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Abstract:

e In this paper, we review the score test procedure used for testing polynomial covariate
effects in a semi parametric additive mixed model. This test is based on the mixed
model representation of the smoothing spline estimator of the nonparametric function
and treating the inverse of the smoothing parameter as an extra variance component.
Zhang and Lin (2003) found that the score test of polynomial test for non Gaussian
responses follows a scaled chi-squared distribution. Simulation studies showed that
their approximation is less satisfactory for binary data. To overcome this deficiency,
we apply the technique of Monte Carlo in order to obtain provably exact procedures.
Derivation and performance of each testing procedure are discussed throughout the
simulations that we conducted.
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1. INTRODUCTION

Linear mixed models [Laird and Ware (1982)] and their extension, gener-
alized linear mixed models (GLMMs) [Breslow and Clayton (1993); Zeger and
Karim (1991)] are popular statistical models for analyzing correlated data. An
important feature of these models is that the conditional mean of the response
given covariates and random effects, after transformed by a link function, is lin-
early related to the fixed covariate effects and random effects. Since this para-
metric assumption in GLMMs is strong and may not be appropriate for data
with complex covariate effects, Lin and Zhang (1999) proposed generalized ad-
ditive mixed models (GAMMs) that allow for flexible modeling of the covariate
effects by replacing the linear predictor in GLMMs with an additive combination
of nonparametric functions of covariates and random effects. Therefore, it is of
practical importance to check the adequacy of the assumption for the parametric
linear covariate effects.

In order to evaluate the adequacy of a parametric covariate effect in a re-
gression model, one common approach is to cast the problem in the hypothesis
testing framework. In practice, the resulting estimates of a nonparametric func-
tion is used as the alternatives for testing the adequacy of the parametric covariate
effects. Brumback et al. (1999) showed that a nonparametric function estimated
via penalized splines or smoothing splines has a mixed effects representation. An
appealing feature of using the mixed effects representation is that one can cast
the hypothesis test of parametric against nonparametric covariate effects as a
variance component test. Zhang and Lin (2003) developed the variance compo-
nent score test to construct a goodness-of-fit test of polynomial regression in semi
parametric additive mixed models (SAMMs), a special case of GAMMs. Due to
the special structure of the smoothing matrix, the distribution of statistic score
is approximated by a scaled chi-squared distribution. Simulation studies showed
that the score test is conservative and not very powerful for binary response.

For checking the adequacy of parametric covariate effects, Huang and Zhang
(2008) have presented an overview on score test applied in the context of SAMMs.
Their simulations indicate that the score test shows less performance for binary
data. In this paper, we propose to use the technique of Monte Carlo (MC) tests in
order to improve the test score, for small size sample. Indeed, we adapte MC test
to solve the problem of control the power of score test. The MC approach allows
us to introduce a new test that differs in two respects from the tests existing in
the literature. First, the test is exact in the sense that the probability of rejecting
the null hypothesis when it is true is always less than or equal to the nominal
level of the test. Secondly, this approach allows to obtain exact randomized test
using very small numbers of MC replications of the original test statistic under
the null hypothesis. Finally, MC test is a reliable and easy instrument for testing
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polynomial degree of non parametric function. So, the aim of this paper is to
solve the problem of distortion of power of score test. By conducting simulations
studies, we show that the MC technique can improve the power of test.

The paper is organized as follows. Section 1 introduces the SAMMSs model.
In Section 2, we describe the polynomial tests in SAMMs and we describe how
exact MC tests can be implemented. In Section 3, we present the results from a
small simulation study to compare the performance of the asymptotic score test
and the MC test. The paper is concluded in Section 4 with some discussion.

2. THE MODEL SPECIFICATION

In this section, we briefly present SAMMSs for clustered data, and this es-
timation procedure. These models are special cases of GAMMSs considered by
Lin and Zhang (1999). Let the data consist of a response variable y;; for the j
observation (j = 1,..,n) of the i*! cluster (i = 1,.., N), a scalar covariate z;;, and
a scalar covariate s;; associated with fixed effects, and a scalar covariate z;; as-
sociated with random effects. Conditional on a (g, 1) vector of random effects b;,
the y;; are assumed to be independent with conditional means E(y;;|b;) = ij
and conditional variances var(y;;|b;) = ¢wi_j1v(ui?j), where ¢ is a dispersion pa-
rameter, w;; is a known prior weight, and v is a variance function. The SAMM
assumes that the conditional mean u?j takes this form:

(2.1) g(ul;) = sijy + faig) + 2i5bi |

where 7 is a fixed effect, f(x) is an arbitrary smooth function and g is a known
link function. b; is a random effect associated with covariates z;;. It is further as-

sumed that the random effects b; are independent and have a normal distribution
N(0,0%).

We propose to transforme the model (2.1) to fully parametric model where
the unknown smoothing function f(x;;) may be expressed as a linear combination
of proper basis functions. We consider the truncated power basis usually used in
this context, as by Ruppert et al. (2003) or Ngo and Wand (2004). A penalized
linear spline model for (2.1) is

H K

(2.2) g(,ui-’j) = 87+ Z op, x?] + Zak(:vij — KE)+ + 2ijbi
h=1 k=1

where k1, ...,kx is a set of distinct knots in the range of x;; and = = max(0;z).
The number of knots K is fixed and large enough (in this case K = 40) to ensure
the exibility of the curve. The knots are chosen as quantiles of  with probabilities
1/(K+1),...,K/(K+1). We use truncated lines as the basis for regression since
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their simple mathematical form is very useful in formulating complicated models.
More complex basis such as B-splines and radial basis functions (with better
numerical properties) could also be used.

Let Y, X, B and b denote the matrix obtained from stacking up the N
subject-specific vectors of the same symbol. Also, let Z = diag(Z1, ..., Zy) and
a = (ai,...,ax)’. Zhang and Lin (2003) suggested that a can be treated as random
effects following N (0, 71), so the model (2.2) is considered as a linear combination
of the fixed effects # and the random effects @ and b. Under this mixed-model
representation of the smoothing spline estimator of f, the SAMM (2.1) can be
written as the following GLMM:

(2.3) g(1’) = XB+Ba+Zb,

where 3 is the fixed effect associated with covariates matrix X. The vector a is
Normal (0,77), the independent random effect b is Normal (0,07). This GLMM
representation takes the same form as that Lin and Zhang (1999) used for natural
cubic spline estimators. For detailed justification of the estimation procedure, see
Lin and Zhang (1999).

3. THE POLYNOMIAL TEST

3.1. Asymptotic score test

Zhang and Lin (2003) considered the problem of testing the nonparametric
function f(x) in model (2.1) being a h-order polynomial. They first estimated
f(z) by a h-order smoothing spline and expressed f with a mixed effects repre-
sentation. Then, they tested if f(z) is h order. Testing f(z) in SAMM (2.1) being
a h-order polynomial is equivalent to testing Hyp: 7 = 0 in the induced GLMM in
(2.3). Under the induced GLMM in (2.3), Zhang and Lin (2003) showed that the
score U, for testing Hy: 7 = 0 takes the following form:

8lM (T) 1/]7 y)

U-(§) = =5~

=0

(3.1)
- % {(y —XB)YVIBBV l(y - Xf) - tr(PBB’)} ' o
B=pb

where ¢ = (02, ¢) is the nuisance parameter vector, and Iy (7,) is the marginal
log likelihood function of 7 and ¢ (by integrating out random effects b and fixed ef-
fects 3). (3 is the maximum likelihood estimator (MLE) of # and 1) is the restricted
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maximum likelihood estimator (REML) of 1, and Y= X3+ Zb+ A(y — uP) is
the working vector from the following null GLMM

(3.2) g(ub) = XB+Zb ,

where A = diag{g’ ,u?] } W = diag{wij} is the working weight and w;; =
{gbww v(pij) 9" ()] }_ N(0,02), P=V - VIX(X'V71X)"1X" and
V=Ww-l4+7 DZ’ . Wis workmg weight matrix evaluated at the conditional ex-
pectation u? and taken under the null hypothesis 7 = 0. One can use the existing
software such as the R packages (glmmPQL) to obtain the estimates 3 and z@
by fitting the model (3.2).

Zhang and Lin (2003) showed that the null distribution of U, can be ap-
proximated by a scaled chi-squared distribution. A major problem in the score
test context comes from the fact that applicable procedure rely heavily on asymp-
totic approximations whose accuracy can be quiet poor. This is evident from the
study simulation reported in Zhang and Lin (2003). In any case, it is widely ac-
knowledged that score asymptotic test is unreliable in finite sample, in the sense
that the test was a little conservative and not very powerful. We reemphasize
this fact and propose to use the technique of Monte Carlo test [Dwass (1957),
Barnard (1963), Dufour and Khalaf (2002)] in order to obtain provably exact
procedures.

3.2. Monte Carlo test

In this paper, we describe the MC test methodology for testing the polyno-
mial degree of f(x). In effect, it is possible to apply the test of MC because the
statistic of score U, under the null distribution is a continuous pivotal function
(its distribution does not depend on unknown parameter). Let Uy denote the
observed test statistic of score calculated on the basis of data observed. Then
the critical region of a test with level a can be expressed as G(Up) < « such as
G(Uy) = P(U > Uy/Hy) is the critical function for a right tailed test. G(Up) is
unknown and it will be estimated by generating under null assumption M inde-
pendent replications or exchangeable statistics Uy, ..,Ups [see Dwass (1957) and
Dufour et al. (1998)]. For the application of the technique of the tests of MC,
we define

M .
. 1 1, if z€ A,
3.3 Gy (Ug) = — I U, —Up) , I =
(3.3) 2 (To) Mzi_1 00 ( 0) A(2) {o, if2¢ A

In other words, M GM(UO) is the number of simulated statistics which are
greater or equal to Uy, Ry (Ug) = M — MGy (Up) + 1 gives the rank of Uy among
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the variables Uy, Uy, .., Uysr. The estimated critical function is then given by this
formula:

M GM (Up) + 1
3.4 v (Uy) = ——————
(3.4) () =
Thus the critical region of level « associated with a test MC is expressed by
pm(Up) < a such as pyr(Up) represents the empirical probability that the value
more superior than Uy is realized if the null hypothesis is true. Hence py;(Up) may

be viewed as a MC-value. Note that the MC decision rule may also be expressed
in terms of Ryr(Up). Indeed the critical region %ﬁ@ﬂ

Ry (Up) > (M +1)(1 — ) + 1.

< « is equivalent to

In other words, the MC test is significant at a 5% level if the rank of Uy
in the series Uy, Uy, .., Uy is at least equal to 96. If the null distribution of Uy
is nuisance-parameter-free and a(M +1) is an integer, then the critical region is
probably exact, in the sense

(3.5) P[ﬁM(UO) < a] -«
or alternatively

(3.6) P@Mw@zuw+nu—aymlza.

The proof of the equation (3.5) and (3.6) is based on the theorem concern-
ing the distribution of the ranks associated with a finite dimensional array of
exchangeable statistics; see Dufour (2006) for more informations.

The determination of the Monte Carlo p-Value for the polynomial degree
test to the model (2.1), is described as follows:

e Fit the model on original data set Y9 and calculate the ML estimates
G, = (62,62) and 7.
e Obtain the score statistic based on 1/} and denote it UT(O).

e Treat 1) as fixed and fitted from the null model g(u) = X8 + Zb (under
the null hypothesis Hy: 7 =0 and ¢ = @@), repeat the following steps for
m=1,.., M.
~ Draw the vector b™ as iid. N(0,67) and the vector &™) as i.i.d.
N(0,62)

—  Obtain the simulated independent variable Y™ = X g+ Zpm) 4 z0m)
where Y = X3+ Ba + Zb+ A(y — u?) is working vector, such as
A = diag{g'(u};)}-

— Regress Y™ on X and B (fit the model g(u) = X + Ba + Zb on
simulated data set).
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— Derive the score statistic test Uy, ..., Ups associated with the regres-
sion of Y™ on X and B.

e Obtain the rank Ry (Up) in the series Uy, Uy, ..., Uy

e Reject the null Hy: 7 =0 if Ry (Up) > (M +1)(1 — o) + 1.

Furthermore, a MC p-value may be obtained as py;(Up) = %jg(%).
We choose M so that a(M + 1) is an integer (for example, for a = 0.05; we can
take M = 19;39;99...).

MC test can be interpreted as a parametric bootstrap method applied to
statistics whose null distribution does not depend on nuisance parameters. How-
ever the central additional observation is that the randomization allows one to
exactly control the size of the test for a given (possibly small) number of MC
simulations. For further discussion of Monte Carlo tests (including its relation
with the bootstrap), Kiviet and Duffour (1997) and Dufour et al. (1998).

4. SIMULATION EXPERIMENTS

In order to assess the performance of two test procedures discussed above,
we conduct a small simulation study. The performance of the polynomial test are
evaluated and compared for clustered data with different types of responses and
different magnitudes of correlation. For illustration purpose, we consider testing
the linearity of covariate effects under the partially linear model framework, i.e.
whether f(z) is a linear function of x in model (2.1). Following the penalized
spline, we formulate the asymptotic score test as variance component test based
on the GLMM representation (2.3) as discussed above. In addition, for testing
the same null hypothesis, we also formulate the Monte Carlo test which is exact
in the sense that the probability of rejection the null hypothesis when is true is
always less than or equal to the nominal size of the test. In our case, we are
testing whether f(x) is a 1-degree polynomial of z. Conditional on the cluster-
specific random intercept b; ~ N(0,03) with o, = 0.5 and o0, = 1, independent
Gaussian and Binary responses y;; (fori =1,..., N and j = 1, .., n) were generated
respectively under the model

(4.1) g(piz) = vo+ sy + fxig) +bi

where g(u) = p for Gaussian response, and g(u) = logit(u) for Binary responses.
The scale parameter ¢ was estimated for Gaussian responses and was set to be
one for Binary responses. Where s;; is generated from Normal law N (0,0.1), z;; is
generated from Uniform law (U]0, 1]), the true values of vy and 7 are taken to be
v = 1 and 1 = 2; two sample sizes are used (N =2, n =5) and (N =4, n = 5);



Monte Carlo Test for Polynomial Covariates 175
five different functions of f(z) are considered:
fe(z) = (0.25¢)x - exp(2 — 2z) —xz + 0.5, for ¢=1(0,1,2,3,4) .

Note that when ¢ = 0, f.(z) is a linear function of x and f.(x) deviates further
from linearity with increasing c. The functions f.(z) are plotted in Figure 1.

Figure 1: Functions f.(x) for ¢ = (0, 1,2, 3,4) used in the simulation studies
for the polynomial test.

We apply the Asymptotic score (Asy.Sco) and the Monte Carlo (M C.Sco)
testing procedures to each simulated data set. The simulation results are based
on 1000 Monte Carlo simulation runs. For testing the null hypothesis that f(x)
is a linear function of z, the size and the power of each testing procedures are
calculated by setting ¢ =0 and ¢ # 0 respectively. We used a penalized spline
to estimate f(x), the number of knots for the penalized spline is set to be 40.
The number of trials for the MC test was set to 19. The number of overall
replications was 1000. All experiments were performed with language R (version
7.2.1). The simulation results are presented in the table 1 and 2, which report
rejection percentages from 1000 replications at the nominal level 5% under the
null hypothesis.
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Table 1: Empirical sizes and powers of linearity test for two types of data
where N=2 and n =5.

Variance Data Size Powers
Test
random effect Type c=0 c—=1 c—2 c=3 c—4
Gaussian Asy 0.055 0.178 0.624 0.934 0.995
MC | 0.051 0.211 0.645 1.000 1.000
op = 0.05
Binar Asy 0.033 0.073 0.167 0.260 0.511
Y MC | 0.054 0.291 0.711  0.887  1.000
Gaussian Asy | 0.048  0.202 0591 0.942  0.995
MC | 0.054 0.251 0.671 1.000  1.000
Op = 1
Binar Asy 0.040 0.068 0.120 0.271 0.442
Y MC | 0.061 0.125 0.741 0.910 1.000

Table 2: Empirical sizes and powers of linearity test for two types of data
where N=4 and n =5.

Variance Data Size Powers
Test
random effect Type c=0 c¢c=1 ¢=2 ¢=3 c=4
Gaussian Asy 0.055 0.199 0.627 0914  0.990
MC | 0.050 0.223 0.775 1.000  1.000
oy = 0.05
Binar Asy 0.047 0.095 0.211 0.310 0.621
Y MC | 0.052 0325 0.812 0970  1.000
Gaussian | Asy | 0045 0207 0.603  0.922  0.995
MC | 0.050 0.304 0.789  1.000  1.000
Op = 1
Binar Asy 0.042 0.077 0.211 0.314 0.511
Y MC | 0.050 0.301 0.805 0.960  1.000

The results showed that the asymptotic score test for Binary responses
was a conservative and not very powerful. The increased sample size brings
the empirical sizes of the two tests closer to the nominal levels, whereas the
variance component seems to have not much influence on them. These tests
show decreased power where the variance component increases. Regarding the
empirical size, our simulation results show that the linearity test with Monte
Carlo is very performant for Gaussian responses for different magnitudes of the
variance component. The empirical sizes were very close to the nominal size
and the powers of the test were high, and were not significantly affected by the
magnitude of the variance component. Indeed, the table 1 and 2 show that MC
test achieves a perfect size control for Binary responses for different magnitudes
of the variance component. As expected, the increased sample size improves the
overall power.
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In fact the simulation results show clearly that the technique of MC test
correct size distortion due to poor large sample approximations. In general, our
simulation indicates that the MC test is more powerful than the asymptotic score
test. For simplicity, only the linearity test is considered in the current simulation;
however in practice, one might be interested in testing higher-order polynomial
covariate effects (i.e. h > 1), which can be easily carried out by using a different
values of h.

5. DISCUSSION

We have reviewed in this paper a test procedure for testing whether the
nonparametric function is some fixed-degree polynomial. The key idea is based
on the mixed-effect representation of the natural spline estimator of the nonpara-
metric function. Zhang and Lin (2003) developed score test and approximated
its distribution by a scaled Chi-square distribution. For Binary data, the sim-
ulation studies show that the performance of the test is less satisfactory. This
is mainly due to the less satisfactory performance of the Laplace approximation
for the score statistic and the implicit Gaussian fourth-moment assumption when
estimating the variance of the score statistic. We have hence proposed the simu-
lation based procedures to derived exact p-value for polynomial test for SAMM.
We have exploited the fact the score test is pivotal under the null hypothesis
which allows one to apply the technique of MC tests.

The feasibility of our approach was illustrated trough a simulation exper-
iment. The results show that asymptotic score test is unreliable for binary re-
sponse in contrast MC test achieve perfect size control and have a good power.
It is important to emphasis that MC procedure require less calculation with mod-
ern computer facilities. Zhang and Davidian (2004) have proposed a conditional
estimation procedure built on likelihood inference for generalized additive mixed
models. It is interesting for future research to extend our Monte Carlo test con-
sidering the conditional estimation procedure.

However, The score test is sensitive to outliers. Recently, Qin and Zhu
(2008) focus on robust estimation of mean parameters of partial linear mixed
model. They proposed to approximate the nonparametric function f by a regres-
sion spline and to estimate both the linear parameter and the spline coefficients
by a M-estimator. It is interesting for future research to extend our Monte Carlo
test considering the robust score test.
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1. INTRODUCTION

Extreme value (EV) models are appropriate to establish the probability of
events that are larger or smaller than others previously observed. As an example
where these models can be used, suppose that a sea-wall projection requires a
coastal defence from all sea levels for the next 100 years. These EV models are
a precious tool that enables this type of extrapolations. Actually, the EV theory
is widely used by many researchers in applied sciences when high values of cer-
tain phenomena are modeled. For instance, ocean wave, thermodynamics of
earthquakes, wind energy, risk assessment on financial markets, and medical phe-
nomena can be mentioned. Some books on EV theory are Leadbetter et al.
(1983), Galambos (1987), Embrechts et al. (1997), Beirlant et al. (2004), and
de Haan and Ferreira (2006). For a more practical view on this topic, see Coles
(2001), and for more recent references, see Ferreira and Canto e Castro (2008),
Gomes et al. (2008a,b), Beirlant et al. (2012), and Scarrot and MacDonald (2012),
among others.

