via reparametrization of the mean of the
distribution, equal to pu = %\/g , thus 6 = ( 22)2 ). This risk value was determined
for increasing A and graphed correspondingly, and is presented in Figure 12. It can

be concluded that the estimator is indeed accurate and stable; in addition, from

visual inspection it is observed that the estimator indeed has a small standard
error. However, because of its near-convergent nature as A — 1, in this example,
Oskr is preferred to that of the M LE. This is in accordance with the RMSE
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study in the preceeding section. This could be attributed to the shrinkage effect
present in the shrinkage expression (2.7).

0.1870

0.1865 ﬂ

0.1860

Risk

0.1855

01850
0.0 02 04 06 08 1.0

Figure 12: Bootstrap estimated values of HASM, form=1
and increasing .

4. CONCLUSION

This paper explored the behaviour of the loss function proposed by Al-
Bayyati (2002) by comparing it to the well-known squared error loss function.
Bayes- and shrinkage estimators were derived. Their performance was studied
under each of the mentioned loss functions in terms of their respective risk. It
was observed that for positive values of ¢, the Al-Bayyati loss parameter, the risk
of SEL was lower than that of ABL. Another focus of this paper was the effect of
the prior family degree m. It was observed that the risk of both SEL and ABL
became larger as m increased. In a risk efficiency perspective, it was seen that
negative values of ¢ results in the ABL estimator being more efficient under SEL
since the risk is then smaller. The reciprocal result holds when the underlying
loss function is the ABL. When the underlying loss is ABL, then for positive
values of ¢ the SEL estimator performs better in terms of risk.
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After proposing shrinkage estimators (where the derived Bayesian estima-
tors are combined in linear fashion with some pre-specified point estimate of the
parameter) their risk and risk efficiency was also studied. It was observed that for
underestimation of the parameter, the shrinkage estimator yielded lower risk than
that of only the Bayesian estimator itself. For overestimation, only the Bayesian
estimator performed better than the shrinkage estimator. In the risk efficiency
setting it was observed that there does exist some values of A which results in the
shrinkage estimator under ABL performing better than the SEL estimator when
the underlying loss function is SEL.

As a simulation study the RMSE was determined for each of the proposed
estimators and subsequently compared. It was seen that the estimator under SEL
remains preferable when considering the RMSE criterion. A numerical example
also followed showing the applicational use of the estimators to a real data set.
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Abstract:

e Examples of time series of counts arise in several areas, for instance in epidemiology,
industry, insurance and network analysis. Several time series models for these counts
have been proposed and some are based on the binomial thinning operation, namely
the integer-valued autoregressive (INAR) model, which mimics the structure and the

autocorrelation function of the autoregressive (AR) model.

The detection of shifts in the mean of an INAR process is a recent research subject and
it can be done by using quality control charts. Underlying the performance analysis
of these charts, there is an indisputable popular measure: the run length (RL), the
number of samples until a signal is triggered by the chart. Since a signal is given as
soon as the control statistic falls outside the control limits, the RL is nothing but a

hitting time.
In this paper, we use stochastic ordering to assess:

— the ageing properties of the RL of charts for the process mean of Poisson INAR(1)

output;

— the impact of shifts in model parameters on this RL.

We also explore the implications of all these properties, thus casting interesting light

on this hitting time for a Markov time series of counts.
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e statistical process control; run length; phase-type distributions; stochastic ordering.
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1. THE INAR(1) PROCESS

Time series of counts become apparent in areas such as:

e epidemiology — the number of new cases of some infectious and notifi-
able diseases is monitored monthly to assess and surveil the incidence of
acute viral infections such as poliomyelitis, as reported by Zeger (1988)
and Silva (2005, pp. 145-147);

e industry — the monthly number of accidents in a manufacturing plant
(Silva et al., 2009), the number of defects per sample (Weiss, 2009a) and
the number non-conforming units within a sample of finite size counts
(Weiss, 2009b,c) have to be controlled;

e insurance — modelling the number of claim counts is an extremely im-
portant part of insurance pricing (Boucher et al., 2008);

e network analysis — the number of intrusions on computers and network
systems (Weiss, 2009d, p.11) also requires surveillance.

In some cases, the integer values of the time series are large and continuous-
valued models can be (and are frequently) used. However, when the time series
consists only of small integer numbers, ARMA processes are of limited use for
modelling purposes, namely because the multiplication of an integer-valued ran-
dom variable (r.v.) by a real constant may lead to a non-integer r.v. (Silva, 2005,
p.22).

A possible way out is to replace the scalar multiplication by a random oper-
ation, such as the binomial thinning operation. This operation can be thought as
the scalar multiplication counterpart in the integer-valued setting which preserves
the integer structure of the process, it is due to Steutel and Van Harn (1979) and
may be stated as follows.

Definition 1.1. Let X be a discrete r.v. with range Ny = {0, 1,...} and
« a scalar in [0,1]. Then the binomial thinning operation on X results in the
following r.v.:

X
(1.1) aoX = Z Y,
i=1
where {Y; : i € N} is a sequence of i.i.d. Bernoulli(c) r.v. independent of X.

In this case a0 X emerges from X by binomial thinning, and o represents
the binomial thinning operator. Furthermore, according to Steutel and Van Harn
(1979), a0 X also takes values in Ng and: 1o X =X; 00X =0; aoX | X =
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z ~ Bin(z,a); E(aoX) =a x E(X), as in scalar multiplication; V(oo X) =
a? x V(X) + a(l — a) x E(X), unlike in scalar multiplication.

