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Abstract:

e The matrix S = [tr(VViQWj Q)] =l k where Q is a symmetric positive definite ma-
trix and W; = X!D,;X;, i = 1,..., k is formed by data tables X; and diagonal matrices
of weights D;, plays a central role in dual STATIS method. In this paper, we ap-
proximate the distribution function of the entries of S, assuming data tables X; given
by U; + E;, i = 1, ..., k with independent random matrices E; representing errors, in
order to obtain (approximately) the distribution of Sv, where v is the orthonormal
eigenvector of S associated to the largest eigenvalue. To achieve this goal, we ap-
proximate uniformly the distribution of each entry of S. In general, our technique
consists in to approximate uniformly the distribution sequence { gV +p,),n> 1},
where g is some smooth function of several variables, {V,,, n > 1} is a sequence of
identically distributed random vectors of continuous type and {u,,} is a non-random
vector sequence.
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1. INTRODUCTION

The dual STATIS method is an exploratory technique of multivariate data
analysis used to study simultaneously multiple data tables, each with information
of groups of individuals measured on the same set of variables (see [4], [8] or [9]).
The purpose of this method is to analyze the relationship between data tables and
combine them into a compromise matrix corresponding to an optimal agreement
between the data.

In this paper, we shall consider the n;-by-p random data tables X;, ¢ =
1, ...,k consisting in the measurements of k£ groups of n; individuals on the same
set of p variables, the n;-by-n; diagonal matrices D; of positive weights attached
to the n; observations of each matrix X; in order to define

(1.1) W, = X'D;X; ,

where prime denotes transpose. If the columns of X; are D;-centered then W; is
the covariance matrix between the p variables of X; and its elements corresponds
to the scalar products between the variables in R™. To evaluate the closeness
of two data configurations in R™ and R™, the trace tr(W;QW,Q), where Q is
a p-by-p symmetric positive definite matrix, is commonly used as scalar product
between W; and W, known as Hilbert-Schmidt scalar product between W; and
W; (see [8], page 38).

We shall set s;; = tr(W;QW,Q), i,j = 1,...,k as being the entries of the
k-by-k interstructure matrix S. The vectorial correlation coefficient RV of W;
and W; is defined as

_ tr(W:QW;Q)

ViE(W.QW.Q) tr(W,QW;Q)
(see [4]), which appears as a measure of similarity between W; and W;. The
reader is referred to [13] for further details on the RV coefficient. Moreover, from

RV (W;, W)

Cholesky decomposition (see [5], page 229), there exists a unique upper triangular
p-by-p matrix T with positive diagonal elements such that Q = T'T and putting
A; = Dz-l/QXiT’ we get

AA; = TX!D; X, T
which implies

tr(WiQW;Q) = tr(AJAA/A;) = [|AAL 7 = 0

where ||Al,, = \/tr(A’A) (see [5], page 60). Denoting by a;, £ =1,...,n; the
rows of A; and aj,,, m = 1,...,n; the rows of A, aiga;-m is the covariance between
a; and aj,, so that

ng Ny

(W QW;Q) = Y [cov(ai, am)]”.

f=1 m=1
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Consider the eigenvalues p; > ps... = pr of S and the corresponding or-
thonormal eigenvectors vi,vs,...,vi. From the spectral theorem for symmetric
matrices (see [7], page 104) we get

S = pivivi + ... + ppvivy, = PAP’

where A is the diagonal matrix whose elements are the corresponding eigenvalues
and P'P = I, where I is the k-by-k identity matrix. From the above expression,
we can plot the ith stage in R¥ as a point M; whose coordinates are the ith row
of PAY/2 (see [9]). Along all text, we will assume that points M; are all near by
each other lying on around first axis, which lead us to p; =~ 0, for each i = 2,.... k
and

(1.2) S~ pvv

setting p = p; and v = v1. In our model, we will also assume random errors on
the data i.e.

where E; are independent n;-by-p random matrices representing the errors with
i.i.d. continuous entries and U; are n;-by-p non-random matrices. Moreover, we
shall admit that E(S) has rank one, so that the spectral theorem for symmetric
matrices allow us to write

(1.4) E(S) = Mad’

where A is the largest eigenvalue of E(S) associated to the orthonormal eigenvector
a. Hence, we are led to consider the model

(1.5) S =Xad' + &
for some p-by-p random matrix € satisfying E(€) = O (null matrix).

Let us start with the following question: if the sequence of matrices E;, ¢ =
1,2, ...,k are independent with i.i.d. continuous entries how can we compute the
distribution function of each entry s;; of the matrix S? Generally, the distribution
function of s;; is hard to compute, so that our proposal answer to this question will
be to approximate the distribution of s;; by some computable distribution. More
precisely, our results will permit us to approximate uniformly the distribution
function of each entry of the random matrix S by its linear part. The Section 2
will describe in detail all the theoretical results required to fulfill our intentions.
Once the distribution of the elements of S is achieved, we will be able to obtain
(approximately) the distribution of ,@ = Sv, which will be taken as an estimator
of B = Aa. The example exhibited in last section considering the elements of E;
i.i.d. normal distributed with zero mean and variance o2, it will illustrate our
inferential purposes in a very clear way.
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2.  UNIFORM APPROXIMATIONS

In general way, our idea to approaching the distribution function of the
entries of S, will consist in expanding asymptotically a sequence of r.v.’s (with
unknown distribution) to obtain a random sequence with identifiable distribu-
tion. Thereafter, with the aid of a uniform bound, we will establish the uniform
approximation results imposing on the remainder term the asymptotic condition
op:(1).!' The driving tool in the our proof technique is to consider asymptotic
Taylor expansions.

Let us introduce the following notation: |a| = (307 )1/ for the Eu-

i=1 4

1/2
clidean norm of a vector a € R* (see [7], page 264) and ||A| = (szzl afj)

for the norm of a real matrix A = [aij]i,jzl,...,n (known as Frobenius norm, see
7] page 291). Given a differentiable mapping ¢: RY — RM we shall denote the
jacobian matrix of ¢ at the point @ by De(x). For a differentiable real-valued
function ¢: RY — R having second partial derivatives, Dy(x) and D?p(x) will
denote, respectively, the gradient vector and the Hessian matrix of ¢ at the
point x.

Lemma 2.1. Ifp € CYRY,RY) satisfies | Dp(x)|| = o( ()|, ||| —
oo then H‘Dcp(:c—k@ )H| =o(|le(x)]|), ||z|| — oo for any bounded function
0(x).

Proof: We have,

[De(z+6@)|| _ [[Pe(z +6@))]| lo(=+6())|

()] [o(z +6(z))| ()]

and it is sufficient to prove that Hcp(:c +0(x)) H ~ |le(x)] as ||z|| — oo. Consid-
ering h: [0,1] — R defined by

h(t) = log Hcp(:c +t6(x)) H

and setting p(z) = (¢1(z), ..., o (x)) we get

ih(t) _ p1(@+t0(x)) O()- D1 (@+10(2))+...+on (@+10(2)) O(x)- Do (2+10(x))
lle(xz+t0(x))]|? .

Hence,

ih(t) < lei(@+t0(@)) [0(@) ||l Do (z+10(@)) || +...+|on (2+t6(2))| [ 0(@) | Don (z+t8(=)) |
dt | lip(@+t0(@))]?

Dp(x+t0(x
< Njo(a)| Ipeterden]

Pr
'X,, = op:(1) means X,, — 0 as n — oo.
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and mean value theorem lead us to

|log || (z + 6(x)) || —log [le(@)]l] = —h(0)] =
dh H\DSD(m +cb(@)) ||
E(C) < k||6(x)] lo(@+c0(@)] 0<e<1
which implies || (x + 0(x))|| ~ [lo(z)]| as [|z| — oc. O

Next, we present the main uniform approximation result.

Theorem 2.1. Let V,, = (Vin, ..., VNn) be a sequence of random vectors
of continuous type such that {Vi,, n > 1} (1 < i < N) is identically distributed
and sup,,>; ||Vl < W for some r.v. W. If X, :=g(Vy,+ p,) where p,, is a
non-random vector sequence verifying ||p,,|| — oo and g is a C%(RN) map such

Dyg(t)
1 Dg(t)]]
with Y, := g(w,,) + Dg(u,,) - Vi, the law of X, is uniformly approximate by the

that exists as [|t]] — oo and | D%g(®)]| = o( | Dg(®)]), [t — oo then,

law of Y,, for large values of n, that is,

sup|Fx, (x) — Fy, (z)| — 0.
z€R

Proof: Using the Taylor formula for g we get
1

1

where Dg(a) -V, = ( )Win and D%*g(a) - V2 = Z a)VinVj, (see

8:616333
[11], page 150). For ¢ > 0 fixed we have

B AR o Yo
R R R R R v B

<Pr{Yy, < x+eHDg(un)H}+Pr{,’,)1()(Y)y|y }

and

Pri¥, <z —e||Dg(p,)ll} = Pri{¥n <z —c|[Dg(pn)|l, Xn < 2} +
+Pr{Y, <z —e|Dg(p,)l, Xn > 2}

X, — Y, }
<Pr{X,<=z +Pr{>6
(X <) 1Dg(pe) |l

that is,
—Pr {2225 > e+ Figgu,) v, (@ = 9(1,) — € 1Dg (1)) < Fx, (@) <

< Fpg(p,) vy (€ = 9(m,) + € [|1Dg(py)|) + Pr { e a} :
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We can rewrite the above inequalities as
_ Xn—Yn| z=g(py)
Pr { 1Dalaa)ll = 5} + F% (upg(%)” 6) < Fy,(z) <

a—g(py) 1Xn=Yn|
S Frgumyy (Hngn)u + 5) +Pr { et > 5}
Therefore,

[Ex, (2) — By, (2)|< ’qunm (W + 5) — Foyu, v, (f‘gﬂ)

+
D e/ oL Dg(p
1Pg(un)ll Dg(en)ll 1D(pe,)

2=g(Ky) | _ 2=g(Ky) _
+ F%’m (IIDg(un)II) FM(”Dg(un)” 5)

XY
+ Pr{ el >5}

1Dg(pp)ll
and we obtain the following uniform bound,
(2.1)
sup | F’ z)— Fy (x)| <sup |F ) (#_’_E) F < Q(Mn)) 4
m€£| X () va ()] x€£ 7115,’3(;‘(75)”‘;“1 [Dg(p)l 7?‘9,@(;‘& ‘)/“1 [Dg(p)l
9(,) | _ 9y | Xn—Yn|
s | P (fitn) ~ e (ot —)| + P it >}
Since D v
Dg(pn) - Vi 4 v, (r #0)
1Dg ()l
and -V =

Z 7;Vi1 is continuous then Polya’s theorem (see [3], page 3) states

i

Fogu,) v, — Fr.y, uniformly on R.
MDg(en)l

Hence, we can still write

o Foyrs (Tt +=) ~ Pz (Tt <
<sup|Prampvs ([t +2) =~ Feve ([t +2) |+
el Fevs ([t +2) = Fovs (Togtaest)|*
roup ey (ptest) oo (et
and
SUp | Frav, (anu(f:)lﬁ) Fosunvy (anu(Z?ﬁ ) <
< sup | Foguvy (Hz;g?;(m) ~ v, <erg?L“n”r)r>‘+
| v (ngfi”)ﬁ) DS (ﬁDg (1 H E)‘*
sup |Frv, <fggﬁitgﬁ _€> ~ Foaunvy (HDQ (ke H 5)‘
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Choosing € > 0 small enough, we get for each n > 0

sup| Frv, <—W> +E) CFoy, (W) <n

z€R [1Dg ()| [1Dg(pn)|
and
x—g(un)> <w—g(un) )
sup |Fr.v < —Frv, | 7=———¢]| <n
el \IIDg(e )l T NI Dg ()
provided that Fr.y, is uniformly continuous. Since sup [|6,, V| < W we obtain

n>1
from Lemma 2.1,

X, Yl _ IVl (120, 4 0V _ W2 D200t + 0V s,

IDg(pa)l ~ 2 IDg(p) 2 IDg ()l
|Xn - Yn‘ .
so that for every ¢ >0, Prq ———— >¢» =0(1) as n — oo. Taking ¢ >0
1Dg (g,

small enough, Polya’s theorem permit us to conclude that

sup |Fx, (z) — Fy, (x)| — 0. O
z€eR

Remark 2.1. Let us note that, in Theorem 2.1, when N = 1 the condition
Dy(t)
[Dyg(t)||

exists as |[t]| — oo can be dropped since in this case the uniform bound
|
(2.1) takes the look

sup |Fx, (x) — Fy, (z)| < sup | Fy, (W +5> —Fy, (W) n

z€eR z€R

T — n T — n Xn - Yn
+ sup | Fy, (dgg(’u)>—FV1 (dgg('u)—6>|+PI‘{dg 5}
z€R E(Mn) E(Hn) E(Mn)

and Fy, is uniformly continuous.

r

When N =1 we can consider functions g: R — R defined by g(z) =z
(power behavior) or more generally any polynomial » ;' apx® with real coeffi-
cients ag. Moreover, functions g such that d%g(:v) =exp (z"), r < 1 (exponen-
cial behavior) or %g(x) =log" (2® + 1) (logarithmic behavior) can be chosen
broadening the important class of polynomials. In the multidimensional case, a
remarkable example occurs when V| has multivariate normal distribution with
positive-definite variance-covariance matrix and ¢ is a polynomial function in N

variables 1, ..., xy with arbitrary real coefficients, that is,

mi myn
k k
g(z1,...,xN) = E E Ay ey TY TN
k1=0 kn=0
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3. APPLICATION OF THE UNIFORM APPROXIMATIONS TO
THE DUAL STATIS METHOD

Without loss of generality, we will assume that the p-by-p symmetric
positive definite matrix Q and the n;-by-n; diagonal matrix D, introduced in
the first section are, respectively, the identity matrix and the diagonal matrix

diag (L, ..., L ). Indeed, these assumptions can be made performing the linear
n; n;

transformation X; to Y; = /n; D; / 2X¢T/ as a preliminary step. From (1.1) and
(1.3) we have

W; = X!D;X;
= (U~+E~)’D»(U‘+E»)
1
= —U’U + — [U’E + (UE))'| + —EE;.
n;

n; n;

1 1 1
WiW, = E(UQUiF + = (UjU:) (UE; + (UIE:)') + — (U7Uy) (E(E;)+

(UE; + (UJE,))(UU;) + ! — (UJE; + (UE )) +

1
T2 n;
1 1
+ ﬁ(U’E + (UE;) ) (EJE;) + p(E’E-)(UgUiH
(2 7
1 1
+ < (BiE) (UE; + (UIE,)') + — (EjE,)”.
nz nl

and

1 4
tr(W;W;) = — tr (UjU;)?) + — tr (UJU,U/E;) + — tr ((USU,)(EJE;)) +

4 1 1
+ 5 tr (BB UE) + — tr ((U;Ei + (U;Ei)’)2> + = tr ((B[E:)?)

provide that tr(A) = tr(A’) and tr(AB) = tr(BA) (see [5], page 50). Moreover,

U;) + (U’Ui)(U}Ej + (USE;)) )+

mn]

(UQEZ‘ =+ (U;Ez)/) (U;-Uj)—i-

ning ning

UE; + (UE;,)) (U.E; + (U.E,)

ninj( 7 +( 7 ))( JJ+( ]]))—i_ninj
1

(E{E;)(U;U;) + — (E{E;) (USE; + (UE;)') +

nmj ! J nmj nmj

(UE; + (UE)')(E/E;)+

+ (EiE:)(EJE;).
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when ¢ # j and so

tl"(VVZ'Wj) = tr (U;UZU;U]) +

nin; nin;

'TT. 'R . "BIT717.
nen; tr (UiUZ)(E]E]) + ey tr (UzEzUJUJ) + nin;

tr (UE;(UE;)") + tr (U;EE/E;) +

n;n; ning ning

tr (U;UZU;EJ) +

+ tr (UJE;USE;) +

+ tr (E{E;UU;) +

+

1
/ ! / /
o tr (EjE;USE;) + o tr (EJEE/E;) .
We will apply now the theoretical results of Section 2 to obtain an uniform ap-
proximation for the entries of the matrix S considering g;: R"*P — R defined
by

9i(X) = igtr (X'X)%), i=1,..,k

i
Representing i; the jth column of an identity matrix of unspecified dimensions
we have
0g;(X) _
8:%

tr (XX (X'igd) 4 i;ipX) + (X'ipi] + 1;1;X) X'X)

Sl -

tr (X' XX'ifd})

0=1,..,n; j=1,..,p (see [5], pages 299 and 300). Therefore,

1 4
and from Theorem 2.1 we obtain
(3.1) Slelg ‘F i(Ui+E;) — ng‘(Ui)+Dgi(Ui)-E¢ —0

as [[vec(U;)|| — oo, where vec(U;) is the vectorization of U; (see [5], pages 339
and 340), since the entries of E; are continuous r.v.’s. For the case i # j consider
Gij: RMXP x R"*P — R defined by

gij(X,Y) = tr (X'XY'Y), i,j=1,....k i#j

n;n;

Thus,

gi,j(Uia Uj) + Dgi,j(Ui, Uj)'(Ei, Ej) = tr (U;UZU;U]) +

nin;

+

tr (U/UUE)) + —— tr (UU;U'E;)

n;n; ning
and again, from Theorem 2.1 we have

— 0

(3:2) Sgg ng,]‘ (Ui+E;,U;+E;) — ng,j(UivUj)+Dgi,j(Ui7Uj)'(Ei7Ej)
X
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as ||[vec(U;)|| — oo for each i. Therefore, considering S = [3;;] . Where

ig=1,.
Si = 9i(U;) + Dgi(U;) - E; and 555 = ¢;,;(U;,Uj) + Dy, ;(U;, Uj) - (Eg, E;j),

with i # j for all 4,5 =1, ..., k, we can state from (3.1) and (3.2) that the distri-
bution of each entry of S can be uniformly approximated by the distribution of
the same entry of S when ||vec(U;)|| — oo for each i.

The above exposure can be summarized in the following result

Theorem 3.1. IfX;,i=1,....k are n;-by-p random data tables such that
X; = U; + E;, where E; are independent n;-by-p random matrices having i.i.d.
continuous entries and U; are non-random n;-by-p matrices then, for each i,j =
1, ..., k, the distribution of

tr [(U; + Ey)'(U; + Ei)(U; + E;) (U; + Ey)]

Sii —
J nmj

is uniformly approximated by the distribution of

i (U0 ULT;) + —— tr (UUUE,) + —— tr (UU,UE)

Sij =
ning nin; ning

as ||[vec(U;)|| — oo for each i.

Remark 3.1. Observe that the condition |vec(U;)|| — oo for each i are
related with the smallness coefficient of variation and it is a verifiable assumption
in some scenarios.

3.1. Estimating the eigenvalue and the eigenvector of E(S)

Recovering (1.5) we can write synthetically
(3.3) SAS=)aa 1€

when ||vec(U;)|| is large enough for all i (i.e. the distribution of each entry of €
can be computable approximately). From (1.2) and (1.4), one estimates A by the
eigenvalue p and one estimates a by the eigenvector v, that is, we will consider
the following estimators

A=p and a=v

of A and a, respectively. The choice of X and & as estimators of A and «, respec-
tively, arises in a very natural way (the same estimation method of eigenvalues
and eigenvectors was already used in Anderson (1963)). On the other hand, the
symmetry of S implies

B=Sv= (I® V') vec(S)
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where ® denotes the Kronecker product (see [5], page 333) and vec(S) is the
vectorization of S. Using (3.3) we can compute approx1mately the distribution
of B. Indeed, we can consider the approximated estimator 8 = (I® ') vec(S)
instead of [3, since its distribution is always determinable with the aid of the
errors distribution.