Life distributions are usually positively skewed, unimodal, two-parameter
models and with non-negative support; see Marshall and Olkin (2007) and Saun-
ders (2007). A life distribution that has received a considerable attention in recent
decades is the Birnbaum-Saunders (BS) model. This model was originated from a
problem of material fatigue and has been largely applied to reliability and fatigue
studies; see Birnbaum and Saunders (1969). The BS distribution relates the total
time until the failure to some type of cumulative damage normally distributed.
This attention for the BS distribution is due to its many attractive properties
and its relationship with the normal distribution.

Extensive work has been done on the BS model with regard to its properties,
inference and applications. A comprehensive treatment on this model until mid
90’s can be found in Johnson et al. (1995, pp.651-662). For more detail about
new applications of the BS model, see Leiva et al. (2009a). For applications in
fields beyond engineering allowing business, environmental and medical data to
be analyzed by using this model, see Leiva et al. (2007, 2008b, 2009b, 2010a,b,
2011), Podlaski (2008), Barros et al. (2008), Bhatti (2010), Ahmed et al. (2010),
and Vilea et al. (2010). Thus, at the present, the BS model can be widely used
as a statistical distribution rather than restricted to a life distribution.

Because a random variable (r.v.) following the BS distribution can be repre-
sented by another basis r.v., generalizations of this distribution can be obtained
switching the distribution of the basis variable by diverse arguments allowing
to construct more general classes of models. Several generalizations of the BS
distribution have been recently proposed by a number of authors, including Diaz-
Garcia and Leiva (2005), Vilca and Leiva (2006), Sanhueza et al. (2008), Gémez
et al. (2009) and Guiraud et al. (2009), which allow us to obtain a major degree of
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flexibility for this distribution. Usual and generalized versions of the BS distribu-
tion are implemented in the R software (http://www.R-project.org) by packages
called bs and gbs, which can be downloaded from http://CRAN.R-project.org;
see Leiva et al. (2006) and Barros et al. (2009). These packages contain functions
for computing probabilities, estimating parameters, generating random numbers
and carrying out goodness-of-fit and hazard analysis. Leiva et al. (2008a) stud-
ied three generators of random numbers from the BS and generalized BS (GBS)
distributions.

The main aim of this work is to obtain an EV version of the BS distribution
relevant not only by itself as a model, but also for a parametric statistical anal-
ysis of extreme or rare events. The paper is organized as follows. In Section 2,
we provide a preliminary notion of different aspects related to BS and EV distri-
butions. In Section 3, we characterize extreme value Birnbaum—Saunders (EVBS)
distributions. In Section 4, we focus on extremal domains of attraction of a gen-
eral class of BS models that we call BS type (BST) distributions. In Section 5,
we carry out a hazard analysis of EVBS distributions mainly based on the hazard
rate (h.r.). In Section 6, we discuss about the estimation procedure based on the
maximum likelihood (ML) method and model checking. In Section 7, we con-
duct out the numerical application of this work, which includes an exploratory
data analysis (EDA) and a parametric statistical analysis based on the EVBS
distribution. Finally, in Section 8, we sketch some concluding remarks.

2. A PRELIMINARY NOTION

In this section, we provide preliminary aspects about BS, BST and EV
distributions.

2.1. BS and BST distributions

An r.v. T with usual BS distribution is characterized by its shape and scale
parameters a > 0 and [ > 0, respectively. This is denoted by T ~ BS(«, f3),
where § is also the median of the distribution. BS and standard normal r.v.’s,
denoted respectively by T and Z for now, are related by

(2.1) T:ﬂ(aZ/2+\/{aZ/2}2+1)2 and Z:<\/T7/ﬁ—\/ﬁ/7T>/a.

Let T'~ BS(«, 3). Then, the probability density function (p.d.f.) and cumulative
distribution function (c.d.f.) of T" are respectively given by

(2.2) fr(t) = ¢(a(t) d'(t) and F,(t) = ®(a(t)) , t>0,
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where ¢ and ® are the standard normal p.d.f. and c.d.f., respectively,

(2.3) a(t) =a; = (W—W)/a and d'(t) = Ay = t=3/2 (t+8)/(2avB) ,

with a/(t) = da(t)/dt being the derivative of a(t) with respect to t. The quantile
function (q.f.) of T"is expressed as

o= E) = B(0g/2+ Jlog/2¢ +1) . 0<g<1,

where F1(t) := inf{z: F(z) > t} is the generalized inverse function of the c.d.f. of
T and &, is the ¢** quantile of the r.v. Z ~ N(0, 1). Note from (2.4) that, as men-
tioned, the median of T is tg5 = 3.

(2.4)  i(g)

Important properties of 7'~ BS(«, 3) are: (i) ¢T ~ BS(«,cf), ¢ > 0;
(ii) 1/T ~ BS(a,1/8); and (iii) V = (T/B + B/T —2)/a? ~ x*(1), i.e., V fol-
lows the x? distribution with one degree of freedom (d.f.).

The assumption given in (2.1) can be relaxed supposing that Z follows
any other distribution with p.d.f. f,. Thus, we obtain the general class of BST
distributions earlier mentioned, which is denoted by T ~ BST(«, 3; f,) for an
associated r.v. T and whose p.d.f. is given by

(2.5) L) = fa®)d(t),  t>0.

In particular, if Z follows a standard symmetric distribution in the real num-
ber set, denoted by Z ~ S(f,), we then find the GBS distribution, i.e., T~
GBS(a, (3; g), where g is the kernel of the p.d.f. of Z given by f,(2) = cg(2?), with
z € R and ¢ being the normalization constant, i.e., the positive value such that
fj;o g(2%)dz = 1/c; see Diaz-Garcia and Leiva (2005). Then, if f,(z) = ¢(z) =
exp(—22/2)/v/2m, for z € R, the standard normal p.d.f., we obviously recover the
usual BS distribution, i.e., an r.v. T'~ BST(«, 3; ¢) = BS(a, 8); see Birnbaum
and Saunders (1969). For the GBS case, V = (T/3+ 3/T —2)/a* ~ Gx2(1; £,),
i.e., V follows the generalized x? class of distributions with one d.f., which has
the x?(1) distribution as a special case if f, is the standard normal density; see
Sanhueza et al. (2008).

2.2. EV distributions and extremal domains of attraction

The central limiting result in EV theory states the following. Consider an
independent identically distributed sequence of r.v.’s {X,,, n > 1}, with marginal
c.d.f. F. Hence, if there are constants a, > 0 and b, € R, and a non-degenerate
c.d.f. G such that, as n — oo,

(2.6) IP’(max{Xl, o Xnt <apz+ bn> — G(z),
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then G must be the c.d.f. of a generalized extreme value (GEV) r.v., depending
on a parameter v € R. The notation X ~ GEV(y) is used in this case and the
corresponding c.d.f. is given by

exp(—{1+~vyz}717); 1+v2>0, veR\{0},

2.7)  G(z) =Gy(z) =
(2.7) (z) +(@) {exp(eXP($)); zeR, v=0,

with Go(z) obtained from G, (), for v € R\{0}, as v — 0. As a consequence, we
say that F' belongs to the max-domain of attraction of G, in short F' € Dyi(G5).
The parameter v, known as the EV index, is a shape parameter that determines
the right-tail behavior of F', being so a crucial parameter in EV theory. Specif-
ically, if v < 0, we have the Weibull max-domain of attraction, i.e., light right-
tails, with a finite right endpoint. In addition, v = 0 corresponds to the Gumbel
max-domain of attraction (exponential right-tails). And if v > 0, we have the
Fréchet max-domain of attraction corresponding to heavy right-tails (polynomial
tail decay), with an infinite right endpoint.

The GEV distribution with c.d.f. given in (2.7) is also known as the
von Mises—Jenkinson representation. This is a general form from which we derive
the three above mentioned distribution types, i.e.,

V_j/(=1=~m); ~<0,
G, (r) = ¢ Az); y=0,
Dy /(1 +v1); >0,

where, for ¢ >0, ¥,(z) = exp(—{—z}¢) with z <0 (Weibull distribution for
maxima), A(z) = exp(— exp(—«)) with z € R (Gumbel distribution for maxima),
and ®,(z) = exp(—x~9) with > 0 (Fréchet distribution for maxima). The Gum-
bel distribution for maxima and the Fréchet distribution for maxima are the com-
monly known Gumbel and Fréchet distributions, respectively. Location (u € R)
and scale (o > 0) parameters can be introduced in the GEV distribution by con-
sidering G, ({x — p}/0), denoted by X ~ GEV(u, 0,7).

All results developed for maxima can easily be reformulated for minima be-
cause min{ Xy, ..., X,,} = —max{—X1, ..., — X, }. Actually, if we are interested in
the lower tail, we can rewrite a result similar to the one given in (2.6) for minima,
with a limiting c.d.f. G(z) = G} (z), which is now denoted as X ~ GEV*(v), such
that G2 (z) = 1 — G4 (—7), i.e,

1—exp(—{1—~z}7'7); 1—yz>0, veR\{0},

(2.8) Gi(z) = { 1 — exp(— exp(x)); reR, v=0.

As a consequence, we say that F' belongs to the min-domain of attraction of G,
in short F' € Dy (GY). Analogously to the GEV distribution, the GEV* case
(minima) is a general form from which we derive the following three possible
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EV limiting cases:
vt (L=qz); v <0,
G (z) = A (2); =0,
@{/W(—l—i-’y:c); ~>0,
where, for o > 0, ®}(z) = 1 — exp(—{—z}7¢) with 2 < 0 (Fréchet distribution for
minima), A*(z) =1 — exp(—exp(z)) with € R (Gumbel distribution for min-

ima), and Wj(r) =1 — exp(—=?) with x > 0 (Weibull distribution for minima,
commonly known as the Weibull distribution).

3. EXTREME VALUE BS DISTRIBUTIONS

In this section, we propose and characterize the EVBS model based on
limiting EV models for maxima, as well as for minima, denoted as EVBS* distri-
butions. In addition, a shape analysis for the EVBS and EVBS* distributions is
provided. Specifically, consider that

(3.1) Z ~ GEV(vy) = GEV(0,1,7) ,
i.e., Z has c.d.f. as given in (2.7). Then,

T = ﬁ(aZ/Z +\/a2Z2/4 1 1)2 ~ EVBS(a, 3,7) .

Directly from the GEV p.d.f., g,(t) = dG,(t)/dt, associated with the GEV c.d.f.
G, (t) given in (2.7), and considering F,(t) = G-(ar), t; = F;'(q) and f,(t) =
A; g(at), with a; and A; as given in (2.3), the EVBS r.v. T can be defined in the
following ways:

I. The p.d.f. of T is given by

£) = {At(l+’Yat)_l_l/'yexp(—{1+’Yat}_1/'y); v#0,

(3.2)
Ay exp(—exp(—ay) — ar); y=0,

where ¢ > (a?842872)/(29%) — /(B2 + 4023242 /y1 /2 if v > 0;
t>0if y=0; and 0<t < (a?3+2372)/27?)+/ (@B +4a232+2) /41 /2
if v <0.

II. The c.d.f. of T is expressed as

{ exp(—{1+~ya}"7); v #0,

3.3 F =
(3:3) r() exp(—exp(—at)); ~v=0.

ITI. The q.f. of T is as given in (2.4) by replacing &, with z,, the ¢ quantile
of the c.d.f. G,(z), as expressed in (2.7), i.e., zg= ({—1log(q)} 1)/~

if v # 0, and z, = —log(—log(q)) if v = 0.



188 Marta Ferreira, M. Ivette Gomes and Victor Leiva

Analogously, if we consider in (3.1) the GEV distribution for minima given
in (2.8), we use the notation 7% ~ EVBS*(«, 3,7) for an associated r.v. T*,
and, as before, noting that F,.(t) = G}(a;) =1~ G,(—at) and that f.(t) =
Ar g5(at) = At gy(—ar), the EVBS* r.v. T* can be defined in the following ways:

I’ The p.d.f. of T* is given by

A1 = ~va) VY7 exp(—{1 — va, )~V 0,
5.0 fT*(t)Z{ (1-~a) p(—{1—ya} ") v #

Ay exp(— exp(at) + at) ; ~=0,

where ¢ > (a?8+4272)/(279%) — /(o232 + 4a232~2) /44 /2 if v < 0;
t>0if y=0; and 0<t < (a?8+269%)/(27%)+/(a*B% + 4023%72) /71 /2
if v>0.

II” The c.d.f. of T* is defined as

@ = { L—exp(—{1 —va}7'); v #0,
1— exp(— exp(at)); ~v=0.

III" The q.f. of T* is also as given in (2.4), but by replacing &, with
zy = z,(7), the ¢'" quantile of the c.d.f. G (z), as expressed in (2.8),

i.e., with 2,(v) being the ¢ quantile of the c.d.f. G, (z), as given in
(27), 22 = —21_g(7) = (1 — {—log(1— @)} ) /7 if 7 £ 0, and 25 =
log(— log(1 — q)) if v =0.

Next, as a direct application of the change of variable method, some prop-
erties of the EVBS and EVBS* distributions are provided.

Proposition 3.1. Let T ~ EVBS(«,3,v) and T* ~ EVBS*(«, 3,7).
Then,

(i) ¢T ~EVBS(a,cf,v) and ¢T* ~ EVBS*(a, ¢ ,7), with ¢ > 0;
(ii) 1/T ~EVBS*(a,1/0,7v) and 1/T* ~ EVBS(«, 1/3,7).

Figure 1 (first and second panels) displays shapes for the EVBS and EVBS*
densities for different values of their parameters. In all of these graphs, we con-
sider 8 =1, without loss of generality, because (3 is a scale parameter, such
as stated in Proposition 3.1(i). In these plots, we further use the notation
EVBS(a,v) = EVBS(«, 1,7). For the EVBS densities presented in Figure 1 (first
panel), we see how the shape parameter o modifies the shape of these densities.
In the case of the parameter v, we detect changes in the kurtosis, as expected.
Similar aspects are observed when we consider the EVBS* densities presented in
Figure 1 (second panel).
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Figure 1: p.d.f. plots of the EVBS (1% panel) and EVBS* (2°¢ panel)
distributions for § =1 and the indicated values of («,7),
where EVBS,,;;, = EVBS*.

4. BST EXTREMAL DOMAINS OF ATTRACTION

In this section, we obtain the extremal domains of attraction for BST dis-

tributions.
We analyze the extremal domain of attraction of the c.d.f. of an r.v.

(4.1) T:B(aZ/2+\/aQZQ/4+1>2, a>0, >0,

not necessarily following an EVBS distribution, whenever the c.d.f. of the r.v. Z,
compulsory given by

z = (VIJ3 - VATT) /o

belongs to some extremal domain of attraction either for maxima or for minima.

4.1. Max-domains of attraction

We start with the Fréchet case and use the following necessary and sufficient
condition for F' € Dy(G) with v > 0, derived in Gnedenko (1943) (see also de
Haan and Ferreira, 2006, Theorem 1.2.1-1):

4.2 FeD lim — "/ — =1/
(4.2) €Du(Gr), v>0 = lim Spa =2
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for all 2 >0, and the right endpoint of F, namely xf:=inf{x: F(z) >1}, is
necessarily infinite.

Theorem 4.1. Let the c.d.f. of the r.v. Z be in the Fréchet max-domain
of attraction, necessarily with a positive EV index, i.e., vy, > 0. Then, the c.d.f. of
the r.v. T given in (4.1) is also in the Fréchet max-domain of attraction, i.e.,
F. € Du(Gy, ), with v, =27,

Proof: By hypothesis, F, € DM(sz) for v, > 0. Thus, F, satisfies (4.2)
for v,. Then, we have that, as t — oo,

L= F(te) _ 1-Faw) 1= E({te/8}?/0) 6,
1—F()  1-Fa)  1-E{/51 ) ’

with the notation u; ~ v; being valid if and only if u;/v; — 1, as t — oo. O

For light right-tails, i.e., for the Weibull max-domain of attraction, we can
prove a result similar to that of Theorem 4.1, if we use the following necessary
and sufficient condition for F' € Dy(G,) with v < 0 (also derived in Gnedenko,
1943):

1— F(aF —1/{ta}) 1
4. FeD li = gt/

for all z > 0, and the right endpoint of F, namely z¥’ is finite.

Theorem 4.2. Let the c.d.f. of the r.v. Z be in the Weibull max-domain
of attraction, necessarily with a negative EV index, i.e., v, < 0. Then, the c.d.f. of
the r.v. T given in (4.1) is also in the Weibull max-domain of attraction and

Yr = Vz-

Proof: We have

. 1—FE (tF—1/{tz}) . 1= F(ar_q/(23)
lim = lim ;
tooo 1=F(tF—1/t) t=oo 1 —Fy(ar 1)

with ¢ being the right endpoint of F,.. But we can assume, without loss of
generality, that zF the right endpoint of FE,, is null, i.e., 2F'=0. Hence, t'=3
and, as t — 0o,

1— Fz(atF—l/{t:c}) ~ L - Fz(—{aﬁm}_l) ~ g1/ 0
1 — F)(awr_y) 1—E,(—{apt}-1)
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We next work on the slight more restrictive class of twice-differentiable
c.d.f’s F '€ Dv(G), the so-called twice-differentiable domain of attraction of G,
denoted by ZSM(GV). A possible characterization of the twice-differentiable do-
main of attraction of G, is due to Pickands (1986). Let us then assume that there
exists F”, f = F’, and consider the function

k(x (z)/{F(z)log(F(z))} = {—log(—logF(x))}/.
Hence, with v(z) = {1/k(z)}’, we have

(4.4) Fe 5M(G7) — limy(z)=1.

xlz¥
Consequently, if zf'= +oco, limgcoxk(z) =1/7, and if 2F < +oo, lim,,r
(zF—2) k(x) = —1/7, ie., limg oo k(z) =0, if v > 0, and lim,q,r k(z) = +o0,
if y<0. If y=0, we can have k(x) — 0, k(x) — 400, or k(z) — ¢, for 0 < ¢ < +00.
Observe also that, after some simple calculations, we can write

(4.5) v(z) = F"(z)F(z)log(F(x))/f*(z) — log(F(x)) — 1 .

Theorem 4.3. Let T ~ BST(«, 3; f,), with Z in the subset of the max-
domain of attraction of G, constituted by twice-differentiable c.d.f.’s, the so-
called twice-differentiable max-domain of attraction of GVz’ and assume that

c = hmF o (ar) log(F,(ar)) Ay /{ A7 f,(ar) }

is finite, where t*" is the right endpoint of the r.v. T and a; and A; are as given
n (2.3), with Ay = dA¢/dt. Then, F). € Dy(Go,), with v, =, +c.

Proof: By hypothesis, the necessary and sufficient condition (4.4) holds
for Z, with F, « and ~(z) replaced by F,, 7, and v,(x), respectively. Now,
just observe that, by applying (4.5), and then (2.3)—(2.5) and A} = —(/t/8 +

3\/7)/ 4at2 , we have
E(t) F, (1) log (Fy (1))

(4 6?T(t) B ~ log(£(t) ~1
. B Fz(at)log(Fz(at))Ag FZ"(at)Fz(at)log(FZ(at)) e N
T Bhe) P(ar) log (F(ar)) — 1.

On the basis of the limit in Theorem 4.3, the first term in the second line of (4.6)
approaches ¢ as t 1 t¥. Because the following term approaches v, the result
follows. O

Corollary 4.1. Under the conditions of Theorem 4.3, we have ¢ = v, if
v, >0 and c=0 if v, <O0.
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Example 4.1. We now provide a few illustrations of Corollary 4.1:

(i) If Z has Fréchet or Pareto distributions (in the Fréchet max-domain
of attraction, i.e., 7, > 0), then the limit in Theorem 4.3 is ¢ =, and
S0 ¥, = 27,. Indeed, as stated in Theorem 4.1, this result holds more
generally in Dy (G, ), with v, > 0.

(ii) If Z has Weibull or uniform distributions (in the Weibull max-domain
of attraction, i.e., 7, <0), then ¢ = 0 and v, = v,. In fact, as stated
in Theorem 4.2, this result holds more generally in Dy(G,, ), with
v, <O0.