Several models for time series of counts have been proposed based on the
binomial thinning operation. These models are in general obtained as discrete
analogues of the standard linear time series models. For example, the first-order
integer-valued autoregressive (INAR(1)) model, introduced by McKenzie (1985)
and Al-Osh and Alzaid (1987), mimics the structure and the autocorrelation
function of the real-valued first-order autoregressive AR(1) model.

Definition 1.2. Let {¢; :t € Z} be a sequence of nonnegative integer-
valued independent and identically distributed (i.i.d.) r.v. with range Ny, mean
pte and variance o2, and « a scalar in (0,1). Then {X;:t € Z} is said to be a

INAR(1) process if it satisfies the recursion
(1.2) Xy =aoXi1+e,

where: o represents the binomial thinning operator; all thinning operations are
performed independently of each other and of {¢; : t € Z}; the thinning operations
at time ¢ are independent of {..., X;_92, X;_1}; and ¢ and X;_; are assumed to be
independent r.v.

Besides taking only nonnegative integer values, the INAR(1) model also
differs from the real-valued AR(1) model because the r.v. ¢ in this latter are usu-
ally interpreted as random noise, whereas in the INAR(1) model they introduce
innovation to the process by keeping the system alive (Weiss, 2009d, p.283) with
arrivals.

Furthermore, the marginal distribution of the INAR(1) process can be ex-
pressed in terms of the r.v. ¢ (Silva, 2005, p.35):

+oo
(1.3) X, £ Y doe
§=0

(Al-Osh and Alzaid, 1987), the analogue of the moving average representation of
the real-valued AR(1) model.

In the INAR(1) model setting, choosing an adequate family of distribu-
tions for the r.v. ¢, say F, so that X; has a distribution that also belongs to
F, leads us to the class of discrete self-decomposable distributions defined by
Steutel and Van Harn (1979): the r.v. X, with range Ny, is said to have a dis-
crete self-decomposable distribution if X = oo X’ + X, where a0 X’ and X,
are independent, and X’ is distributed as X.

It is worth mentioning that if ¢; has a discrete self-decomposable distri-
bution such that E(e) = pe and V(e) = 02 < +oo then the INAR(1) process is
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second order weakly stationary with constant mean and variance function given

by E(X;) = < and V(X;) = 28 +U€2, respectively (Weiss, 2009d, p. 283). More-

o 1—a?
over, the INAR(1) and the AR(1) processes have similar autocorrelation function:

pr = corr(Xy, X;_1) = ol k € Z (Weiss, 2009d, p. 285).

The class of discrete self-decomposable distributions contains the family of
Poisson distributions (Silva, 2005, p.35) and the Poisson INAR(1) process can
be defined and characterised.

Definition 1.3. If ¢~ Poisson(\), t € Z, then {X; = aoXy_1+e€: t€Z}
is said to be a Poisson INAR(1) process.

The Poisson INAR(1) process is a second order weakly stationary process
with marginal distribution

A
(1.4) X ~ Poisson ( > , tez,
l-«
and can be characterized as follows, according to Weiss (2009d, p. 283).

Proposition 1.1. The Poisson INAR(1) process is a (time-)homogeneous
Markov chain, with state space Ny and one-step transition probability matrix
(TPM) P, which depends on the values of A\ and « and whose entries are given

by
pij = pij(\ )
= P(Xt:]|Xt71:Z)

(1.5) :ZP(OéOXt—1=m|Xt—1:i)XP(Gt:j—m)
m=0
min{i,j} , . i
. N —m
= Z <Z>am(1—a)z_m><€_)\4'7 i,7 € Np.
= \m (G —m)!

The calculation of P, for a few values of A and «, led us to believe that no
particular features are apparent in this matrix. For instance, even though X; is a
nonnegative r.v., P has no triangular block of zeros in the lower left hand corner
or equal values along a line parallel to the main diagonal, such as the TPM Brook
and Evans (1972) or Morais (2002) dealt with in a quality control setting.

Nevertheless, we managed to identify a peculiar and important feature of
the TPM associated with a Poisson INAR(1) process: P is totally positive of order
2 (TPy), i.e., it is a nonnegative matrix whose 2 x 2 minors are all nonnegative

(1.6) Pij X Pirjr = Dirj X Pijl i<i, j<j

—, as proved in the next section.
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2. DISTINCTIVE FEATURES OF THE POISSON INAR(1)
PROCESS

It is well known that the Poisson and binomial probability functions (p.f.),

* fpoin(z) = €_A%D, x € Np,

i fB'm(n,p)(x) = (Z) p* (1 —p)”_m, z=0,1,....,n,

are log-concave in the sense that the likelihood ratio functions

froipy(@) — z+1
fPoi()\) (CC + 1) A
fBin(n,p) (x) _ (x + 1)(1 — p)
fBin(n,p) (.I' + 1) (n - :U)p

are nondecreasing functions of x over the supports of these p.f. That is to say, the
Poisson and binomial distributions have what is also termed the Pdlya frequency
of order 2 (PF3) property (Li and Shaked, 1997) or an increasing likelihood ratio
(ILR), ! the strongest ageing property that we consider here.

Furthermore, according to Casella and Berger (2002, p.391), the families
of Poisson and binomial p.f. have monotone likelihood ratio, in particular the
following ones:

o {fpoie)(z) : £ > 0};
® {fBinep) (7): £ € N} (here p is held fixed in (0,1));
° {me(n@ () : £€(0,1)} (nis fixed in N).

For example, for & < &,

(2.1) m = e G789 (g/6)", zeNy,

is a monotone — in this case nonincreasing — function of x. Interestingly enough,

if we consider P(‘T7£) = fPoi(&) (1‘) (OI‘ = fBin(&,p) (.I), fBin(n,ﬁ) (33)) then P(ﬂ?,f) is
a TPy function in x and &, i.e., the determinant

(2.2) P(x1,61) P(x1,&)

P(x2,&1) P(x2,&2) >0, x1<my, & <&

(Karlin and Proschan, 1960).