3.2. Example with i.i.d. normal errors

Let us consider the entries of E; i.i.d. normal distributed with zero mean and
variance o2. Given an non-random ¢-by-n; matrix M, it is well-known that the
trace tr(MEl) is distributed normally with zero mean and variance o tr(IMM’).
tr((U;U,)?)
i)

i

Therefore, §; is distributed normally with mean and variance

1602 tr((ULU;)3)

n?

tr(UJU, U U;)
nin;

. Moreover, 5;; is distributed normally with mean and

402 tr((U}U,)?UU;+ (U U;)?U/U; .. . . .
variance — d(CASD 22+( JUi)*UiU:) for all i,j=1,...k with 7 # j.

Using the covariance properties we also get

Cov (51, 5i1) = Cov (Tjﬁ (UjUUE), & tr(U;UiU;Ei)> — 1622 4 ((ULU,)3)

i

and for i # 7,

Cov (giz}gjj) = Cov ( = tI‘(U/U U/E ) (U/U U/ )) =0
Cov (gii7§’ij) =

= Cov (4 tr (UUUE), ;2= tr (UJUUSE;) + -2 tr (U U, UK ))
n: ;N nin;

o (AR A
Cov (55,55) = Cov (32 1 (UUUSE; ) + 32 tr (U U, ULE)
2ot (UUUGE; ) + 22 o (U U UL ) )
- ot ((wu)2uyy;) + A ((ju)u;).
For all different i, j, ¢, ¢ we still have
Cov (3i1,5¢) = Cov ( tr(UU,U'E,),

2 tr(US U ULEY) + 2 tr(U;wUijj))
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Cov (54, 51) = Cov ( - tr(UU, U Ej) + 22 tr(Uj U, ULE),
2 tr(UJUUE) + 72 tr(UgUgUgE,»))

n;n

tr (U'U Uy, UgUg)

T ningng
Cov (§ij,§qg) = Cov ( tI‘(U/U U/ ) + ﬁ tr(U;UjUgEi),
2 (UL U, UEy) + 2 ta ’eUgUszq))
=0

The next table resumes all covariance computations:

Table 1: Covariance between elements of S.

Elements Covariance # of elements
Cov(si,5i) & :;2 tr((UQUi)S) k

Cov(sis,5) 2 tr((U;Ui)2 U;-Uj) k(k—1)
Cov(siis5s1) 27 tr((U;Ui)2 U;-Uj) k(k—1)
Cov(si,5u) 2 tr((U;Ui)2 U;Uj) k(k—1)
Cov(syi5u) 27 tr((U;Ui)2 U;.Uj) k(k—1)

Cov (Sis,355) 0 k(k—1)

Cov (Sis,5j¢) 0 k(k—1)(k—2)
Cov (Sij,See) 0 k(k—1)(k—2)
Cov (5ij,5i7) ,j‘?jg ((U’Ul) U;Uj) n jgn"‘? ((U’U]) UQUi) k(k—1)
Cov(3i,5;:) 33% ((U’Uj)2 U;Ui) + 7143% tr((U'U]-) UQUi) k(k—1)
Cov(3ij,5) -2 (U’U ULU; UeUg) k(k—1) (k—2)
Cov(si,5ie) i tr(U U, UL U, U[Ug) k(k—1) (k—2)
Cov(siy,5e) e tr( UiU/-UJ-U}Ug) k(k—1) (k—2)
Cov(3i;,5¢;) nélfm tr(UJU, U U, UZU5> k(k—1) (k—2)
Cov(Ziy5ee) O k(k—1) (k—2) (k—3)

Generally, if 37 is the Moore-Penrose inverse (see [5], page 493) of the
covariance matrix ¥; of vec(U; + E;) (the vectorization of U; + E;) then the
quadratic form vec(U; + E;)' X vec(U; + E;) has chi-square distribution with
r; = rank(3;) degrees of freedom and non-centrality parameter §; = U;E;“Ui (see
[12], page 182). Hence, we may use J; to measure the non-centrality of the sample.
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In this case, the covariance matrix of vec(E;) is known, so that the assumption
||vec(U;)|| — oo for each i corresponds to consider observations with low variation
coeflicients which implies a large 6;.

Since S = Aaa’ + € with E(€) = O we get
E((I®a)vec(S)) = (I®a’)vec(aa') =ra =0

that is, 3 is approximately unbiased. The covariance matrix of B can also be
computed (approximately) through
(3.4) Ied)=, 5 I0a)

vec

where Evec(§) is the covariance matrix of S (i.e. the elements of the previous

table). Hence, ,@ will have (approximately) normal distribution with mean value
B and covariance matrix C = (I® o) S I® a).

Remark 3.2. Relation (3.4) lead us even to consider

= (I10V) S g T0V)

vec

as an estimator of the covariance matrix of 3.

Now, we will construct a non-random k2-by-k? matrix G (k > 1) such that
the random vector y = Gvec(S) be independent of 8 and

_ 2
E(Gvec(S)) =0, G2 G = [" ! 012]

021 O2

where I is the identity matrix of some size less than or equal to k? and Oja,
031, Oy are matrices with zero elements. First, we can obtain an k%-by-k?2
non-random matrix B such that

BE(vec(S)) =0 and BE  g(I®a)=0

taking, for instance,
— 1+
B=R (I~ S0 @) B(ee(®) ] [, T2 0) B(vec(s) ] )

where R is an arbitrary (conformatable) matrix (see [1], page 295). Hence,
Bvec(S) will have multivariate normal distribution with mean vector B E(vec(S))
and covariance matrix BEVGC@)B’ (see [14], page 32). Since BEV€C(§)B’ is an
symmetric matrix with rank r such that BEV€C(§)B’ is either positive definite
(r = k?) or positive semidefinite (r < k?) then:
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(i) If r = k? then there exists a nonsingular k2-by-k? matrix H such that
HBX (§)B’H/ =1

vec

(ii) If r < k? then there exists a nonsingular 7-by-r matrix H such that

ey I 012
HBEVGC(g)BH — [

021 O

where O1a, Og1 and Ogy are r-by-(k? —r), (k% —r)-by-r and (k? —r)-
by-(k% — r) matrices with zero elements, respectively (see [14], page
27). Therefore, we can take

G =0HB

and the components of y will be i.i.d. normal distributed with zero

mean and variance o2.

For testing the assumption rank (E(S)) = 1 we can use the following statis-
tical test: o
B re?B X 3

2
vyl

where v is the rank of 3.

~ 1 ~ ~
Remark 3.3. Let us stand out that Z+ = —22+ where 337 is independent
o

of o and so F do not depend on o.

The statistical test F will have (approximately) F-distribution with pa-
rameters v, r and non-centrality parameter § = 3’ §+B (see [6], page 609). Since
rank(E(S)) =1 if § > 0, we will use F to test the null hypothesis Hp: § = 0
against Hy : 0 > 0 and the p-value of this statistical test of hypothesis can be
computed by

p-value = Pr(F > Fops|d = 0)

where Fgps is the observed value.

After validate the model, we are able to use statistical hypothesis tests
on the components of the vector 3. Given a ¢-by-k non-random matrix Z and
Y = Z3, we can test the hypothesis Hy : ¥ = z, where z is a non-random vector.
Considering the estimator 'zZ = ZB of 1 then '@ will have (approximately) normal
distribution with mean value ¢ = Z3 and covariance matrix ZEZ' (see [14], page
32). Moreover, 1Z will be also independent from y which lead us to use the
following statistical test:

ro®(¢ — z)’ (Zf]Z’)+ (¢ —2)

F:
2
vyl
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where v is the rank of ZEZ'. Again, F do not depend on o (see Remark 4). If
Hj is accepted then F will have (approximately) F-distribution with parameters
v, 7 and noncentrality parameter

5= (1 —2) (zf;z’)+ (¢ — 2).

If ZEZ' was invertible then § = 0 is equivalent to the acceptance of Hy. Hence,
the p-value of this statistical test of hypothesis is given by

p — value = Pr(F > Fops|Ho is true)

where Fgps is the observed value.

Remark 3.4. Observe that the above statistical test of hypothesis is a
generalization of the first one, in the sense that we can use it with Z =1 and
z = 0 to test the assumption rank(E(S)) = 1.

Remark 3.5. Furthermore, choosing the matrix Z and the vector z ap-
propriately we can perform statistical tests of hypothesis to compare two or more
components of 3 = (B4, ..., B), for instance, Hy: 8; = [5; against Hy: 3; # B; (i.e.
z—=0and Z = [zij] i=1,...0 defined by z1; = —z1; = 1 with all remaining entries

=L
being zero). Note also that the statistical test Hy: §; = (; against Hy: f; #
(i # j) is equivalent to compare two different components of a provided that
A#0.

4. CONCLUSIONS

The theoretical results of Section 2 arose to get the solution to the following
problem: when there is no limiting distribution for a sequence of r.v.’s X,, can
we approximate the limit distribution of g(X,,) for large values of n and some
fixed function g7 The well-known delta method cannot be used to give an answer
to this question since there is no limiting distribution for X,,. In Theorem 2.1
we partially answer to the above question considering X, = V,, 4+ u, and giving
sufficient conditions on g to obtain a sequence of random variables which are of
the same type of g(X,,) for large values of n. Let us observe also that our result
allows us to get “normalizing constants” for g(X,,) when n is large enough.

Therefore, besides the uniform approximation of the distribution function
sequence Fyv, v, ) by a computable one, this work develops inference results on
the components of the vector Ao, where A and « are, respectively, the eigenvalue
and the eigenvector of the rank one matrix E(S), with S the interstructure matrix
used in dual STATIS method admitting data tables of the form (1.3). So, our
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results appears in the same alignment of Lazraq (see [10]) which considered an
inferencial approach for the validation of the compromise matrix obtained by the
STATIS method.

In our scenario of data tables, remains an open problem the generalization
of the presented inferential results to the case where the rank of E(S) is greater
than one.

ACKNOWLEDGMENTS

This work was partially supported by the Fundacao para a Ciéncia e a
Tecnologia (Portuguese Foundation for Science and Technology) through
PEst-OE/MAT/UI10297/2011 (CMA).

REFERENCES

[1]  ABADIR, K.M. and MacNus, J.R. (2005). Matriz Algebra, Cambridge Univer-
sity Press.

[2]  ANDERSON, T.W. (1963). Asymptotic theory for principal component analysis,
The Annals of Mathematical Statistics, 34(1), 122-148.

[3] DasGupTta, A. (2008). Asymptotic Theory of Statistics and Probability, Springer.

[4]  ESCOUFIER, Y. (1973). Le traitement des variables vectorielles, Biometrics,
29(4), 751-760.

[5) HARvILLE, D.A (1997). Matriz Algebra From a Statistician’s Perspective,
Springer-Verlag, New York.

[6) HockINg, R.R. (2003). Methods and Applications of Linear Models: Regression
and the Analysis of Variance, 2nd edn., John Wiley & Sons.

[7] Horn, R.A. and JonNnsoN, C.R. (1985). Matriz Analysis, Cambridge University
Press.

[8] Lavit, C. (1988). Analyse Conjointe de Tableauxr Quantitatifs, Masson, Paris.

[9] LaviT, C.; ESCOUFIER, Y.; SABATIER R. and TRAISSAC, P. (1994). The ACT
(STATIS) method, Computational Statistics & Data Analysis, North-Holland 18,
97-119.

[10] LAzZRAQ, A.; HaNAFI, M.; CLEROUX, R.; ALLAIRE, J. and LEPACE, Y.
(2008). Une approche inférentielle pour la validation du compromis de la méthode
STATIS, Journal de la Société Francaise de Statistique, 149, 97-109.

[11] Liva, E.L. (1989). Curso de Andlise, Volume 2, 3.* ed., Projecto Euclides.



118

[12]

[13]

J. Lita da Silva and L. Ramos

MULLER, K.E. and STEWART, P.W. (2006). Linear Model Theory: Univariate,
Multivariate, and Mized Models, John Wiley & Sons.

ROBERT, P. and ESCOUFIER, Y. (1976). A unifying tool for linear multivariate
statistical methods: the RV-coefficient, Journal of the Royal Statistical Society.
Series C' (Applied Statistics), 25(3), 257-265.

TonG, Y.L. (1990). The Multivariate Normal Distribution, Springer-Verlag.



REVSTAT - Statistical Journal
Volume 12, Number 2, June 2014, 119-134

MADOGRAM AND ASYMPTOTIC INDEPENDENCE
AMONG MAXIMA

Authors:  ARMELLE GUILLOU
— Université de Strasbourg et CNRS, IRMA, UMR, 7501,
7 rue René Descartes, 67084 Strasbourg Cedex, France
armelle.guillou@math.unistra.fr

PHILIPPE NAVEAU

— Laboratoire des Sciences du Climat et de I’Environnement,
Orme des Merisiers / Bat.701 C.E. Saclay, 91191 Gif-sur-Yvette, France
philippe.naveau@lsce.ipsl.fr

ANTOINE SCHORGEN

— Université de Strasbourg et CNRS, IRMA, UMR 7501,
7 rue René Descartes, 67084 Strasbourg Cedex, France
schorgen@math.unistra.fr

Received: October 2012 Revised: April 2013 Accepted: April 2013

Abstract:

e A strong statistical research effort has been devoted in multivariate extreme value
theory in order to assess the strength of dependence among extremes. This topic
is particularly difficult in the case where block maxima are near independence.
In this paper, we adapt and study a simple inference tool inspired from geostatistics,
the madogram, to the context of asymptotic independence between pairwise block
maxima. In particular, we introduce an extremal coefficient and study the theoreti-
cal properties of its estimator. Its behaviour is also illustrated on a small simulation
study and a real data set.

Key-Words:

e extremal coefficient; method-of-moment; mazximum likelihood.

AMS Subject Classification:

e 62G05, 62G20, 62G32.



120 Armelle Guillou, Philippe Naveau and Antoine Schorgen



Madogram and Asymptotic Independence among Maxima 121

1. INTRODUCTION

One recurrent question in multivariate extreme value theory (MEVT)
is how to infer the strength of dependence among maxima. To illustrate this
inquiry by an example, monthly maxima of hourly precipitation measured at two
french stations from February 1987 to December 2002 are displayed in Figure 1.
The two stations belong to the same hydrological basin of Orgeval
(https://gisoracle.cemagref.fr/) that is located in France, west of Paris.

For each season, a scatterplot between the two stations shows the original
45 (15 years x 3 months per season) monthly maxima recorded in millimeters.
The dependence structure seems to vary according to seasons and it is not clear
if the largest summer values are close to independence.
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Figure 1: Monthly maxima of hourly precipitation for each season,
measured at two stations in the basin of Orgeval (near Paris)
during 1987-2002.

This concept of asymptotic independence has been studied by many au-
thors. In this paper, we follow the approach introduced by Ledford and Tawn
(1996) and extended by Ramos and Ledford (2009). Before explaining the de-
tails of our method, we need to recall a few basic concepts about MEVT and to
introduce some notations. Suppose that we have at our disposal n independent
and identically distributed pairs (X;, Y;) with unit-Fréchet margins (P(X; <x) =
exp(—1/z) for x > 0) and that the component-wise maxima vector (M ,,, My;,)=
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(max(Xy, ..., Xp), max(Y1, ..., Y,,)) converges in the following way:

M M

(1.1) lim P < Xn < g, 200 < y) = G(z,y), for x,y > 0.
n—0o0 n n

The limiting distribution function G is called the bivariate extreme value distri-

bution and it can be written as G(z,y) = exp{—V (z,y)}, with

V(z,y) = /01 max <°", 1_w> dH (o),

r y

where H(.) is a finite non-negative measure on [0, 1] such that fol wdH(w) =
fol (1—-w)dH (w) = 1. This latter condition on H ensures that the margins G(z, c0)
and G(oo,y) are unit-Fréchet distributed. The function V is called the pairwise
extremal dependence function. It is homogeneous of order —1, i.e. V(tz,ty) =
t=1V(z,y) for any positive t and G is max-stable, i.e. G!(tz,ty) = G(z,y). By
definition of H, the function V has no explicit form and various non-parametric
estimators of V' have been studied (e.g. Capéraa et al., 1997). As an example,
an approach based on a classical geostatistical tool, the madogram (Matheron,
1987), was proposed by Naveau et al. (2009). Its simplest version (Cooley et al.,
2006) focused on the estimation of the extremal coefficient § = V'(1,1). This coef-
ficient provides a quick summary of the dependence between maxima. It belongs
to the interval [1,2]. If 6 equals two, the pairwise maxima are independent, and
if 6 equals one, it is the complete dependence case. Cooley et al. (2006) defined
the so-called F-madogram

(1.2 v = LE|F (Mx,) ~ F (My,).

where F' denotes the distribution function of Mx , and My, in order to express
the extremal coefficient as

1+ 2v
1. 0= .
( 3) 1-2v

Going back to the maxima displayed in Figure 1, one may wonder if con-
vergence (1.1) provides an appropriate probabilistic framework to study the near
independence seen in our summer rainfall data. Convergence (1.1) implies that

lim nP (Xi > xor% > y) = —log G(z,y). Hence

n

n—~oo

X Y;
lim nP <n > xandg > y) =log G(z,y) — log G(z,00) — log G(00, ).

If we are in the asymptotically independent case, i.e. G(x,y) can be written as
the product G(z,y) = G(x,00)G(00,y), the right-hand side of the last conver-
gence is nothing else than zero. This result is uninformative about the degree of
dependence among our rainfall maxima. A conceptual extension is needed to im-
prove our understanding of the probability of having joint extremes. To fill in this



Madogram and Asymptotic Independence among Maxima 123

gap, Ledford and Tawn in a series of papers (e.g. Ledford and Tawn, 1996, 1997,
1998) introduced a new tail model of the distribution which has been simplified
by Ramos and Ledford (2009) as follows

(1.4) P(X >zY >y = (J;y)fﬁ/;(:c,y), for some 7 € (0, 1],

with £ a bivariate slowly varying function at infinity. The coefficient of tail de-
pendence, 7, is a measure of asymptotic independence. It is equal to one in the
asymptotic dependence case and less than one in the asymptotic independence
one. Condition (1.4) is tailored to analyze large excesses in the asymptotic in-
dependent case but it needs a reformulation in order to be used with pairs of
maxima, as the ones pictured in Figure 1. This reformulation has been recently
proposed by Ramos and Ledford (2011) who studied an extension of (1.1) by
proving under the tail model (1.4) that, for z,y > 0,

= Gy(z,y) = exp[ - Vn(fﬁ,y)]a

e—0n—oo n n

M M
(1.5) Iim lim [P[ Xgn,sbn <, Yl,)n,sbn <y

where the normalising constants b, are defined implicitly as nP(X > b,,Y >
bp) =1, M, corresponds to the component-wise maxima such that (X;,Y;)
occur within the set R. = {(z,y) : x > &,y > ¢} and

1 1— L
(1.6) Vi(z,y) =1 / [max (“’, “)] " dH,(w),
0 r oy
with H,, a finite and non-negative measure satisfying the constraint
1 1
1 2 1 1
n :/ wndHn(w)—F/ (1 —-w)ndHy(w).
0 )

The new dependence function V;, is homogeneous of order —%:

1
Vn(tl', ty) = t_EVTI(‘T’ y)a
and the distribution G, (z,y) obeys an extended max-stable property:
1/
G% "tz ty) = Gy(z,y).

In (1.1), a normalisation of n~! is required in order to stabilize the component-
wise maxima whereas in (1.5) b, is of order O(n").

The main goal of this paper is to adapt the concept of madogram to this
framework of asymptotic independence. The asymptotic properties of our es-
timators are also derived. A small simulation study allows us to compare our
inference scheme with the maximum likelihood estimation approach. All these
estimators are applied to our rainfall data set.
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2. THE F-MADOGRAM IN THE ASYMPTOTIC INDEPEND-
ENCE CASE

Denote (M%, Ms) the bivariate vector that follows the distribution G, (z, y),
ie.