Remark 4.1. We further conjecture that, in Corollary 4.1, we can often
replace 7, <0 by ~, <0. This is supported by the examples of an r.v. Z either
exponential or gamma, or Gumbel or normal, all in Dy(Gy), i.e., with v, = 0.
Then ¢ =0 and 7, = 7, = 0. Also, if Z has an exponential-type (ET) distribution,
with a finite right endpoint, i.e., F,(x) = Kexp(—c/{zF— x}), for x < 2F, ¢ >0,
and K > 0 (again in the Gumbel max-domain of attraction), then also ¢ = 0 and
Yp =7, =0.

Because in the twice-differentiable domain of attraction of G, the von
Mises condition is necessary and sufficient to have lim,,,r v(7) = v, with v(z) =
{1/k(x)} (see Pickands, 1986, Theorem 5.2), we can also state that

(47)  FeDu(G,) <= lmf{l —F@) F'(2){F @)} = —y—1.
zlz
Therefore, we can still write the following result.

Theorem 4.4. Under the conditions and notations of Theorem 4.3, let
us assume that

¢ = Im{1 - E (o)} 4}/ {A2Efa)} < oo
t1t

Then, JORNS DM(GWT)7 with Y=Y, — c*.

Proof: Just observe that
(=B} {1-E (@)} {AEa) + A7 ()

2 2
s (70} AF{Ea)}
_ {1-Ble)} 4y {1-B(@)} Ea)
A7 F)(ar) {F(an))
By hypothesis, as t ] tf', the last term in (4.8) converges to —v, —1, and the
result follows. O

Corollary 4.2. Under the conditions and notations of Theorem 4.4, if we
further assume that Z has an infinite right endpoint, then F, € DM(G,YT), with
Y = 75, provided there exists a finite limit for {1 — F,(x)}/F/(x), as © — oo.
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4.2. Min-domains of attraction

We now analyze the domains of attraction for minima. To emphasize the
possible difference between the right and left EV indices, we denote this last one
as y*.

We reformulate conditions (4.2) and (4.3) for minima obtaining respectively

* * . F(tx) —1/~*
(4.9)  FeDn(Gy), 7" >0 = tl}r_noomzx Ye>0,

(4.10)  F€Du(G}), 7"<0 <= lim (2 —1/{t23) =27, vz>0,
t——oo F(z,—1/t)

where the left endpoint z,, := inf{z: F(z) > 0} is finite; see, e.g., Galambos (1987,

Theorem 2.1.5). Observe that a BST r.v. T' cannot be in the Fréchet min-domain

of attraction because its left endpoint is not —oo; see, e.g., Galambos (1987,

Theorem 2.1.4).

and

In the sequel, the notations Weibully,i,, Frechet i, and Gumbel,y,;;, are used
for denoting Weibull, Fréchet and Gumbel distributions for minima, respectively,
with parameter v*, and z,, and ¢, denoting the left endpoints of Z and T', respec-
tively.

Theorem 4.5. Let the c.d.f. of the r.v. Z be in the Weibull min-domain
of attraction, necessarily with a negative EV index; i.e., 7 < 0. Then, the c.d.f. of
the r.v. T given in (4.1) is in the Weibull min-domain of attraction and ~}. = ;.

Proof: Assume, without loss of generality, that 2z, = 0, with 2, being the
left endpoint of F, (i.e., t, = [, with ¢, being the left endpoint of F,). Then,

F(tp—1/{tz}) i Ey(ar,1/q2y) . E,(~{aptz}™")

im = lim —F————= = lim
t——00 FT(tF—l/t) t——o00 Fé(atF—l/t) t——00 Fé(—{a/@t}fl)
and the result follows from the fact that F) satisfies (4.10) for . O

Theorem 4.6. Let the c.d.f. of ther.v. Z be in the Fréchet min-domain of
attraction, necessarily with a positive EV index, i.e., 7 > 0. Then, the c.d.f. of the
r.v. T given in (4.1) is in the Weibull min-domain of attraction, and vy = —2~.

Proof: Consider, without loss of generality, ¢, = 0. Then, 2z, = —oco and
. FT(tF_]'/{tx}> T FZ(a—l/{tI})
lim = lim —————~
t——00 FT (tF_ 1/t) t——00 Fz(a—l/t)
— lim F,(—{-ptz}?/a) _ e
= ({51172 ) |
where the last step is due to the fact that F) satisfies (4.9) for 7. O
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Next, we again work on the slight more restrictive class of twice-differentiable
c.d.f.’s, such as in Subsection 4.1. Analogously to the domain of attraction for
maxima, the von Mises condition in (4.7), reformulated for minima, enables us

to state that
(411)  FeDy(Gh) <= limF(x)F'(2)/(F(2))’=~"+1,

z|Tg

where z,, is the left endpoint of F' and D (G3+) denotes the twice-differentiable
domain of attraction of G-

Theorem 4.7. Let T ~ BST(a, ; f,), with Z in the subset of the min-
domain of attraction of G** constituted by the twice-differentiable c.d.f.’s, the

so-called twice- d1ﬁ”erent1able min-domain of attraction of G , and assume that
Z

d = lim FZ(at)A;/(AfF;(at))
tlt,

is finite, where t,, is the left endpoint of T and a; and A; are as given in (2.3),
with A} = dA;/dt. Then, F, € D;(Gf‘y;), with v} =~ +d.

Proof: The result is easy to prove because

EOF®) _ Fa){Af, () + AAE (@)} Ey(a) 4 N Fy(ar) F'(ar)
fT(t>2 A?fz(at)Q A?fz(at) fz(at)2 .

Corollary 4.3. Under the conditions of Theorem 4.7, we have d = 0 if
vy <0and d= -3~ if v} > 0.

Example 4.2. We next provide a few illustrations of Corollary 4.3:

(i) If Z has a Weibull distribution for minima (in the Weibull min-
domain of attraction, i.e., 7} < 0), or an exponential, Pareto or uni-
form distribution (also in the Weibull min-domain of attraction, with
7y = —1), or even a Gamma(p, q) distribution (in the Weibull min-
domain of attraction, with 7= —1/p), then d =0 and 7} =~;.
Indeed, as stated in Theorem 4.5, this result holds more generally
in D (G, ) with 77 < 0.

(ii) If Z hasa Frechet distribution for minima (in the Fréchet min-domain
of attraction, i.e., 77 > 0), then d = -3~ and 7¥ = —2+7. In fact, as
stated in Theorem 4.6, this result holds more generally in Dm(G%),
with 7 > 0.

(iii) If Z has an ET distribution as in Remark 4.1 (in the Fréchet min-
domain of attraction, with 7 =1), then d = —3+) = -3 and ) = -2,
i.e., T belongs to the Weibull min-domain of attraction.
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Remark 4.2. Similarly to what we mentioned in Remark 4.1, we further
conjecture that, in Corollary 4.3, we can often replace 7 <0 by 7 < 0. This is
supported by the fact that if Z has a Gumbel distribution for minima, or any of
the limiting distributions for maxima (Fréchet, Gumbel, Weibull), or a normal
distribution (all in the Gumbel min-domain of attraction, i.e. 77 =0), then the
limit in Theorem 4.7 is d = 0 and v}, =+, = 0.

5. HAZARD ANALYSIS

We may define a hazard as a dangerous event that could conduct to an emer-
gency or disaster. The origin of this event may be due to a situation that could
have an adverse effect. Thus, a hazard is a potential and not an actual possibility,
i.e., it can be statistically evaluated. A hazard analysis is the assessment of a risk
that is present in a particular environment. Therefore, hazard assessment allows
us to evaluate potential risk by the estimated frequency or intensity of the r.v. of
interest. In this section, we study the EVBS h.r. and its change point.

5.1. Hazard rate

Statistically, a hazard analysis can be carried out by the h.r. function.
Apart from hazard rate, this function is also known as chance function, fail-
ure rate, force of mortality, intensity function, or risk rate, among other names.
In actuarial science, for example, the h.r. is the annualized probability that a
person at a specified age will die in the next instant, expressed as a death rate
per year. For more details about the concept of h.r., see Marshall and Olkin
(2007, pp. 10-13).

A nice property of the h.r. is that it allows us to characterize the behavior of
statistical distributions. For example, the h.r. may have several different shapes
such as increasing (IHR), constant (exponential distribution), decreasing (DHR),
bathtube (BT), inverse bathtube (IBT or upside-down) approaching to a non-
null constant and IBT approaching to zero. An incorrect specification of the
h.r. could have serious consequences in the analysis; see, e.g., Bhatti (2010) for a
study about this issue.

The h.r. of an r.v. T' is given in general by h,(t) = f,.(t)/R,(t), for t > 0,
and 0 < F,.(t) <1, where R,(t) =1 — F,(t), for t > 0, is the reliability function
(r.f.), and f, and E, are the p.d.f. and c.d.f. of the r.v. T. The change point
of h,(t), denoted by t., is defined as the moment where the h.r. attains either
a maximum or a minimum value and it is the solution of the equation f(t.) =
—f'(te)/h(te), whenever F' is twice-differentiable, and such a solution exists.
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5.2. TTT curve

The h.r. of an r.v. T' can be characterized by its corresponding total time
on test (TTT) function given by

1y E M (w) B
H; <>—/0 (1- F.(y)) dy

or by its scaled version given by W,.(u) = H_*(u)/H_ (1), for 0 < u < 1, where
once again FT_1 is the generalized inverse function of the c.d.f. of T. Now,
W, can be empirically approximated, allowing to construct the empirical scaled
TTT curve by plotting the consecutive points [k/n, Wy, (k/n)], where Wy, (k/n) =
{Zle Tty + (n—k) Ty} /3001 Ty, for k =1,...,n, with T(; being the corre-
sponding i*" ascending order statistic, for 1 < i < n.

From Figure 2 (left), we observe different theoretical shapes for the scaled
TTT curve. Thus, a TTT plot expressed by a curve that is concave (or con-
vex) corresponds to the THR (or DHR) class. A concave (or convex) and then
convex (or concave) shape for the TTT curve corresponds to a IBT (or BT) h.r.
A TTT plot represented by a straight line is an indication that the exponential
distribution must be used. Thus, a graphical plot of the empirical scaled TTT
curve could provide to us the type of distribution that the data have. See also in
Figure 2 the theoretical scaled TTT curves for EVBS (center) and EVBS* (right)
models. In these plots, we again use the notation EVBS(a,v) = EVBS(«, 1, 7).

o | o
- -
o | @
S °
© | ©
5 o S o
) 2
- v
= < 53
S EVBS (1. 1) S 7
— EVBS(1/2.-3/4)
- E\/BS(\;Z 1/4) EVBS (. 1)
o - EVBS(1/2,0) o : e
'\ eves(i/2.1/4) 5 Voo irH
o fec ala) ° : T oy
+ = EvBS(1/2-114)
o | o | evBs.(1/2.-3/4)
° T T T T T ° T T T T T f
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
u u

Figure 2: Theoretical scaled TTT curves for a general distribution with the
indicated h.r. shape (left) and for the EVBS(0.5,v) (center) and
EVBS*(0.5,v) (right) distributions for the indicated values of +.
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5.3. EVBS hazard rate

The normal distribution is in the THR class. The gamma and Weibull
distributions can be either in IHR or DHR classes (of course, the case of the
exponential distribution with constant h.r. is considered by these two models).
However, the lognormal (LN) distribution has a non-monotonic h.r., because it
is initially increasing until its change point and then it decreases to zero, i.e.,
the LN model is in the IBT h.r. class. The BS h.r. behaves similarly to the LN
h.r., i.e., it is initially increasing until its change point and then decreasing not
to zero, but to a positive constant. Thus, although BS, gamma, LN and Weibull
distributions have densities with similar shapes, their h.r.’s are totally different.

Let T ~ EVBS(a, 3,7). Then, directly from the definition of the p.d.f.,
fr(t), and the c.d.f., F.(t), of the r.v. T ~ EVBS(«a, 3,7), given in (3.2) and
(3.3), respectively, we have that:

A. Therf. of T is expressed as R, (t) =1—F,(t), with E(t) given in (3.3).

B. Again with a; and A; as given in (2.3), the h.r. of T" is defined as

ho(t) = A _ {At<1+ ya) " (exp ({14 yad ) — 1) 4 #£0,
T Ay exp(—ay) [exp(exp(—az)) — 1; y=0,

R(1)

where t > (a?6 +237%)/(27%) — /(a18? + 40a2(242) /71 /2 if 4> 0;
t>0if y=0; and 0<t < (?B8+267%)/(27%) + /(1B? + 4023272) /4 /2
it v <0.

C. With the notation b, = 1 + vay,, the change point ¢. of the h.r.of T
is obtained as the solution of the equations:

({A;C—Afc(l ot {exp ()~ 1} +

LA {14 ya, ) exp(btj”)> bV 0y 20,

(

A?C (1 + {exp(—atc) — 1} exp(exp(—atc))> +

+ A} (exp(exp(—atc)) - 1) =0; v =0.

Let T* ~ EVBS*(«, 3,7). Then, now, directly from the definition of the
p.d.f., f,.(t), and the c.d.f., F,.(t), of the r.v. T* ~ EVBS*(a, 3,7), given in (3.4)
and (3.5), respectively, we have that:
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D. The r.f. of T* is expressed as R,.(t) =1—E,.(t), with F_.(t) as given
in (3.5).

E. Again with a; and Ay as given in (2.3), the h.r. of T* is defined as

{At(l —ya) VY 4 #£0,
Ay exp(ay); v=0,

where ¢ > (0?8 +287%)/(27?) — /(a*B% + 4a23%42) /4% /2 if v <0;
t>0if y=0; and 0<t < (23 +287%)/(27?) + /(1B% + 4a23242) /4 /2
if v>0.

F. The change point t. of the h.r.of T* is obtained as the solution of the

equations:
(L= var) V(AL + {1+ AR {1 —va } ') =05 v #0,
A+ Aj = 0; 7=0.

As can be seen in Figure 3, the EVBS and EVBS* h.r.’s present sev-
eral different shapes going through all the h.r. shape classes mentioned above.
In these plots, once again, we use the notation EVBS(a,v) = EVBS(«, 1,7).
The h.r. of T' can also approach oo, zero or a positive constant, as ¢ — oo. These
are strong points in favor of our models, as they become interesting for modeling

purposes.
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distributions for =1, and the indicated values of («a,7),

where EVBS,,;, = EVBS*.

Figure 3:
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6. ESTIMATION AND MODEL CHECKING

In this section, we present some results related to estimation aspects and
model checking for EVBS distributions.

6.1. ML estimation

As is well-known, ML estimates are obtained from the solution of the system
((0) = 0, where £(0) denotes the score vector of first derivatives of the logarithm
of the likelihood function for 8, namely ¢(0). In our case, if we consider the EVBS
model (the procedure is similar for the EVBS* model), this function is given by
0(0) =", ¢;(9), where, for i =1,...,n,

1(6) = { log(Ay,) — (1 + %) log(1+~ay,) — (14+7va,) 7, ~#0,
log(Ay,) — exp(—ay,) — ay, ; V=0,

with @ = [, 3,7]". The score vector £(6) = d¢(6)/06 = [{y,], with 8 = o, 3, or 7,
is given by

afl+~vyay,}

n o ag, {1 } -
; _w\/g+\/tﬁj+2aﬁ{l++’y'yati}{\/7 \/>} {1+fya } / |

N e 1+~}a;,, 1 1
—a+§<{7}tl—aan{1+vati} : m)

=1

- 1 Xl . 1}a;,  log(l .
Z { +'7at 3 {log(l—l—'yati) Ay }_ {v+1}ay n og( ‘*‘27%)
pt L+vyay, HI+var} gl

whenever v # 0 and, if v = 0, is given by

<exp » atm

1:1

In this case, the system of likelihood equations ¢ (8) = 0 does not produce an expli-
cit solution so that a numerical procedure is necessary. To this end, initial values
for the parameters «, 3 and v can be obtained using the methods to be described
in Subsection 6.2. In addition, these likelihood equations seem to be often unstable.



200 Marta Ferreira, M. Ivette Gomes and Victor Leiva

We propose to use the following approach for solving this problem of instability.
The approach consists of obtaining the optimum value for the parameter ~ assum-
ing it to be known, for example, following a similar algorithm to that proposed by
Rinne (2009, pp. 426-433) and called by him as non-failing (NF); see also Barros
et al. (2009) and Leiva et al. (2011). In these works, they fixed values for their
parameter, in our case -y, within a set of several possible values for this parameter,
and they then estimate the structural parameters, in our case, o and 3. Finally,
we consider the fixed v that maximizes the likelihood function. Specifically, this
approach is based on a partition of the real number set into a suitable amount of
sub-intervals. Fixing + in each of these intervals, we estimate « and 3 by using
the ML method and then we look for the value of v that maximizes the likelihood
function. In this case, the NF algorithm is given by:

NF1 For a fixed value of ~:

NF1.1 Estimate the parameters a and § of the EVBS model using
the estimates of o and S from the procedure to be described
in Subsection 6.2 as starting values.

NF1.2 Compute the associated likelihood function.

NF2 Choose the value of vy that maximizes the likelihood function and
then consider the obtained ML estimates of o and ( as result.

6.2. Starting estimation

Firstly, to find initial values for the numerical optimization procedure
needed for the ML estimation of the EVBS distribution parameters described
in Subsection 6.1, we introduce a graphical method analogous to the probability
plots; see Leiva et al. (2008a). This method is useful for goodness-of-fit and can
also be used as an estimation method or, at least, to find initial values for an
iterative procedure. The method consists of transforming the data forming pairs
of values that should follow a linear relationship if these data would come from
the EVBS distribution. Then, by using a simple linear regression method, the
slope and intercept of this linear relationship are estimated. The line is used
for goodness-of-fit such as a quantile versus quantile (QQ) plot. Specifically,
if we consider the EVBS c.d.f. as given in (2.2), but with & replaced by F,,
we have t = 8+ ay/BVt . Y(F,(t)), where F ! is the generalized inverse c.d.f.
of the generator EV distribution and F}, is the EVBS c.d.f. However, it is difficult
to derive a linear function over ¢ in the above expression, which is fundamental for
probability plots. We consider p = ﬁP’Z_l(FT(t)) obtaining the linear function
y ~ a+ bx, where x = p, y = t, the intercept is a = 3, and the slope is b = a\/.
Now, suppose we have n ordered observations, say ¢(1) < ... <{(,). Because we
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can estimate Fp.(f;) by ¢ = (i —0.3)/(n+0.4), for i =1,...,n, the graphical
plot of ¢ versus p;, where p; = \/t(T) FZ_I(%‘) is approximately a straight line
whenever the data come from some EVBS distribution. Goodness-of-fit can be
visually and analytically studied using the coefficient of determination of the fit
of regression between ¢(;) and p;. Therefore, the parameters o and (8 of this dis-
tribution can be estimated by using the least square method obtaining § = a and

a=b/Va.

Secondly, to find an initial value for the parameter v, we can use a landmark
from the EV theory. This landmark is the result about the limiting generalized
Pareto (GP) behavior of the scaled excesses; see, e.g., Balkema and de Haan
(1974) and Pickands (1975). This enables the development of the so-called ML
EV index estimators, which we can take as an initial value for v to be used
for the numerical optimization procedure needed for the ML estimation of the
EVBS distribution parameters. We refer the peaks over threshold methodology
of estimation (see Smith, 1987) as well as the methodology used by Drees et al.
(2004), named peaks over random threshold in Aratdjo Santos et al. (2006).

6.3. Model checking

Once the EVBS distribution parameters are estimated, a natural ques-
tion that arises is checking how good is the fit of the model to the data. We
can use the invariance property of the ML estimators for fitting the p.d.f. and
c.d.f. of the EVBS model. Also, to compare the EVBS distributions to other
distributions, we can use model selection procedure based on loss of information,
such as Akaike (AIC), Schwarz’s Bayesian (BIC) and Hannan—-Quinn (HQIC)

information criteria. These criteria allow us to compare models for the same

~ ~

data set and are given by AIC = —2/(0) + 2d, BIC = —2/¢(0) + d log(n), and
HQIC = —2/4(0) + 2d log(log(n)), where, as mentioned, £(0) is the log-likelihood
function for the parameter 0 associated with the model evaluated at 8 = 0, n is

the sample size, and d is the dimension of the parameter space.