If you define the likelihood ratio function as Pg(‘;ij;) instead, like Kijima (1997, p.114)

did, then the PF2 property is equivalent to a decreasing likelihood ratio (DLR), as noted by
Kijima (1997, p. 115).
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Incidentally, the monotone likelihood ratio character — or TP4 property —
of a family of p.f. is related to the notion of stochastically smaller in the likelihood
ratio sense (Ross, 1983, p. 281) stated below.

Definition 2.1. Let X and Y be two discrete r.v. with p.f. P(X = z) and

P(Y = x). Then X is said to be stochastically smaller than Y in the likelihood

ratio sense — denoted by X <;. Y — iff % is a nonincreasing function of x

over the union of the supports of the r.v. X and Y (Shaked and Shanthikumar,
1994, pp. 27-28).

Expectedly, if a family of p.f. has monotone nonincreasing (resp. nonde-
creasing) likelihood ratio then the associated r.v. stochastically increase (resp.
decrease) in the likelihood ratio sense — i.e., if & < & then X (&) <j X(&2)
(resp. X (&1) > X(&2)), in short X (&) Ty with £ (resp. X (§) |y with £). For the
families of Poisson and binomial p.f. we have considered:

o X(§) ~Poi(§) Ty with & (£ > 0);
o X(&) ~ Bin(§, ) Ty with £ (€ € N, here « is held fixed in (0,1));
o X(&) ~ Bin(n,&) 1y with £ (n fixed in N, £ € (0,1)).

After these preliminary notions we can state that X; = X;(\, a) ~ Poi (ﬁ)
has the PFy property and

(2.3) X = XN\ o) T with A o
But what can be said about the Poisson INAR(1) process {X; = X;(\, ) : t € Z}?

o Is the PFy (resp. TPs) property of the (resp. families of ) Poisson and
binomial distributions somehow inherited by a Poisson INAR(1) process
(resp. a family of Poisson INAR(1) processes)?

e If that is the case what are the consequences?

Proper replies to these queries are provided in this and the following sec-
tions.

Proposition 2.1. The Poisson INAR(1) process {X; : t € Z} satisfies
(2.4) (Xe | Xem1=14) <ip (Xi [ Xym1=m), i<m,
for any t € Z. Equivalently, (X; | Xi—1 =) Ty with i, for t € Z, and we write
(2.5) {Xy:teZ} e My,

where M, stands for the class of stochastic processes that are stochastically
monotone in the likelihood ratio sense.
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We defer the proof of Proposition 2.1 until a few remarks are made.

{Xi:t €Z} € My, can be written as P € M;,., where P obviously denotes
the TPM of this Markov chain. This feature of P obviously means that, if we
associate a p.f. of a discrete r.v. to one of its rows, the corresponding r.v. stochas-
tically increase in the likelihood ratio sense as we progress along the rows of this
stochastic matrix. It also means that

(2.6) P e TP,
as mentioned by Kijima (1997, p. 129, Definition 3.11).
Bearing in mind that the i*® row of P corresponds to the probability (row

vector) of the r.v. (Xy11 | X¢ =) and taking advantage of <;. ordering, we are

tempted to investigate whether P € M, by checking if - ’ij 1, over Ny, for any

Pi+
fixed i € Ng; another possibility of proving Proposition 2.1 would be to check

whether P € TP.

This is not the easiest way of proving that P € TPy, thus the proof of
Proposition 2.1 relies on a different reasoning.

Proof: Let us first note that, for i € Ny, (X; | X;—1 = 1) & Z (1) + €, where:
Z(0) 2o; Z (i) ~Bin(i, «), i € N; €, ~ Poisson(A); Z(i) and €; are independent r.v.

Now, capitalizing not only on the fact that, for i <m (i,m € Ny) and «
(held fixed in the interval (0,1)), Z(i) <; Z(m), but also on the log-concave (or
PF3) character of the p.f. of the summands Z(i) and the independence between
Z(n) and ¢ (n =1i,m), we can invoke the basic decomposition formula (Karlin,
1968, p.17) or the closure of the stochastic order <;. under the sum of indepen-
dent r.v. with log-concave densities (Shaked and Shanthikumar, 1994, p. 30) 2 to
conclude that

Z(1) + e <pp Z(m) + €, i < m,

thus proving the result. ]

The stochastic ordering result in the next proposition may be thought as
an extension of the notion of monotone likelihood ratio to the family of Poisson
INAR(1) processes, {{X; = X;(\,a) :t € Z} : (A\,a) € RT x (0,1)}.

Proposition 2.2. Let {X;(\,a) : t € Z} be a Poisson INAR(1) process
such that X;(X\, o) = a0 Xy 1(A, @) + (N, for (A,a) € RT x (0,1). Then
(2.7)
(XA, on) | Xemi( A, o) = 1) <pp (Xi(N2,02) | Xim1 (A2, 0) =m), i <m,

forany 0 < A\ <X, 0< a1 <as<1landteZ.

2For a slightly stronger result, please refer to Shaked and Shanthikumar (1994, p. 30, Theorem
1.C.5).
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Proof: This proposition can be proved in a similar fashion to Proposition
2.1. Thus, let us consider (X;(A, ) | Xi—1 (A, @) = 1) 2 Z(i,a) 4 €(N), where:
Z(0,«) o Z(i,a) ~ Bin(i, ), i € N; €(\) ~ Poisson(A); Z(i,a) and €:(\) are

independent r.v.