(2.1) P(Mx <z, My <y) = exp{-Vy(z,y)},
with V;(z,y) of the form (1.6).

Concerning the marginals, we denote
(2.2) Fx(z) =P (M <x) = exp[ - O'X{L‘ii} and Fy (y) := exp[ — Uyyfﬂ,

with ox = V;)(1,00) and oy = V(00,1). As the scaling coefficients ox and oy
are not necessarily equal, the Fréchet margins of M3 and My differs by a mul-
tiplicative factor. In the classical MEVT setup defined by (1.1), the extremal
coefficient # = V(1,1) was simple to explain. It always varied between one (de-
pendence) and two (independence). Having different marginals in (2.2) makes it
difficult to find simple and interpretable summaries like the extremal coefficient.
One possible way around this interpretability issue is to go back to the madogram
distance because it is trivial to interpret it as a metric and it is marginal free.
The F-madogram for the pair (M%, My ) can be defined as

1 * * * *
(2.3) Vp = §E [Py (M) — Fy (My)],

and we can derive from (1.6) and (2.2) the relationship (see Appendix)

142y
T 1-2y,)

(2.4)

where 0, :=V,(c'%,07) could be viewed as an analog of the classical extremal

coefficient, comparing equations (1.3) and (2.4). If v, equals zero, then 6, equals
one. As the distance v, increases, the coefficient 0, also increases. If M% and
M5 are independent, then F (M%) and Fy (My) are independent and uniformly
distributed random variables. It follows that v, = 1/6. From (2.4), we deduce
that 6, = 2.

The only difference between equations (1.3) and (2.4) resides in the fact
that the pairwise maxima vector belongs now to the largest family G, instead of
the classical G. It is also essential to emphasize that the F-madogram should not
be interpreted alone. The coefficient 7 is paramount to explore the asymptotic
independence domain.
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3. INFERENCE

3.1. A method-of-moment approach

Our main result is the following theorem that deals with the convergence
of the empirical estimator deduced from (2.3).

Theorem 1. Let (M)*Qn’M}*Q n) be a sample of N bivariate maxima
vectors of block size n that converges in distribution, as n — oo, to a bivariate
extreme value distribution with an n-dependence function defined as in (1.6). Let

N
~ 1 o * Tk *
(3.1) Yn = 5N E ’FX(MXi,n) — Fy(My, )|
1

where F %» Tesp. ]3{}, denotes the empirical distribution function of the sample
My, ., resp. My, . Then, asn — oo and N — 00

\/N(Dn - 1/,7) R Ne(u,v)dJ (u,v),
[0,1]2

where J(z,y) = 1 |x — y| and N¢ is a Gaussian process defined by

(3.2)  Ne(u,v) = Bo(u,v) — Bo(u, 1)885(%@) — Be(1, v)aaf(u,u),

and B¢ is a Brownian bridge on [0, 1] with covariance function
E{Bc(u,v) - Bo(u',v")} = Clu Au',v Av') — Clu,v) - Cu,0),

with u A v/ = min(u,u') and C the copula function with respect to (2.1).

From (2.4), we introduce the following estimator for the extremal coefficient

~ 1427
. 0, = Uy
(33) n 1_2]’/\77

Applying the delta method, the following corollary follows.

Corollary 2. Under the assumption of Theorem 1, we have

VN ((5,7 - 9,7) 4 (14 6,)? Ne(u, v)dJ (u, v).
0,1]2
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To infer the value of i, we complement our method-of-moment via a Gen-
eralized Probability Weighted Moment (GPWM) approach (Diebolt et al., 2008)
based on the following moment equality

+oo
po = E(M*w(Fy+)) = / x w(Fy+(x))dFp+ (),

—0o0

for any variable M* with a distribution function Fis« and w a suitable continuous
function satisfying

= — )b or vt close to
5.4) {w(t)—O((l )%y  for ¢ close to 1, b > 0,

w(t) = 0(t") for ¢ close to 0, a’ > 0.

If we take M™* = max(M¥ ,, My, ), whose distribution function equals Fys«(z) =

1
exp{—V;(1,1)z 7} (using Equation (2.1) and the homogeneous property of V}))
and if w(t) == wyp(t) = t%(—logt)®,a > a’ then Diebolt et al. (2008) proved that

Vﬁn(L 1)

(3.5) Hab = How = m

r'b—n+1)

where I'(« foo a—le=z o

A natural estimator for p,p can be obtained by replacing Fjs« by its em-
pirical version [,

1
fus = [ B (- log '
0

Using (3.5) with suitable values for (a,b) allows us to obtain an estimator for 7
in function of fiq

(3.6) Popwm = 2 ( i, 2)

,U11

The asymptotic normality of 7ypum can then be deduced from the asymptotic
properties of the GPWM estimator, see our Appendix.

Proposition 3. Let (M)*Qn? Min) be a sample of N bivariate maxima
vectors of block size n that follows a bivariate extreme value distribution with
an n-dependence function defined as in (1.6). Then the GPWM estimator of 7
defined by Ngpwm converges in the following way

VN a, 2 I

Bopwm — - (12

(Mgpwm — 1) T2 1) [ — (1 =n/2)L5],

with Iy = fo —logt)™ "1 dt, I = fo —logt)~" dt and B a Brownian

bridge.
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3.2. The maximum likelihood approach

Besides our aforementioned method-of-moment approach, a Maximum Like-
lihood (ML) method can also be implemented. Our ML method is based on the

normalized sample {M;} = {max ( S )}, 1 =1,..., N which admits the
X Y

following log-likelihood

N N
0 _
log L(My, ..., My 6,,m) = N log <7;7> — (In+1)> log(M;) — 0, > M, .
=1 =1

If 7 denotes the ML estimator for n based on the univariate sample
{max (M;(zn’ My n)} with a distribution function given by (2.1), it allows us
to derive

o~

N -1
1 3 P~ * —1/7, ~ % 1 /%
O,mie = [NE min (O'X,mle(MXi,n) Yimte Gy mie (M5, ) 1/77’"16)] :
i=1

The estimates for ox and oy in the above equality can be derived from (2.2) as
11
OX mle = [% Z?;(M;(l n)_l/nmle} and a similar expression for oy .. Thus
we can define
(3.7)
(M;‘( n)_l/ﬁmle (M}*/ n)_l/ﬁmle

1 & o
5,””;6 = [ min ( N — N — >] .
N ; L (M, ) e SN (M) e

4. EXAMPLES

4.1. A small simulation

To compare our estimators with the ML approach, we simulate 300 samples
of 500 pairs of maxima from the n-asymmetric logistic dependence model (see
Ramos and Ledford, 2011):

1

m(%il/a + yil/a)a/n, for T,y > 07

%(xvy) =

with a € {0.1,0.3,0.5,0.6} and n = 0.7. This specific value of 1 corresponds to a
case of asymptotic independence ( < 1) and provides 6, = 20/1
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Boxplots of the estimators of # and 7 are given in Figures 2 and 3 for
different values of o and 7. In these figures, the small square represents the true
value of the parameter whereas the horizontal line is the median based on the

300 simulations.
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Figure 2: Simulation: comparing 57, from (3.3) with @Lmle from (3.7).

In Figure 2 we can observe that the estimate §n,mle from (3.7) has a higher
variability than 6, from (3.3). This is particularly true when « is close to 7, i.e.

6, near two.
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Concerning the estimation of 7, Figure 3 basically tells the opposite story.

The ML approach appears slightly better than the method-of-moment.

small simulation study advocates for not restricting one inference approach but

rather to combine or at least compare different inference techniques.
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4.2. Orgeval Rainfall data

Table 1 summarizes our inference with respect to the maxima plotted in
Figure 1.

If one has to guess from Figure 1 some information about the degree of
dependence, precipitation maxima during the Summer season clearly appear to
be the less uncorrelated, followed by the Winter ones. The Spring and Fall seasons
seem to witness a stronger and similar dependence.

Table 1: Estimates with GPWM and ML approaches
for the Orgeval rainfall data.

)
)

97} en,mle ﬁgpwm ﬁmle
winter 1.44 1.26 0.44 0.71
spring 1.33 1.22 0.50 0.70
sumimer 1.45 1.47 0.56 0.72
fall 1.36 1.60 0.49 0.51

Concerning the GPWM approach, from Table 1 we can see that the Spring
and Fall seasons basically have the same 7 and the same 0. This parallel confirms
Figure 1 where the points are strongly clustered for those two panels. Concerning
the Winter and Summer seasons, the corresponding «/9\,] are much alike, but the
Ngpwm are different. Visually, this does not contradict the Winter and Summer
displays, but it is not straightforward to interpret such results.

From Table 1, 7,5 appears to be almost equal to 0.7 for all seasons, but the
Fall. It is puzzling that the Spring season belongs to this group because Figure 1
and the GPWM approach clearly discriminates the Spring from the Winter and
Summer seasons. On the positive for the MLE approach, having the same 7 for
the Winter, Spring and Summer, we can compare the ML estimates of 6. The
ordering among those three é\n,mle is coherent with Figure 1, the Summer has
the largest value and the Spring the smallest one. The Fall season is difficult to
interpret with the MLE approach, 7, being quite different to the values in the
other seasons.

Now, if we want to compare the two approaches, GPWM and MLE, looking
at Table 1, we can see that (9,7 is quite stable, which is not the case for 9,7 mie- At
first sight, as both quantities estimate 0, it is difficult to know what to conclude.
However, if we look at Figure 2(b) where the value of 6, is in the range 1.3-1.4
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(corresponding to the values given in Table 1) we can observe that indeed the
variability with the maximum likelihood approach is more important than with
the moment method. Thus this corroborates the instability of 0, ,,. observed in
Table 1.

Overall, the time period of 1987-2002 may be too short to clearly compare
the dependence among different seasons. Still, this example illustrates that ana-
lyzing jointly # and n can bring relevant information that may not be obtained
by simply interpreting 6.

ACKNOWLEDGMENTS

The authors thank the referee for the comments concerning the previous
version. Part of this work has been supported by the EU-FP7 ACQWA project
(www.acqwa.ch) under Contract Nr 212250, by the PEPER-GIS project, by the
ANR MOPERA project, by the ANR McSim project and the MIRACCLE-GICC
project. The authors acknowledge the GIS ORACLE for the Orvegal data.

APPENDIX

Proof of (2.4): Applying the equality |a —b|/2 = max(a,b) — (a+b)/2 to
Vp, We get:

SEIFX(ME) — F (M) = Emax{F§ (M§), Ff (M7)) - 5.
Then we calculate
Plmax{Fy (M), Fy (My)} < u] = P[My < Fx™ (u), My < Fy™ (u)]
= exp{=V;(Fx™ (u), Fy" (u))}
= exp{log(w)Vy (0%, o7 )} = u? ()
because from the margin model (2.2) we have F¥~ (u) = (—log(u)/ox)™" and

F—(u) = (— log(u) /oy ). Therefore, E max{F% (M%), F (M)} = —al@x0v)

14V (o % ,07)

from which (2.4) follows. O

Proof of Theorem 1: First, we introduce the ‘normalized’ empirical dis-
tribution functions

N

- 1 ~ 1

Fanx(u) = Z Uiaiarg <] Fany(u) =+ z; Uioiagg <]
i= v
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and we rewrite the estimator of the madogram as

1 N

Before starting the proof, we need to introduce a series of definitions linked to
the copula function C. Although very similar, these definitions represent slightly

ﬁn,N,X (b;lM;}“n> - ﬁ‘n,N,Y <b;1M}*/“n) :

different estimators of the same copula function. One difficulty of the proof is to
show how close these versions are:

ényN(u,v) = ]ifz ]1{~

~ )
Fonvx (ba' Mg, ) SwFony (b2 M3, ) gv}

Ch,n(u,v) 11 » _ ) N ,
{ M ngFIN’X(u),bn M{?i,nSFrfN,y(”)}

~ 1 N
() =3
N & {UX W SFr S (W) Vi <Fr (0 )}

where
Fxn(z) = ]P’(b;lM}k(m < z), Fyn(2) = P(b;le;m < z),

UXi,n = ﬁX,n <bg1M;(i,n>7 VYNL = ﬁym (b;IM;; n)?
~ 1 &
;{,N,X(u) = N Z H{Uxi,ngu}v F;f NY Z ﬂ{vy n<v}:
i=1
The proof of Theorem 1 is divided into the following five steps.

Step 1. The function émN(u, v) is very similar to Cy, y(u,v), i.e.
SUPg<y,v<1 |Cn,N (1, v) — Cy N (u,v)| < 2/N.

Step 2. We have C)p, n(u,v) = ~7’;7N(u7v).

Step 3. Define now the empirical distribution function of (Ux, n, Vy; n) as

nNUU le{

UXi,nS'U':VYi,nSU}

and its non-empirical version as
ﬁ;(uv U) =P (ﬁX,n (b;lM;}“n) < u, ﬁy’n (b;lMi,n> < ’U> .

We establish that the process N (H, "N H?) tends in distribution to
a Brownian bridge B¢. To this end, we prove the convergence of the
finite-dimensional distributions and the tightness of the process.
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Step 4.  The process VN (6;‘;]\, —ﬁ;) tends in distribution to a Gaussian
process N¢.

Step 5. We conclude the proof of our theorem using the integration by
parts. ]

This proof is only sketched here as it is a slightly modified version of the one
of Proposition 4 in Naveau et al. (2009) which is detailed in http://sama.ipsl.

jussieu.fr/Documents/articles/NaveauBiometrikaO7DetailedProofs.pdf.

Remark about our Theorem 1. The limiting process is such that
1 1 1 1 1

Ne(u,v)dJ (u,v) = = / Nc(0,v)dv + = / Ne(u,0)du — / Ne(u, u)du.
[071]2 2 0 2 0 0

This limiting process cannot be precised without specifying the copula function
and in special cases where these integrals can be computed. For instance, consider
the Product copula, also called the independent copula, defined as C(u,v) = uv.
In that case

Ne(u,v) = Be(u,v) — vBeo(u, 1) — uBe(1,v),

from which direct computations lead to

Var Ne(u,v)dJ(u,v) | = i
[071]2 90

Proof of Proposition 3: Asn € (0, 1], we have according to Theorem 2.1
in Diebolt et al. (2008) that

I'B —n—1
NidRLE ! o | D / it)(_logO " (= log t)dt
N( ’ ’ ) — 0

fit — ' B(t —n-1
H12 = H2 nVn”(l,l)/ i><—logt) ! t(—logt)2dt
0

where B denotes a Brownian bridge and n — oo. It follows

2

VN (Ngpwm — 1) = —= VN (p11fi1,2 — pi2f,1)
[RVGR
2 - ~
= —= {Nl,l\/ N1z —p2) — 12V N(11 — MLI)] -
H1,1 41,1

An application of Slutzky’s theorem leads to
VN (ﬁgpwm - 77)
n
i} _ 277V"7 (17 1)
2
H1q

1 —_p—
/0 Bit) ( — log t) " (11w 2(t) — prown 1 (t)] dt,

from which Proposition 3 follows. O
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1. INTRODUCTION

Polynomials form the backbone of mathematics in general and approxi-
mation of complex deterministic and random nonlinear functions and dynamic
processes in particular. Examples of their use are countless coming from diverse
areas such as quantum chaotic dynamics to ecology. Their use repeatedly appears
in asymptotic theory of statistics and in particular in time series analysis which
will be our primary interest.

In its simplest form, algebraic characteristics of polynomials are very much
used in statistics. The celebrated expansions related to central limit theorems
such as the Edgeworth expansions, Berry—Esseen type theorems and the delta
method all depend on polynomial expansions and form the basis of asymptotic
theory of statistics. Polynomials and their algebraic properties are also used in
constructing stationary, invertible finite parameter linear representations for time
series. Wold decomposition theorem says that under fairly general conditions any
stationary time series may be represented as a causal convergent sum

o0
X, = Z%‘ €—j
=0

with uncorrelated finite variance random variables {¢;} and real values {v;} such
that ) y 1/)]2 < 00. As a class of models, such a representation is not particularly
useful due to the infinite number of parameters, and finite parameter versions
called the class of stationary and invertible ARMA models are found by using
the backshift operator B/ X, = X;_j, then representing the series in the form

X, = [ijBf
j=0

Under quite general conditions, the polynomial ¢)(B) = Z;io ¥; BY can be writ-
ten as a ratio of two finite order polynomials ®,(B) and ©4(B) of orders p and ¢
respectively, thus permitting us to write ®,(B)X; = O4(B) €. The conditions of

(ST

stationarity and invertibility of the process X; are then given in terms of the roots
of the polynomials ®(B) and ©(B). In these examples, the well known algebraic
results on deterministic polynomials are used. However, in a more general set
up, random polynomials are used for very general representations for stationary
times series.

Let us start with a collection of standard Gaussian random variables {Xj,
s < t} and consider the space of all measurable functions defined on this collection
with the usual inner product

exp(—x%/2) dx .

(1.1) (fg) = / " f @) g(a) jﬂ
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This space together with this inner product is a Hilbert space, and (random)
Hermite polynomials form a closed and complete orthogonal system.

Hermite polynomials H,,(z) of degree n are defined as

exp(—2?%/2) dz = n! On,m n,m=20,1,2,...

(1.2) / " Ho () Hop () \/127

1, n=m;
(1.3) Onm =
0, n#m.

Hence, every Borel measurable function g with finite variance (with respect
to the Gaussian density) such that

/_OO g*(x) \/12? exp(—z%/2) dz < oo,

can be written as a linear combination (or as a limit) of these Hermite polynomials
N
(1.4) g(x) = lim In H,(z),

N n!
e n=0

where, the coefficients g,, are given by

gn = /00 g(z) Hy(x) \/12? exp(—z2/2) dz .

The convergence of (1.4) is in the mean square sense

lim

[eS)
N—oo 00

( () — ig"ﬂ (m)>2 L exp(—2%2) dz = 0
g Z ol m p .

Note that the inner product is a integral with respect to the standard
Gaussian density and hence the Hermite polynomials are orthogonal with respect
to the standard normal probability distribution. Instead of Hermite polynomials,
we can define Hermite functions

1
Yn(r) = ——— exp(—z/2) H,(z) .
n! 2"/ 27
Hermite functions are normalized versions of the Hermite polynomials, therefore
they form an closed and complete orthonormal basis. The closed linear span of
Hermite polynomials is the space of all polynomials, and any element of this space
can be represented as sums of products of polynomials given in the form

0o 00 [ee] p
(15) Z Z “'Zail’iz"‘ip HXZv .
v=1

p=1i1=1 ip=1
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Here we will not enter into further details, which can be found in Terdik
(1999).

The following remarkable result due to Nisio (1964) extends this polynomial
representation to any strictly stationary time series.

Let ¢; be independent, standard Gaussian random variables. The polyno-
mial representation

o0 o0

m o] p
A P VD DD DEED Py sy | L=
p:l v=1

11=—00 12=—00 fm=—00

(o]
= § Gi1 €t—iq
i1:—00
o0 o

+ Z Z Giqio €t—iq €t—ig

11=—00 19=—00

(1.6)

o0 o0

o0
+ E E § Giqigisz €t—iy €t—io €t—is

11=—00 12=—00 13=—00
_l’_
oo x oo
+ E E E Givig-im €t—iy €t—ig " Et—ip,
11=—00 12=—00 &m=—00

is called a Volterra series of order m. We will call
P

(1.7) Y, = Z Z Z Zgilig"'ip Hﬁt—iv )

p=14i1=—00 ig=—00 ip=—00 v=1

the Volterra series expansion.