AIC, BIC and HQIC are based on a penalization of the likelihood function
as the model becomes more complex, i.e., with more parameters. Thus, a model
whose information criterion has a smaller value is better. This is an important
point, because the EVBS distribution has more parameters than the usual BS
distribution. Because models with more parameters always provide a better fit,
AIB, BIC and HQIC allow us to compare models with different numbers of pa-
rameters due to the penalization incorporated in such criteria. This methodology
is very general and can be applied even to non-nested models, i.e., those models
that are not particular cases of a more general model; see Vilca et al. (2011) and
references therein.
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Generally, differences between two values of the information criteria are not
very noticeable. In that case, the Bayes factor (BF) can be used to highlight such
differences, if they exist. To define the BF, assume the data D belong to one of
two hypothetical models, namely M; and Ms, according to probabilities P(D|M;)
and P(D|Ma), respectively. Given probabilities P(M;) and P(Ms) =1 — P(M;),
the data produce conditional probabilities P(M;|D) and P(M3|D) = 1 —P(M;|D),
respectively. Then, the BF that allow us to compare M; (model considered as
correct) to My (model to be contrasted with M) is given by

(6.1) Big = igﬁ;; :

Based on (6.1), we can use the approximation
(6.2) 2 log(Blg) ~ 2[5(51) - 6(62)] — [dl — dg] log(n) s

where Z(ak) is the log-likelihood function for the parameter 8 under the model
M;, evaluated at 8 = Ek, dj, is the dimension of Oy, for k = 1,2, and n is the
sample size. Notice that the approximation in (6.2) is computed subtracting the
BIC value from the model My, given by BICy = —2/¢(63) + ds log(n), to the BIC
value of the model My, given by BIC; = —24(61) + d; log(n). In addition, notice
that if model Ms is a particular case of M1, then the procedure corresponds to ap-
plying the likelihood ratio (LR) test. In this case, 2 log(Bi2) ~ x25 — df12 log(n),
where X%z is the LR test statistic for testing M; versus My and df1o = dy — do are
the d.f.’s associated with the LR test, so that one can obtain the corresponding
p-value from 2 log(B12) ~ x?(dy — dg), with di > d.

In general, the BF is informative because it presents ranges of values in
which the degree of superiority of one model with respect to another can be
quantified. An interesting interpretation of the BF is displayed in Table 1; see
Vilca et al. (2011) and references therein.

Table 1: Interpretation of 2log(Bi2) associated with the BF.

2 log(Bi12) Evidence in favor of My
<0 Negative (M is accepted)
[0,2) Weak
[2,6) Positive
[6,10) Strong
> 10 Very strong
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7. APPLICATION

In this section, to illustrate some of the results obtained in this study, we fit
the EVBS* model (for minimum) to a real data set corresponding to air pollutant
concentrations. We assume that the data are uncorrelated and independent and,
therefore, a diurnal or cyclic trend analysis is not necessary. This assumption has
been supported by some authors for different reasons; see, e.g., Vilca et al. (2010)
and references therein. For example, environmental data are sometimes reported
as average or total values and so spatiotemporal dependence is missing. In this
analysis, we first discuss an implementation in R code of the EVBS model. Next,
the data set upon analysis is introduced. Then, an EDA is produced. Finally,
estimation and EVBS model checking are carried out.

7.1. Implementation in R code

Several R packages for analyzing data from different distributions are avail-
able from CRAN (for example, the bs and gbs packages). An R package named
evbs to analyze data from EVBS models is being developed by the authors, whose
“in progress” version is available upon request. This package contains diverse in-
dicators and methodologies useful for EVBS distributions. In addition, the evbs
package incorporates the scaled TTT curve as a descriptive tool to identify the
possible shape of the h.r.

7.2. The data set

The data correspond to daily ozone concentrations that were collected in
New York during May—September, 1973. These data were taken from Nadarajah
(2008) and have been provided by the New York State Department of Conserva-
tion. This set of daily ozone level measurements (in ppb = ppm x 1000), that we
call from now simply ozone, are: 41, 36, 12, 18, 28, 23, 19, 8, 7, 16, 11, 14, 18, 14, 34,
6,30, 1, 11, 4, 32, 23, 45, 115, 37, 29, 71, 39, 23, 21, 37, 20, 12, 13, 49, 32, 64, 40, 77, 97,
97, 85, 10, 27, 7, 48, 35, 61, 79, 63, 16, 108, 20, 52, 82, 50, 64, 59, 39, 9, 16, 78, 35, 66,
122, 89, 110, 44, 65, 22, 59, 23, 31, 44, 21, 9, 45, 168, 73, 76, 118, 84, 85, 96, 78, 91, 47,
32, 20, 23, 21, 24, 44, 21, 28, 9, 13, 46, 18, 13, 24, 16, 23, 36, 7, 14, 30, 14, 18, 20, 11,
135, 80, 28, 73, 13.
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7.3. Exploratory data analysis

Firstly, an analysis of autocorrelation indicates that there is not such au-
tocorrelation so that the dependence over time can be discarded. Thus, the use
of a methodology based on univariate random samples is adequate for ozone.
Secondly, Table 2 presents a descriptive summary of these data, which includes
standard deviation (SD) and coefficients of variation (CV), skewness (CS) and
kurtosis (CK). Figure 4 (left) displays their histogram. This table and histogram
indicate a positively skewed distribution. Thirdly, the TTT plot shown in Figure 4
(right) indicates that ozone seems to have a h.r. that is coherent with that of the
EVBS distributions. However, maybe the more relevant aspect of the EDA of
these ozone levels is noted when we analyze the original boxplot and the ad-
justed boxplot for asymmetric distributions. Interestingly, the original boxplot
displayed in Figure 4 (first plot on the center figure) shows some atypical ob-
servations lying on the right-tail of the distribution of ozone, but this boxplot
was constructed for symmetric data. When we produce the adjusted boxplot for
asymmetric distributions using ozone, there are not atypical observations on the
right-tail. Nevertheless, this type of observations appear on the left-tail of the
distribution of the data; see Figure 4 (second plot on the center figure). For
more details about this adjusted boxplot for asymmetric data, see Hubert and
Vandervieren (2008), an R package called robustbase and its function adjbox.
Therefore, the EDA provides to us diverse evidences for supporting the use of the
EVBS model to describe ozone.

Table 2: Descriptive statistics for ozone (in ppb = ppm x 1000).

Median Mean SD (A CS CK Range Min. Max. n
31.50 42.13 3299 78.30% 1.21 3.11 167.00 1.00 168.00 116
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Figure 4: Histogram (left), indicated boxplots (center) and TTT plot (right) for ozone.
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The EVBS* distribution should accommodate the observations concen-
trated on the left-tail well. Then, we think the EVBS* distribution based on the
Gumbel i, model should be an appropriate model for describing ozone. Because
this model belongs to the Gumbel min-domain of attraction (see Subsection 4.2),
we carry out a semi-parametric EV test to analyze whether ozone belongs to this
domain or not. Specifically, we want to test Ho: F' € D (GY), with v > 0. For
details about this test, see Dietrich et al. (2002). In Figure 5, we see the sample
path of the test statistic as a function of the k largest order statistics and the
critical value (horizontal line) above which we reject the null hypothesis. We do
not reject Hy for 1 < k£ < 60, which is a credible result in EV theory to keep this
hypothesis. Observe that we cannot have v > 0 because the left endpoint —oo
does not make sense for these data (the daily ozone measures must be greater or
equal to 0).

o

o = M ©w A O O N ® ©

20 40 60 80 100 120
k

Figure 5: Sample path of the extreme value condition test applied to
the ozone data (horizontal line: critical value above which
we reject I € Dy (GY), with v > 0).

Next, we fit the EVBS* model based on the Gumbel,,;,, distribution to ozone.
GEV and GP models are also considered as comparative models. In addition, a
skew-normal BS (SNBS) model is also fitted, because according to Vilca et al.
(2011), a SNBS distribution has heavier tails than the usual BS distribution.
This characteristic can also be obtained by, for instance, a BS model based on
the Student-t distribution. Moreover, when the distribution of the data is concen-
trated on the left-tail, a SNBS distribution should be a better alternative than the
usual BS distribution or than a BS model based on any symmetric distribution,
such as the Student-¢ model. In fact, if ozone comes from a SNBS model and we
fit the usual BS distribution, we overestimate the lower percentiles. However, the
EVBS distributions introduced here are also good alternatives for modeling data
following a distribution with heavier tails than the usual BS distribution.
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7.4. Estimation and checking model

To find the ML estimates of the EVBS distribution parameters, we use the
procedure described in Subsections 6.1 and 6.2. Thus, based on ozone, we obtain
the ML estimates along with the values of AIC, BIC, HQIC and BF used for
model selection; see Table 3.

Table 3: ML estimates, information criteria and Bayes factors
in the indicated models for ozone.

Distribution 61 02 03 — AIC BIC HQIC  2log(Bi2)
EVBS*(a, 8,7) 0.80 45.68 0.00 541.31 1088.62 1088.81 1084.51 —
GEV(p,0,7) 24.00 18.34 0.36  543.78 1093.55 1093.75 1089.44 4.93
GP(0,7) — 52.49 —0.25 546.19 1096.37 1096.50 1093.63 5.00
SNBS(«, 3, \) 1.27 14.84 1.07 545.61 1097.21 1097.40 1093.10 8.59
BS(«, 8) 0.98 28.02 — 549.10 1102.19 1102.32 1099.45 10.82

From Table 3, we note that the EVBS* model based on the Gumbelyi,
distribution has lower values of AIC, BIC and HQIC with respect to the BS, EV,
GP and SNBS models for ozone data. This is a first indication of the superiority
of the proposed model. Then, we use the BF to establish the magnitude of the
differences between the values of the BIC of the proposed model and of its com-
petitors. Thus, according to Table 1 and the BF’s (approximated by the BIC’s)
given in Table 3, we detect for the EVBS* model (i) a very strong evidence in
its favor with respect to the BS model, (ii) a strong evidence with respect to the
SNBS model and (iii) a positive evidence with respect to the GEV and GP models.
This is a second more power indication of the superiority of the proposed model.

0020

0015
100 150
1 1
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0.000
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50 100 150 0 50 100 150
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Figure 6: Histogram with estimated EVBS* (Gumbelyi,) p.d.f. (left),
empirical and estimated EVBS* theoretical c.d.f. plots (center)
and QQ plot (right) for ozone.
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Now, from Figure 6 (center), we see the excellent coherence between the empirical
and EVBS theoretical c.d.f.’s. for ozone. Moreover, a QQ plot for the EVBS
distribution shown in Figure 6 (right) confirms such a coherence between the
EVBS* model and the data. In fact, the histogram and the estimated EVBS*
p.d.f. based on the Gumbely,i, distribution provided in Figure 6 (left) also shows
an excellent fit of the EVBS* model to these ozone data. Therefore, we conclude
that the EVBS* distribution provides a much better fit than the other considered
models for the ozone data analyzed in this study.

8. CONCLUDING REMARKS

This article has dealt with an extreme value version of the Birnbaum—
Saunders distribution. Specifically, we have found the density of the extreme
value Birnbaum—Saunders distribution and discussed its shape. We have obtained
the cumulative distribution and quantile functions of this distribution as well
as highlighted some of their properties. Extremal domains of attraction for
Birnbaum—Saunders type distributions have been studied. A characterization
of the hazard rate of extreme value Birnbaum—Saunders distributions has been
also carried out. We have developed an R package with the obtained results and
used part of it for analyzing a real data set of ozone concentrations. This analysis
has allowed us to show the adequacy of these new statistical distributions.
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1. INTRODUCTION

Construction of CIs in discrete distributions is a widely addressed problem.
The standard method of obtaining a 100 x (1 —a)% CI for the Poisson mean p is
based on inverting an equal tailed test for the null hypothesis Hy: p = pg. This
is an “exact” CI, in the sense that it is constructed using the exact distribution.

Exact Cls are very conservative and too wide. A large number of alternate
methods for obtaining Cls for  based on approximations for the Poisson distri-
bution are suggested in the literature to overcome these drawbacks. Desirable
properties of those approximate Cls are:

e for (1 — ) confidence interval the infimum over p of the coverage prob-
ability should be equal to (1 — «);

e confidence interval can not be shortened without the infimum of the
coverage falling below (1 — «).

We attempt to perform an exhaustive review of the existing methods for
obtaining confidence intervals for the Poisson parameter and present an extensive
comparison among these methods based on the following criterion:

[y

Expected length of confidence intervals (E(LOC)),

W N

)

) Percent coverages (Coverage),
) E(P-bias) and E(P-confidence),
)

—~

Balance of right and left noncoverage probabilities.

Section 2 enumerates several methods for interval estimation of u, giving
appropriate references. Section 3 describes criteria used for comparison, Section 4
reports details of the comparative study and Section 5 presents concluding re-
marks.

2. A REVIEW OF THE EXISTING METHODS

Table 1 presented next reports 19 CIs for the Poisson mean. In the table,
“Schwertman and Martinez” is abbreviated as SM, “Freeman and Tukey” by FT,
“Wilson and Hilferty” by WH, “continuity correction” by CC, “Second Normal”
by SN and “Likelihood Ratio” by LR. Furthermore, a; = /2, g = 1 — /2, and
T, = x + ¢ for any number c.
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Table 1: Confidence limits for the nineteen methods.
Name and reference Lower Limit Upper Limit
1: Garwood (GW 2 2
(1932) (W) (X(2z,a1))/2 (X{221 02))/2
Rk 2};/9%,1()\}\[}1) 2(1—1/92 + Za,/3z)> 21 (1= 1/921 + Zan/3va1)°
T = o
4: SN (SN
o ((1934) @+ 22 )2+ Zag\Jr + Z2,/4 | @+ Z2 /2 4 ZagyJx + 22, /4
5: é"ﬁk(ilg;i)(mcc) 205+ ZayVE05 0.5 + ZazV/T0 5
6: SN CC (SNCC) T_05+22,/2+ Zay 205+ Z2y /2 + Zas
SM (1994) (z—0s+22,/4)" (zo.5 + 22, /4)°
7: Molenaar (MOL) T 05+ (222,41)/6 + Za, 20.5 + (222,41)/6 + Za,
(1970) (z—0.5+ (22,+2)/18)° (zo.5 + (22,+2)/18)°
8: ]a-a;;ée)tt (BART) (\/E+ Za1/2)2 (\/54’ Za2/2)2
9: X{;I;éf;nbroucke (SR) (Ve + Za1/2)2 (Ve + Za2/2)2
10: éf;l‘go)mbe (ANS) (VT +3/8 + Zay/2)? — 3/8 (VT +3/8 + Zay/2)2 - 3/8
1 ZgS(OF)T) 025 (V& + Va1 + Zay) 1) | 0.25((V& + Va1 + Zay)* — 1)
12: ?1%1;2)@) (V75 + Zan/2)2 + 5 (VZ=5 + Zas/2)> + .5
15 e (B5) (VE02 + Zer/2)? (V96 + Zaz/2)’
14: Modified Wald (MW) For x=0; 0 For x =0; —log(a1)
Barker (2002) For x> 0; Wald limit For > 0; Wald limit
15: Modified Bartlett (MB) For z=0; 0 For x =0; —log(a1)
Barker (2002) For z > 0; Bartlett limit For x> 0; Bartlett limit
16: ER (LR)t L. (2003) No closed form No closed form
rown et al.
17: Jeffreys (JFR
Brown egf al. ()2003) Gl(a1,205,1/7) G(oz205,1/7)
18: i/ﬁd_P ter (1961) No closed form No closed form
ancaster
19: Approximate Bootstrap Zo + Zay vz o+ Zo + Zay =
Confidence (ABC) (1 —a(Zo + Zal))Q (1—a(Zo+ Za2))2
Swift (2009) where a = Zo =1/(6+/7)
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3. CRITERIA FOR COMPARISON

The criteria considered for the comparison among the above mentioned Cls
are E(LOC) of Cls, coverage probability, ratio of the left to right noncoverage
probabilities, E(P-confidence) and E(P-bias).

Here we explain the details of the three criterion for comparison mentioned
in Section 1. Without loss of generality a sample of size n = 1 is considered. The
comparisons are carried out over p € (0,50].

The expected value of a function g(x) is computed as Y .- ; g(x) p,(x) where
pu(x) = e #p®/z!. The infinite sums in the computation of these quantities were
approximated by appropriate finite ones up to 0.001 margin of error.

The coverage probability C'(u), noncoverage probability on the left L(u),
noncoverage probability on the right R(u), and corresponding expected length
E(LOC) of a CI (I(z), u(x)) are respectively computed by taking g(z) = I (I(z) <
p<u(z)), I(p>u(z)), I(p<l(z)) and (u(z) —l(x)), where I(-) is the indicator
function of the bracketed event.

3.1. Computation of E(P-confidence) and E(P-bias)

Let CI(x) be the CI obtained for the observation x having nominal level (1—
a)100%. The P-bias and P-confidence are defined in terms of the standard equal
tailed P-value function P(u,z) = min(2F,(X <z),2 F,(X >x),1). The P-con-
fidence of the CI that measures how strongly the observation z rejects parameter
values outside CI is defined as Cp,(CI(z),z) = (1 — sup¢ci(z) P z)) x 100%.

The P-bias of a CI which quantifies the largeness of P-values for val-
ues of p outside the CI in comparison with those inside the CI is given by
b(Cl(z),z) = max(0, SUp¢ci(z) (1, ) — inf ,ecr(z) P(p, z)) x 100%. For the
Poisson distribution P(u,x) is continuous and a monotone function in y in op-
posite directions to the left and right of the interval for each value of z. Hence
the supremums and infimums occur at the upper or lower end points of the Cls.
Consequently the formulae of P-bias and P-confidence are reduced to

Cp(Cl(z),z) = (1—max{2P(X2 z; p=1(z)),2P (X< x; ,uzu(@)}) x 100% ,
b(Cl(z),z) = maX{O, {2P(XZ z; p=I(z)) —2P(X< x; u:u(x))}} x100% .

Their expected values are computed as described above.
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It was observed that when the actual value of i is a fraction, the CI with
their endpoints rounded to the nearest integer (for lower limit, rounding to an
integer less than the limit and reverse for the upper limit) improved coverage
probabilities to a very large extent at the cost of increasing E(LOC) at most
by one unit. This is clearly visible from Figure 1 which displays the Box plot
of coverages for the rounded and unrounded Cls obtained using Wald method.
Similar pattern was observed for other methods.

95 —
*
*

85 —

Cowerage

T T
unrounded rounded

Figure 1: Impact of rounding on coverage of Wald CI.

Consequently the E(LOC) and percent coverages reported here correspond
to these rounded intervals and the comparison carried out among the methods in
the sequel is based on rounded intervals.

4. COMPARISON AMONG THE METHODS

4.1. Comparison based on coverages and E(LOC)

On careful examination revealed that different methods perform differently
in certain subsets of the parameter space.

Consequently the performance of each method was studied separately on
the three regions, namely (0,2), [2,4] and (4,50] in the parameter space. Panels
(a) and (b) of Figures 2A to 4A display respectively the boxplots of coverages and
graphs of relative E(LOC) of conservative methods (i.e. ratio of E(LOC) for the
concerned method to the same for Garwood exact CI) for different regions defined
above. Figures 2B to 4B display similar plots for nonconservative methods.

The observations from these graphs are tabulated in Table 2. The methods
displayed in bold face have shortest length among the concerned group. Here

G1 = {GW,MOL, WH, BB} and G2 = {BART, W, H}.
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Table 2: Coverage performance of the nineteen methods.

Type pe0:2) pe [2,4] 1 € (4,50]
FNCC, LR, ANS,G1, MB, ANS, SN, G1 G1,SNCC, ABC,LR
C . FT,JFR, MB, MW, SN ABC, SR, JFR H,BART, MW, ANS
onservative s X .
SNCC, ABC, SR, Mid-P SNCC, Mid-P FT, MB, SN, Mid-P
JFR,FNCC, W, SR
Non- a2 G2,FNCC,FT,LR o
Conservative MW

—e—SNCC
MOL,GW,
100 — GW,
*w WH BB
9 — ANS
*
98 —f
® vB
7] % JFR
—x—
3 9% — g
° & ® ——LR
94 — g —— MW
%] * —FT
92 —
T T T T T T T T T T T T T FNCC
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(a) Boxplot of coverages for conservative methods. (b) Relative lengths of conservative methods.