By taking into account the monotone likelihood ratio of the Poisson and
binomial families, we can add that, for 0 < A} < Ay, 0 < a1 <o < 11 Z(i, 1) <p
Z(i,az2); €(M) <ir €1(A2).

If we add to these stochastic ordering results the PFy character of all the
summands involved and the independence between Z(i, ;) and €/(};), for j =
1,2, we can use once again the closure of <;. under the sum of independent r.v.
with log-concave densities to assert that

(Xt(A1,01) | Xim1(A,00) =14) <pp (Xe(A2, 2) | Xe1(Ao, a2) = i) .

Finally, take notice that {X;(\;,a;) : t € Z} € My, for j = 1,2, as a con-
sequence, (Xi(A2, a2) [ Xi—1(A2, a2) = 1) <y (Xi(A2, @2) | Xi—1(A2, a2) = m), for
1 < m, and

(Xe( A, a1) | Xe—1(M,00) =10) <pp (XA, ) | Xi—1(A2,2) =m), @ <m.

This ends the proof. O

Corollary 2.1. Let P(n,\,a) = P[X;(\,a) =n | X;—1(\,«) = i]. Then
P(n,\,«) is TPy both as a function of n and A\ (with « held fixed) and as a
function of n and « (for fixed \).

As for the implications of propositions 2.1 and 2.2 — in particular on what
the random time the Poisson INAR(1) process needs to exceed a critical level
is concerned — we refer the reader to the next sections.

3. VITAL PROPERTIES OF THE HITTING TIMES FOR
POISSON INAR(1) PROCESSES

Hitting times (HT) arise naturally in level-crossing problems in several
areas:

e in reliability theory, HT of appropriate stochastic processes often rep-
resent the time to failure of a device subjected to shocks (and wear),
which fails when its damage level crosses a critical value (Li and Shaked,
1995);
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e in queueing systems, the identity of the first customer whose waiting
time exceeds a critical threshold is a HT and a relevant performance
measure (Greenberg, 1997);

e HT become also apparent while dealing with the problem of the first
detection of words in random sequences of letters from a finite alphabet
(De Santis and Spizzichino, 2014).

Considering the applications of Poisson INAR(1) processes, studying the
HT of these stochastic processes is surely of vital importance.

More than on the distribution of HT, in this section we are interested in
assessing the ageing properties of the HT and the impact of an increase in

e the critical level,
e the initial state, and

e the parameters A and «

on the associated HT. Needless to say that dealing with a stochastic process with
a TPy TPM will play a major role in the derivation of all the results.

The conditions under which HT possess specific ageing properties have
been extensively studied by many authors (see e.g.: Brown and Chaganty, 1983;
Assaf et al., 1985; Karasu and Ozekici, 1989), and rigorously reported by Li and
Shaked (1997). Furthermore, these conditions are closely related to the stochastic
monotonicity character of the underlying process, as noted by Li and Shaked
(1995).

The next result can be translated as follows in our specific setting: the PFq
property of the Poisson and binomial distributions is shared with a particular
HT. It is a consequence of an important result that can be traced back to Karlin
(1964).

Proposition 3.1. Let: {X; :t € Ny} be a Poisson INAR(1) process with
initial state Xog = 0; HT® = min{t € N: X; > x | Xo = 0} be the random number
of transitions needed to exceed the critical level x (z € Ny) starting from the initial
state 0. Then HT" € PF,.

Proof: Thisproposition follows from Theorem 3.1 by Assaf et al. (1985), who
pointed out that their result was essentially proved by Karlin (1964, pp. 93-94). [

Let us remind the reader that, since HTY € PFq, {X; : t € Np} is said to
be a PFy process (Shaked and Li, 1997, p.12). We ought to also mention that
Proposition 3.1 can be referred to as the PFy Theorem (Shaked and Li, 1997,
p. 12) for the Poisson INAR(1) process.
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The next result translates the stochastic impact of an increase of the critical

value x.
Proposition 3.2. Let: {X; :t € N} be a Poisson INAR(1) process, where
X1 ~ Poisson i); HT, = min{t € N: X; >z} be the random time at which

11—«
the process exceeds the critical level x (x € Ny). Then HT, 1;. with x.

Proof: Since X; can be written as a sum of r.v. with PFy p.f.,

t—1
Xt:ZOéjOGt_j+OétOX1, t e N\{1},

§=0
we can apply Theorem 2 from Karlin and Proschan (1960) and conclude that the

neN,

O]

p.f. of HT,,
P(n,z) = P(HT, =n) = P(X, >z; X; <z,j=1,2,..,n—1),

as a function of n and x, is TPy. Consequently, HT, T; with x.

The next proposition shows how the TPy character of the Poisson INAR(1)
process is crucial to guarantee a specific stochastic decrease of the HT with respect

to the initial value of this process.

Proposition 3.3. Let: {X;:t € Ng} be a Poisson INAR(1) process with
initial state Xo =i (i € Ng); HT* = min{t € N: X; > x | Xo = i} be the random
number of transitions needed to exceed the critical level x (x € Ny) starting from

the initial state i. Then HT" |;, with i.

Proof: Since P € TPy, we are allowed to invoke Theorem 2.1 from Karlin

(1964, pp. 42-43) and assert that the p.f. of HT",

P(n,i) = P(HT' = n)
neN,

=PX,>x;X;<2,j=1,2,..,n—-1),

as a function of n and 1, is sign reverse rule of order 2 (RRy), i.e.,
P(n,i) x P(n',i') < P(n',i) x P(n,i) , )

This inequality is equivalent to

P(HT! = n)
P(HT" =n)

P(HT' =7/) ol i
- n n 1 1
— P(HT,LI — n/) ) J Y

that is, HT" >, HT", for i < 4.
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So far we were not able to prove the following conjecture regarding a
stochastic implication of an increase in parameter \.

o Let {X;(\ a):te Ny} be aPoisson INAR(1) process with initial state
Xo(A\, @) =0and HTY(\, ) = min{t € N: X;(\,a) > z | Xo(\, ) = 0}.
Then HT°(\, a) |- with \.