Theorem 1.1. Let X; be any strictly stationary time series. Then there
exists a sequence of Volterra series Yt(m) such that

lim v,\"™ £ X, |

m—00

in the sense that for any n and for any 6;,|j| <n as m — oo,

‘Eexp(i 0_, X_y+ - —l—iGan)
(1.8)

— Eexp(i G,nY,(Tnn) +ot iQnYn(m))‘ — 0.
If further X, is Gaussian, then X; can be represented by
[ee]
Xt = Z 9j €t—j »
j=—00

for some real numbers {g;}, such that Y > _ gjz < 0.
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Hence random polynomials are basic functions with which we construct
very general random processes. There is also a relationship between solutions of
random difference equations and random polynomials.

Consider a stochastic difference equation
(19) Xt = Atthl + Bt s

where {A¢, B:} is a sequence of random variables. We will call (1.9) a stochastic
recurrence equation. It is possible to define (1.9) in a more general form

(1.10) X, = AyX;_1 + By,

where X; and B; are random vectors in R?%, A; are dxd random matrices and
{A, B }02 is a strictly stationary ergodic process.

Many well known classes of nonlinear time series models such as bilin-
ear, ARCH, GARCH, random coefficient autoregressive models (RCA) as well as
threshold models can be represented in this form. Theorems due to Vervaat(1979)
and Brant(1986) show that under fairly general conditions on {A;, B:}, stochastic
difference equations of the form (1.9) have solutions given by

oo k-1
(1.11) R=> T[4B:.
k=1 j=1

It is clear that the solution (1.11) are algebraic polynomials of random variables.

Extremal behavior of these polynomial expansions have played important
role in understanding the oscillatory behavior of nonlinear processes, and many
results on the point processes of upcrossings or exceedances of such polynomial
expansions exist. See Turkman and Amaral Turkman(1997) and Scotto and Turk-
man(2002,2005) and de Haan et al.(1989).

Random polynomials of different nature given in the form

(1.12) F(w,z) = ap(w) F1(x) + a1(w) Fa(x) + ... + ap(w) Fy(x) ,

where {a;(w)}7_ are a sequence of random variables defined on a probability space
(Q,F,P) and {Fj(z)}_, are deterministic functions of z, have found significant
applications in many fields involving the reliability of complex random physical
systems. When F;(z) = 2%, then the solution (1.12) is an algebraic polynomial
with random coefficients, taking the form

Fo(w,x) = Zaj(w) z
=0

whereas when F;(x) are trigonometric functions then (1.12) is a trigonometric
polynomial of order n with random coefficients, often given in the form

Fo(w,x) = ap(w) + Zaj(w) cosjr + Z bj(w) sinjz .
=0 j=1
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Here, contrary to polynomials given in (1.6), the type of polynomials we consider
in (1.12) are deterministic in its argument, having random coefficients. We refer
the reader to Bharucha-Reid and Sambandham(1986) and Farahmand(1998) for
the general treatment of such random polynomials. We also refer the reader to
Zygmund(2002) for a full account of developments on trigonometric polynomials.

Polynomials with random coefficients have many interesting characteristics,
but the level crossing properties are particularly important and useful. Describing
the reliability of a complex physical system subject to random inputs depends
on understanding the oscillatory behavior of its sample paths. Level crossing
problems of stochastic processes and the related random variable, the number of
times the trajectory of a stochastic process crosses an arbitrary level u during
the time interval [0,7] has considerable importance and forms the basis of ex-
treme value theory for stochastic processes. We refer the reader to Cramer and
Leadbetter(1962), Leadbetter et al.(1983) and Albin(1990, 2001) for the gen-
eral treatment of extreme value theory for stochastic processes and level crossing
problems.

Let X (t), t > 0 be a continuous time, strictly stationary stochastic process
with almost surely continuous sample paths z(t). x(t) is said to have an upcross-
ing of u at the point ¢y > 0, if for some € > 0, z(t) < u in the interval (tp — €, to)
and x(t) > w in (tg, to + €). Here we assume that the sample paths are not iden-
tically equal to u in any subinterval with probability 1. Downcrossings of the
level u can similarly be defined with obvious changes. We denote by the random
variable N, (I), the number of upcrossings of the level u by the process X (¢) in
the time interval I. We will also write N, (T') = N,((0,7]), and in particular
N, (1) = N, ((0,1]). This random variable plays the fundamental role in studying
the level crossing problems of stochastic processes. Much is known on the random
variable N, (I), particularly for Gaussian processes. For example, under general
conditions, the mean number of upcrossings of the level u in the unit interval
(0, 1] is given by

oo
(1.13) E(N,(1)) = hII(l]Jq(’LL) :/ zp(u,z)dz ,
q— 0
where for arbitrarily small ¢ > 0, J,(u) = %P(X(O) <u<X(q)) and gq4(u, z) is
the joint density of X (0) and %(X(q) — X (0)) such that p(u, z) = limg_q gq(u, 2).
In most cases the limiting density p(u,z) is the joint density of X (¢) and its
derivative X'(t) calculated at ¢t = 0. In this case,

o0

(1.14)  E(Nu(1)) = p(U)/O zp(zlu) dz = p(u) E(max{0, X'(0)}| X(0) = u),

where p(u) and p(z|u) are respectively the density of X (¢) and the conditional
density of the derivative X'(t) given X (t) = u, again calculated at ¢ = 0. Hence,
the expected number of upcrossings is given in terms of the density of X (0) and
the average positive slope of the sample path at w.
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The expected number of upcrossings of a Gaussian process is totally char-
acterized by the behavior of its covariance function at origin. If r(7) is the
covariance function of the process X (¢) such that as 7 — 0,

o 72
2

r(r) =1 + o(7?) ,

then the expected number of upcrossings is given

u2
(1.15) E(N,(1) = iﬂ Ag/%xp<—2> .

Here, Ao = r”(0) is called the second spectral moment, assumed to be finite and
(1.15) is the well known Rice formula. We note that in extreme value theory, a
more general class of Gaussian processes with covariance function of the type

r(r) =1=CJr|* =0(7[*), 70,

where 0 < a < 2 are considered. This class includes the Gaussian processes with
differentiable sample paths, that is, Gaussian process with finite second spectral
moments and consequently with finite number of upcrossings. In general, when
a < 2, the process is nondifferentiable and consequently, has infinitely many up-
crossings in any finite interval.

Although the expected number of upcrossings gives quite a lot of informa-
tion on the oscillatory behavior of the process, more can be learned from the
higher moments of upcrossings or indeed from its asymptotic probability distri-
bution. Second upcrossing moment given by

(1.16) E(N,(I)(Nu(I) - 1)) = /OOO/Ooozlzzp(u,u, z1,292) dz1dzs

where p(u, u, 21, 22) is the joint density of (X (¢1), X (t2), X'(t1), X'(t2)) calculated
at X (t1) = u, X(t2) = u, plays particularly important role in obtaining limiting
results for the extremal behavior of the process. For example, as u — oo it can
be shown that

1= E(Nu(T)) 4+ 0(1) < P<t§3§}X(t) < u>

< 1—E(Nu(T)) + E(Ny(T) (Nu(T) — 1)),

from which one can obtain the asymptotic expression for the maximum of a
stochastic process over fixed and increasing intervals. See for example, Leadbet-
ter(1978) and Turkman and Walker(1984). It is possible to obtain more complete
results on upcrossing events other than their moments. For a given level u, let
p(u) = E(Ny (1)) be the finite mean number of u-crossings per unit time by the
process X (t). If we look at the number of u-upcrossings of the process over an
interval [0,7] as T' — oo, then almost surely this number would diverge to co.
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However, if we increase the level u as a function of the the increasing time interval
T in such a way that that Tu(u) — 7, for some fixed 0 < 7 < 00, as T' — o0, then
it may be possible to obtain many nice limiting properties. Indeed, Let Np(-) be
the time normalized point process of u-crossings defined by

Nr(B) = N, (TB) = ﬁ{u—crossings by X (t); t/T € B}

for any Borel set in [0, 1]. Thus, Np has a point at ¢, if X(¢) has an u-upcrossing
at tT. Then it is known that under quite general conditions, this point process
converges to a homogeneous Poisson process with intensity 7. These results are
called complete convergence theorems, since one can obtain many interesting
asymptotic results from this basic convergence. For example, the asymptotic
distribution of the maximum of the process over increasing intervals as well as
the asymptotic distribution of the upper order statistics of the process can be
recovered from such basic results. See for example Leadbetter et al.(1983) and
Resnick (1987, 2007) for convergence of point processes related to exceedances and
upcrossings.

The corresponding results for Gaussian processes are well known. Let X ()
be a stationary Gaussian process with covariance function r(7) such that

1. as h— 0, 7(h) =1 — 22h? + o(h?);
2. as h — oo, r(h)logh — 0.

Let v and T tend to infinity in such a way that Tu ~ 7, where, yu =
% )\;/ 2 exp(—u?/2) is the expected number of upcrossings in the unit interval.
Then the time normalized point process Np of u-upcrossings converges in distri-
bution to a Poisson process with intensity 7 on the positive real line. For processes
other than Gaussian processes, asymptotic results of similar type are very difficult
to obtain. We refer the reader to Albin(2001) on asymptotic results on upcross-
ings by many non-Gaussian processes such as Markov jump processes, a-stable
processes and quadratic functionals of Gaussian processes. For specific results on
streams of upcrossings by random coefficient polynomials, see Farahmand(1998).
See Scotto and Turkman( 2005) for similar weak convergence of point processes of
u-upcrossings of finite order Volterra series expansions, although such polynomi-
als are quite different in nature than the random coefficient polynomials defined
in (1.12).

In section 2, we will look at the point processes of u-upcrossings of cer-
tain types of trigonometric polynomials and show Poisson nature of the limiting
process.
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2. uwUPCROSSINGS OF RANDOM TRIGONOMETRIC POLY-
NOMIALS

Assume that x4, t=1,2,...n are n consecutive observations generated by a
stationary time series X; with 0 mean and finite variance. The periodogram of
the observations defined by

9 2
LLX(w>:: ﬁ

n
§ :wtewﬁ
t=1

plays an important role in the inference for spectral distribution function. In

particular, crucial tests of hypotheses regarding jumps in the spectral distribution
function depend on the statistics

M, ; = max I, x(w) ,

we|0,m

and
M, xk = max K, x(w) ,

we[0,m

where,
LlX
K, x(w) = ———,
) @)

and f (w) is a suitable estimator of the spectral density function. Hence the
asymptotic distribution of M,, 1 and M, i have considerable interest. Since,

L%X = Xﬁ(w)%—Yf(w),
where
n n
Xp(w) = \/; th coswt ,
t=1
and

n
Yo (w) = \/Z th sinwt ,
t=1

it is clear that the study of the asymptotic distribution of the maximum peri-
odogram ordinate in w € [0, 7] can be done by studying similar asymptotic results
for X, (w) and Y, (w). Both X, (w) and Y,,(w) are trigonometric polynomials with
random coefficients. Periodogram is also a trigonometric polynomial since it can

be written in the form
n

I x(w) = 2 Z Cr ethw ,

k=—n

_ 1y lk
where cp = > " T Ty
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The asymptotic distributions for M, x = max,e(o - Xn(w) as well as of
My = max,cjo. Yn(w) and M, 1 are given in Turkman and Walker(1984), un-
der the assumption that x; are iid, normal random variables. These results are
then extended to M,, i, when X; is a stationary time series.

Note that if X; is a Gaussian time series, then both X, (w) and Y, (w) are
continuous parameter Gaussian processes defined over the fixed interval w € [0, 7].
As such, it may be tempting to obtain all desired results on u-upcrossings based
on the well known theory for Gaussian processes. However, the second spectral
moments of the processes X, (w) and Y, (w) are given by

n2

P(0) = = (1+0(1/m)

and for finite n, both processes are differentiable having finite number of up-
crossings in w € [0, 7]. However, as the sample size n increases, these processes
have sample paths that oscillate wildly, having infinitely many upcrossing of any
finite level w in any finite subset of w € [0, 7] with probability one. This is the
fundamental reason why periodogram appears as an inconsistent estimator of the
spectral density function. Hence, known results on u-upcrossings for Gaussian
processes cannot be used in a straightforward fashion. In order to get mean-
ingful asymptotic results for the level crossings of the polynomials X, (w) and
Y, (w) as n — oo, one has to study the u-upcrossings for levels u which increase
to infinity in a controlled fashion as n — oco. We refer the reader to Turkman
and Walker(1984, 1991) for details in obtaining the first two moments of the
u-crossings by such processes for appropriately chosen level u and the consequent
asymptotic distribution of the maxima of these polynomials in the interval [0, 7].
Here, we will derive the asymptotic Poisson character of the u-upcrossings of these
trigonometric polynomials, for suitably increasing levels u = u(n), as n — oo.

2.1. Poisson character of u-upcrossings

Let "
n
Xn(w) = 5 th coswt ,
t=1
and .
Yo (w) = g tz_;xt sinwt ,

be trigonometric polynomials, where z; is a realization of iid standard Gaussian
random variables. Let Nx(I) = N, x(I) and Ny (I) = N, y(I) be respectively
the number of upcrossings of a suitable chosen level u,, by the processes X,,(w) and
Y, (w) in the interval I C [0,7]. In this section we prove the following theorem:
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Theorem 2.1. Let

x G log 12
Up = —F——— 0 —_—
" v2logn & 22logn ’
and let
T=1(x)=¢"
Then
. e—’TTS
(2.1) nlLrgoP(NX[O,W]:s) =
—T .8
(2.2) lim P(Ny[0,7]=5) = “—
n—o0 s!

K.F. Turkman

We will give the proof only for (2.1). The proof for (2.2) is similar. For

ease in notation, we write

N(I) = Nu,x(I) .

The proof of Theorem (2.1) is quite long and we give an outline of the

proof.

Let k£ > 0 be a fixed but arbitrarily large integer and divide the interval

[0, 7] into subintervals I, j=1,2, ...,k such that

N
Ij:[m )7”), j=1,2, k-1,

k7 k

and

For any 8 € (0,1/2) arbitrarily small, for every j = 2, ..., k divide every I; further

into two disjoint subintervals

e

73,1 — k 7]6 9

Ij,g—[mk_m,ij) 2<j<k,
k;i

Ik,zz[”(kmm}, 2<j<k.

Special attention is paid to the interval I and we divide I; as

0= [07 Wkﬂ) , L= [?,W(lk—ﬂ)) , hiao= [

Iip

Mz)
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The proof is based on first showing that number of upcrossings over the inter-
vals I, are asymptotically independent and that number of upcrossings over the
intervals I o are asymptotically negligible. Thus the outline of the proof is as
follows:

1. For any s, approximate P(N[O,ﬂ'] > s) by P(N(Uj Ij71) > s).

2. Approximate P(N(Uj Ij,l) > s) by P(A,.s), where A, is the event
that N(Z;1) > 1 for at least s values of j =1, ..., k.

3. Approximate P(A, s) by P(Dy s) where D, ; is the event that in exactly
s of the intervals I;; we have X, (w) > u, for some w € I, so that
P(N[0,7] = s) is approximated by P (D).

4. Let

P = Pk pr = nh_)IgoP(Mn(I] 1) < un) 5
show that

) — e 0507

and then approximate P(D,, s) by the binomial probability

<I;> (1-p)°p*.

5. Let 8 — 0, then k — oo and use the Poisson approximation to the
binomial probability to obtain the desired result.

We now give proofs for these assertions in terms of series of Lemmas.

Lemma 2.1. For any s =0,1,2,..., as n — oo,

(23) 0 < P(N[O,w] 23) —P(N<£J1[»71> > s) < Br+on(l) .

Proof: The event {N[0,7] > s} contains the event {N(U?Zl Iis) >s

and the difference is the event

{ O (N(Ijg > 1)) U (N(Il,O > 1))} .

J=1
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Hence
k
0 < P(NO0.7]=s) - P<N<jL:Jl 1]71> > s)
_ p[@ (V{2 > 1) U (N(Ip > 1))}
(2.4) o
< Y P(N(Ijz=1)) + P(N(I10 > 1))
-
< Y E(N(;2)) + E(N(110)) + E(N(I12))
j=1

It can be shown that (see Turkman and Walker, 1984) as n — oo, for every
j=1...,k-1
703
ya
However, E(N (1)) and E(N (I 2)) need special attention in calculations. The
reason for this extra complication is that the expected number of upcrossings
are calculated as an integral with respect to the joint density of the vector

E(N(I)) =

(Xn(w), X'(w)) and this vector has a normal density with mean 0 and covari-
ance function given by

25) 1 +7r,(2w) r (2w)
2.5
r (2w) %2 + 7' (2w)
where r,(w) = %2?21 cos jw and 7/, (w),r!(w) are respectively first and second

order derivatives of 7, (w) respectively. This covariance matrix tends to be singu-
lar as w gets arbitrarily close to 0 or . Hence E(N (1)) needs to be calculated
separately over regions

1
Rn71 = {w €[1,05 w > Ogn},

1 1
Rn2:{w€_[1705 7§WS Ogn},
nk

)

1
Rn,3:{w611702 ngg}.
nk

It is shown in Turkman and Walker (1984) that

ﬂ , wE Rn,l )
(2.6) lim E(N(Ijp)) =4 &

n—oo
0, WERn’QURn’g.
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Similar expression can be found for E(N () 2)) and hence from (2.4) for arbitrarily
large k and arbitrarily small 3,

k

> E(N(ILj2) + E(N(I;0)) = 75(1 + ;) :

J=1

This proves the Lemma. O

Define A, s to be the event that {N(I;;) > 1} for at least s values of
j=1,..,k. Then

Lemma 2.2. Asn — oo,

k
(2.7) 0 < P(N[0,7] >s) — P(Ans) < BT+ Y P(N(Ljx) =2) + on(1)

and k =
(28) limsup ZP(N(Ij,l) >2) < (1-B8)7—k (1 - exp(—(1 . 5)2)) .
j=1
Proof:
o< r(v(0) =) - i
(2.9) < P<jLiJl(N(Ij1) > 2))

k
< > P(N(j1)=2) .

Now combining this inequality with the inequality (2.4), we get (2.7). To prove
(2.8), we proceed as follows: First note that for any j =1, ...,k
(2.10) P(N(Ij1) >2) < E(N(I;1)) — P(N(Zj1) > 1) .

also

0 < P(Mn(Ij1) > un) = P(N(Ijn) 21) < P(Xn< L )Z“">’

which implies that

m(j—1)

P(My(I;1) > up) — P <Xn<

so that from (2.10),
(2.11)
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Now, for any w € I 1, X, (w) ~ N (0,1 + 7,(2w)), thus as n — oo,

P () ) <o

since, from Turkman and Walker(1984) we have

n—oo k

lim P(M,(Lj1) > uy) = 1 —exp(—(l_ﬁ)T> :

Now the proof is complete by combining (2.10) with (2.11). O

Denote by Cy, s, the event that X, (w) > u, in at least s =1,...,k of the
intervals I for some w € I} ;.

Then

Lemma 2.3. Asn — oo,

(2.12) 0 < P(Cps) — P(Ans) = on(1) .

)

Proof: The event
A :{N(Ijl) > 1}

is contained in the event
B :{Xn(w) > uy, for some w € IjJ}

and the difference of these events are given by

B-A=ANB = {Xn(7T(jk_1)>>un}

Hence it follows from the definitions of the events C), ¢ and A,, ; that as n — oo,

0 < P(Cns) — P(An,s)
(2.13) < P(}g <Xn<7r(]k_l)) ~ “"))

k

< ;P<Xn(”(jk_1)) >un> — on(1) .

Clearly for any s <k, Cp 641 C Cps. Let Dy, s = Cp s — Cp 541 = C’C7S+1 NChs.

n

D,, s is the event that X, (w) > u, in exactly s of the k intervals and

P(Dn s) = P(Cn,s) - P(Cn,erl) . O

)
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Lemma 2.4.