Figure 2A: Coverages and relative E(LOC) for conservative methods for
parametric space (0,2), where G1 = {GW,MOL, WH, BB}.
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Figure 3A: Coverages and relative E(LOC) for conservative methods for
parametric space [2,4], where G1 = {GW,MOL, WH, BB}.
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Figure 4A: Coverages and relative E(LOC) for conservative methods for
parametric space (4,50], where G1 = {GW,MOL, WH, BB}.
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4.2. Comparison with respect to balance of noncoverage probabilities

For a two sided CI procedure it is desirable to have the right and left non-
coverage probabilities to be fairly balanced. We plot the ratio of the left to right
noncoverage probabilities as a function of Poisson mean for the nineteen methods
in Figure 5A and 5B for regions (2,4) and (4,50). For balanced noncoverage, ratio
should oscillate in the close neighborhood of 1. For region (0,2) all methods are
well below 1, with the exception of Wald method.

A careful observation of figures leads to the following region wise perfor-
mance of methods with respect to right-to-left noncoverage balance reported in
Table 3.

Table 3: Performance based on right-to-left noncoverage balance.

Performance u € (2,4) u € (4,50)
Fairly balanced around 1 — G1,ABC,LR, JFR, SR
Uniformly below 1 SNCC, SN, G1, ABC,MB SN, SNCC, Mid-P

LR, JFR, SR, Mid-P

Uniformly above 1 FT, ANS, FNCC, MW, G2

FT, MB, ANS, FNCC, MW, G2

4.3. Comparison based on E(P-bias) and E(P-confidence)

For comparison of methods on the basis of E(P-bias) and E(P-confidence),
we consider three regions of sample space (0,2), (2,4) and (4,50). Three panels
(a) to (c) of Figures 6 and 7 represent boxplots of E(P-confidence) and E(P-bias)
for these three regions. Recommendations on the basis of E(P-bias) and E(P-con-
fidence) for two regions tabulated in Table 4.

Table 4: Recommendations on the basis of E(P-bias) and E(P-confidence).

Performance we (0,2) u e (2,4) w € (4,50)

Smallest E(P-bias) FNCC, MW, W FNCC,SNCC | SNCC,Mid-P,SN
Largest E(P-confidence) | SNCC,SN,ABC,G1 | SNCC,SN,G1 SNCC, G1,SN
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Figure 5A: Graph of ratio of noncoverage probabilities for parametric space (2,4].
The ratio of noncoverage probabilities for methods SNCC, SN, G1,
ABC and MB are zero for parametric space (2,4].
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Figure 5B: Graph of ratio of non coverage probabilities for parametric space (4,50].
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E(P-confidence)

8

l

[}

o

I+

—{T
—{T1
-1
1+

70 —

I r+rrrrr+rr 1111 171
SNCC G1 SN ABC gr JFRFT ANS H MBFNCQMid-pBARTLR MW W

Methods

Figure 6(b): Boxplot of E(P-confidence) for parametric space (2,4].

éﬁﬁ#

nﬁwr?piqiT?

E(P-confidence)
8
|

80 —f

L L LA LU, U N S R | T 1
SNCC G1 SNMid-p ABCSR JFR FT ANSBARTH LR MBFNCC MW W

Methods

Figure 6(c): Boxplot of E(P-confidence) for parametric space (4,50).



Comparison of Confidence Intervals for the Poisson Mean: Some New Aspects 225

1.5 —
8 10
2
o
m

0.5 —

I E é é
o ludd
) 1 L ) \J 1 T 1 1) ) L 1 T ) I \J
FNCCMW W ANSSNCC G1ABC SR FTJFRBARTH LR MB SN Mid-p
Methods

Figure 7(a): Boxplot of E(P-bias) for parametric space (0,2].

E(P-bias)

1t i

0 —f
) 1) ) 1) T L) ) | L) L) U T ) ) | L)
FNCC SNCC G1ANS MW W ABC SR FT JFRSN Mid-FBARTH LR MB

Methods

Figure 7(b): Boxplot of E(P-bias) for parametric space (2,4].

; o
_$aa$9é* alies

) I \ J ) L) ) U L) ) 1 L) ) 1) 1 |
SNCCMid-PSN G1 ABC JFRSR ANS FT |R H MBBARTFNCCMW W

Methods

E(P-bias)

Figure 7(c): Boxplot of E(P-bias) for parametric space (4,50).



226

V.V. Patil and H.V. Kulkarni

5. CONCLUDING REMARKS

Rounding of end points of CI considerably improves the coverages of CI.

Our remarks are based on rounded intervals. A best choice for CI depends on the

objectives of the underlying investigations and a broad prior knowledge about

the underlying parameter if any.

Finally, our investigation suggests the following recommendations:

1)

In the analysis of rare events where u is expected to be very small
in between 0 to 2, we recommend MW and FNCC method on the
basis of highest coverage probabilities with shortest expected length
and smallest expected P-bias and reasonable expected P-confidence.
In this region LR is also recommendable on the basis of all the criteria
except E(P-bias).

For the situations where the parameter is expected to be large more
than 4, methods involved in G1 are the best choice. In fact the perfor-
mance of methods in G1 is uniformly satisfactory (if not best) on the
entire parameter space with respect to all the criteria, so in the absence
of any knowledge regarding the underlying parameter, we recommend
these methods for use.

We strongly recommend to avoid using W, BART, and H methods in all
kinds of applications, since these are uniformly nonconservative for all
parameter values, have large E(P-bias) and smallest E(P-confidence)
and highly imbalanced noncoverage on the right and left side.

These recommendations are useful guidelines for consulting professionals,

in data analysis, software development, and can be an interesting addition to the
discussion of case studies in Applied Statistic courses.
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1. INTRODUCTION

Let T'(F) be any smooth functional of one or more unknown distributions F’
based on random samples from them. Bias reduction of estimates of T'(F'), say
T(ﬁ), has been a subject of considerable interest. Traditionally bias reduction
has been based on well known resampling methods like bootstrapping and jack-
knifing in nonparametric settings. However, these methods may not be effective
in complex situations when the sampling distribution of the statistic changes too
abruptly with the parameter, or when this distribution is very skewed and has
heavy tails. Also the robustness properties of F' may not be preserved for T'(F')
for all T'(+). For excellent reviews of bias reduction methods, we refer the readers
to Gray and Schucany [11], Anderson et al. [1], Zacks [30], Efron [8], Hall [12],
and Chapter 4 of Beirlant et al. [2].

Recently, various analytical methods have been developed for bias reduction
in parametric settings. Withers [27] developed methods for bias reduction based
on Taylor series expansions. Sen [18] and originally von Mises [22] established
asymptotic normality of \/n {T (F)—T(F )} as n — oo under suitable regularity
conditions. Cabrera and Fernholz [3], [4] defined a target estimator: for a given T
and a parametric family of distributions it is defined by setting the expected
value of the statistic equal to the observed value. Cabrera and Fernholz [3], [4]
established under suitable regularity conditions that the target estimator has
smaller bias and mean squared error than the original estimator. See also Fernholz

[9]-

The first analytical bias reduction method in a nonparametric setting was
proposed by Withers and Nadarajah [29]. The technical tools required for Withers
and Nadarajah [29] were contained in an unpublished technical report cited there
as Withers (1994a).

This paper is an update of the unpublished technical report. The emphasis
of this paper is to describe how to find estimates of low bias for T'(F'). Because
of the material in Withers and Nadarajah [29], the emphasis here will not be
on numerical illustrations or applications. In Withers and Nadarajah [29], the
estimates proposed here were compared to alternatives. We showed in particular
that our estimates consistently outperform bootstrapping, jackknifing and those
due to Sen [18] and Cabrera and Fernholz [3], [4]. We also provided computer
programs in MAPLE for implementation of the proposed estimates.

Suppose we have k > 1 independent samples of sizes nq,...,n; from dis-
tribution functions (d.f.s) F = (Fy,...,Fy) on R, . R%. Let F = (Fy, ..., F})
denote their sample d.f.s and let n be the minimum sample size. The problem we
consider in this paper is that of finding an estimate of low bias for an arbitrary
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smooth functional T'(F'). The natural estimate T(F) generally has bias ~ n~1,

that is, O(n™!) as n — .

For the reader’s convenience, in Section 2, we repeat the definition of func-
tional derivatives and rules for obtaining them given in Withers [28]. In Section 3,
we have a formal asymptotic expansion of the form

(1.1) ET(F) = in—’a ,
r=0

~

where Cp = T'(F'). The coefficient of n™" in ET(F'), C,(F,T) = C, may be writ-

~

ten in terms of the (functional or von Mises) derivatives of T'(F') of order < 2r,
and is given in Section 3 explicitly for r < 4.

From (1.1) if a functional T{,(F) can be expanded as

Ty = 30 Tu(F)
=0

then
ETn(F) = 3w BT:(F)
i=0
= Z n=t Z n~"C.(F,T;)
=0 r=0
oo J
= Z Z n=i CT(F7 Tj—r)
7=0 r=0
— S i)
j=0
where

C'J(T) = iCTUT?Tj—r) :

r=0

Defining T; iteratively by Ty = T and
(1.2) Ty(F) = = G(F,T;-j)

for ¢ > 1 it follows that for p > 1

p—1

(1.3) T p(F) = > n ' Ty(F)

1=0
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satisfies

ET, ,(F) = Zn_iETi(ﬁ)

= Zn ‘ iniTC F,T;)

_ p—l
= Zn an’"C F.T;) +Zn7”(] (F,T;)

i= r=0 =

p—(i — p—lp 0o
= Zn*i Zn*TCT(F,Ti) + Zn*i Zn*’“cr(F,Ti)

J p—1 oo

= Zn—J Zcr F.Ti ) + > Y n " "Cu(F,T)) + O(n™?)

=0 r=p

= Ty(F) + Zn_j Tj(F) + Zn‘j ZCT(F,TJM
i=1 7=1 r=1

p—1 oo
+ 3N 0 TTTCH(F T + O(nP)
=0 r=p
p—1 oo .
= Ty(F) + > nT"TCH(FT;) + O(n?)
=0 r=p

= T(F) +0(n™"),

where the two middle terms in the third last step cancel out because of (1.2).
So, we can write

ET, ,(F) = T(F)+0(n?) .

So, Tnyp(ﬁ) is a p'" order estimate in the sense that it has bias O(n~?). This result
was given for the case k = 1, p = 2 using a different approach in an unpublished
technical report by Jaeckel [13].

Note that T,(ﬁ) given by (1.2) is the coefficient of n~% in the expansion in
powers of n~! of the unbiased estimate (UE) of T'(F), if an UE exists.

Section 4 gives T;(F') explicitly in terms of the first 2¢ derivatives of T'(F')
for i < 3. So, Tp4(F) is an explicit estimate of bias O(n~%). Proposition 4.1
shows how to obtain from (1.3) an estimate of bias O(n™P) of the form S, ,(F),
where

Snp(F) = ZSZ )/ {(n—1)-(n—1d)}.

This estimate is unbiased for one sample if T'(F') is a polynomial in F' (such as
a moment or cumulant) of degree up to p.
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Section 5 gives examples and makes comparisons with the UEs of central
moments and cumulants given by James [14] and by Fisher [10]. Our method is
demonstrated to be give much simpler results for UEs of products of moments
than the polykay system of Wishart [23] as expounded in Section 12.22 of Stuart
and Ord [19] using tables of the symmetric functions.

Examples 5.1 to 5.3 estimate an arbitrary function of the vector w(F),
the mean of one multivariate distribution. Example 5.2 specializes to T'(F') =
a'u(F)/b'u(F), where a,b are given sj-vectors, in particular for the ratio of
means of a bivariate sample,

T(F) = m(F)/p2(F) .

Examples 5.4 and 5.5 estimate an arbitrary function of the means of k univariate
distributions; in particular it considers the case of two univariate samples (k = 2,
S1 = 82 = 1) with

T(F) = p(Fy)/p(Fz) .

Example 5.6 gives an explicit expression for the general derivative of the r** central
moment p,.. Together with the chain rule of Appendix A this enables one to obtain
a pMorder estimate of any smooth function of moments. In particular, we give
fourth order estimates for any central moment and UEs for u, for r < 7.

Examples 5.7 to 5.11 extend this to an arbitrary product of moments. An
alternative matrix method for obtaining UEs of products of moments is given
there. This involves obtaining simultaneously the UEs of all moment products of
a given degree. Examples 5.12 to 5.15 give fourth order estimates of the standard
deviation and functions of it. Example 5.16 gives third order estimates of the
ratio of the mean to the standard deviation.

Examples 5.17 to 5.21 give applications to return times and exceedances.
Examples 5.22 and 5.23 illustrate how to obtain UEs for multivariate moments
and cumulants from univariate analogs. Finally, Examples 5.24 and 5.25 give
second order estimates for the correlation and its square.

The method can also be used to estimate with reduced bias any cumulant
of T(F). This is illustrated in Section 6 which gives a third order estimate for
the covariance of any estimate of the form T(ﬁ), where now T may be a vector.
For example, by Example 5.1, if £ = 1 and T'(F') is any function of p(F) (such as
w1 (F)/p2(F)) if s; = 2), this estimate is a function of the mean and covariance

of F only, whereas C| depends also on the third moment.
Section 7 shows how to estimate the covariance of an estimate of bias.

There are, of course, other p*™ order estimates of T'(F), but they are all
computationally intensive, requiring O(n?) calculations (except in special cases),
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whereas our method requires only O(n) calculations for fixed p. The main exam-
ples are, firstly, the (p —1)*" iterated bootstrap, gp_l of equation (1.35) of Hall [12]
in which (—1)i*! should be inserted in the right hand side; and, secondly, the
p order jackknife gr—1 of equation (4.17) of Schucany et al. [17], a ratio of p X p
determinants. To see that this requires O(n”) calculations note that ¢, of their
equation (4.19) requires O(nP) calculations.

The techniques given here can also be applied to quantify their biases. Note
that if A and B are two p'! order estimates of T(F) then A — B = O,(n~?).

Appendix A gives a very useful chain rule for obtaining the derivatives of
a function of a functional. Appendix B gives some results used to obtain {T;}
of (1.3). Appendix C shows how to estimate the number of simulated samples
needed to estimate the bias to within a given relative error.

[21] by an entirely different method obtained an expansion of the form (1.1)
for

m(v) = T(F) = [[EX",
i=1

where X ~ F', and so also for u,(F'). For these cases he constructs estimates

~

of bias O(n™P) given p >1. He shows for T(F') = m(v) that the UE T), o (F)
converges if E|X|" < oo, where h = >_7_, v; and n—1 > the number of partitions
of h. His expression on page 12, Theorem 4, is incorrect. He gives

var m(v) = n~V +0(n7?),
where
S
V = m(v)* (A - s?) and A= Z M, mgl .
i=1
Here, A should be
S
Z My 40, m;z,l m;jl .

ij=1

For the case T'(F) = p? his Table 2 illustrates through simulations for F = U(0, 1)
and n = 5,10 how the bias of T, ,(F') falls to zero as p increases.

Throughout the paper, we shall assume that T'(F') and all of its relevant
derivatives are continuous and bounded, and that (1.1) converges with each term
and its relevant derivatives continuous and bounded.
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2. FUNCTIONAL PARTIAL DERIVATIVES AND NOTATION

Let F; denote the space of d.f.s on R®. Let x,y,x1,...,X, be points in R*,
F € F and T: F — R. In Withers [25] and originally in [22], the r*! order func-
tional derivative of T'(F') at (x1,...,X;)

Txl,...,xr — TF(X17 "'7X’I”) )
was defined. It is characterized by the formal functional Taylor series expansion:

for G in F;,

r

(2.1) T(G)-T(F) = Z/TTF(XL...,XT) Hd(G(Xj) — F(x;))/r!,
r=1

=1

where f denote r integral signs, and the constraints Tx, . x, is symmetric in its
r arguments, and

/Txh...,xT dF(Xl) =0.

These imply F'(x;) in (2.1) can be replaced by zero. In particular, it was shown
that, for 0 <e <1,

T, = 0T (F +e(0,—F))/0e

at £ =0, where 0, is the d.f. putting mass 1 at z, that is 0,(y) = I(x <y) =1
if z <y and 0 otherwise. For example, T'(F') = F(y) has first derivative T, =

TF(m) = 590(3/) - F(y) = F(y):ca say.

Also, Tx, ... x, = 0 if T(F) is a ‘polynomial in F’ of degree less than r (for
example, a moment or cumulant of F' of order less than r), so that the Taylor
series in (2.1) consists of only » —1 terms. Note that T'(F') is a polynomial in F'
of degree m if for any G in F;, T(F +e(G—F)) is a polynomial in € of degree m.

Suppose now that F' = (F}, ..., Fi) consists of k distributions on R**, ..., R
and that T'(F') is a real functional of F'. Then the functional partial derivative of

T(F) at
A1y eeey p
X1y eeey Xy

Glyeeny G
Q1,esQr y ey Qp
Txl:...:xr - TF( > )

X1y eeoy Xp

is defined by

where x; in R** and a; in {1,2, ..., k}, and is obtained by treating the lower order
functional partial derivatives and T'(F') as functionals of F;, alone for a = aq, ..., a,.



Nonparametric Estimates of Low Bias 237

For example, T¥; %, is the ordinary functional derivative of S(F,) = T(F) at

(x1, ..., %), and Tg{','.'.’.(,licli’j}'{,b...,ys is the ordinary functional derivative of S(F},) =

T at (Y1, ¥s):

Just as 92f(x,y)/0x 0y = 0>f(x,y)/Oy Ox under mild conditions, swap-

ping columns of 7%, "% (for example, 3

T,?;',',',’,‘f;(’ﬁ;g;”,.,.,ys is also the ordinary functional derivative of S(Fy) = Tyb’l';j,’fyr at

(X1, eees Xs).

and §2) will not alter its value. So,

The partial derivatives may also be characterized by the formal functional
Taylor series expansion: for G = (G, ..., Gi) € Fg, X - x F, ,

02 TG - T(E) ~ Z/%F(al’m’i:) [T d(Ga,(x;) — Fu, (x;)) /1"
r=1 J=1

Xy eeny

with summation of the repeated subscripts aq, ..., a, over their range 1,...,p im-
plicit, together with the constraints

T¢! % is not altered by swapping columns ,

and

/T,‘jll"“’,‘i: dF,, (x1) = 0.

-----

These imply Fy;(x;) in (2.2) can be replaced by zero. The partial derivatives
may also be calculated using

'
Alyees@rpl Q1yeeeyOr | Ort1 2 : Al,..sQr41
(2'3) TX1,-~~,Xr+1 - (Txl,...,x:> Xr41 + 5ai,ar+1 T<X17--~7Xr+1>i )
i=1
where 6; j =1 or 0 for i = j or i # j, ( ); means ‘drop the i*" column’, and T

denotes the ordinary functional derivative of S(F,) = T(F') at x. The proof of
(2.3) is as for equation (2.6) of Withers [25].

3. EXPANSIONS FOR BIAS

Perhaps the easiest method to obtain expressions for the bias coefficients
{C,} of (1.1) and the bias reduction coefficients {7;(F')} of (1.3) is from their
parametric analogs, given in equation (A.1) and Appendix D (for i < 3) of With-
ers [27]. The method is to identify (6,6, ¢,Y) with (F, F, T, [), where the integral
is with respect to the appropriate d.f. F;. This method was used in Withers [28]
to derive non-parametric confidence intervals of level 1 —a +O(n~7/2) from their
parametric analogs. It is convenient to set

(3.1) T(a',V,...) = //Tp(ZZJ] > dF,(z) dFy(y) -,
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where x° denotes a string of i 2’s (not a product) and similarly, for a’.

notation of Withers [28] this is [1¢,27,...]o5 . Setting
(3.2) Ao =n/Ng with n = minn; ,

the above approach yields

(3.3) Cy=1[21/2, Cy=[3]/6+2%/8,
(3.4) C3 = |4]/24 + (2,3|/12 +|23| /48,
(3.5) Cy = [5]/120 + |2,4|/48 + |32]/72 + |22, 3|/48 + |2%| /384 ,
where
2] = > A T(a?)

3] = > A2T(d?