Morais (2002, p.47) discusses thoroughly the problems that arise when we
try to prove results such as the one stated in previous conjecture while dealing
with hitting times for discrete-time Markov chains arising in quality control. As a
consequence we have to content ourselves with further — yet weaker — stochastic
ordering results; they are stated in Section 5 and are particularly relevant in the
performance analysis of a quality control chart, described in Section 4 and meant
to detect changes in the mean of a Poisson INAR(1) process.

4. CONTROLLING THE MEAN OF A POISSON INAR(1)
PROCESS

Although quality has long been considered absolutely relevant, we have to
leap to the beginning of the 20th century to meet the founder of Statistical Process
Control (SPC) (Ramos, 2013, p.2). When Walter A. Shewhart joined the Western
Electric Company, industrial quality exclusively relied on the inspection of end
products and the removal of defective items; however, this physicist, engineer and
statistician soon realized that it was important to control not only the finished
product but also the process responsible for its production (ASQ, n.d.).

Shewhart essentially suggested that we should monitor a (production) pro-
cess by:

e choosing a measurable characteristic, say X, of this process;

e selecting a relevant parameter;

e collecting data on a regular basis;

e plotting the observed value of a control statistic against time and com-
paring it with appropriate control limits;

e triggering a signal if the observed value of the statistic is beyond these
control limits.

The resulting graphic device is called a quality control chart, undoubtedly
one of the most important tools of SPC.

Control charts are used with the purpose of establishing whether the process
is operating within its limits of expected variation (Nelson, 1982, p.176), and to
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detect changes in process parameters which may indicate a deterioration in qual-
ity. The control chart should be set in such way that a change in the parameter
is detected as fast as possible without triggering false alarms too frequently.

The detection of changes in the mean of an i.i.d. process of Poisson counts
can be done by making use of quality control charts such as the c-chart pioneered
by Shewhart (Montgomery, 2009, p.309), the CUSUM chart (Brook and Evans,
1972; Gan, 1993) or the EWMA chart (Gan, 1990). However, autocorrelation
often arises, severely changing the performance of all quality control charts relying
on the assumption that the observations refer to i.i.d. r.v., hence the use of the
charts such like the ones proposed by Weiss (2009, Chap. 20).

Throughout the remainder of this paper, we assume that:

Ao
1—ag’

e the target value of the process mean is

e the purpose of using an upper one-sided control chart is to detect an
Ao

aggravation in the mean number of defects, from its target value =%

to ﬁ, due to a change either from Ag to A\ or from g to a.

Consequently, we proceed to describe the upper one-sided version of the
c-control chart found in Weiss (2007) and Weiss (2009d, p.419).

Definition 4.1. Let {X; = X;(\,«) : t € Ny} be a Poisson INAR(1) pro-
cess, where denotes the number of defects in sample ¢, for ¢ € N, given that the
process mean is at level ﬁ Then x; = x4(\, «) is the observed value of the
control statistic of the upper one-sided c-chart for the mean of this process and
this chart triggers a signal at time ¢ (¢ € N) if

A A
0 4kx 0 ,
— Qg 1— g

(4.1) x> UCL = <

where k is a positive constant chosen in such way that increases in the process

mean ﬁ are detected as quickly as possible and false alarms are rather unfre-

quent.

Since points lying above the upper control limit (UCL) indicate a potential
increase in the process mean that should be investigated and eliminated, the
performance of this control chart is unsurprisingly assessed by making use of the
run length (RL), the random number of samples collected before a signal (either
false or a valid alarm) is triggered by the chart. Hence the RL coincides with the
following HT for the Poisson INAR(1) process

(4.2) HT(\ a) = min{t € N: X;(\,a) >z},

where x = |UCL]| is the integer part of the upper control limit defined in (4.1).
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In the next section we shall start by addressing a few weaker ageing notions
with more tangible interpretations/implications than the PFy property of hitting
times such as the RL of the upper one-sided c-chart for the mean of a Poisson
INAR(1) process.

5. OTHER PROPERTIES OF THE HITTING TIMES FOR THE
POISSON INAR(1) PROCESS

Let us start this section by reminding the reader of the ageing notions of
increasing failure rate (IFR), new better than used (NBU) and new better than
used in expectation (NBUE).

Definition 5.1. The nonnegative integer valued r.v. Y is said to be:

P(Y=m
= PEYzmg Tmen;

e new better than used —Y e NBU —if P(Y>j) > P(Y—-m>j | Y>m),
m, j € No;

e new better than used in expectation — Y € NBUE — if E(Y) >
EY—-m|Y >m), m € Ny.

e increasing failure rate — Y € IFR — if hy (m)

Please note that Y € PFo = Y € IFR = Y € NBU (Kijima, 1997, p. 118),
and, clearly, Y € NBU = Y € NBUE.

By capitalizing on the TP9 character of the TPM of the Poisson INAR(1)
process and on the fact that Y € PFy = Y € IFR, we can immediately conclude
that the RL of the upper one-sided c-chart starting with a zero value,

(5.1) HT°(\,a) = min{t € N: X;(\,a) > z | Xo(\,a) =0},
has PF5 character and therefore

(5.2) HT°(\, o) € IFR,,

as illustrated by Example 5.1.