(2.14) limsup ‘P(N[O, 7| = S) — P(Dn,s)

n—oo

Proof: From (2.12), for any s < k, 0 < P(Cy,s) — P(Aps) = on(1), there-
fore, as n — oo,

|P(Ans) = P(Ansi1) = P(Dus)| < 0a(1)
Hence from (2.7), for any s < k,
k
(2.15) 0 < P(N[0,7] = s) — P(Dns) < 87+ > P(N(Ljz) >2) + on(1) ,
j=1

and the lemma follows from (2.8).
Let Mj = {M,(I;1) < u,} and M5 be the compliment of M;. Let
Ppj = P(Mn(Ij1) < un) -

We know from Turkman and Walker(1984) that

1 —
lim P, ; = exp<—(kjﬁ)7> =p, say . O
Lemma 2.5.
(2.16) lim sup ‘P(Dn,s) _ (75‘“) 1| = 0.

Proof:
Dps = | J (Mg Mg .. ME M 4. M)

where the union is taken over all combinations of distinct integers with i1 < i <
... < ig. Here, we omit the intersection signs, replacing them with “.”. We first
start by looking at the probability

(2.17) P(M{,. Mg,... M{ . M;, ... M;,)

where m and ¢ are integers such that m +¢ < k. When m = 0, (2.17) is equal to

t
It follows from Lemma 2.6 of Turkman and Walker (1984) that for any ¢t < k
lim sup ‘P(Mil...Mit) —pt’ =0.

n—oo
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Now assume that for an m > 1 and for all t <k — (m — 1)

(218)  Timsup |P(Mg. Mg ME, . M, My) = (1=p)" "5t = 0.

n—oo

We now show that

(2.19) lim sup ‘P(Mfl. ME .. ME M, ... M;,) — (1 —p)mpt’ —0,

n—oo

and the proof will be complete by induction:

(Mg v Mg My M b = MM MM, M =
= {Mfl. ME ... M M. Mit} N {Mfl. ME ... ME . M, ... Mit}
- {Mfl.MfQ...Mfmfl.Mim.Mil...Mit} .
Hence,
P(ME.ME ... ME, . M, ... M;,) =
= P(M{ .M ... M{ .M, .M ... M) — P(Mf,. Mf,... M

tm—1 tm—1"

M;,.. M;, ... M;,)
From the assumption (2.18) we have

limsup | P (M, M .. ME,_, My .. M) = (1=p)" 9| = 0,

tm—1
n—oo

and

limsup | P (M. Mg, M, My, My . M) = (1=p)" ' = 0,

n—oo

so that (2.19) follows immediately. Choosing t = m — k, we get

limsup [P (Mg, Mo ME, My My o My,) = (1= )55 = 0

n—oo

and the lemma follows immediately from induction. O

The proof of the theorem 2.1 now follows from lemmas 1-5 by first letting
08 — 0, then k — oco. First note that

. (MY gl o (e (=BT
lim sup P(N[0,7] = s) <S>(1 P < T k:<1 eXp( ’ )>
where, - <_ (1 —kﬁ)7'>
Thus,
(2.21)

limsup P(N[0,7] = s) < <IZ> (1—p)spk_s—l-T—k(l—exp(—(l_kﬁ)T)) ,

n—oo
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so that letting 8 — 0,

limsup P(N[0,7] =s) <
(2.22) n—oc

< <’;> (1 — exp(—7/k))" (exp(—/k))* ™ + 7 — k(l - exp<—(1_kﬁ)7)> .

Now let k — oo. Then k(1 — exp(—7/k)) — 7, and by Poisson approximation to
binomial we get

limsup P(N[0,7] =) < S
n—00 s!
Similarly we can show that
. . e*’TTS
liminf P(N[0, 7] =s) > ;
n—o0 s!

and this completes the proof.

It is possible to obtain the following similar asymptotic result for the peri-
odogram, although proofs are slightly more tedious and we omit the proof.

Theorem 2.2. Letu, =2(x+logn+ % log logn — % log %) Then the num-
ber of u,,-upcrossings Ny, 1[0, 7] of the periodogram in the interval [0, 7] is asymp-
totically Poisson, in the sense that

lim P(Ny, ([0,7] =s) =

n—00 S!

, s=0,1,...,

where T = T1(x) = e ",

Asymptotic results given in Theorems 2.1 and 2.2 are very useful and many
convergence results for upper order statistics can be recovered from these basic
results. For example, if

M,[0,7] = max X, (w) ,
we|[0,7]

then
{Mn(O,w] < un} - {NX[O,W] - 0} ,

and consequently,

x log 12 g
lim P M, < ——— 21 - =€ °
oo ( "= \/Qlogn+ cen 2\/210gn> ’

which was proved in Turkman and Walker(1984) based on calculating the first
two moments of the u-upcrossings.
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1. INTRODUCTION

Let (X1,Y1),...,(Xn,Yn) be independent bivariate Gaussian random vec-
tors with N(0,1) distributed marginals and correlation coefficient p € (—1,1).
We define a bivariate Rayleigh random vector (risk), (U, Vin), by

N N 9 N N 9
Un =3 (X =S Xi/N) ', and Vi = >° (Vi = S ¥i/N)
i=1 i=1 =1 i=1

where m := N — 1. Basic distributional properties of bivariate Rayleigh random
vectors are derived in Nadarajah [23]. In view of equation (3) in Nadarajah [23],
the joint probability density function (pdf) of (U, Vi), m > 1is

_ (Tt (utw
) = e s )
(1.1) oF) (;m/2;p2uv/ (2@2> , Yu,v e (0,00),

where p € (—1,1), 0:= 1 — p? and

=1 zF
ofiGasz) =) ———
il kzzo (@), k!
denotes a hypergeometric function, where (e)y = e(e + 1)---(e + k — 1) denotes
the ascending factorial.

The distribution given by the joint pdf (1.1) is known as the bivariate
Rayleigh distribution. It has received widespread applications especially in en-
gineering. Some recent applications have included: statistics of wave groups
measured in the northern North Sea (Stansell et al. [27]); performance analysis
of system with selection combining over correlated Rician fading channels in the
presence of cochannel interference (Panajotovi¢ et al. [24]); cochannel interference
effect on bit error probability performance of switch and stay combining receiver
in correlated Rician fading (Panajotovi¢ et al. [25]).

The bivariate Rayleigh distribution has also been used to model extreme
values, for example, with respect to depth-limited extreme wave heights in a sea
state (Méndez and Castanedo [21]), reliability assessment of marine structures
(Leira and Myrhaug [17], Leira et al. [18]), and asymptotic capacity analysis in
point-to-multipoint cognitive radio networks (Ji and Chen [14]). But the asymp-
totic distribution of the extreme values of (U, V) has not been known. The
principal aim of this short note is to establish the limiting max-stable distribution
of (U, Vin)-

An important max-stable multivariate distribution related to our results is
the Hiisler-Reiss distribution due to Hiisler and Reiss [13]. In a bivariate setting,
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Hiisler—Reiss distribution has the joint cumulative distribution function (cdf)

o) = oo [~ (35 20 et

(1.2) - ()\ + 2_)\3:) exp(—z)|, =,y €R,

where ®(-) denotes the standard normal cdf and A\ € (0,00) is a parameter. For
any A, the marginal cdf’s of H) are the Gumbel cdf’s A(x) = exp{—exp(—=z)},
r € R.

The parameter A has a nice representation and comes naturally in the setup
of Gaussian triangular arrays. Roughly speaking, if p, € (—1, 1) is the correlation
coefficient of a bivariate triangular array, then under the Hiisler—Reiss condition

lim (1 — p,)Inn = A? € (0,00),
n—oo
the cdf Hy appears as the limiting distribution of the normalized maxima.

Hiisler—Reiss distribution has received widespread applications. Hiisler—
Reiss distribution arises not only as the limiting max-stable distribution of the
componentwise maxima of Gaussian random vectors, but it arises also as the
limiting max-stable distribution of the componentwise maxima of random vectors
having chi-square, elliptically symmetric and other distributions, see Hashorva
[10], Frick and Reiss [8] and Hashorva et al. [11].

Some applications of Hiisler—Reiss distribution have included: models for
environmental data (Joe [15]); portfolio risk measurement (Bouyé [2]); extremal
dependence of multivariate catastrophic losses (Lescourret and Robert [19], Haug
et al. [12]); inference for bivariate survival data (Ding and Wang [4]); models for
spatial extremes (Smith and Stephenson [26]); spatial extreme fields (Bacro et al.
[1]); models for extremes observed in space and time (Davis et al. [3]); multivariate
value at risks for operational risk capital computation (Guegan and Hassani [9]);
extremal discriminant analysis (Manjunath et al. [20]); multiasset derivatives
and joint distributions of asset prices (Molchanov and Schmutz [22]). Important
recent contributions and insights concerning the Hiisler-Reiss distribution can be
found in Kabluchko [16] and Engelke et al. [5, 6, 7].

It follows from (1.1) that both U, and V},, are chi-squared random variables
with m degrees of freedom. Let G, denote the cdf’s of U,, and V,,,. They belong
to the Gumbel max-domain of attraction with scaling function w(t) = 1/2, i.e.,

lim 1—-Gp(x+s/w(z))
T—00 1—Gn(x)

=exp(—s), seR.

Equivalently,

lim sup|(Gp, (ans +b,))" — A(s)| =0

00 seR
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with constants

an = 2, bn:21nn—|—(m—2)lnlnn—2lnf<%>, n > 1.

As in Hiisler and Reiss [13] we shall consider a triangular array setup,
which is of interest when the components are asymptotically independent. In
the Gaussian framework, the asymptotic independence of the components is well
known, i.e.,

P(X Y;
lim ( 1>u,1>u)

=0
u—00 P (X1 > u)

for any p € (—1,1). In view of Hashorva et al. [11], U,, and V,,, are asymptotically
independent for any p € (—1,1). So, we have

(1.3) lim nP (Up, > x4+ by, Vi, >y +b,) = 0.

n—oo
Our first result below presented in Theorem 2.1 gives the exact rate of convergence
to zero claimed in (1.3). In the light of the aforementioned paper, the component-
wise maxima of bivariate triangular arrays of Rayleigh risks is attracted to the
Hiisler-Reiss distribution. Indeed, in order to see that let (U],, V.. ) be another

bivariate random vector defined by the stochastic representation

m m
Up=Y X2, Vy=> Y7
=1 =1
and further
Un+N(Xn) =Uls1, Vin+N(Yn)’ =V, N=m+1,

Moreover, (Uy,, Vin) is independent of (X n,Y n), and (VNX n,vVNY y) has the
same distribution as (X1, Y7), implying the equality in distribution

(U, Vi) £ (U2, V).

Consequently, in view of Hashorva et al. [11] the asymptotic behavior of the
component-wise maxima of a Hiisler—Reiss triangular array scheme of bivariate
Rayleigh risks is known.

In Section 2, we establish the rate of convergence to zero for the joint sur-
vival function P (U,, > x + b, V;;, > y + b) as b tends to infinity. Then we consider
a perturbation of Rayleigh risks and derive the limiting distribution of bivariate
maxima of triangular arrays of such risks, which turns out to be the bivariate
Hiisler—Reiss distribution. All of the proofs are provided in Section 3.
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2.  MAIN RESULTS

Our first result derives the exact tail asymptotic behavior of the joint sur-
vival function of two bivariate Rayleigh risks, which in particular implies (1.3).

Theorem 2.1. With the notation as in Section 1, for any x, y reals and
p € (—1,1), we have

(1—m)/2-3/2
P(Up>a+bVp>y+b) = V2l ¢ b<m—3>/2exp( b )

NG A
[1+o ()]

as b — oo.

A direct consequence of Theorem 2.1 is that U, and V,,, are asymptotically
independent for any p € (—1,1).

Our second result is concerned with perturbed Rayleigh risks: in order to
motivate the definition of such risks, recall that we can write

Vi L X, +V1-p2Z;, 1<i<N

with X;, Z;,i < N independent N (0, 1) risks. Since in the triangular array frame-
work introduced in Hiisler and Reiss [13] the correlation coefficient p = p,, tends
to one as n — oo, we see that the base risk is X;, + < N and Z; plays the role
of a perturbation. Since as mentioned in Section 1, the case of Rayleigh risks is
already dealt with in Hashorva et al. [11], we consider the asymptotic distribu-
tion of component-wise maxima for triangular arrays of perturbed independent
Rayleigh risks. Therefore, we introduce next (X;,Y;), ¢ > 1 with the stochastic
representation

(2.1) (X5, Y1) £ (X, pX + V1= p22),

where X is a base random variable independent of Z ~ N(0,1). Clearly, if X
is also a N(0,1) random variable, then (X;,Y;) is a bivariate Rayleigh risk and
p is the correlation coefficient. Let now (L{f: 2,)/7(,2 Z), 1 <7 < n be independent
bivariate random vectors with joint cdf F},, that coincides with the joint cdf
of (Un, Vi) for some fixed p, € (—1,1), where for the definition of (Up, Vi)
we consider the general bivariate random vectors (X;,Y;) given by (2.1) with p
substituted by p, € (—1,1). Note that the cdf of V},, depends on n since we use
now p,. However, the cdf of U, does not depend on n.

Under some restrictions on the marginal distributions F,,, 4, @ = 1,2 of Fi,p,
we have the following result.
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Theorem 2.2. Suppose that for some positive constants a,, > 0, b, € R,
n > 1 we have

lim sup|(Fpn,i (anz +b,))" — A(z)| =0, i=1,2.

n—00 zcR

If further the Hiisler-Reiss condition

(2.2) lim (1 - py) bn _ A €0, 00)
n—00 Qn,
holds, then
(2.3) lim sup |(Fun (an® + by, any + by))" — Hx(z,y)| = 0,

=00 g yeR

where H) is given in (1.2).

Remarks:

a) The convergence in (2.3) can be stated equivalently as the joint weak

n
convergence of (max,<n Uu (n z) max;<n VT(m.)> as n — o0o.

b) In the case m = 2 and the base risk is X = WI with W having N (0, 1)
distribution and I being a Bernoulli random variable independent of
W, we can check that the assumptions of Theorem 2.2 are fulfilled.

3. PROOFS

Proof of Theorem 2.1: Using the well-known fact that

0F1 (50, 2) ~ ;\(/22(1 20/ exp (2v/2)

as z — 00, we have

P(Uy, >xz+b,V, >y+0b)

1 R e /92— u+v
T T(m/2) (20 /Hb/ﬁb(“”) e (- 25 )

oF) ( m/2; p*uv/ (2A)2> dvdu
(1-m)/2
o o g (B,
2y/m 2“’)/ o+b Jy+b 20
(1-m)/2
1) = L -
27 (20)'?
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Since uv < (u+v)/2,

(m—3)/ u+v )
uv) 4 exp dvdu
/ac+b/+b ( 2(1+ [pl)

= w3/ exp ( u> du /oo vm=3)/4 exp <—U) dv
/J:+b 2(1+1pl) y+b 2(1 + pl)
1 <m+1 20+ ) (m—i-l 2y+b )

[2(1+ |p])) /2 4 72(1+pl) 4 72(1+ |pl)

where I'(s, z) = fzoo 51 exp(—t)dt denotes the complementary incomplete gamma,

function. Since
0 T'(s, A
/ =L exp(— At)dt = (‘i’lsz), A>0

and

(s, 2) = exp(fz:)zs_1 (1 + 0 (z_l))

as |z| — oo, we conclude that for |p| <1

I(b) [exp (_:r:+b/2> x+b/2 ]
L+[p[ )\ 1+ !pl
y+b/2> y+b/2\*™ ] 1
. — 1+0 (b
[eXp< 1+ p| (1+|p|> ( +ol ))
b
m=3 exp| ——— | [ 1+0(b~1
(3.2) —b p< 1+\p|>< )
as b — 0o. The proof follows by combining (3.2) and (3.1). O

Proof of Theorem 2.2: Let (Up,, Vin,) be a bivariate random vector with
the joint cdf F,,. By the assumptions on the marginal distributions of F,,;,, the
proof follows if we show that

lim nP (Uy, > an® + by, Vinn > any + by) = exp(—z) +exp(—y) — In Hy(z, y)

n—oo

=: g(w,y)
holds for any =,y € R. Let Z, Z1, ..., Z,, be independent N (0, 1) random variables
and let

d
(X5, Y0) £ (X puXi + VT = 937Z:)

assuming further that X;, Z;,7 < n are mutually independent and X; 4 X, 1> 1.
Hence, we obtain

V2. i( ZY/N)

Il

ii(an Xn) - \/l—p%(Zi—iN)>2

d *
< p2Upm — 2pn 1—,O%Tm—|—(1—pn)Vm,
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where

N

N
=S (X -XN)Zi V=Y (Zn-2)°.
i=1

i=1

By the independence of X;, Z;,i < n, X and the fact that Z, Z;, ..., Zx are in-
dependent N(0,1) random variables, we may further write

N

N
(3.3) =S (XX ZL2 2| Y (X - Xn)* L 20
i=1

i=1
Hence, as in Hashorva et al. [11], we have for any € > 0 and any z,y € R
P (U > anx + bn, Vi > any + by)
_Pp (Um > @ + by, p2Um — 2pnr/1 = 2T + (1 — p2) Vi > any + bn>
< <U > an® + by, p2U pu/1— 2T + (1= p2) Vit > any + by,
(1=p3) Vin <) + P(Um>anx+bn, (1-p2) V> e)

SP(U > anx + by, p2Um — 200V 1 — p2Z/Up >any—£+b)

+ P (Un > anz + by, (1—pn)Vn’;>s).
By the assumptions, we have

lim nP (U, > apz + b,) = exp(—x), VreR.

n—oo

Consequently, for some ¢ sufficiently small

lim nP (Um > anT + by, (1 — pi) V> 8)

= lim nP(U,, > anx—l—bn)]P’((l —pi) Ve > 6) =0.

n—oo

By the fact that V) is non-negative, we have further

P(Un > anx + by, Vipn > any+b )

(U >an1‘+bn,pn o 1 — p2Z/ Uy, > any + by >
We have with H the cdf of U, (which does not depend on n)

n[l— H b)) =1, Holw)= 2 _i(i}lfb:) bn)

— exp(—z), VzeR

as n — oo. Furthermore, by condition (2.2) and the fact that Z 4 _z

In(z,y) =P <Pn (anz +by) — 2pn\/1 - p%\/anx +b,Z > any + bn)
— IP’(4)\Z>2y—2:U—|—2)\2), n — o0
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holds locally uniformly for € R. Using a conditional argument as in Hashorva
et al. [11] and utilizing further (3.3), we obtain

9(z,y)
= nlir&n/oo+b P (,inm — 2pnMZ\/ﬁ > any + bp|Up = s) dH (s)
= lim 1—[11[(bn) /;O P(Pi (ant +bn) = 200/ 1= P22/ Upn > any + by

Up = ant + bn> dH (ant + by)
= — lim “p (pi (ant +bp) — 2pn\/1 — P2\ ant +bpZ > any + bn) dH,(t)
= - nlingo h ln(t,y)dH, (1)

xT

_ /Oo P(Z> (y—1)/(2\) + A/2) exp(—t)dt.