2% = ZAmAaQ T(ai,a3)

4] = SN T(ah) - 3T(a? a®) } |

12,3 = D> XX} T(a2,b3) ,

12%] = )" Ay Aay Aoy T(a, a3, a3)

5] = Z/\“{ )~ 10T(a%,a )}

2,4 = > aaA} {T(a%,b%) = 3T(a? 0%, 0%)} ,

|32| = Z/\21>\22 alaa2) )

12%,3] = ) AayAax N T(af, a3,0%)

12%) = ) Aoy Aay Aag Aay T(a, 03, a3, a3) -
For example, if £k =1 (one sample) then
(3.6) C,=T@1%/2, Cy,=T1%/6+T(12%1%)/8,

More generally,

’Ai’ = )‘514_1"')‘?1-_1 |Ai’a ey
(3.7) 2% 1

AY B = Y Nl AL B 4ipd . ,
1 7 1 1 yeeesllay 3oy
’ Y Z a a b b] ‘ |a1 a; bl b]

with each aq,...,b; summed over 1, ..., k,

In the

|AL Bl oy, anbnny = Tat, el bf, . 0P)  if Aand B=2or3,

4], = T(a") = 3T(a® a®) ,
15l¢ = T(a®) — 10T (a?,a®) ,
|274‘a,b = T(a27b4) - 3T(a27b27b2) :
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For example,
4% = AN A e
and

’A2|a1,a2 = T(a aaééx) if A=2or3

- / / n(“l % ) AF () dF oy (y)

so for the one sample case (k = 1),
A =T014,..,1Y) if A=20r3,
AL B =T(14,..,1417,..,18%)  if Aand B=2or3,
14 = T(1") - 37T(1%,1%) 5| = T(1°) — 10T (1%,1%) ,
12,4] = T(1%,1%) - 3T(1%,1%,1?) .

The general term C, is given by equation (A.1) of Withers [27], (3.2), (3.7),
and

i J
.. _ 1 ! . / . a,...,a,b,...’b
‘Z7j7"'|a,b,... - \/d’%a(xlr“axl)/dlib(yla“wyj) TF (Xl,---,Xz‘,yh---,y]' ) )

where [ id%;(xl, ...,X;) is the Lebesgue-Stieltjes integral,

x1 A Xg A --- = min(xy, X2, ...) taken componentwise ,
fio,.. = Fa(xi Axg A--+)
Ka(X1,X2,...) = K(Y1,Y2,...), the joint cumulant at Y; = (X, <x;) ,

Kp(X1,X2, ...) = Kq(X1,X2,...) expressed as a function of {fi; } at f; =0,

and [ is the indicator function and X, ~ F,. For example, using an obvious
summation notation

Ko(X1,%X2) = fi2— fife,
3
Ka(X1,%X2,%X3) = f123 — Y frafs +2f1fafs,
4 3
Ka(X1, ... Xa) = f1,..4 — Zf1,2,3f4 - Zf1,2f3,4 ,
imply

Ky (x1,%2) = fi2, Ky (x1,X2,X3) = f123

3
Kp(X1,0Xa) = fia— Y frafsa .

As a check if k =1, (C1,C2) = (a1,1,a1,2) on page 580 of Withers [25].
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4. ESTIMATES OF BIAS O(n™%)

Here, we give expressions for {1;, i < 3} of (1.2) and for {S;, ¢ <3} of
Proposition 4.1. Estimates of bias O(n~%) are then given by T), 4(F) of (1.3) and
Sn.a(F) of (4.5), (4.6).

From their parametric analogs in Appendix D of Withers [27], we obtain
(see Appendix B) in the notation of (3.7)

41)  T(F) =-2/2, T(F) =[3/3+]2°/8 =) _AT(a%)/2,
and
T3(F) = =Y N T(a®)/2 + Y N T(a®) =) N T(a")/4

+DNT(a?a%)/2 + D AN T(@?,6%)/4 =D AN} T(a?,5%) /6
= XA T(a?, 1%, %) /48 .

For the one sample case (k = 1), these reduce to

(42) Tu(F) = -T(1%)/2,

(4.3) To(F) = T(1*)/3 + T(1%,1%)/8 — T(1%)/2,

T3(F) = —T(1%)/2 + T(1%) — T(1%) /4 + 3T(1%,1%) /4 — T(12,1%) /6

(44) —T(1%,1%,1%)/48 .

Proposition 4.1. Let {N;(n), i > 0} be given functions satisfying N;(n)
/n~" — 1. Then (1.3) may be rewritten as Sy, ,(F) 4+ O(n~P), where

(4.5) Spp(F) = Z Ni(n) Si(F) .

So, Snyp(ﬁ) is a p'! order estimate of T(F).

Suppose now that it is known that there exists an UE and that it has the
form Sn,p(ﬁ). Then this gives a method of obtaining it. For example, if k =1
and T(F) is a polynomial of degree p in F (for example, a product of moments
or cumulants of total degree p), then the UE of T(F) has the form (4.5) with

(4.6) Ni(n) =1/(n—1);,

where (r); = rl/(r —i)! =r(r —1)---(r —i+1). In this case, {S;} are given in
terms of {T;} by equation (2.17.2) of Withers [27]:

So=T, Si=T1, Se=Tr—-T1, S3=T3-3T5+21T1,
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If k =1 and we choose N;(n) as in (4.6), then S, is generally a simpler expression
than T;:

So(F) = T(F), Si(F)=-T(1%)/2,
(4.7)  Sy(F) = T(1%)/3 + T(1%,1%)/8 ,
(4.8) S3(F) = —T(1%)/4 +3T(1%,1%)/8 — T(12,1%)/6 — T(1%,12,1%)/48 .
Ifk#1,

So(F) = T(F),  Si(F)=T(F)  of (42),

So(F) = To(F) = To(F) = [3]/3 + |2°|/8 + D> _(Aa—A2) T(a®)/2 ,

and so on.

For p > 1, set ep (T, F) =T,,(F) of (1.3) and let {U;(¥)} be smooth.
Then a p' order estimate of

Un(F) =Y n " Ui(F)
1=0
is
(4.9) Ulip(F) = n7 e, (U, F) .
=0

Let #,(X) denote any 7" order cumulant of X, any ¢ x1 random vector. Then
n!="k,(T(F)) can be expanded in the form (4.9); a method of obtaining {U;} is
illustrated in Section 6 for the case r = 2.

Proposition 4.2. ET(ﬁ) may be infinite or may not exist. For example,
this is the case if k = s =1, T(F) = u(F)~!, I > 1 and F has positive density at
zero, or F(x) approaches zero too slowly as x — 0. So, page 356 in Quenouille [16]
is wrong in givjnlgry_1 finite bias for X ~ N (2,1). In such cases, our method may
be salvaged provided we know an upper bound for |T(F)|, say |T(F)| < u < oo.
By large deviation theory P(|T(ﬁ)\ >u) =O(exp(—n))), where A > 0. Typically,
Tvmp(ﬁ) is a p™ order estimate of T(F'), where

- { T p(F), if |T(F)| <u,

4.10 Tho(F) =
( ) »(F) c, otherwise ,

and c is any finite constant, for example, u.
The estimates (4.5) and (4.9) can be adapted similarly, to give gnp(ﬁ) and

ﬁg,p(F) say. Similarly, if U, (F) is the formal expansion of n' 'k, (T (F))
then

U;q(]/?\) I(|T(ﬁ)] <u) is a ¢ order estimate of n" e, (Tnp(ﬁ))

even if K, (T(ﬁ)) is not finite. For example, the variances in equations (10.17)—
(10.20) of Kendall and Stuart [15] are infinite if the density at zero is positive.
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An alternative estimate of bias O(n*p) is T,- (Z?) = an(ﬁ), where ¢ < p
is the maximum integer such that {n_l T;(F ) 0<i< q} decreases in absolute
value. This may be useful if T}, ,(F) diverges. Note that St (F) and Tgfp( F)
may be defined analogously from (4.5) and (4.10).

5. EXAMPLES

Example 5.1. Suppose k=1, X~F on R* and T(F) = g(u), where
p = p(F) = EX has dimension s; = s and ¢ is a function with finite deriva-
tives at p. By the chain rule (A.6) or (A.7) of Appendix A,

TF(X17'..,XT) = gj17"~7j7‘ :U’j1,X1"'er,xT ,
where

are the partial derivatives of g(u) with respect to p, and summation of the
repeated indices ji, ..., jr over their range 1, ..., s is implicit. So,

T(1i171i2>“') = Gj,.. Jig k1seskig e ,U[]l,- "j’h} M[klv"'ak’iz] R
where

(5.1) ulit, ool = / (5, — ) -+ (2 — pija) AF (%) |

the joint central moment. So,

T(1%) = g pli, ] ngw i +2 ) gijulij]
1<i<j<s

T(1%) = gijk H[Zvjvk] 7

(1Y) = gijkd i 4, K, 1]

(12a 12) = Gj1.42,k1,k2 :u[jlaj2] H[khk?} )

i I

(12,1%) = g jkrm pli, 4] plk,l,m]
T(1%,1%,1%) = g; jpmm plis ) plk, 1] plm,n] .
So, by (4.2)~(4.4)
T(F) = =Cy = —gij pli,jl/2,
To(F) = —gij plis §1/2 + gijn pli 3 K1/3 + G plis 5] ulk, 11/8
T5(F) = —gi;j pli:31/2 + gigk plis 3, k] = gije {M[i’j’ 1) = 3 pli, J] “[k’”}/4
= ikt pli 3] ik, 1) 6 = gijkamn plis 5] plk, 1) plm,n] /48 .

A p' order estimate of T'(F) is now given in terms of these by Tn,p(ﬁ) of (1.3).
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Example 5.2. Consider Example 5.1 with g(p) = &’u/B'n = N/ D, say,
where o, 3 are given s-vectors. Its i*® order partial derivative with respect to p
is

(5.2) Gjromg = (1) = 1) D_izfsjl Bz Bji
where

(5.3) 6 = a; — B T(F)

and

m
D ityesim = Fityesim & Fizysimis + -+ it -

N

(1Z) = (_1)i_1 il D_i(sjl ﬁ]2/8_71 N[jla 7]1] )

(12,1%) = —4LD™6;, B, By, Bjy ulijn, g2 pliis. gal

(127 13) = 4! D75{2 5j1/5j1 + 35j3//8j3} ﬂjf”ﬂjs M[jhjﬂ ﬂ[j37j47j5] )
T(1%,1%,1%) = —6!.D"%8, B>+ By plin, 5] plss, ga] pljs, gl -

In particular, for g(p) = p1/u2 (the ratio of means for one bivariate sample),
T = (<) itz {1, 27 = T(F) pl2]}

T(12,12) = —4t " {ul1,2) ul2%] - T(F) ul22}

N

N

T(1%1%) = 4 g™ {21, 2] pf2) + 3 2] w1, 2%] = 5 T(F) uf2%] 2]}

T(12,12,1%) = =61 ji3° { ul1, 2] = T(F) u[2%] } ul2*2,

S1(F) = Ti(F) = =Cy = pz{pul1,2] - T(F) ul2*]},
To(F) = 205° {ul1, 2% = T(F) 2]} = Tu(F) {1+ 31052 ul2%]}
S (F) is the same as Th(F) with ‘1 +' deleted,
Ty(F) = 3 {ul1, 2] = T(F) 2]} {1 = 18 i3 2[2%) = 8 g l2%] + 15 3 [2%2 |
6105 {ul1,2%] = T(F) 2]} {1 = 25212}
+6 3" {1, 2%) = T(F) ul2']}
and
Ss(F) = uz{ul1, 2] = T(F) uf22] } { =9 u5u[2%] = 8 i3 wl2%] + 15 3 ul2?}
— 12057 {ul1, 2% = T(F) u[2%] } pu[2?]

+6 3" {1, 2%) = T(F) ul2)}
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Example 5.3. Consider Example 5.1 with g(u) = (a’u)? = NP, say,
where a is a given s-vector. The i*" order partial derivative of g(u) with re-
spect to p is

Gjrregi = ()i NP gy 0y

Set ,
agy = N gy ag; plj, o, il -
Then
T(1') = (p)i NPagy ,
T(1%,1%) = (p)a NPajy
T(1%,1%) = (p)s NP a@ ag)
(

T\(F) = —=C1 = —(p)2 NP a9 /2,

To(F) = Np{—(p)z (2)/2 + (P)s 3)/3 + (P)a 04%2)/8} ,

Ty(F) = N*{=(p)2 /2 + (p)s a(s) — (0)a [a) — Bay] /4
~ (D)5 a(2) a(3)/6 — (P 0y 48} -

In particular, for a univariate sample (s = 1) with central moments {u,}
and g(u) = pP,

Si(F) = Ti(F) = —(p)a p’ *p2/2,
Ty(F) = —(p)a P *pa/2+ Sa(F)
So(F) = (p)z P >ps/3+ (p)ap? " 13/8
T5(F)

= (p)wp 2pa/2+ (p)s P s — (p)a P~ (pa — 3 13) /4
—(P)s PP 3 p1n /6 — (p)o 1P~ O pu3 /48

and

S3(F) = =(p)ap? ™ (2pa = 313) /8 — (p)s 1"z pi/6 — (p) 113 /48 .
In particular, for p a positive integer, by Proposition 4.1, an UE for pP is

p—1

> Si(F)/(n—1);

=0
where So(F') = pP, and
forp=2: Si(F)=—p2,
for p=3: S1(F)=-3puuz, So(F)=2us,
for p=4: Si(F)=—6p’p2, So(F)=8puus+3pu3, S3(F)=—6us+9uj.

These results may be checked by by solving the system of equations given by page 5
in Wishart [23]. For p =4 the system has seven equations. Alternatively, one
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may follow the method of Section 12.22 of Stuart and Ord [19] using their tables
of the symmetric functions. For example, after some labor one obtains for p = 4

the UE T}, (F), where
(n—1)3T,(F) = (N3 —8n%+23n — 30) my — n(n2 —Tn+4) mgm

- n(n2 —6n—|—6) ms + nQ(n—9) mam? + n¥mi
where m; = EX'. Clearly, our method gives a much simpler form.

For p = —1, that is T(F) = u~!, the above gives

p—1

Snp(F) = Si(F)/(n—1);

=0
where
So(F)=p"",  Si(F)=—ppg,
So(F) = —2p ps+3pu"p3
S3(F) = =3p~"(2pa—3p3) + 200 Cpgpe — 150~ i3,

so setting v, = pp~", s; = S;(F)/T(F) is given by

S1 = —72,
S9 = —273—1-3722 ,
s3=—3(274—313) +20y372 — 1575 .

Some simulations estimating the bias of §m(ﬁ) of (4.5), (4.6) and Proposition 4.2
with ¢ = 1/u = p/10 for 1 <14 < 4, for u~!, are given in Table 1. The estimates
present bias even for n = 100 and bias-corrected estimates of order n=2 (i.e. p = 2):
see Appendix C.

Table 1: Relative bias of gﬂp(ﬁ) for T(F) = p~! estimated from
two runs of 5000 simulations.

n=10 n = 100
p=1 p=2 p=1 p=2

Run1 0.0773  —0.0242 0.0089 0.0013
Run 2 0.0916  —0.0092 0.0087 0.0011

Norm (1/2,1)

Run1 —0.0780 —0.0105 | —0.0149 —0.0094

Norm (1,1) Run2 | —0.0660 —0.0040 | —0.0141  —0.0087
Norm (2.1) Runl | 0.0208 —0.0048 | —0.0046 —0.0070
orm {2, Run 2 0.0202 —0.0056 | —0.0056 —0.0078
Runl | 0.1096  0.0120 | 0.0052 —0.0045

Exp (1)

Run 2 0.1062 0.0184 0.0062 —0.0035
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Example 5.1 estimated a smooth function of the mean of one multivariate
distribution. We now estimate a smooth function of the means of k univariate
distributions.

Example 5.4. Suppose we have k univariate samples (that is s; =--- =
s, =1) with T(F) = g(u), where now p = (u(F1), ..., p(Fy)). That is, T(F) is a
function of the means of k£ univariate samples. Then

T A1y ey Qp \
F - gala---ya'r lu’alﬂjl T /’Lamxr ’
Llyeeey LTp

where g--- is the partial derivative with respect to p and
fag = pr,(2) = & — p(Fa) = & — i -
So,
T(a', V) = Gaig,... pila] 0] -

where
pla] = pi(Fa) = [ (@ = ) dFuo)
the i*® central moment of F,. So, for \, of (3.2),

Cl - Z)\aga,au2[a]/2 ;

Cy = Z )\Z Ga,a,a 143 [CL]/G + Z Aa b Ya,a,bb 12 [CL] :u2[b]/8 )
a a,b

C'3 = Z /\2 Ja,a,a,a {/1,4 [a] -3 2 [a]2}/24
+ Z >\a )‘13 Ya,a,b,b,b 12 [CL] M3 [b]/12 + Z >\a )\b )‘c YGa,a,b,b,c,c ,U/[a] H2 [b] H2 [C]/48 5

Ti(F) = -Cy,
TQ(F) = Z AZ Ya,a,a 13 [a]/?’ + Z Ao Ab Ya,a,bb K1 [CL] M2 [b]/8 - Z AZ Ga,a 12 [a]/2 )

T3(F) = =Y A} Gaap2[a)/2 + N2 gaaa psla]
- Z /\2 ga,a,a,a {M4 [CL]/4 + NQ[a]2/2}
+ > N2 N Gaabs H2la) pa[b]/4 = " Na AR Ga,abbs Hala] 113]b] /6
- Z Aa b Ae Ga,a,b,b,c,c MZ[G] ,UZ[b] H2 [C]/48 .
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Example 5.5. Consider Example 5.4 with g(p) = &’u/B'n = N/ D, say,
where a and 3 are given k-vectors. Set

Yo = @a/Ba = T(F) ,

Ajpg = D_MZ)\?kl_lﬁguk(a)l% ,
a

Bigy ={Airi} at =1,

A = Aok

By = Bog,1 -
Then, by (5.2),

C'1 = _A2 ’
Cy = A3 —6A5By s
Cs —Ay + 3140,2,2 +6A9B3 +9A3By — 15A2B§ ,

Ti(F) = A, ,
TQ(F) = 2A3 — 3A2BQ + A1,2,1a

T3(F) = Ago1 —9A131 —3A3+6A4 — 1240292 —3A121B2 —3A42B1 2
—8A9B3 —12A3By + 15 AQB% .

In particular, for g(p) = u1/pe (the ratio of means for two univariate samples),
setting vy, = py " puk[2], we obtain

C1 = Xavopun/pa
Cy = M\ (—V3 +6V22) w1/ e
Cs = )\3(1/4—31/3— 151/2V3—|—15V23) w1/ pe

Ti(F) = —Asvapa/pe2
TQ(F) = A%(—ZV;; — 9 +3V§) ,ul/,ug s
T3(F) = )\g(—61/4 —6uz — o — 15V3 +20v310 + 181/22) pi/pe

This may also be derived from (5.2).