Note, however, that, according to the IFR Theorem (Shaked and Li, 1997,
p. 12), this property is ensured by a weaker condition than P € TPq. In fact, if
we let Q = [gijli,j = [>_p<; Pirli,; denote the matrix of left partial sums of P then
Q € TP, would have been sufficient to have HTY(\, a) € IFR.

Example 5.1. Assume the number of defects in the t** random sample
of fixed size (say n) is modelled by a Poisson INAR(1) process {X; = X;(\, ) :
t e No}.
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Consider that the detection of increases in the expected value of X;(\, ),
W= ﬁ, is done by means of the upper one-sided c-chart Poisson chart in Defi-
nition 4.1.

The performance of this chart is measured via the HT
(5.3) HT'(\, o) = min{t € N: X;(\,a) > 2 | Xo(\,a) =i},

where ¢ (1 =0,1,...,x) is the fixed value assigned to Xy(\, ) by the quality
practitioner. If ¢ =0 (resp. ¢ > 0) no head start (resp. a head start) has been
given to the chart.

Moreover, assume the constant k in the expression of the upper control
limit in (4.1) was set in such way that the average run length (ARL) when the
values of A\ and «a are on-target, E[HT"(\g, ap)], is reasonably large, say larger
than 100 samples.

It is well known that, for each 2, HT?()\, ) has exactly the same distribu-
tion as the time to absorption of a Markov chain with state space {0, 1, ...,z + 1}
and TPM represented in partitioned form,

(5.4) [(?T ! ]QH} :

where:

e Q=Q(\,q)= [Pij()\’a)]ﬁj:m
e I is the identity matrix with rank x + 1;

e 1 (resp. 0") is a column vector (resp. row vector) of z + 1 ones (resp.
Z€eros).

The associated expected value, survival function and failure (or alarm) rate
function are given by

(5.5)  E[HT'(Mo,a0)] = €] x [I—Q(\a) tx1,

1

(5.6) Furina(m) = ¢/ x[Q\,a)]"x1, meN,

, _ PHT'(M\,a) =m]
10 ) = BT a) 2
(5.7) — Frripa)(m —1) = Frip,a(m) meN
| Fri(ae(m—1) ’

(respectively), where e; represents the (i + 1) vector of the orthonormal basis
of R¥*1,

The failure (or alarm) rate function was proposed by Margavio et al. (1995)
and represents the conditional probability that the critical level = has been
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exceeded at time m, given that this threshold has not been crossed before.
Even though the alarm rate function is defined in terms of HT probabilities, it will
bring forth insights into the chart detection capability, as we progress with the
sampling procedure, insights that cannot be provided by the ARL E[HT(\o, )],
as illustrated by Margavio et al. (1995) and Morais and Pacheco (2012).

The parameters A\g =1, ag = 0.4 and k = 3 yield an upper one-sided c-chart
for the mean of the Poisson INAR(1) process with x =5 and in-control ARL
equal to E[HT?(\g, )] = 157.457 and E[HT3()\, )] = 153.971.

E[HT*(\o, )] should be calculated for a wide range of changes in the
parameters A and « in order to assess the chart detection ability to several out-
of-control conditions. For instance, an increase of 10% in A leads to out-of-control
ARL of E[HT (1.1 )y, ap)] = 104.554 and E[HT3(1.1 \g, )] = 101.548, whereas
an increase of the same magnitude in « yields E[HT%(\g, 1.1 ag)] = 120.560 and
E[HT3(1.1 )\, 1.1 )] = 117.018.

The values and graphs of the alarm rate function in Table 1 and Figure 1
give additional insights to the performance of the chart as we proceed with the
sampling, and to the impact of the adoption of a head start.

Table 1:  Values of: the alarm rate function hgri(x.q)(m), for Ao =1,
ag = 0.4, x = 5,1 = 0,2 and several values of m; the associated
ARL values.
" hgr(m)
HT%Mo,c0) HT3(Mo,c0) HTO(1.1Xo,c00) HT3(1.1XAo,c0) HTMo,1.1c0) HT3(No,1.1cx0)
1 0.000594 0.012317 0.000968 0.016344 0.000594 0.014636
2 0.003143 0.009673 0.004939 0.013533 0.003591 0.012668
3 0.005033 0.007672 0.007755 0.011176 0.006166 0.010237
4 0.005884 0.006891 0.008980 0.010259 0.007468 0.009171
5 0.006220 0.006598 0.009449 0.009919 0.008035 0.008733
10 0.006422 0.006424 0.009722 0.009725 0.008427 0.008435
20 0.006423 0.006423 0.009724 0.009724 0.008432 0.008432
30 0.006423 0.006423 0.009724 0.009724 0.008432 0.008432
40 0.006423 0.006423 0.009724 0.009724 0.008432 0.008432
50 0.006423 0.006423 0.009724 0.009724 0.008432 0.008432
E(HT) 157.457 153.971 104.554 101.548 120.560 117.018

When no head start has been adopted, the IFR character of HT means
that signaling, given that no observation has previously exceeded the upper con-
trol limit, becomes more likely as we proceed with the collection of samples, as
previously noted by Morais and Pacheco (2012) for other control charts for i.i.d.
output, contributing to a considerable decrease of the inconvenient initial inertia
of this chart in the out-of-control situation.
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Figure 1: Alarm rates of HT*(\, ), for i =0 (on the left)
and i =3 (on the right), and (A, a) = (Ao, o),
(1.1 Ao, ), (Mo, 1.1 vg) (top, center, bottom).