Utilizing the explicit expression of g(z,y) derived in Hiisler and Reiss [13] estab-
lishes the proof. O
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Abstract:

e There is a vast literature on robust estimators, but in some situations it is still not
easy to make inferences, such as confidence regions and hypothesis testing. This is
mainly due to the following facts. On one hand, in most situations, it is difficult to
derive the exact distribution of the estimator. On the other one, even if its asymptotic
behaviour is known, in many cases, the convergence to the limiting distribution may
be rather slow, so bootstrap methods are preferable since they often give better small
sample results. However, resampling methods have several disadvantages including
the propagation of anomalous data all along the new samples. In this paper, we dis-
cuss the problems arising in the bootstrap when outlying observations are present.
We argue that it is preferable to use a robust bootstrap rather than to bootstrap
robust estimators and we discuss a robust bootstrap method, the Influence Function
Bootstrap denoted IFB. We illustrate the performance of the IFB intervals in the uni-
variate location case and in the logistic regression model. We derive some asymptotic
properties of the IFB. Finally, we introduce a generalization of the Influence Function

Bootstrap in order to improve the IFB behaviour.
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1. INTRODUCTION

It is well known, that outliers or contamination have often an undesirable
effect on statistical procedures. For this reason, robust methods provide more
reliable inferences. However, in most situations, it is difficult to derive the exact
distribution of robust estimators. On the other hand, even when its asymptotic
distribution may be derived, the convergence to it may be rather slow. This
suggests the use of bootstrap methods which are preferable since they can give
even better small sample results. It is easy to understand that the outliers’
effect increases when bootstrapping. Indeed, due to propagation effects, many
bootstrap samples may have a higher contamination level than the original one.
For that reason, the breakdown point for the whole procedure decreases and may
become very small, even when based on an estimator with a high breakdown
point. Besides, bootstrapping a robust estimator poses other challenges since
the frequency of mathematical and numerical difficulties increases and also, the
computation time grows up dramatically. These facts motivates the search of
robust bootstrap procedures.

To allow for a small proportion of contamination on the data, we assume
that the actual distribution of the data belongs to a contamination “neighbour-
hood” of a certain specified “central” parametric model, P, with Q = (0, 7), where
0 € © C R? stands for the parameter of interest while 7 € R® denotes the nui-
sance parameters. In other words, we assume that Xy, ..., X,, are a random sample
with the same distribution as X € RP, where X ~ P,. The problem is to per-
form robust inference for the parameter 8, but with the snag that the sampling
distribution of the statistics (pivot variable) is unknown.

As far as we know, the first work related to estimating the sampling distri-
bution of robust estimators is due to Ghosh et al. (1984). This author showed that
it is necessary to impose a tail condition on the underlying distribution, to ensure
that the bootstrap variance estimate of the sample median converges. Athreya
(1987) also showed that the bootstrap fails for heavy tailed distributions, while
Shao (1990) again pointed out the non-robustness of the classical bootstrap. Shao
(1992) proposed a “tail truncation” in order to obtain consistency of the bootstrap
variance estimators, however it is not clear how to apply this in practice. Later
on, Stromberg (1997) recommended either a robust estimate of the variance (of
the bootstrap distribution) or the use of the deleted-d jackknife, as alternative
bootstrap estimates for the robust estimators variability. Stromberg (1997) also
studied a different resampling scheme (Limited Replacement Bootstrap), but con-
cluded that it does not perform very well. Singh (1998) suggested a robust version
of the bootstrap, for certain univariate L and M-estimators, by resampling from
a winsorized sample instead of the original sample. This method is denoted, from
now on, WB. Salibian—Barrera and Zamar (2002) introduced a robust bootstrap,
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denoted RB, based on a weighted representation of M M-regression and univari-
ate location estimates. In Willems and Van Aelst (2005) and Salibian—Barrera et
al. (2006), these methods were extended to other families of estimators. These
proposals, being fast and stable, solve most of the problems pointed out above.

Amado and Pires (2004) suggested another method, also fast and stable,
which consists on forming each bootstrap sample by resampling with different
probabilities so that the potentially more harmful observations have smaller prob-
abilities of selection. This method, denoted IFB, performs robust inference for
a parameter based on the influence function (at the central model) of a classical
point estimator. In this paper, we investigate the performance of the IFB pro-
cedure by simulation. To adapt for the sample size, a generalized procedure will
also be considered.

The paper is organized as follows. In Section 2, we review the IFB proce-
dure. In Section 3, we give different simulation results concerning the bootstrap
intervals for univariate location and for logistic regression parameters. In Section
4, we present a generalization of the method and compare the results obtained
with the new proposal and with the WB and RB procedures. Conclusions are
given in Section 5, while technical results are relegated to the Appendix.

2. INFLUENCE FUNCTION BOOTSTRAP

The Influence Function Bootstrap is based on three main ideas: (1) re-
sample less frequently highly influential observations (in the sense of Hampel’s
influence function); (2) at the same time, resample with equal probabilities the
observations belonging to the “main structure”; (3) use a classical estimator on
each “robustified” resample. Let us first consider a non robust estimator of 8,
9m, based on the random sample with influence function IF (x; 9nr, PQ) and its
Standardized Influence Function, i.e.

Anr Anr T Anr 1/2
SIF(x; § ,PQ):[IF (x;e ,PQ) o o) IF (x;e ,PQ)] :

Pq)

. . T
with Vig p,) = Epg [IF (x; 0, PQ) IF (X; 0, PQ) ] stands for the asymptotic vari-

ance of the estimator 8. Assume that, as usual, SIF(x; 9m, Pg,) depends on P
only through the vector of unknown parameters, £ = (6, 7), and that appro-
priate invariance properties hold. Now, define a Robust Standardized Empirical
Influence Function by plugging into the SIF robust estimates, " = (ér, 7"), of
the unknown parameters and denote this function by RESIF(x; ém, Q’“)

As a simple example on the computation of the RESIF(x; énr, flr), consider
multivariate location, 8, with a multivariate normal distribution as central model.
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In this case, the nuisance parameter 7 = 3 is the scatter matrix, so that Q=
AT T . . o
(6,3 ) are robust estimators of the location and scatter parameters. Thus, it is
easy to verify that, when 0" = x, RESIF(x; OW, Q") is the robust Mahalanobis

distance currently used for outlier detection in multivariate data sets.

We now proceed to recall the IFB procedure introduced in Amado and
Pires (2004). Given ¢ > 0, let 0 < n(c,-) <1 be a weight function verifying

an (c,t)
(21) 8t t=c o
(2:2) Jim #*n(e,t) = 0,

for each fixed value of the tuning constant c. As pointed out in Proposition 1 in
Amado and Pires (2004), the condition (2.2) protects the bootstrap distribution
from the harmful effect of outliers.

The Influence Function Bootstrap (IFB) procedure is described in the fol-
lowing steps:

a) Obtain RESIF; = RESIF(x;;6" ,Q"),i=1,2,..,n.

b) Compute weights, w;, according to

w; = I q ([RESIF;|) + 7 (c, [RESIF;|) x L, 4 o0 (|RESIEF]) .

c¢) Compute the resampling probabilities p = (p1,p2,...,Pn) as p; = w;/
Z?:l Wy
d) Resample with replacement according to p and for each robustified

bootstrap sample compute the non-robust version of the estimate of
interest.

Remark 2.1. The tuning constant ¢ can be calibrated so as to obtain
highly efficient procedures. Effectively, it is enough to determine or simulate the
distribution of the SIIF at the central parametric model and choose for ¢ a very
high percentile of this distribution.

Remark 2.2. A flexible family of functions from where the n function can
be chosen is the kernel of the p.d.f. of the t-distribution and its limiting form,
the normal distribution, that is,
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More details about the method can be found in Amado and Pires (2004).

However, this method does not provide an explicit estimator to being boot-
strapped. To identify this estimator, we will consider the case of a univariate
parameter, to be more precise, the simplest case of an univariate location param-
eter with known scale.

Let us fix some notation which will be helpful in the sequel.

At the sample level we have: the sample denoted (z1, 9, -, x,); the em-
pirical distribution function, P, = """ | 0, /n with 0, the point mass at x; the
weights, w; = w(x;; Py), 1 <i < n, defined in b); the weighted empirical distri-
bution function denoted P, » = > 1 4 Pids,, With p; = w;/ > | w; introduced in

c).

Related to the above description, at the population level we have: an uni-
variate random variable X; its probability density function, f with related dis-
tribution function P and a random variable denoted X,, with probability density
function, f,, called the weighted density function, with related weighted distri-
bution function, P, defined through

w(z; P)f(z)
w(z; P)f(x)d

fuw(z) = T - and P,(x) :/_Oofw(u)du.

Besides, we can also define the mean, u(P,), and variance, o2 (P,), of X,,. If
lim, 00 22w(z;-) < 00, then both u (P,) and o2 (P,) are well defined and finite.
Moreover, p(Py) = puy (P). The IFB procedure actually bootstraps the sample
mean from P, .

Concerning the asymptotic behaviour of the bootstrap proposal, Proposi-
tion 6.1 in the Appendix states that if Q" 2% 0 and w(x; ) is a Lipschitz contin-
uous function of the unknown parameters, then Py, n(I(—oq]) 25 Pu(I—oo )
uniformly in 2. This result entails easily that if lim, .. 2%w(z;-) = 0, the vari-
ance of the weighted empirical distribution converges to o2 (P,). We will now
show that o2 (P,) is related to the asymptotic variance of a robust estimator with

score function u\/w(u).

By the Central Limit Theorem, v/n (tt (P, n) — 4t (Py)) 4N (0,02 (Py))
(see Proposition 6.1b) in the Appendix for a related result concerning the Influ-
ence Function Bootstrap distribution). Thus, for large n, we have that

o” T — w 2w(z) f(z)dx
(2.3) Var (1( Py, n)) ~ (Po) _ [ (@ = p(Py))” w(z) f (z)d

n n [w(z)f(z)dx

Let us consider a location M-functional with score function ¥y (u) = uy/w(u),
denoted by p 4;(P) and its related estimator, p1. 7;(P,). The asymptotic variance
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of p /(Pn), at the central model, is given by

oay L wte@i@de [ @) e @)

n[ESGX -0 [f (WM(W)) dpr

where h' stands for the derivative of the function h : R — R. It is worth noting

that the difference between expressions (2.3) and (2.4) is the denominator which
will lead to the correction term to be introduced in Section 4. Almost equivalently,
we may consider a weighted estimator (I¥/-estimator) with a fixed number of steps
and weights \/w(u). As we will see in Section 4 this relation give us a initial start
point to perform a generalization of IFB method.

3. NUMERICAL RESULTS

In this section, we illustrate the IFB method in two models. We first
consider the problem of computing confidence intervals for the location parameter
under a location-scale model. Then, we focus on the problem of providing exact
inferences for the regression parameter under a logistic regression model.

3.1. Univariate location model

We now present, as an example, the results of a simulation study concerning
an univariate location parameter, u, in the framework of a location-scale model.
The aim is to compute confidence intervals for the parameter . In this simula-
tion study we choose the nominal confidence level equal to 90%. We considered
data sets X1, ..., X,,, with sample size n = 20 and 50. The uncontaminated ob-
servations, which we label as C in the Tables, are generated from N(0,1). Three
contamination situations are also studied

e (4: Under this contamination, the data are generated from a 0.75N(0,1)+
0.25N(0,9) distribution.

e (U5: This contamination corresponds to a high pointwise contamination,
where 90% of the data have a standard normal distribution, N(0,1),
and 10% of the points are replaced by 10.

e ('3: The observations have the same distribution as Y/U where Y ~
N(0,1) and U ~ U(0,1), with Y and U independent.

The estimator is X and the intervals computed are: the classical t-intervals
(C1,.), the classical bootstrap with uniform weights (BC1,,), the robust influ-



176 C. Amado, A. Bianco, G. Boente and A. Pires

ence function bootstrap (BCIy) and the bootstrap intervals obtained by resam-
pling from a winsorized sample (BC1I,,). For the three bootstrap procedures
the bootstrap percentile method was used for obtaining the confidence inter-
vals. For BCIy; intervals, we take RESIF(z) = |z — median(X;)|/MAD(X;) and
n(c, ) =na(c,-) with d=c= 1/X%;0.99 and v = co. The number of bootstrap
samples was B = 2000 in all cases and the number of simulation runs was 1000.
The nominal level of the confidence intervals is 0.90.

Table 1 summarizes the results obtained by reporting coverage probability
estimates, as well as mean and standard deviation of the lengths of the 1000
simulated confidence intervals.

Table 1: Confidence intervals for univariate location
with confidence nominal level 0.90.

G c n =20 n =50
ont. overage
Scheme Method Length Length

n=20 | n=>50 Mean Std. Dev. Mean Std. Dev.

Clw 0.899 0.901 0.7646 0.1252 0.4727 0.0484
Co BCI, 0.874 0.895 0.7070 0.1165 0.4583 0.0475
BCIr 0.871 0.892 0.7061 0.1155 0.4584 0.0478
BC Iy 0.764 0.805 0.5570 0.1150 0.3764 0.0465

Clw 0.917 0.903 1.2799 0.3621 0.8073 0.1322
Ch BCly, 0.873 0.883 1.1811 0.3337 0.7813 0.1283
BCIr 0.888 0.900 1.0770 0.2644 0.7107 0.1020
BC Iy 0.766 0.765 0.7914 0.2203 0.7813 0.1283

Cl 0.820 0.048 2.4879 0.0655 1.5049 0.0244
Co BCIy, 0.598 0.015 2.2919 0.0767 1.4555 0.0375
BCIr 0.864 0.890 0.8299 0.2096 0.5410 0.0928
BC Iy 0.673 0.426 0.7158 0.1391 0.4937 0.0659

Cln 0.951 0.939 22.748 163.06 26.478 202.24
Cs BC I 0.858 0.829 20.093 141.56 24.184 181.13

BCIr 0.880 0.883 1.8251 0.4686 1.1783 0.1883

BC I 0.698 0.678 1.8900 1.1634 1.1495 0.3450

From Table 1, we conclude that in the non-contaminated setting, Cy, the
bootstrap intervals BC'I,, and BCI;y have a behaviour similar to that of the clas-
sical t intervals, even when the latter are the optimal ones. The bootstrap inter-
vals are shorter than the exact intervals C1,,., but at the cost of losing some level.
As expected, the optimal intervals C1,, attain the largest coverage probabilities
values. Besides, the intervals BCI,,, achieve the smallest coverage probability
for both n = 20 and 50, but they also have the smallest mean length. Under
C1, all the procedures keep a similar coverage value, even when their lengths
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are increased. On the other hand, under both Cs and Cjs, the coverage of the
classical t and classical bootstrap intervals is completely spoiled for n = 50. For
n = 20, the classical intervals almost keep their coverage, while classical boot-
strap intervals lose coverage, under Cs. Under ('3, the coverage preservation is
made at the expense of providing larger confidence intervals than those obtained
for normal samples, leading to practically non-informative intervals. Under any
contamination, for both sample sizes, the BCI,,, intervals achieve smaller cov-
erage probabilities than BCIy intervals, and far away from the nominal value.
On the other hand, the coverage of BCI; intervals is very stable under all the
contamination patterns keeping at same time the length under control.

These results show that, for the location model, the IFB procedure achieves
its aim: it is a fast, robust and efficient inference method. It has also proven
to work well in other situations including inference for the correlation coefficient
(Amado and Pires, 2004) and selection of variables in linear discriminant analysis
(Amado, 2003).

3.2. The logistic regression model

In order to check the behaviour of the proposal in a more complex model,
we consider a special case of the generalized linear model (GLM), the logistic
regression model. Under a logistic regression model, the observations (Y;, X;),
1 <i<n,X; € RP, are independent with the same distribution as (Y, X) € RP*+1
such that the conditional distribution of Y|X = x is Bi(1, u(x)). The mean
pu(x) = E(Y|X = x) is modelled linearly through a known link function, that
is, u(x) = H (8o +x"3) where, for the logistic model, H(t) = 1/(1 + exp(—t)).
Note that in this case, the nuisance parameter 7 is not present, so we will denote
the distribution of the observations P,. We consider Influence Function Bootstrap
intervals based on the weighted version of the Bianco and Yohai estimators (WBY)
as introduced in Croux and Haesbroeck (2003). In order to guarantee existence
of solution, Croux and Haesbroeck (2003) proposed to use the score function

texp(—V/d) ift<d
(3.1) o) = —2(1 + V) exp(—v/1) + (2(1 +Vd) + d) exp(—v/d) otherwise.

To define the robust bootstrap, we need to compute the SIF. The influence
function of the functional 3  related to the maximum likelihood estimator (3

ML ML

is given by

(3.2) IF((y,x), B, Po) = 1(B) "'y — H(x"B))x,

where Ps(y = 1|x) = H(x"8) and I(8) =E (H(x"8)(1 — H(x"8))xx") stands
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for the information matrix. Therefore,

SIF((y, %), By, Pp) = {(y — H(x"B))*xT1(8) 'x}* .

Note that the distribution of the SIF is not independent of the parameter and
so, the tuning constant ¢, as defined in Amado and Pires (2004), depends on 3.
A data-driven procedure to compute ¢ can be defined considering a preliminary
robust estimator of 3. For the sake of simplicity, in our simulation process we
have computed a unique value ¢ from the true value 3.

To assess the performance of the bootstrapping influence robust intervals in
the logistic model, first consider uncontaminated data sets following a model simi-
lar to that presented in Croux and Haesbroeck (2003). We select a high dimension
regression parameter combined with a moderate sample size, that is p = 11 and
n = 100. Since the influence function (3.2) depends on the regression parameter,
we consider two different values for 3. To be more precise, we generate 1000 sam-
ples with covariates X; = (1, Z])" with Z; ~ N1¢(0,I) and binary responses Y;
such that Y;|X; = x ~ Bi(1, H(xT3)). In the first case, 8 = (0,0,...,0)T, while
in the second one, we choose 8 = (1,...,1)T/3v/11.

We calculate the classical maximum likelihood (ML) and the robust weighted
estimators introduced in Croux and Haesbroeck (2003) and denoted Bypy. The
robust estimators were computed using the loss function (3.1) with tuning con-

~

stant d = 0.5 and weights based on the robust Mahalanobis distance d(z, fi,, 3,),
where (Jiz, £,) stand for the Minimum Covariance Determinant estimators (MCD)
of multivariate location and scatter of the explanatory variables Z;. We compute
the asymptotic intervals based on the maximum likelihood estimators, ACI,,,
the related bootstrap intervals BCI,,, the asymptotic intervals associated to the
robust estimators ACI,,, and the Influence Function Bootstrap intervals, BCIz,
computed using the robust weights derived from the robust estimator BWBy. In

all cases, the number of bootstrap samples is B = 2000.

Tables 2 and 3 summarize the results in terms of coverage, mean length and
standard deviation of the length of the obtained intervals, for both values of the
regression parameter, under the central model. In Tables 2 and 3, we observe that
the coverage of all the computed intervals is close to the nominal confidence level
0.90 for all the components of the regression parameter. The observed confidence
level of the BCIy: is close to the values obtained for the classical asymptotic
intervals, while the classical bootstrap intervals BCI,, achieve the lowest confi-
dence levels. Besides, as expected, the asymptotic maximum likelihood intervals
ACI,, are the shortest ones, showing also the smallest standard deviations of the
lengths. At the same time, we observe that BC1I,, intervals are the longest, while
the BCI» have smaller standard deviation of the lengths than ACI,,, and BC1,,
intervals. In fact, we confirm that the performance of the BC'Iy intervals is the
same regardless the value of the regression parameter.
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Table 2: Coverage, mean length and standard deviation of the length
for the non-contaminated samples from a logistic model with
B =(0,..,007, p=11. Nominal level 0.90.