Central moments and functions of them may be viewed as functions of
noncentral moments and so dealt with using Examples 5.1 and 5.4. However, it
is much more convenient to deal with them directly in terms of the derivatives of
the central moments. We now give these.
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Example 5.6. One univariate sample (that is k = s; = 1) with T'(F) =
pir(F) = ., the 7 central moment of X~ F. Let y = u(F) denote the mean of F.
Recall that (r); = r!/(r —i)! and set h; = pgy, = x; — p. The general derivative of
pr (F) is

Txl,...,mp = ,U‘T,F(x17 -“axp)
(5.4)

p p
= (=1 {(r)p Hr—p — (T)p—l Z(h;_p — Mr—p+1 hi_l)} hj .
=1 j=1
For example,

Ty = =7 pr—1pg + M; - Hr

2
Tay = (ate-atmy — 3 (0 = pret) i

z,Y 3
T%ZLZ = _(T)3 M —3 P [y foz + (T)Q Z (M?Q - NT—Q) My bz -

x7y7z

These basic building blocks are written out more explicitly up to » = 6 in Ap-
pendix D. Setting ¢ = i1 4 i + ---, this gives

(e.)
:U’T’(l“v 12, ) = (_1)q (T‘)q Hr—q H Hi;
(5.5) —(Mg-1 Y ir(pr—qriy — pr—qirpir—1) [ ] i,
I=1 GAI

0, if g>r,

(71)74_1(7’71)! H:uijv if q=7.
j=1

For example,

=
3
—
S
~—
I

(1)2 pr—2 ft2 — 27y

Substituting into the expressions of (3.3)—(3.5) for the coefficient C; of n=% in the
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~

expansion of Epu,(F') gives
(5.12) Ti(F) = =C1 = 1y — (1)2 pr—2p2/2
Coy = (M)apr/2 = (r)2(r—1) prr—op2/2 — (r)3 pr—3 p13/6
+(r)apr—api3/8
()3 pr /6 + ()3 (r —1) pr—2 2 /4 + (1) (r —2) pr—3 113/6
(r)a pr—a(pa = 3(r=1) p13) /24 — (r)5 pir—s5 3 2/ 12
()6 pr—6 113/48
Cy = ()apr/24 = (r)a(r="7) pr—2p2/12 — (r)6 pr—313/2
+ pr—a {=(r)a(r—3) pa/24 + (r)4 (r* —=3r —8) i3 /16}
+ pr—5{—(r)5 15/120 + (r)6 (r — 2) p3 p2/12}
+ (e tir— (pa pia /48 + i3 /72 — rpu3 /48) — (r)7 pir—7 13 p15,/48
+ (r)s pir—s i3 /384 .
Substituting into the expressions of (4.3)—(4.4) for the coefficient Tl(ﬁ) of n=% in
the expansion for the UE of p,(F') gives

To(F) = r?py — (r® = r) oo pi2/2 — (r)3 tr—3 p3/3 + (r)a pr—ap13/8

(5.13)

C3 = —
+(r
+

r

and
T3(F) = r’pr — (' = ) pr—apo/2 — (r)3(r+3) pr—3 13/3
+ (r)a pr—a {—2pa + (r+6)u3}/8
+ (r)s fir—s p3 p2/6 — (r)g fir—g 113 /48 .
Similarly, from (4.7) and (4.8),
So(F) = (r)gpir — 72(r =1) prr—g pi2/2 — (r)3 pir—3 iz /3 + (r)a pr—s /8
and
S3(F) = (r)spr — 7(7)3 pr—2p2/2 — 7(r)3 pr—3 p13/3

— (r)a pr—apia/A—+ (47 —9) ()4 pr—a p3/8 + (r)s pir—5 3 p12/6
— ()6 pir—o 113 /48 .

Now from page 6 in James [14] the UE for u, has the form

S r—1
(5.14) l, = {Zaw(ﬁ)n_’}/ H(l—z/n)
=0 =1

for » =2s or 2s+1, which can be recovered from {7}, i < s} as in Proposition 4.1.
So, the above {7}, i <3} provide UEs for u, for r < 7. These were given for r < 6
on page 6 in James [14] and agree with our results.

For example, for ps, T(1%2) = —2us, so Si(F) = 3us and T(1%) = 12 u3,
T(12,12) = 0, so So(F) = 43 and so the UE of ps is

ps(F) {143/(n—1) +4/(n—1)3} = ps(F) {(1—n"")(1—2n")} "
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For r = 7, we obtain in this way {a;7 = a;7(F)} of (5.14) as

ap;7 = M7 , a7 = —7(2p7 +3psp2)
as; = T(11 pr + 39 ps pro — 10 praprz + 15 M3M%) ,
asy = —T(28 pur + 192 p5 p1p — 80 pua ju3 + 60 pu3 13)

Example 5.7. One univariate sample (that is k = s; = 1) with T'(F) =
j= zﬂp] for {p;} arbitrary and {p;} as in Example 5.6. Set S;(p) = p; and
g(S) = H Sp ?. The ordinary partial derivatives of ¢(S) are

9 = pip; ' T(F), 9ij = pi(pj — 6ij) (mipy) " T(F) ,
Gijk = Pi(pj — 6i) Pk — Gie — Ojuk) (i i) " T(F)

and so on, where d; ; = 1 if i = j and 0 otherwise. Set

(0] = [hara®) mip(a®) - dF ()

So, [¢] = pi(1%) of (5.5) and by (5.4), and

7
1,1 . .
[”} = a1 — Y G 1 iy i — [if
i

where fo i fitriim = S fir,viv 1 defined in Example 5.2.

77777

By (A.8),
—2Ty(F) = 20
(5.15) T(1?)
= T(F) {2(1,2) + (1,1) + (1*)},
where

) = pip; [Z }ul it

1<j
(L) = Y0 5] .
) = Zpimufl

Other terms are calculated similarly. For example, Cy, T5(F') and Sa(F') are given
by (3.6), (4.3), and (4.7) in terms of T'(12), T(1%) and T'(12,12). Also by (A.9)
o (A.11)

T(13) = T(F {Z pi (pj — di5) — Oik — Oj k) (pbi pty )~ [zlglkl}

sk

_|_3sz —6ig) (i) [ 7] + ZW% H}

(5.16)
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and
T(1%,1%) = { > pi(pj = 6i) (P — Sie — ) (P — 65 — Sj0 — Ok1)
WEN
11
X (i g p )~ [kﬂ
(5.17) + > pi(pj = 0ig) (P = Gi = i) (isj ) ™ G
.5,k
+ sz ) (pipj) " Hij + mei_l#i(P,lQ)} ;
3

where

G’i,j,k = 2 |:Zl7’]1} [z} + 4 [I,Qi,lj,Qk] ,

Hyj = 4[1,1,22] + [2} m +2[1,2:,1,2]

[12,28,1°,2, ... ] —//Mi(xa,yb)uj(wc,yd)---dF(ﬂf) dF(y) ,
so that

b
[1;1’11;7 ] = |:;'7:j"':|7
2
[1,2;,15,2] = (i)2 pi—2 Aj Ap — iZBm‘ Ay,
J:k
for
Aj = pjp1 — Juj—1pe Bij = itj—1 — J i1 i — pi—1Hj -

By (5.4),

1,1,1 iy iy
[”k] = —ijk pi—1 pi—1 pk—1 43 + Z U) Hi—1 -1 (,uk+2 - ,ukuz)
- Z it (Mt — Hg1 e — [t 1) + Ptk

3
—Zﬂiﬂj+k + 2 i i i

2,1 N .
[”] = —(i)2J pi—2 Hj—1 43 + ()2 pi—2 (Mj+2 — My ,uz)
+ 25 i1 (prig1 — pioapiz) — 20 (g — pifij — Hio1 i)

[1:,1,23] = (j)2 { (=31 i1 + Pitj—2 — Hittj—2) H2 + 2 pit1 ,Ujfl}

+ (4)3 (i piv1 pj—s 13 — prj—3 i1 pi2)
2

[1,20,1,2;] = (0)2(5)2 pi-2pjops —2 Y i(j)o pipj—2p2
4245 (Hij—2 Mo — Hi1 [j—1 H2 + Hify) -
Also [£] for 2 <i <4 and p,(12,1?) are given by (5.6)—(5.11).
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Example 5.8. Consider Example 5.7 with T'(F) = pf. Then
T(2)/T(F) = p[2ur" + e[ 1]
T(%)/T(F) = pry ' [2] + 30202 [3] + @an® 1]

2
TO212)/T(F) = pi; o (121%) + (D) * e + (0)s 112G + ()it [ 1]

Example 5.9. Consider Example 5.8 with T'(F) = pb. Set 8, = p, ,u;ﬂ.
Then

T(1?)/T(F) = —2p+(p)2(ﬁ4— 1),
T(1%)/T(F) = —6(p)2(Bs— 1) + (p)3(Bs — 3Bs +2) ,
T(,1%)/T(F) = 12(p)2 —4(p)a (B — 1 +23) + (p)a(0s — 1)°.
So,
~T(F)/T(F) = Ci/T(F) = —p+ (p)2(Bs - 1)/2,
Co/T(F) = (p)2(5/2 — Ba) + (9)3(B6/6 — B1 — 53 + 5/6) + (p)a(Bs — 1),
To(F)/T(F) = p+ (p)2(4 —584/2) + 7(}77)3(256 —9B4+7—-6p33)/6
+ PP —1)7/8 =D (p)id; say,

=1

S2(F)/T(F) = (p)2(7/2 = 264) + Z(p)iAi :

For p = 2 this gives T'(F) = u3,

(5.18) Ci1=pa—3p3, Ti(F) = —ps+3p5,

(5.19) Cy = —2us+5u3, To(F) = —5us+ 103, So(F) = —dpus+ 73 .
Note that C;, Cy agree with 1(22) of page 368 in Sukhatme [20].

The UE of p3 has the form

2 R ‘ 3

lQ,Q = (Z ai7272(F)n_l>/H(l —z/n) .
i=0 i—

So, {ai = ai7272(F)} are given by

apg = T(F) = u% ,

ap = —6T(F)+ T1(F) = —pug — 3415 ,

ag = 11T(F) — 6Ty (F) + Ta(F) = pg+ 345 .
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We now present a second method for finding an UE of [, x£". This method
avoids computing {7;(F)}, but derives the UE of the vector

(5.20) T(F) = {H“ > b :p},

that is, for all products of a given degree p, directly from their first few coefficients
{C;}. Suppose T(F') has dimension d = d,,. Then

C,=AT(F),
where A; is a d xd matrix of integers and Ay = I, the identity matrix. So,
a(n) T(F)

is the UE of T(F'), where
m .
a(n) = ZAZ- n'.
i=0
But this is known to have the form
p—1
(521) T(F) = B, T[0-i/n).
i=1

where

[p/2) . R
Bn=1{> Bin '} T(F),
1=0

where B; is a d xd matrix of integers with By = I;. So,

[p/2] p—1
ZBisi = {H(l - zs)} a(e_l)
i=0

i=1
= {1-Dip)e+ Dofp)e* — -}

X {Id_A1€+ (A2 + A7)+ (A3 + A1 AL+ ArA - AD) P+ } :
where D1 (p) = (p)2/2 and Dy(p) = (p)s(p —1/3)/8. So, the UE (5.21) is given
in terms of {4;, i < p/2}:

By =14,

B = —Di(p)ly — A1,

By = Dy(p)ly+ Di(p)A1 — Ay + AT,

B3 = —D3(p)Iq — Da(p)A1 — Di(p) (A2 + A7) — Az + A1 Ag + AsA; — AT,
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and so on. The method also applies to obtaining an UE for

q q
T(F) = {uﬁol LLe: > zp},
=2 i=1

where p=p(F'). A third method (for p<8) due to Fisher [10] is given in Section 12
of Stuart and Ord [19]. Their Tables 11 and 10, pages 554-555, may be used to
verify Examples 5.8 to 5.11 after some labor.

Example 5.10. Consider Example 5.7 with T(F) = (u4, u3)’. So, (5.20)
holds with p =4 and d = [p/2] = 2.

By (5.12), (5.13), for pug, C1 = —4p4 + 63 and Cy =64 — 1542, in agree-
ment with x(4) on page 368 in Sukhatme [20]. So, by (5.18), (5.19)

—4 6 6 —15
Al_(l _3> and AQ—(_2 5 )
So,

~2 —6

B1:—612—A1: <_1 _3

>, B2:1112+6A1—A2+A2:<:1))g>.

So, UEs of u4 and p2 are M4,n(ﬁ) and ,ugg,n(ﬁ), where

3
pan(F) = {m +(—2ps —6p3)n "+ (Bpa + 9u%)n_2}/H(1 —i/n),
=1

and 3

2,20 (F) = {u% + (—pa —3p3)n !t + (u4+3ug)n—2}/ﬂ(1 —i/n) .
i=1

~

Table 2 gives the relative bias of S, ,(F') as estimated from two runs of sixty thou-
sand simulations for p < 2 and F normal and exponential. The estimates present
bias even for n = 100 and bias-corrected estimates of order n=2 (i.e. p = 2):
see Example C.3. For p = 3 the bias is zero.

Table 2: Relative bias of Smp(ﬁ) for T(F) = pg4 estimated from
two runs of 60,000 simulations.

n=>5 n =10 n = 100
Norm (0,1) Runl | —0.3584 —0.1988 | —0.1934 —0.0543 | —0.0174  0.0021
orm (T Run2 | —0.3572 —0.1947 | —0.1871 —0.0460 | —0.0206 0.0012
Runl | —0.4957 —0.2861 | —0.2831 —0.0754 | —0.0380 —0.0063
Exp (1)

Run2 | —0.4943 —0.2851 | —0.2964 —0.0923 | —0.0399 —0.0082
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Example 5.11. Consider Example 5.7 with T(F) = (us, usu2)’. So, (5.20)
holds with p =5 and d = [p/2] = 2.

By (5.12), (5.13) for ps, C1 = =5 us + 10pu3p0 and Cy = 10 us — 50 310, in
agreement with 1(5) of page 368 in Sukhatme [20]. By (5.15)—(5.17), for pous,

T(1%) = 2ps5 — 16pgpz ,  T(1%) = —24ps5 + T2p3pe ,  T(1%,1%) = 96 ugps

giving C1 = us — 8usue and Cy = —4pus + 24 psps. So,

-5 10 10 —50
A1— < 1 —8) and A2— <_4 24 >
So,

-5 —10

B = —10I,~A; = <_1 L

10 20
), By =35I, +10A; — Ay + A7 = ( L s )

~

That is, UEs of pus and pspuo are ps ,(F), and u3,27n(ﬁ), where

4
pi5.n(F) = {u5+(—5u5—10u3u2)n1+(10u5+20u3u2)n2}/H(1—i/n)
=1

and
4

p32n(F) = {H3M2+ (—ps —2pspz) nt+ (115 + 5 pgpiz) n_Q}/H(l —i/n).
=1

Example 5.12. Suppose k = 51 = 1 and T(F) = g(u2). Set ¢" = ¢ (uz),
and 3, = Mru;r/g. Then
po = pp(z) =x—p, poe = por(z) = pi—pe, oy = H2,R(T,Y) = —2 flaply
by (5.4). By (A.8),
2] = T(1%) = gPp2a(1,1) + g pa(1?)
where
p22(1,1) = /:U'%,x = /u%,x dF(z) = py — 5
12(12) = [0 = <202 by (56).
Similarly, by (A.9) to (A.11) and (A.15),
T(1%) = ¢’u222(1,1,1) +3¢°ua 2(1,1%) + g' pa(1%)
T(1*Y) = g*p2222(1,1,1,1) + 6¢°3u292(1,1,1%)

+ 92{4,&2,2(17 1%) + 3p22(17, 12)}
+ gt ua(1Y)
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T(1%,1%) = g*ua(1,1)* + 93{2;@,2(1, 1) p2(1%) + 4pg.92(ab, a, b)}
+ g' p2(ab?)
+ 92{4@2(@, ab?) + p12(12)% + 213 5 (ab, ab)} at a=b=1

4

_ i

= § gai say,
i=2

T(1%,1%) = g°As+ g"'As + ¢°As |
and by (A.16)

6
T(1*,1%,1%) =) ¢'Bi,
where =3
:u2,272(17 17 1) = /M%@ = M6 — 3M4M2 + 2:“’% ,
pi22(1,1%) = /m,x#zx,x = —2(pa — 13)
/1'2(13) = /HZx,x,x =0,
p2222(1,1,1,1) = /ué‘,x = pg — dpepz + 6puap3 — 33
20N _ 2 _ 3
pop22(1,1,1%) = /Mz,xm,x,x = —2(ue — 2pap + )
,LL2,2(1,13) = :LL2(14) =0,
u272(12’12) = /M%,x,x = 4dpq,
,U2,2(aaab2)a:b:1 = /M2,:Jcﬂ2,a:,y,y =0,
p2,2,2(ab,a,b)g—p=1 = //M,x,y,uz,xm,y = —243 ,
_ 2 4.2
/’LQ,Q(abu ab)a:b:l - /M2,x,y - 4:“2 ’
M2(a2b2>a:b=l = /,UQ,x,r,y,y =0 ;
2
as = 1243, a3 = —4(paps — pd +243) . as = (pa—p3)",
and

Az = 6/127272(& ab, b2) + 3/12(&2),[1,2,2(6, b2) + 6#272,2(1), ab, ab) at a=b=1
= 3// 2M27IM27$7yM27y7y +M27y//[/21y7y//[/21'7:7$ + 2/1’279“%,1,1/}
= // — p2) paps + 12 (2 uz)uxuy}

12 {2u3 + 3 (paps — u%)}

— 12,3 {28 +361 - 3} ,
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Ay

As

Bs

By

Bs

Bg

So,

Cs
Cs

// {NQ,x,a:Mg,y + GMQ,m,yN%,y + 3“2,y,yﬂ2,yﬂ%,x}

—2 // {ui (2 = p12)” + 6 pro gy (12 — p12) (12 — ppa)”

+ 34 (12 — o) ” (2 — Mz)}

—2 {uz (16 — Bpape +2p3) + 63 (15 — 2pzp2) + 3 (pa — u§)2}

~ 243 {85~ 381+ 2+ 6(5 — 26) +3(8 - 1)},

[[2ess = [ =10 [

(14— 13) (16 — Bpap + 2413)

(0 —1) (56— 301 +2)

Bé»]'yk at {a:b:C:LS:M}

/// {“2,m,x#2,y,yﬂ2,z,z + 6“1%90“%,%2 + SM’mﬁym’y’ZW’z’m}
—12043 ,

By at {a=b=c=1,9= )}

3 /// {“%,xﬂly,yulz,z + 2”%7,1”%,%2 + 4#2,m/ﬁ2,yﬂ2,x,yﬂ2,z,z
+ 8#2,mﬂ2,yﬂ2,x,zﬂ2,y,2}

36 {(u4 — p3)H3 + 4H§u2}

368 {1 —1+403} .

3///{”2,&:,1:”%@; + M2,x,yﬂ2,xﬂ27y} /Jf%,z

-6 {M2(M4 — 3) + /‘g} (s = 153)

—6u3 {Bi—1+ B} (51— 1) .

///u%,w%,yuiz = (ma—13)” = u§(B1—1)°.

—gtps + g% (pa — 13) /2,

G (513/2 — pa) + g% (16/6 — 13 — papn +503/6) + g* (na — 13)%/8

9*na/2 + g*(—pe/2 + Apapin + 23 — 6113)

257

+ 9" (s/24 — pepa/3 — pspa — p3/2 + S paps/2 + S i — 41415/24)

+ 9% (na — 13) (216 — Opuapiz — 3103 + 713) /24 + 6% (pa — 13)° /48
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Ti(F) = S1(F) = —¢*(pa — 113) /2 + 9" 2,
2
To(F) = g* (s — p3)" /8 + g° (16/3 — 13 — Buuapin/2 + 7143 /6)
+ 97 (=Bpa/2+4p13) + 92
6
T53(F) = ZgiTg,z’ ;
i—1
2
So(F) = g*(ta — p3)" /8 + g° (16/3 — 13 — Bpapz/2 + 713 /6)
+g° (=244 + Tp3/2)
6
S3(F) = 29253,1' ;
i—2
where
Sso = —3pa +9p3/2
S = B — 27 papz/2 — Tus + 13113
S34 = —pig/4 + dpgpa/3 + 2psps + 1105 /8 — 6 paps — Tpzpe + 85u5/24 |
Ss5 = (s — p3) (—4pe + 15papo + 35 — 1143) /24
S36 —Bg/48 ,
T31 = 2,
T2 = —19us/2 +3113/2 ,
Ts3 = 4pue — 18uaps + 3313/2 — 1043 ,
Tsy = —ps/4+ dpepa/3 + 2psps + 75 /4 — 27 paps /4 — Tudps + 47 5/12
T35 = (pta — p3) (—4pe + 15 paps + 33 — 1143) /24
T3’6 —36/48 .
Example 5.13. Consider Example 5.12 with T'(F) = pd. Then
= (q)i M2 )
T(12)/u% (@)2(8s—1) —2q,
T(1%)/1g = (a)3(Bs —3Ba+2) —6(q)2(Bs — 1) ,
T(1Y)/ud = (9)a (Bs —4Bs +681—3) —12(q)3 (Bs — 281+ 1) +12(q)284 ,
T(12,12) /% = (q)a (81 — 1) — 4(q)3 (B — 1 +23) + 12(g)2
T(1%,1°) /3 = 12(q)3 (263 + 381 — 3)
—2(q)s {0 — 301+ 2+ 655(85 — 26) +3 (61— 1)}
+(q)5(Bs—1) (Bs — 364 +2) ,
T(12,1%,1%) /u§ = —120(q)3 + 36(q)a (Ba — 1+ 433)

)
—6(q)5 (Bs — 14 33) (Bs — 1) + ()6 (Bs — 1)3.
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So, t; =T;(F)/T(F) and s; = S;(F)/T(F) are given by

t1=s1=—(q)2(8—1)/2+q,
ty = (q)a (81 — 1)2/8 + ()3 (B6/3 = 3P4/2+7/6) + (¢)2 (=5 6a/2+4) + ¢ ,
s2 = (¢)a (81 — 1)2/8d+ (9)3 (B6/3 — B5 — 3B4/2+7/6) + (q)2 (2B +7/2) ,

6 6
t3 = Z(Q)z 3 53 = Z(Q)z 53
i=1 i—2
for
t31 =1,

ts2 = (31 —1904)/2 ,

t33 = 48 — 18084 — 103 + 33/2 ,

tsa = {—30s+ 160 + 24503 — 8453 + 2137 — 81084 + 47} /12 ,

tss = s35 = (Ba—1) (=486 + 158, — 11+ 363) /24 ,

tse = s36 = —(Ba— 1)3/48,

532 = —304+9/2,

s33 = 30 — 2704/2+ 13— 703 ,

s34 = {—68s + 32085 — 13834+ 3337 +85}/24 — 634 — 735 + 2835 .