We ought to also note that, although the adoption of a 60% head start is re-
sponsible for mild reductions in the in-control and out-of-control ARL, adding this
head-start radically changes the monotone behaviour of the alarm rate function,
as shown by Figure 1: HT3(\g,0), HT3(1.1 )Xo, a0), HT3(No, 1.1 ) &€ IFR.
Figure 1 also suggests a practical meaning of the impact of the adoption of a
head start in the absence and in the presence of assignable causes: the false
alarm (resp. valid signal) rate conveniently (resp. inconveniently) increases at the
first samples.

We strongly believe that the results in this example show that the alarm
rate function provides a more insightful portrait of the performance of the control
chart than the one based on the ARL.
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Even though HT%(\, ) may not be IFR for i # 0, it has a weaker ageing
property:
(5.8) HT'(\,a) e NBU, i=0,1,...,z.
Brown and Chaganty (1983) devised a sufficient condition to deal with a HT with
such property. However, stating this condition requires the definition of another

stochastic order, a related class of stochastically monotone matrices/processes
and a ordering between stochastic matrices.

Definition 5.2. Let X and Y be two nonnegative integer r.v. Then X is
said to be stochastically smaller than Y in the usual sense — X <, Y — if

(5.9) P(X>m)<PY>m), meNy
(Shaked and Shanthikumar, 1994, p. 3).

If the Markov chain {X; : ¢t € Z} with TPM P satisfies
(510) (Xt ’ Xt—l = Z) Sst (Xt ‘ Xt—l = m) N 7 S m,

for any t € Z, then it is said to be stochastically monotone in the usual sense
(Kijima, 1995, p.129). In this case we write {X;:t € Z} € Mgy or P € My,
where M denotes the class of stochastic processes that are stochastically mono-
tone in the usual sense.

Let P and P’ two stochastic matrices governing two Markov chains { X} :
t € Z} and {X]:t € Z} defined in the same state space. Then P is said to be
smaller than P’ in the usual sense (or in the Kalmykov sense) — P <, P’ — if

(5.11) (Xe | Xpm1=14) <o (X{|Xj_1=m), i<m.

Since the stochastic orders < ; and <;,. can be related — after all Theorem
1.C.1 of Shaked and Shanthikumar (2007, p.42) leadsto X <;, Y —= X <4Y —,
we naturally have P € M;, = P € M,;. Furthermore, Brown and Chaganty
(1983) proved that P € Mg is sufficient to be dealing with NBU HT. Conse-
quently, the Poisson INAR(1) process satisfies what Shaked and Li (1997, p. 13)
called the NBU Theorem:

(5.12) HT'(\,a) eNBU, i=0,1,..,z.
Consequently,
(5.13) HT'(\,a) e NBUE, i=0,1,..,z.

By invoking Corollary 2.1 from Morais and Pacheco (2012),® we can add
an implication of (5.13):

(5.14) VIHT' (A, )] < V(Y),

3This result reads as follows: if X is a discrete NBUE r.v. and Y is a geometric r.v. such
that F(X) < E(Y), then V(X) < V(Y).
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where is Y has a geometric distribution with parameter p < Ik In other

1
EHT (\a
words, if we hypothetically replace the upper one-sided c-chart by a chart with a
geometrically distributed RL and this results in an aggravation of the ARL, then

an increase in the standard deviation of the RL will also follow.

As put by Morais and Pacheco (2012), quality control practitioners should
be reminded of Chebyshev’s inequality and that considerable benefit it is to be
gained by adopting a chart with a smaller standard deviation of the RL, thus
diminishing the possibility of having observations beyond the UCL much sooner
or much later than expected.

Now, we turn our attention to the HT for a Poisson INAR(1) process whose
initial value is a r.v. Xo(), @) ~ Poisson (ﬁ) Following Weiss (2009d, p. 422),
this could be called overall RL of the upper one-sided c-chart for the mean of
such a process. This HT is a mixture of (z + 1) r.v. HT'(\, ), i =0,1,...,z,
and a zero-valued r.v. because any value of Xy(\, a) beyond the UCL would
lead to a null RL. The associated weights are P[Xo(\, ) =], ¢ =0,1,...,x, and

P[Xo(\, ) > z].

The next proposition provides a thorough characterization of this HT, rep-
resented from now on by HTXoXMa) () a).

Proposition 5.1. Let {X:(\, «) : t € No} be a Poisson INAR(1) process,
where Xo(\, ) ~ Poisson (ﬁ) Then the HT

(5.15) HTXoM) (X o) = min{t € Ny : X;,(\, ) > z}

has expected value, survival function and failure rate function given by

(5.16) E[HTXoW) () a)] = iE[HTi(A,a)] x P[Xo(\ o) =1,

1=0
1— P[Xo(\, «) > 2], m=0,

— P[Xo(\, ) > 2], m e N,

P[HTXo\) = ]
PHTXo(\@) > ]

(5.18) hHTXo(A,a)(A,a) (m) =

P[Xo(\, a) > 2], m =20,
= F Xo(\,a) (m)
__~HTXO D)
1 = o ™ € Ng

HTX0(X2) (3 )

(respectively).
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Not much can be said about the ageing properties of HTXO()"O‘)(/\, a) be-
cause the classes of NBU and NBUE r.v. are not closed under mixtures even
though they are closed under convolutions (Barlow and Proschan, 1975/1981,
pp. 104 and 187).