] Comp. \ ACLw | AClLws | BCL. | BCIx \
Coverage
Bo 0.876 0.907 0.850 0.887
B 0.885 0.904 0.842 0.892
B 0.884 0.916 0.841 0.888
03 0.898 0.908 0.868 0.894
Ba 0.896 0.916 0.852 0.893
Bs 0.880 0.914 0.877 0.887
Be 0.890 0.917 0.861 0.890
Bz 0.867 0.888 0.851 0.866
Bs 0.875 0.900 0.862 0.883
Bo 0.894 0.897 0.845 0.891
B1o 0.868 0.896 0.842 0.867
Mean Length
Bo 0.743 0.848 0.977 0.929
51 0.755 0.898 1.014 0.965
B2 0.758 0.904 1.016 0.967
B3 0.757 0.908 1.012 0.968
Ba 0.758 0.907 1.018 0.967
Bs 0.755 0.906 1.018 0.966
Be 0.756 0.903 1.015 0.966
B7 0.757 0.900 1.011 0.965
Os 0.755 0.909 1.011 0.966
Bo 0.756 0.904 1.018 0.968
B1o 0.755 0.907 1.015 0.966
Standard Deviation Length
Bo 0.030 0.091 0.082 0.064
B 0.064 0.158 0.137 0.106
B2 0.068 0.164 0.136 0.112
03 0.064 0.156 0.128 0.104
Ba 0.063 0.172 0.133 0.110
Bs 0.064 0.163 0.128 0.108
Be 0.063 0.172 0.130 0.106
Br 0.064 0.161 0.129 0.105
Bs 0.064 0.165 0.131 0.110
Do 0.065 0.162 0.132 0.118
B1o 0.065 0.172 0.137 0.127
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Table 3:

C. Amado, A. Bianco, G. Boente and A. Pires

Coverage, mean length and standard deviation of the length
for the non-contaminated samples from a logistic model with
B=(1,..,1)Y/3V/11, p = 11. Nominal level 0.90.

] Comp. \ ACLw | AClLws | BCL. | BCIx \
Coverage
Bo 0.885 0.912 0.851 0.895
061 0.872 0.900 0.833 0.879
B2 0.873 0.900 0.857 0.887
03 0.882 0.900 0.862 0.892
Ba 0.875 0.897 0.847 0.882
Bs 0.892 0.918 0.871 0.903
Bs 0.895 0.925 0.843 0.901
0B7 0.878 0.881 0.834 0.875
Os 0.875 0.913 0.829 0.880
Do 0.888 0.907 0.855 0.894
Bio 0.876 0.907 0.853 0.888
Mean Length
Bo 0.754 0.874 1.006 0.947
B 0.772 0.937 1.054 0.988
B2 0.770 0.930 1.051 0.986
B3 0.765 0.922 1.039 0.978
Ba 0.767 0.923 1.044 0.979
Bs 0.766 0.923 1.041 0.977
Bs 0.771 0.928 1.050 0.985
B7 0.774 0.940 1.051 0.991
Bs 0.767 0.921 1.043 0.980
Bo 0.769 0.927 1.046 0.980
B1o 0.768 0.935 1.044 0.985
Standard Deviation Length
Bo 0.034 0.110 0.103 0.069
061 0.069 0.179 0.164 0.117
B2 0.067 0.180 0.153 0.117
B3 0.067 0.185 0.154 0.113
Ba 0.067 0.182 0.148 0.113
Bs 0.066 0.181 0.152 0.114
Be 0.068 0.185 0.149 0.114
0B7 0.068 0.188 0.154 0.116
Os 0.067 0.175 0.144 0.112
Do 0.069 0.180 0.154 0.114
Bio 0.068 0.190 0.150 0.122
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In the second part of this numerical study, we evaluate the performance of
the Influence Function Bootstrap intervals under non-contaminated and contam-
inated samples with p = 3. We generate 1000 samples of size n = 100 where X =
(1,Z™)T € R3, corresponding to an intercept and two covariates. The explanatory
variables Z; are i.i.d. and such that Z; ~ N»(0,I,), while the response variables
Y; follow a logistic model Y;|X; = x ~ Bi(1, H(x"3)) with 8* = (0,2,2). We
identify this case as the non-contaminated situation Cy and we also consider the
following contamination schemes:

e (q: 5 misclassified observations are introduced on a hyperplane parallel
to the true discriminating hyperplane xT 3 with a shift equal to 1.5 x /2
and with the first covariate x; around 5.

e () : similar to scheme of C;, but with a shift equal to 5 x /2.

We computed the same intervals as for p = 11. In the bootstrapping pro-
cedures, the number of resamples is B = 2000 and the simulated samples where
we detect possible non-overlapping leading to non-convergence were replaced by
new ones. Table 4 sums up the simulation results. Under the central model,

Table 4: Coverage, mean length and standard deviation of the length,
for non-contaminated and contaminated samples from a logistic

model with 3 = (0,2,2)T. Nominal level 0.90.

Coverage Mean Length Std. Dev. Length
Go | Bl | B | B | | B | B | B
Co
ACIy, 0.902 0.890 0.901 | 1.010 1.624 1.629 | 0.101 0.357 0.354
ACIwos | 0929 0.930 0933 | 1.072 1.810 1.827 | 0.157 0.566 0.584

BCL 0.846 0.778 0.797 | 1.152 2.038 2.030 | 0.207 0.845 0.824
BCIr 0.908 0.827 0.860 | 1.124 1.924 1.924 | 0.158 0.582 0.579

C1

ACly, 0.714 0.088 0.859 | 0.903 0.882 1.352 | 0.084 0.153 0.285
ACIwos | 0.882 0.860 0.844 | 1.003 1.647 1.632 | 0.134 0.504 0.506
BCIL. 0.819 0.280 0.716 | 1.087 1.050 1.951 | 0.186 0.723 1.361
BCIr 0.767 0.513 0.861 | 0976 1377 1.633 | 0.132 0.603 0.468

Method

ACly, 0.629 0.000 0.001 | 0.708  0.547 0.749 | 0.027 0.030 0.070
ACIwos | 0.881 0.860 0.843 | 1.004 1.647 1.634 | 0.137 0.500 0.510
BCly, 0.689 0.000 0.007 | 0.725 0.553 0.779 | 0.044 0.060 0.100
BCIr 0.820 0.824 0.798 | 0.982 1.801 1.692 | 0.154 0.410 0.480

we observe a similar behaviour to that described for p = 11, that is the coverage of
the BCI,., is close to the values obtained with ACI,,,. We can observe the serious
effect of the contamination on the classical asymptotic and bootstrap intervals
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ACI,, and BC1,,. Indeed, both types of intervals are completely non-informative
for 1 under both contamination schemes, since the coverage is less than 0.30
under C7 and 0 under C5. On the other hand, under Cy, the intervals BCIy
achieve lower coverages than the asymptotic intervals ACT,,, for components [
and (31, but they are also shorter than the former. Besides, the intervals BC Iy
obtained for B have higher coverage with a similar length to that of ACI,,
and the standard deviation of their length is smaller than that of the asymptotic
robust intervals based on BWBy. Under Cs, the comparison of the BCIy;; intervals
and the asymptotic robust ones, ACI,,,, is similar to that described for Cy, but
in this case the coverage values of the intervals obtained for Gy and (1 are closer.
Unlike the previous case, for Bo the BCI; intervals achieve a lower coverage than
ACI,,, and BCIy intervals for 81 and (s are larger than the robust asymptotic
ones. Moreover, the standard deviations of the length of the BC I intervals for 35
and (3 is smaller than those of the AC'I,,, ones. We conclude that BCI} intervals
are comparable to the asymptotic intervals based on the robust estimator, and
this is more evident under Cy and under the case of the more severe contamination
Cj5 for the chosen value of the parameter.

4. GENERALIZATION OF THE INFLUENCE FUNCTION BOOT-
STRAP

As shown in the simulation study, a weakness of the IFB procedure is the
choice of the tuning constant. Effectively, in order to avoid undercoverage of the
confidence intervals (or underestimation of the variance), the constant ¢ needs to
be a very high percentile of the SIF which restricts the degree of robustness of
the proposal.

In order to determine the needed correction, recall the discussion given
in Section 2 for an univariate location parameter with known scale, regarding
the M-estimator related to the bootstrap procedure. In fact, (2.3) and (2.4)
give the expressions for the asymptotic variance of the mean of the bootstrap
distribution and of an M-estimator with score function ¥y (u) = uy/w(u). Now,
assuming that u \/@(P) A py(P), which is true if P is approximately symmetric,
the bootstrap distribution of p(P,, n) can be corrected, in order to be closer
to the bootstrap distribution of p (), by sampling nye, observations from
Py, n, with

(4 ) ]

[ w(uw)dP

(4.1) Nnew = Xn,

where I/ stands for the derivative of the function i : R — R. The corrected sample



Robust Bootstrap 183

size nnew can be estimated by

v s (vaw) |
Nnew = > iy wlug) 7

where u; denotes the current standardized residuals. Another possible correction

is to sample n observations from P,, , and to multiply the centred bootstrap
distribution by \/n/fipew. Incidentally, we note that this correction is very similar
to one of the corrections needed by the robust bootstrap of Salibian—Barrera
(2000) denoted RB. The Influence Function Bootstrap with correction is denoted
by IFB*.

In order to illustrate the generalization of the IFB to another univariate
example, we deal now with the correlation coefficient. Let XT = (X7, X5) be a
random vector following a bivariate distribution P with mean g and covariance

- <011 012) 7
021 022
with o = Var(X;) and o5 = Cov(X;, Xj), for i # j and i,j = 1,2. The correla-
tion coefficient between X; and Xy is given by p = corr(Xy, Xo) = 012/+/0102.

matrix

Assume that we have a a random sample (x11,x12), (21, T22), -+, (T1n, T2n)
with distribution P and let p(P,) be the Pearson sample correlation coefficient.
Amado and Pires (2004) give the SIF, the robust empirical function RESIF and
the weights w; for p(P,). To apply the generalization and obtain the IFB* cor-
responding to p, we follow analogous calculus to those derived for the univariate
location parameter. In order to get IFB*, we resample in each bootstrap step
Nnew Observations, where nye, is given in (4.1). Note that we are dealing with
the distribution of p_ () — p, 5 (P), where p_ () is the estimator that links
original and weighted models given by

o wi (@i — i) (T2 — fi2
p\/E(Pn): nz 1 ( = 21)n( ) - 2’
\/Ei:l wi (xin = )" > iy wi (Tig — fig)

with f; = (S0 wizg) (S0 w) ™) = 1,2.

This generalization of the IFB can be extended to more complex models
with multivariate parameters such as generalized linear models, but this topic
will be the subject of future work.

In the next sections, we make a comparison between the IFB* distribution
and the distribution of the W-estimator for an univariate location model. We
also evaluate the performance of bootstrap confidence intervals for the univariate
location parameter and for the correlation coefficient.
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4.1. The IFB* distribution for the univariate location case

To study the performance of the IFB* distribution, we generate 500 random
samples X7, ..., X, of size n =20 and 50. In the non-contaminated situation,
labelled Cy in the Tables, the observations have a N(0,1) distribution. The
contaminated model, denoted C, is such that X; ~ 0.9N(0,1) 4+ 0.1N(10,0.1)
which corresponds to a contaminated pattern where 10% of the observations
have a large mean with a small variance. The compared methods are IFB and
IFB* with RESIF(x) = |« — median(X;)|/MAD(X;) and n(c,-) = n4~(c,-) with
d=c=1.5 and v = co. The number of bootstrap samples is B = 5000.

To compare the IFB* distribution with the distribution of the WW-estimator
we need a reliable estimate of the “true” distribution. For that purpose, an
independent prior simulation was run as follows: 5000 samples were generated
from the considered distributions and the empirical percentiles (2.5, 5, 10, 25, 50,
75, 90, 95, 97.5) were determined. The selected percentiles were used in a study
to evaluate bootstrap distributions by Srivastava and Chan (1989). The previous
step was repeated 100 times. The final estimate of each percentile is the median
of the corresponding 100 observations.

Let P* stand for the bootstrap distribution. Four bootstrap distributions
were actually considered

e The IFB distribution (without correction), centered at ji,,(P,),
| B
Régi)[(a:) = E ZI {/UJ(P:}n,n) - Mw(Pn) < 33'} )
b=1

e The IFB* distribution (with correction), centered at ., (F),

B

R, (@) = 5 ST { Py ) — (P < o)
b=1

e The IFB* distribution (with correction), centered at pi,(Fy),
1B

ngz())'r(x) = E ZI {/’L(P’Lfln,ﬁnew) - Mw(Pn) < LIT} )
b=1

e The IFB* distribution with two corrections, the previous one and an
empirical correction for asymmetry, centered at pu,(P,),

B
]. * * *
RL(SLZ)())T(x) = E Z I { (N(Pwn,ﬁmw) - Nﬁmw) X fe+ [ Mw(Pn) < x} )
b=1

with fo=Vioor + 25 D¥n) [ Vioor, D= pi(Pp) — thw(Pn) and Voo, equals
the bootstrap estimator of mean variance from the weighted sample.
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—

For a given percentile, p, let PJ}E(])) be the estimated percentile of the
distribution of y /;(F,) in the previous simulation study. For each of the 500

replications and for each p, we computed Réﬁl (Pu\}a (p)), with m =1F, 1,2, 3.

Note that if the bootstrap distribution is close to the distribution of p. s, then

EEQ?,)T (P%(p)) must be close to p. Table 5 reports the mean (M E,) over the

500 replications, for each p. To assess a the global performance a Kolmogorov—
Smirnov type statistic is also given in the last column of Table 5 and denoted
K S = max, |[ME, — p|. The results for other distributions, including the Cauchy
and the log-normal distribution are available in Amado (2003).

Table 5: Comparison of different bootstrap distributions
with the “true” distribution of the weighted estimator
for the univariate location model when n =20 and 50.

p |25 |5 [0 |25 \057071_\75 (90 o5 |or5 | KS

R 1 1.97  3.96 8.23 2263 49.80 7r.09 91.71 96.06 98.04 2.37
R, | 250 475 9.34 2390 49.98 76.07 90.76 95.39 97.60 1.10
RZ). | 246  4.68 9.26 2377 4993 76.15 90.80 95.41 97.60 1.23
RY), | 249 473 9.32 2384 49.93 76.08 90.73 95.37 97.57 1.16

p |25 [5 |10 |2 ‘157071:‘75 90 o5 |or5 | KS

R 1329 517 897 2226 49.33 78.92 94.63 98.56 99.80  4.63
R, | 423 642 1062 2383 4883 7651 92.68 97.46 99.36  2.68
RZ. | 253 431 795 2038 4526 73.86 91.16 96.58 98.93 4.74
RP .| 327 516 888 2127 4579 7391 91.00 96.40 98.79 4.21

p |25 |5 [0 |25 ‘0570”—‘75 o0 [o5 |or5 | KS

R 1 221 444 910 2388 49.95 76.01 90.89 9558 97.83 1.12
R | 244 483 966 2448 50.03 7545 90.33 9516 97.57  0.52
RZ . | 244 482 964 2446 50.05 7552 90.38 9521 97.60 0.54
R¥. | 245 483 965 2448 50.05 7550 90.37 95.19 97.59  0.52

p |25 [5 |10 |2 \157()”:\75 90 o5 |or5 | KS

R 1290 514 974 2498 5244 79.63 93.76 9758 99.12  4.63
R 1337 607 1120 2652 5218 77.65 92.03 96.48 9854 2.65
RZ.. | 235 463 918 23.58 4898 7531 90.78 9576 98.13  1.42
R | 255 488 947 23.87 49.14 7530 90.70 95.68 98.07 1.13
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The main conclusions from the overall experiment are: (1) the accuracy
of the bootstrap approximation increases with n, but it can be quite good even
for n = 20; (2) the results are better for symmetric distributions; (3) R%), is
usually the best approximation, especially for asymmetric distributions. This
study was also performed for another contamination patterns and larger sample

sizes (n = 100) leading to analogous conclusions.

4.1.1. Confidence intervals for univariate location based on IFB*

For this study, we consider the simulation design of Salibian-Barrera (2000,
Section 3.6.2). We generate i.i.d. observations Xy, ..., X,, with n = 20, 30, 50 such
that X; ~ (1—¢)N(0,1)+eN(-7,0.1), with e = 0,0.1,0.2,0.3. The method cho-
sen is the basic percentile method with IFB*, where RESIF(x) = |x — firrs|/drrs
with firrg and 6%TS the least trimmed mean and variance estimators. We also
choose ¢ = 1.5 and 2 and denote the procedure IFB*(1.5) and IFB*(2), respec-
tively. The number of bootstrap samples is B = 5000 and the number of simula-
tion runs is 1000.

Table 6 reports the estimated coverage and the length of 95% confidence
intervals. The results under the heading “Censored simulation” are obtained after
excluding from the simulation (not from the bootstrap) samples with more than
50% contamination, since there is no equivariant method able to deal with this
situation.

Table 6: Estimated coverage and length, between brackets, of nomi-
nal 95% confidence intervals for a univariate location model
from contaminated distribution (1—¢)N(0,1) +eN(=7,0.1).
Results in boldface indicate significant difference to target.

’ n ‘ € | IFB*(2) IFB*(1.5) ‘ Censored simulation ‘

0.0 | 0922 (0.83) 0.915 (0.85) — —
0.1 | 0.944 (1.14)  0.923 (0.95) — —

20 02 | 0955 (1.54) 0927 (1.13) 0958 (1.58)  0.935 (1.12)
0.3 | 0920 (2.08) 0.890 (1.36)  0.954 (2.08)  0.938 (1.33)
0.0 | 0.939 (0.70)  0.930 (0.70) — —
0.1 | 0.964 (0.93) 0.942 (0.79) — —

301 02 | 0959 (1.29)  0.934 (0.90) — —
0.3 | 0.961 (1.78) 0933 (1.08) 0975 (1.78)  0.951 (1.06)
0.0 | 0.941 (0.55)  0.943 (0.55) - —
0.1 | 0.956 (0.70)  0.954 (0.60) — —

0 | 02 | 0974 (0.98) 0952 (0.71) — —
0.3 | 0978 (1.41)  0.961 (0.83) — —
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Comparing the obtained results with those reported in Salibian—Barrera
(2000, page 129) for the studentized robust (SRB) and weighted (WB) Bootstrap
(with the same simulation conditions, but 3000 runs) we conclude that: (1) the
coverage of IFB* intervals is similar to the coverage of WB intervals in all cases,
and worse than that of SRB intervals only when n = 20; (2) under contamination,
the length of the intervals follows the following order, IFB*(1.5) < WB < IFB*(2)
< SRB.

4.2. The correlation coefficient

As in Section 4.1, we now consider the distribution of IFB* for the case of
the correlation coefficient. Samples with n = 20 observations were generated from
a non-contaminated and a contaminated model, labelled Cy and C7, respectively.
Under Cp, X; are i.i.d. X; ~ N(0,X), where

1 0.5
¥ = (0.5 1 > '
Under (4, the observations are still independent and such that X; ~ Ny (0,3)

for 1 <i <n — [en] while X; ~ dx when n — [en] + 1 < i <n. We choose ¢ = 0.1
and x = (—5,5)T.

As in Section 4.1, we consider four bootstrap distributions IFB (taking
¢ =5) defined as

o RE(z)=(1/BYSE 1{(p(P}, 1) — pu(Pp)) <z},
. RE(QT(%) =(1/B) S, I{(p(P:Jnaﬁnew) - p\/a(P”)) = x},

o Bi(e)= (/B I{ (p(Ph ) — PulP) S}

[ ]
B

R, (@) =(1/B) Y 1 (0P, 1) = 7) X v/ e
b=1
X\/fc"i'P* _pw(Pn) §$}7
where p* is the Monte Carlo approximation of the bootstrap estimator
and the correction factor, f., is given by
fc = {‘/ROO’I' + nilafﬂDzst} /‘/I;OO’I'

with Vioer = [Var(p(Pwmn))]f) ., the bootstrap estimator of the variance
of the usual estimator of the correlation coefficient in the weighted sam-
ple and Dest = p /55(FPn) — p i (P).

As above, the “true” distribution of p 5 (FPn) — p 5 (P) was estimated thr-
ough an independent simulation study based on 5000 samples. This sample of
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5000 observations was centered using its mean. Then, the empirical percentiles
were computed. The previous step, was repeated 20 times and the final estimate
of each percentile is the median of the obtained values over the 20 replications.