Table 2:  Values of: the alarm rate function hypxooe(y,q)(m), for Ao =1,
ag = 0.4, x = 5 and several values of m; the associated ARL values.

m hgrpxo (M)
HTX0(A0:20) (Ao, ag) ~ HTX0(1:120:20) (1.1 Xg, )  HTX0(o:1-1@0) (N5, 1.1 )
0 0.007302 0.011272 0.010011
1 0.006551 0.009957 0.008677
2 0.006462 0.009795 0.008512
3 0.006437 0.009748 0.008462
4 0.006428 0.009732 0.008444
5 0.006425 0.009727 0.008437
10 0.006423 0.009724 0.008432
20 0.006423 0.009724 0.008432
30 0.006423 0.009724 0.008432
40 0.006423 0.009724 0.008432
50 0.006423 0.009724 0.008432
E(HTX0) 154.525 101.648 70.147

Nonetheless, extensive numerical results, illustrated here by the values in
Table 2 and the graphs in Figure 2, suggest that we are dealing with a HT with
a decreasing failure rate.

0.010 0.010 0.010
0.008 0.008 0.008
0.006 0.006 0.006
Out[80]=" 0,004 0.004 0.004
0.002 0.002 0.002

0 10 20 30 40 50 0 10 20 30 40 50 0 10 20 30 40 50

Figure 2: Alarm rates of HTXoM®)(X\ o), for (A a)=
()\0, OLQ), (11 )\0, 050), (A07 1.1 Olo) (left, center, I'lght)

Finally, we qualitatively assess the impact of an increase in A or a on
H TXO()"O‘)(/\7 «) in the next proposition, stated without a proof since it follows
from the fact that <;,=—< and an adaptation of Corollary 3.13 from Morais
(2002, p.46).

Proposition 5.2. Let {X;(\j,«;):t € Ny} be a Poisson INAR(1) pro-
cess with initial state Xo(\j, o), for j=1,2. If \y <Xy and oy < ap then
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Xo(A1, 1) <g Xo(M2, a2) and more importantly:

(5.19) P()\l,oq) Sst P()\Q,OéQ),
(5.20) HTXoQwe) (N o) >, HTX0O202) (), ay)

that is, HTX0A®) (X ) | with \, .

The stochastic ordering result (5.20) from Proposition 5.2 can be inter-
preted as follows: the upper one-sided c-chart for the mean of a Poisson INAR(1)
process stochastically increases its detection speed as the increase in A or a be-
comes more severe. This result parallels with the notion of a sequentially repeated
test possessing what Ramachandran (1958) called the monotonicity property.

Results such as (5.20) also remind us of the notion of the level crossing
ordering introduced by Irle and Gani (2001). For instance, a Markov chain {Y; :
t € Ny} is slower in level crossing than a Markov chain {Z; : t € Ny} if it takes {Y} :
t € Ny} stochastically longer than {Z; : t € Ny} to exceed any given level. Thus,
instead of comparing two stochastic processes through all their finite dimensional
distributions as for st-ordering, the lc-ordering compare two stochastic processes
through their hitting times (Ferreira and Pacheco, 2007).

In light of this definition we can add that result (5.20) translates as follows:
for A1 < A2 and ag < aw, the Poisson INAR(1) process {Xi(A1, 1) : t € No} is
said to be slower in level-crossing in the st-sense than {X;(\g, a2) : t € Np}.

6. ON GOING AND FURTHER WORK

More than 50 years after Samuel Karlin’s first and astounding contributions
on total positivity, we illustrate how this concept and its implications provide
insights on the performance of quality control charts for the mean of the Poisson
INAR(1) process.

Directions for future work include trying to prove the conjecture HT9(\, o)
L with A.

So far we can add that extensive numerical results, such as the ones shown in
Figure 3, suggest this conjecture is valid. In this figure, we can find the likelihood

ratio functions P[}éT[;(}%EQ}\?;gSZOYL]:m] ,for j=1,1.1,1.2,1.3, when \g=1, ap=0.4

and k = 3, as in Example 5.1. All these likelihood ratios are nonincreasing func-

tions suggesting that

(6.1)  HT°((j +0.1) g, ap) = m] <pp HT°(j Ao, 0) , j=1,1.1,1.2,1.3.
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Interestingly, additional numerical results led to the conclusion that HT°(\,a) /i,

with «.
20 20
15 \ 15}
10l 10 \
05 05
m m
0 20 40 60 8 100 0 20 40 60 80 100
out[162]=
20 20
15 15]
1.0 \ 10 \
05} 05}
Cm m
0 20 40 60 80 100 0 20 40 60 80 100

Figure 3: Likelihood ratios functions: £ [I;T[;(}%Ep;\lo),izs";ﬂ%]:m],

for A\o=1, ap =04, k=3, and j =1 (top left),
1.1 (top right), 1.2 (bottom left), 1.3 (bottom right).

The simplicity of the Shewhart control charts, such as the upper one-sided
c-chart we used, was responsible for their widespread popularity among quality
control practitioners. The fact that Shewhart-type charts only use the last ob-
served value of their control statistics to trigger (or not) a signal is responsible
for a serious limitation: they are not effective in the detection of small and mod-
erate shifts in the parameter being monitored. As put by Ramos (2013, p.5), this
limitation led to the cumulative sum control chart (CUSUM) proposed by Page
(1954) and the exponentially weighted moving average control chart (EWMA)
introduced by Roberts (1959), originally designed to monitor the process mean.
CUSUM and EWMA control charts make use of recursive control statistics that
account for the information contained in every collected sample of the process
and prove to be more sensitive to small and moderate shifts in the process mean.

As a consequence, we also plan to conduct a similar analysis on the HT of
these more sophisticated quality control charts to monitor ﬁ A few difficulties
may arise in the derivation of a result such as (5.20), namely because the CUSUM
and EWMA control statistics constitute Markov chains with two-dimensional
state spaces, as noted by Weiss and Testik (2009) and Weiss (2009c).
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