Table 7: Comparison of different bootstrap distributions
with the “true” distribution of the weighted estimator
for the correlation coefficient when n = 20.

p |25 |5 J1wo J25 |50 |75 |9 |95 |975 | KS

RM | 258 498 972 2491 5398 80.39 91.93 9517 96.82 5.39
RO 1264 514 983 2488 54.09 80.46 91.87 9514 96.84  5.46
RZ .| 249 496 961 2463 53.92 80.43 91.88 9513 96.82 5.43
RE. | 255 503 968 2469 53.89 80.31 91.77 95.04 96.74 5.31

p |25 |5 J1w [25 |50 |75 |90 |95 |975 | KS

A0 | 972 526  10.02 2532 5499 80.98 92.08 9518 96.77 5.98

RY. | 263 517 988 2510 5425 80.47 91.74 9481 96.41 5.47
RZ. | 253 508 982 2515 5450 80.85 92.06 95.03 96.55 5.85
R .| 260 517 991 2519 5442 80.66 91.86 94.87 96.42 5.66

Table 7 summarizes the results obtained. We observe that the approxima-
tions are better for the extreme quantiles than for the central ones, in all cases.
It is worth noting that, for inference purposes, the extreme quantiles are the
relevant ones.

5. CONCLUSIONS

The IFB procedure discussed in this paper allows to use resampling methods
for robust inference, computing a robust estimator only for the original sample
and avoiding the problems related with bootstrapping a robust estimator. It
has shown to be effective for the location model. On the other hand, for the
logistic regression model it shows a performance similar to that of the asymptotic
confidence intervals.

To solve some problems of the procedure including the choice of the tuning
constant and the identification of the functional being bootstrapped, a generalized
influence function bootstrap is introduced. The empirical studies suggest that the
generalized procedure IFB* has good properties, fixing some of the drawbacks of
the original IFB procedure.
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6. APPENDIX: SOME ASYMPTOTIC RESULTS

6.1. Convergence of the weighted empirical distribution to the weighted
distribution

In this section, we will derive asymptotic results related to the consistency
properties of the proposal. Let us first introduce some notation.

Let X1,...,X,, be i.i.d. observations such that X; € RP with the same dis-
tribution as X, where X ~ P and 0y € © C R?. Usually, 0 is the parameter
allowing to parametrize the distribution of X. Now, assume that 0 is a consis-
tent estimator of 6y and denote by P,, the empirical distribution.

Given a weight function wp : RP x R? — R such that w; > 0, define the
following functions

1 n
(6.1) H,(t,8) = szl(xi,e)z(,m,t](xi)
=1
(6.2) H(t,0) = ]Epwl(X, 9)[(,007,5] (X) = Pw1(~,9)I(,Oo7ﬂ

and note that H(t,0) = EpH,(t,0).

It is worth noticing that, in Section 2 as in Amado and Pires (2004),
the weighted empirical distribution involves a weight function w; that equals
w1 (x,0) = w(x, 0){ [ w(u,8)dP(u)}~! and thus, the distribution function used
therein is of the form given in (6.2).

Let us assume that Pwi=Epw;(X,0)=1 and that W1 (r) = supg_o w1(x, 0)
is such that PW2 < oco.

We consider the following family of functions

F = {fot : R” — R such that fy(x) = w1(x,0)[(_4)(x),0 € O and t € RV}
Fo = {ft : R? — R such that fi(x) = wi(x,00)](—(X) ,t € R}

W = {fs : R” — R such that f,(x) =w1(x,0),0 € O}

G = {9t : R” — R such that g¢(x) = [(_c¢)(x) ,t € RF} .

We have that F =W -G and H,(t,0) — H(t,0) = (P,, — P) fo+. Denote by G,, =
\/ﬁ(]P)n - P)

It is worth noticing that, when w; is bounded, G and Fy are both P-
Glivenko—Cantelli and Donsker with envelope G(x) = 1 and Fp(x) = wi(x, 0p).
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Proposition 6.1 states that H,(t, ) is a uniformly strongly consistent esti-
mator of H(t,0) giving also the rate of this convergence.

We will need the following assumptions

Al |wi(x,01) —wi(x,09)| < 01 — 02| F(x), with PF? < 0o and © com-
pact

A2. W =1(L) with £ a finite-dimensional family of functions and 1) :
R — R a bounded function with bounded variation.

A3. Wj is bounded.
A4. w(+,0) is continuous in 6.

A5. H is continuously differentiable in @ such that H'(t,0) = 0H (t,0)/060
is bounded in RP x V with V a neighbourhood of 8.

Remark 6.1. W provides an envelope for WW. Moreover, under mild
conditions on the functions wy, W is P-Glivenko—Cantelli and Donsker family.
For instance, W is both P-Glivenko—Cantelli and Donsker if either A1 or A2
holds.

Proposition 6.1. Assume 0 is a consistent estimator and that either A1
or A2 holds. Then,

a) SupPgcpe \Hn(t,/O\) — H(t,0)| 2500 .

b) If, in addition, 0 has a root-n order of convergence and A3 to A5 hold,
we have that

(6.3) Vi sup |H,(t,8) — H(t,80)| = Op(1) .

Proof of Proposition 6.1: a) Under either A1 or A2, we will have that
F is P-Glivenko—Cantelli and so,

sup |(P, — P)f| = sup |Hn(t,6) — H(t,0)] == 0.

feF 6co
teRP

In particular, we have that

sup |Hn(t,§) - H(t,§)| 2%0.
teRp
Moreover, since either A1 or A2 holds, we have that M;(0) = Pw;(-,0) is a

continuous function. Hence, we have that the consistency of € implies that
SUpgere |H (t,0) — H(t,00)] > 0 and thus, we obtain that

(6.4) sup |Hy(t,0) — H(t,80)] =5 0.
teRP
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b) Using A3, we get that F is Donsker, so G,, = /n(P, — P) converges
weakly to a zero mean Gaussian process G in ¢*°(F). Therefore, the following
equicontinuity condition holds

(6.5) lim lim sup P ( ( sup |G (for 6, — foorta)| > e) =0
PP

=0 n—oo fel,tl 7f92,t2)<77

with pj(f) = P(f—Pf)?. Note that, pp(fo, 6 foo,t) SEp(w1(X,01) —w1(X,02))
= B(604,603) where the function B(01,02) satisfies that limQHOO B(6,6y) =0,
since wy (-, @) is continuous in @ and W is bounded. Then, using that 6 is con-
sistent, we obtain that supgers pH(f51 — foo,t) 2, 0 which implies that

sup |G (fz4 — foot)| = 0.
teRP

Therefore, Gy, fz¢ has the same asymptotic distribution as Gy, fa,,¢ in £°°(Fp).
Using that Fq is Donsker, we get that G, f, + converges to a zero mean Gaussian
process Gg in £*°(Fp) with covariances given by

EGOfeO:thOf907t1 = Epw%(X, OO)I(—OO,tﬂ(X)I(—OO,tQ](X) -
- ]EP’U)l (X7 00)‘[(*00,1:1} (X) ]Epwl(Xa 00)1(70071:2] (X) .

In particular, v/nsupgcps |H,(t,6) — H(t,0)]| is tight and has the same asymp-
totic distribution as \/nsupsers |[Hn(t, 00) — H(t, 09)|.

Using that 0 has a root-n order of convergence and the fact that A5 implies
that H is continuously differentiable with bounded first derivative in a neighbour-
hood of 8y, we have that (6.3) holds concluding the proof of b). O

Remark 6.2. The asymptotic distribution of /nsupicpe \Hn(t,a) -
H(t,0p)| may depend on that of \/n(6 — 6y). Using analogous arguments, it
is possible to show that

i) If EpWi(X)|IX]| < 0o, then

a.s.
sup —

0cO || T =

1 n
=3 w1 (X;,0)X; — Epwy (X, 0)X
=1

and so, if A(0) = Epw;(X,0)X is a continuous function of 6, we have
that

a.s.
—0,

1< _
; Z w1 (Xi, 9))(Z — Epwl(X, 90)X
=1

i) If EpW2(X)||X|2 < oo, then Z, = v/n (l S wy (X, 0)X; — A(é))

n
is tight and has the same asymptotic distribution as Z,o =
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NZD (% S wi (X, 000X, — A(BO)) since Z, — Zy0 -2, 0. Moreover,

n
~

vn <:L Zwl(xiaa)xi_A(00)> = Zn+Vn (A(Oo)—A(H))

=1

= Zno+ /i (A(B0)~ AD)) + op(1)

Assume that 8 has a root-n order of convergence and that A(0) is
continuously differentiable in 6. Denote Aj = 0A(0)/06]g_g Where

9A1(0)  94,(0)
001 891

A(0)/00 = :
9A1(0) 04, 0)
90, 0 .

Then, we have that
1 & ~ ~
\/’ﬁ (n Z w1 (Xz,G)Xl — A(00)> = Zn,O — (A6)T\/ﬁ (9 — 00) + 0]}»(1)
i=1

and so, again depending on Aj, the asymptotic distribution of
vn (Z?:l w1 (X;,0)X; /n— A(Ho)) may depend on that of \/ﬁ(é—ao).

Remark 6.3. As pointed out above, for the weighted empirical distribu-
tion considered in this paper, w; equals wq(x,0) = w(x,0){ [ w(u,B)dP(u)} .
Thus, the function used in practice is not H, but H,, defined as

H,(t,0) = {;Zw(xj,a)} ! Zw Xiy )01 (X)
= H,(t,0)M,(0)"1M(6) .

where M(0) = Pw(-,0) = [w(u,0)dP(u) and M,(0) = %Z?:l w(X;,80). Note
that

— H(t,00) + Hy,(t,8) — Hy(t,0)
— H(t,80) + M,8)"! [ M(6) —Mn(é)]

(Hn(t, 9)— H(t, 90)) + M, (0)7! [M(@) _ Mn(a)} H(t,60).

H,(t,0) — H(t,00) = Hylt,

Hence, if we denote by ﬁn(t) = H,(t, 5) — H(t,0), we have that

Ho(t,8) — H(t,0) = An(t ){1+Mn(5)_1 [M(é) _Mn(é)}}+
+ M, (6)" [ M(0) —Mn(é)] H(t,8,) .
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Using that W is Glivenko—Cantelli, we get

My (6) ~ M(6) = %Zw(Xjﬁ) - /w(u,é)dp(u) a5
j=1

which together with (6.4) and the facts that [w(u,8¢)dP(u) >0 and M (0) =

Pw(-,0) is a continuous function entails that

sup |Hy(t,0) — H(t,00) £ 0.
tecRP

On the other hand, (6.3) entails that \/n supcps |£n(t)] = Op(1), hence

Vi sup |H,(t,0) — H(t,80)] < Op(1) ‘1 + M, ()" [M(E) - Mn(é)} ‘

[0, (8)! v/ | M(8) — M, (8)| M(6)

Using that W is Donsker, we obtain that \/H‘M(b\) — Mn(b\)‘ = Op(1), which
implies that

\/ﬁ sup |ﬁn(taa) - H(ta 00)| = OP(l) >
teRP

as desired.

Moreover, as above, we have that v/n [M (5) - Mn(a)} has the same asymp-
totic distribution as \/n [M(60¢) — M, (0o)], so, using that M (6y) # 0, we have

NG (ﬁn(t,é) ~Hit, 90)) — /A () — M(8g) " x
% /1 [My(680) — M(80)] H(t,80) + op(1) .

An analogous expression can be derived for the mean computed with ﬁn(t, 5)

6.2. Some results related with the bootstrap

In this section, we will derive some results concerning the bootstrap pro-

cedures. We will fix some notation. For the sake of simplicity denote by p; ¢ =
pi(Xi, 0) = wi(X;,0)/n. Then, Hy,(t,0) =" piol(—oot)(Xi) and the boot-
strap distribution of H,, is

H:(t,0) = ZngI o] (X5)

where (Wi1.6, s Whne)|X ~ M(n, (D16, ..., Png) with X = (X1, -+, X,,).

It is worth noticing that EPWTL77;79|X_ = np; o entails that Ep(H}(t,0) —
H,(t,0)) =0. Define i, =Y ;" | pioX; and fy = %Z?:l Wh.ieXi. The next
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proposition states that, conditionally on the sample, the difference between p,
and p, converges to 0 in probability.

Proposition 6.2. Assume that A3 holds. Then,
If, in addition sup,ce supy |w1(x, 0)x|| < co, we have that pj — s X - 0.

Proof of Proposition 6.2: Let us compute Var (H}(t,0) — H,(t,0)).
Let fo(x) = I(—oo)(X), then

Var (H(t,0) — Hy(t,0)) = Zn:\/ar (CLWM _ p@g) ft(Xi)>
i=1
+ 22 Cov <<71LWn,i,e - pz',o) ft(Xz')7 (;Wn,j,o - pj,g) ft(X])> .

1<j

Denote Z; = ((1/n)Whi.e — pie) ft(X;). Then, using that EpZ; = 0, we have that

1 2
ftQ(Xl)EP <<an,i,e —p@o) |X>]

1
= “Epfi(X1)pro(l = pro) -

Var(Z;) =EpZ? = Ep

Similarly, we get that
COV(ZZ‘,ZJ') = EPZZ'Z]'

1 1 =
o | A0 (£ W0 = pia) (Wi~ i) K |

1
= — gEPft (Xl)ft (X2)p1,0p2,o .

Thus,
Var (H:;(t,O) — Hn(t,e)) = EPftQ(Xl)pl,e(l_pLg) — 2% <T2L> ]EPft (Xl)ft (XZ)p1,9p2,0
= %EPftQ(Xl)wl(Xluo) <1 - iw1(X179)>
_% <Z> %Epft(xl)ft (XQ)U)l (X17 0)7111 (X27 0) )

which entails that H*(t,8) — H,(t,0) -~ 0 for each fixed 6, t.

Moreover, we have the bounds

B 20X )01 (X0,0) (1= 1ur(X0,0))| < Enf2X0) W3 (X)) = 4

IEp fe(X1) fe(Xo)wi (X1, 0)wi (X2, 0)| < Epfe(X1)WP(Xy) = Ay
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which imply that

sup Var (H;(t,0) — H,(t,0)) < % (A1 + Ag) ,

0€0O
so,
11
sup P (| Hy (t,0) — Hi(t,0)] > ) < 55— (A1 + Ay) .
IS(C] €e“n

The fact that EpZ;|X =0, COV(Zi,Zj\X) —(1/n) fe(Xs) fe(X)piepje and
Var(Z|X) = (1/n) fE(X)p7 o, imply

Var (H;(t, 0) — H,(t, 9)\}2) - % A Z fo(X )PioDje -
=1

7,<j

Hence, using that WW; is a bounded function and that p; o = wi(X;, )/n, we get
the following bound

Var (H*(t 9) — Hy(t, 9)\x> <
n 2
1 1 1 1
IR ST 20K + Wl (Z )
=1 1
Lzt e + Lmgz (23 ax) 2
TL2 1 oon P t 1 n 1lloco n gt t 1 .

The fact that |f2(X;)| < 1 entails that

(6.7)

IN

IN

) > 12
sup P (|H;(t,0) — Ha(t. 0)] > dX) < 5~ [ Wi
0€0 n

Hence,
P (‘H;(t,@) - Hn(tﬁ)‘ > df{) <

implying (6.6).

Let us denote 1, = > = | pi o X; and fi; = % S WhieX;. Taking f(X;) =
X in (6.7), we obtain

n 2
DML

1

v~ 11
Var (M;—Ne’X) < ﬁﬁz wi (X, 0) + -

Hence, since B = sup,cg supy || f(Xi)wi (X, 0)]| < oo, we get that

S o\ 12
P (Iu% — gl > 6|X> < 5B

€e“n

implying that i3 — fiz|X —= 0. O
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Background

Statistical Institute of Portugal (INE, I.P.), well aware of how vital a statis-
tical culture is in understanding most phenomena in the present-day world, and
of its responsibility in disseminating statistical knowledge, started the publication
of the scientific statistical journal Revista de FEstatistica, in Portuguese, publish-
ing three times a year papers containing original research results, and application
studies, namely in the economic, social and demographic fields.

In 1998 it was decided to publish papers also in English. This step has
been taken to achieve a larger diffusion, and to encourage foreign contributors to
submit their work.

At the time, the Editorial Board was mainly composed by Portuguese uni-
versity professors, being now composed by national and international university
professors, and this has been the first step aimed at changing the character of
Revista de Estatistica from a national to an international scientific journal.

In 2001, the Revista de FEstatistica published three volumes special issue
containing extended abstracts of the invited contributed papers presented at the
23'1 European Meeting of Statisticians.

The name of the Journal has been changed to REVSTAT — STATISTICAL
JOURNAL, published in English, with a prestigious international editorial board,
hoping to become one more place where scientists may feel proud of publishing
their research results.

— The editorial policy will focus on publishing research articles at the highest
level in the domains of Probability and Statistics with emphasis on the
originality and importance of the research.

—  All research articles will be refereed by at least two persons, one from the
Editorial Board and another, external.

— The only working language allowed will be English.

—  Three volumes are scheduled for publication, one in April, one in June and
the other in November.

— On average, four articles will be published per issue.



Aims and Scope

The aim of REVSTAT is to publish articles of high scientific content,
in English, developing innovative statistical scientific methods and introducing
original research, grounded in substantive problems.

REVSTAT covers all branches of Probability and Statistics. Surveys of
important areas of research in the field are also welcome.

Abstract /indexed in

REVSTAT is expected to be abstracted /indexed at least in Current
Indez to Statistics, Statistical Theory and Method Abstracts and Zentralblatt fiir
Mathematik.

Instructions to Authors, special-issue editors and publishers

Papers may be submitted in two different ways:

— By sending a paper copy to the Executive Editor and one copy to one of
the two Editors or Associate Editors whose opinion the author(s) would
like to be taken into account, together with a postscript or a PDF file of
the paper to the e-mail: revstat@fc.ul.pt.

— By sending a paper copy to the Executive Editor, together with a postscript
or a PDF file of the paper to the e-mail: revstat@fc.ul.pt.

Submission of a paper means that it contains original work that has not
been nor is about to be published elsewhere in any form.

Submitted manuscripts (text, tables and figures) should be typed only
in black, on one side, in double spacing, with a left margin of at least 3 cm and
not have more than 30 pages.

The first page should include the name, affiliation and address of the au-
thor(s) and a short abstract with the maximum of 100 words, followed by the key
words up to the limit of 6, and the AMS 2000 subject classification.

Authors are obliged to write the final version of accepted papers using
LaTeX, in the REVSTAT style.

This style (REVSTAT sty), and examples file (REVSTAT .tex), which may
be download to PC Windows System (Zip format), Mackintosh, Linux and So-
laris Systems (Stufflt format), and Mackintosh System (BinHex Format), are
available in the REVSTAT link of the National Statistical Institute’s Website:
http://www.ine.pt/revstat/inicio.html

Additional information for the authors may be obtained in the above link.



Accepted papers

Authors of accepted papers are requested to provide the LaTeX files and
also a postscript (PS) or an acrobat (PDF) file of the paper to the Secretary of
REVSTAT: liliana.martins@ine.pt.

Such e-mail message should include the author(s)’s name, mentioning that
it has been accepted by REVSTAT.

The authors should also mention if encapsulated postscript figure files were
included, and submit electronics figures separately in .tiff, .gif, .eps or .ps format.
Figures must be a minimum of 300 dpi.

Also send always the final paper version to:

Maria José Carrilho

Executive Editor, REVSTAT — STATISTICAL JOURNAL
Instituto Nacional de Estatistica, I.P.

Av. Anténio José de Almeida

1000-043 LISBOA

PORTUGAL

Copyright

Upon acceptance of an article, the author(s) will be asked to transfer copy-
right of the article to the publisher, the INE, I.P., in order to ensure the widest
possible dissemination of information, namely through the Statistics Portugal’s
website (http://www.ine.pt).

After assigning the transfer copyright form, authors may use their own
material in other publications provided that the REVSTAT is acknowledged as
the original place of publication. The Executive Editor of the Journal must be
notified in writing in advance.
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