~

Example 5.14. Consider Example 5.13 with T'(F') = ua, so ET(F)
(1 —n~YHT(F). As a check ¢ =1 above gives T'(12) = —2us, T(13) = T(1*%) =
T(12,12) =T(12,13) =T(12,12,13) = 0,80 t; = to = t3 = 1,51 = 1, 59 = 53 = 0.

Example 5.15. Consider Example 5.13 with T(F) = Mé/z =o(F) say.
Putting ¢ = 1/2 gives t; = 51 = (B4 + 3)/8, so an estimate of o(F) of bias O(n~2)
is

o (F) {1 + 0 (Bu(F) + 3)/8} ,

where B4(F) = B4 = papsy 2. To reduce the bias further use

52

(1636 + 2231 + 164 — 1537) /128 ,

s3 = (24005 + 4325 — 2503 B4 + 2817 — 16533
+ 476455 + 31537 — 5603456 -+ 420 8435 — 1920 33/35) /1024 .

Table 3 gives the relative bias of Sn,p(ﬁ ) estimated from simulations for p <2
and F' normal and exponential. The estimates present bias even for n = 100 and
bias-corrected estimates of order n=2 (i.e. p = 2): see Example C.4.
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Table 3: Relative bias of Smp(ﬁ) for T(F) =o.

n="5 n=10 n = 100
p:l p:2 p:l p=2 p:l p=2
N o1 Runl | —0.1578 —0.0265 | —0.0764 —0.0082 | 0.0281 —0.0045
orm (0,1) Run2 | —0.1592 —0.0277 | —0.0745 —0.0080 | 0.0003  0.0031
Exp (1) Runl | —0.2278 —0.1019 | —0.1251 —0.0422 | —0.0158 —0.0029
*P Run2 | —0.2331 —0.1084 | —0.1206 —0.0422 | —0.0176 —0.0004
Number of simulations/run 10,000 30,000 30,000

The usual estimator of o(F) is the sample standard deviation, s.d. =
{nug(f)/(n - 1)}1/27 with mean o {1 —tin~!' + O(n"?)}, where t§ = t; — 1/2.
So, bias {s.d.}/bias {c(F)} = A1 + O(n~1), where A; = (B4 — 1)/(B4 + 3).

For the normal, exponential and gamma (), 34 =3, 9 and 3 +6~1, so
A =1/3,2/3 and (5v+ 12)/(6y + 12) and the s.d. improves on o(F'), although
both are first order estimates, that is, both have bias O(n™1).

To see how Sy, 2 (F) improves on the s.d., note that bias {Sn,g(ﬁ)}/bias {s.d.}
= Xon~ !+ O(n™2), where Ay = s9/t}. For the normal, exponential and gamma

(),
Bs = 15, 265 and 12077 2+1307 ' +15,
SO
sy = 65/64, 767/32 and N(v)/64
Ao = 65/16 ~ 4.06, 767/32 ~ 24.1 and N(X)(2.5+6A7") "' /64,

where N(v) = 69072 4 788~y~! 4 65.

Example 5.16. Suppose k =s1=1, T(F)=p/o = ,u,u;lﬁz g, ) =
say. Again set (3, = urp;r/2. Then the partial derivatives of ¢ are g1 = u;1/2,
_ _ -3/2 o =3/2 _ -5/2 o —5/2
G11=0, g2 =—pps"7/2, 1o =—po"""/2, gao = 3pupy /4, gro2 =3y /4,
g2.22 = —15u,u2_7/2/8, and so on. Set Ui(F) = u, Us(F) = pa. Then defining
Uij..(11,17,..) as in (A.12)—(A.14),

Ui (1,1) =/Uix =/ui _—

Ui2(1,1) = /Ul,:pUQ,m = /Mm/m,m = U3,

Uz2(1,1) = /U22,x = pa — i3 -
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So, by (A.21),
T(1*) = B3+ B(3Bs +1)/4

Also
Uip2(1,1,1) = /qug,x = 5 — 2p2p3
Ug2(1,1,1) = /Mg,m = 6 — 3papz + 245
Ui(1,1%) = /,Ufac,ulw,x = —2pu3,
Ua(1,1%) = /Mz,xux,x =0,
Usp(1,1%) = /M2 el2pn = —2(pa — p13)
Ui (1) = /Mm,x,z )
Us(17) = /umm =0.

So, by (A.22)

T(1%)/3 = (385 —2033)/4 + B(—58 + 1181 —6)/8 .

Similarly, at (1,1,12), Us21 = 0,

Uipo = —2(us — pap) ,  Usoo = —2(ue — 2pape + p13)
Uij(1,1%) = U;(1") =0,  U12(1%1%) =0, Us(1%,1%) = 4pa ,

so by (A.23),
T(1*) = 3(=587 + 385 — 3/33)/2 + 3B (3585 — 13285 + 24234 — 97) /16 .
Alsoat a =b =1,
Uia(ab,ab) = Uy(a®h®) = Up(a®b®) = 0,  Uzp(ab,ab) = / Wy = 415
Uiz2(ab,a,b) = Usa(a, ab? ) = Uia(a, ab® ) = Us1(a, ab® ) =
Us22(ab, a,b) //sz,yumm,y = —243 .
So, by (A.24)

2
T(1%,1%) = dgi222 p3(pa — p15) + g2.2.22(pa — p3)” — 4 g1.2.2 13 pi2
- 492,2,2{ (pa — ,u%),ug + 2#%} +12 g9 115

= —3(581 — 43) B3/8 + 3B(357 + 9084 + 32035 — 77) /16 .
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So,

Si(F) = T\ (F) = —f3/2— (364 +1)/8,

Sy(F) = (48035 — 153403 — 2333) /64
+ B(—80 8 + 446 B4 — 327 + 10537 + 96033 ) /128 .

Note that T(1%,13), T(1%,1%2,1%) and S3(F) may be calculated similarly using
(A.7).

In the one sample example above p is the mean of X ~ F. In many cases
X; = h(Y;), where h: Rt — R is a given transformation and Y7, ...,Y,, ~ G on R
is the original sample. So, u(F) = [xdF(x) = [h(y)dG(y). Equivalently, we
may replace u(F) = [xdF(x) by p(F) = [h(x)dF(x), so that px = h(x) — p.
Similarly, if s =1 replace pi,(F) = [(z—p)"dF(z) by [(h(z) — p) dF(z) so that
(5.4) holds with h; = hy; = h(x;) — p. A similar remark holds for several samples.

The next four examples apply this idea to return times and exceedances.

Example 5.17. Take k=1, h(x)=1I1(x<a) for some a in R* and
T(F)=pu~!. Since p= F(a), T(F) is the return period of the event {X < a},
where X ~ F. But the case T(F) = u~! was dealt with in Example 5.3 in
terms of p,. In this instance p, = u,(Bi(1,p)), where p = F(a), so pu2 = pgq,
where ¢ =1 —p, pus = pq(l —2p) and pg = pqg(l — 3pq). So, by Examples 5.6,
5.7 and Proposition 4.2 an estimate of the return period p~! of bias O(n™?) is
Spalp] = Snalp] if p>1or 71 if p< I, where 0 < I < p,

3
Snalp) = p '+ Silpl/(n—1);
i=1

and S;[p] = S;(F) is given by Si[p] =p ' —p~2, Salp] = —p~t+p 3, S3[p] =
2p~t4p2—2p3—pL

~

The same formula with p =1— F(a) and p =1 — F(a) gives an estimate
of bias O(n~%) for the return time of the event {X > a}. Similarly, for the event
{x € A} with p=F(A) and p = ﬁ(A) Similarly, we can apply Example 5.4
to obtain estimates of bias O(n~P) for any smooth function ¢(pi,...,px) given
independent n; p; ~ Bi(n;, p;), 1 < i < k. This problem can also be solved by the
parametric method of Withers [27].

Example 5.18. Supposek =1, X ~FonR! and T(F) = Er(X) | (X €A),
where A C R" is a measurable set, F(A) > 0 and 7: R — R is a given function.
Then T(F) = 1 /p2 = un(F) /u2(F), where p;(F) = [hi(x) dF(x), h(x) =7 (x) [(x€A)
and ha(x) = I(x€A). So, {T;,Si, 1 <i <3} are given in Example 5.2 in terms
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of the moments of (5.1) in which z;, now needs to be replaced by hj,(x). Set
p=FA), q=1-p, I =/A(7“(X)—M1)idF(X) :
So, u[27] = u;(Bi(1,p)) is given for 2 < j < 4 in Example 5.17 and
pl1' 2] = Lig + (—pm)' (-p)q -
Using I; = 0 simplification yields
Sna(F) = mp {1 = @7 (n=1) + ¢*p Y (n=1)2 + ¢*p*(2p ~1)/(n—1)s } .

Unlike Example 5.17, one does not need to know a lower bound for p, since p; =0
if p = 0; so, if p = 0 one interprets Sn,4(]$ ) as an arbitrary constant. This shows,
surprisingly that the bias reduction problem for T'(F') = u1/p can be treated as
a parametric problem, the parameters being (11, p). The more general problem
of T(F) = g(p1,p) does not reduce to a finite parameter problem as it involves
{[,rdF, i >1}.

Example 5.19. The conditional distribution of exceedances is
Fyz) = P(X-u<z|X-u>0)
— (Fl+u) - F@}/{1 - Fw)

for z > 0. This is p1/pe with A = {y: y > u} = (u,00), B—{y: x+u >y >u} =
(u,z+u) and r(y) =I(y € B). So, Example 5.18 applies with p; = F(x +u) — F(u),
po =1— F(u).

(5.22)

Example 5.20. The mean conditional exceedance is

u(F) = / rdF(z) = /s
for
» :/<x—u>+dF<x> L m=1-F(u),

where

x, if >0,
Ty =
0, if x<0.

So, 7(y) = (y — u)+ and Example 5.18 applies.

The central moments of F, of (5.22) are not covered by Example 5.18
and are probably best dealt with by writing them as functions of the noncentral
moments and applying Example 5.1 with u = {f(m —u)t dF(z),i> O}. A more
direct approach is given by the following example.
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Example 5.21. Suppose T(F) = S(F,) for F, of (5.22). Set CY(F) =
F.(y). Then

CY((1—€e)F +€8,) = Fu(y) + e Ch(x) + O(?) ,
and

T((1—e)F +ed;) = S(Fu(-) + eCi(z) + O(e?))
_l’_

_ S(F) e/SFu(y) CU(z)dy + O(?) |

where C¥%(z) = py ' T(u <z <u+y) — p1py I(u < z). So,

(5.23) Tr(e) = [ Suo) Ch@)dy = 13" Sr o ).

Higher derivatives can be calculated from (5.23).

Now let us apply the previous note with s =1, ¢t = r, h(y) = a'y, where a

lies in R". Set u = EY. Then the joint central moment p, , = E(Y — p)1 -

-+ (Y — ), is the coefficient of ay--- a,/r! in p,.(a”Y), so the same relation is true

of their derivatives. The same is also true of the cumulants. This device allows us

to derive results for multivariate moments and cumulants from their univariate
analogs.

For example, from Example 5.6, for a univariate random variable, ps(z) =
(x — p)? — p2 and po(xy,x2) = —2(x1 — p) (w2 — p). So, for a bivariate random
variable, p1 2(x) = (x—p)1 (x—p)2—pi1,2 and 1 2(x1,X2) = —2(x1—p)1 (X2 — p)2.

We illustrate this device further with the problems of estimating multivari-
ate moments and the correlation of a bivariate distribution and its square.

Example 5.22. Suppose k=1, s =2 and T(F') = p; 2. From Example 5.6
and the previous remark, an UE of ;9 is p12/(1 —n™ Dyat F= F.

Similarly, we have

Example 5.23. Suppose k =1, s =3 and T(F) = p1123. An UE of p; 23
is p1os/{(1—n"1)(1-2n"2)}at F=F.

Example 5.24. Suppose k =1, s =2, and T(F) = m,g{ul,lug,g}_l/z,
the correlation of a bivariate sample. So, (A.1) of Appendix A holds with
S(F) = (p1,2, p1,1, ft22) and g(S) = S1(S2595)~1/2. We shall apply (A.8). Set
Vm, = i, (piifjj - N2, So, T(F) =1 2. Now S1(1%) = [S1xx = —2 1.2,
S2(12) = [ Soxx = —2 1,1 and S3(12) = [ S5xx = —2 po2. Also g1 = (p1,1 f12,2) 1/2,
g2 = —1/1’2/,[“71, g3 = —U1 Q/MQ 2. So, ¢;95; (12) T(F) ( 241+ ].) = 0. Simi-
larly, Sl,x = (X — [,1,)1( [1,)2 — M1,2, SO Sl 1 1 1 fSl x — M1,122 — uiQ, and
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similarly S12(1,1) = p1,1,1,2— 1, 1M1 2, 51.3(1,1) = p1222—p12 42,2, S22(1,1) =
10,0 — 43 1, S33(1,1) = p2222— (59, and So3(1,1) = p1122— 1,1 p22. SO, an
estimate of bias O(n=2) is T(F)—T(1%)/(2n) or T(F)—T(1?)/(2n—2) at F = F,
where by (A.8), T(12) = 112(3v1,1,11 + 312222 + 2v1,122) /4 — V1112 — V1222

Example 5.25. Suppose k=1, s =2 and T(F) = pj 2{u1 Lp2a} t=17 25
the square of the correlation of a bivariate sample. Again (A. 1) holds with S(F') =
(11,2, 11,1, pi2.2) but now g(S) = 57(5293) 7%, s0 g1 =2T(F) S, ga=—T(F)5; ",
g3 = —T(F) S?:l, Gii= 2 T(F) S;Z, g12= —2 T(F) (5152)_1, g1,3= —2 T(F) (5183)_1,
and go3 = T(F)(S253) 1. Again ¢;5;(12) = T(F)(—4+2+2) = 0. So, an estimate
of bias O(n2) is T(F) — T(12)/(2n) or T(F) —T(12)/(2n —2) at F = F, where
by (A.8), T(1%) =2 V12,2(V1,1,1,1 + 199990+ 2V1122 —2V11,12 — 2V1,22.2)-

6. ESTIMATING COVARIANCES OF ESTIMATES

In this section, we give an estimate of bias O(n=3) for V,,(F), the covariance
of T(F'), where now T(F') is a ¢ x1 vector with components {T*(F'), 1 < a < q}.
After Example 6.1, we estimate the covariance of more general estimates of T(F).

From the formulas for {K7 1 on pages 66 and 67 in Withers [24],
(6.1) VEA(F) = covar(T*(F) Zn KA(F)

where

KPAE) = ek = Yo, [ [13(2) T2(5) diatn)

(6.2) = Z)\CLT“’B(&, a),
K$P(F) = 22:75“ Rk /2 4 <Zt”ktl + 110, >k”k“/2
-3 A i/STg(M) Tﬁ( )d/ia(x Y, 2)/2
3 b / {ZTF(JZ%;) (%)
(6.3)

+ TF< “b> Tﬁ(“ b) } dke(w, z) dry(y, 2)/2
= Z)\a ZTa’ﬁ(aQ,a)/2
2
+> Ak {Z T%P(a®b,b) + T (ab, ab) } /2
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2
Zfa,ﬁ = fa,ﬁ+fﬁ,a7

o %a,0) = [T3(2)TH(4) dFu(a)

(6.4) TB(a2,q) = / TF(M)Tﬁ( )dF( ),

(6.5) e = [[13(32) () dFu(o) dFiy)
and

(6.6) TP (ab, ab) //TF ab Tﬁ ab dF( )dFy(y) .

Also, setting V@A(F) = Kf"ﬁ(F) and differentiating, we have

Vﬁ’ﬂ(i)/ka = TF< )Tﬁ( ) T7°%a,a +Z/TF aa Tﬁ dF( ),

and
ved(se) e = 3 |{e(es) - 7a(e) pri(s) + me(es) 7i(e)
- [re(e) i(s) aratw) + [7(s) 12(25) aFaw

+ [{r(as) - 72(25) b i5) amo |

so that

CL (VP F) = XAV (a?

=3 Z{T“ﬁa a) + T°%(a2b, b)/z}

+ 2T7%P(ab, ab) — T*?(a, a)

b=a

So, nﬁleﬂ(ﬁ) given by (6.2) estimates V;**(F) with bias O(n~2) and nﬁleﬂ(ﬁ)
+ n 2L*A(F) estimates V;(F) with bias O(n™3), where

LH(F) = K§*9(F) — C1 (VP F)
2
=Y (Aa—=22) > T*%(d? a)/2
2
+ ) Ay {Z TB(a?b, b) + TP(ab, ab) } /2

2
-> N {Z 7°%a?b,b) /2 + 2T%(ab, ab) — T*(a, a)}

b=a
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If k£ =1 this reduces to

(6.7) LYB(F) = T%P(a,a) — 3T%P(ab, ab) /2

at a =b =1, so that

(6.8) (n—1)"tT%(a,a) — 3n"2T%P(ab, ab) /2

at {F:ﬁ, a=b=1} estimates V&P(F) with bias O(n~3), where at a = b =1,

1°%a,0) = [T) T@)dF (@)
and

T ab,ab) = [ [ Tp(a) (e, AP (@) dF ()

One may prefer to use n=! —n~2 instead of (n—1)"! in (6.8). Remarkably, unlike
the case k > 1, the estimate (6.8) does not depend on T*?(a?, a) or T%P(a2b,b)
ata=0=1

‘We now show how to estimate
(6.9) W, (F) = covar T,)(F) ,

where

T(n) = infiTi
=0

~

is ¢x1 and To = T. Clearly, T, (F) estimates T(F'). Now
W, (F) = Y n "I W, (T, T;)
1,j=0
where

~

W,,(T;, T;) = covar(T;(F), T;(

=)

has (o, 3) element
Wnaﬂ(TiaTj) = Wn(T’za’TY]ﬂ) =V,

of (6.1) with (T, T?) = (T¢, T)"). So,

Wl (F) =3 n ' KMPF)
=1

where

KPR = 3 Kp(12,17)
i+j+k=l
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and

Ki(TY,T?) = K;*(F) of (6.1).
So,

K{P[F) = K\ (T°,7%) = K{(F)
of (6.2), and

K3[F) = K32(F) + %7,
where
2
AP =N K (T, 1Y)

and

Ey(T,7)) = K7 (F)
of (6.2) at TP=T7.

So, n K¢ ﬁ( F) and n ' K®?(F)+n"2L%%(F) estimate Wi’(F) with bias
O(n~2%) and O(n~3), respectively, where

(6.10) LYP[F) = KSP[F) — Cy (VP F) = LY3(F) + AP

Alternatively, for k = 1, the sum of (6.8) and n=2A%F at F = F estimates W’ (F)
with bias O(n™?). Now for p > 2, T}, , of (1.3) has the form T, of (6.9) with T}
given by (4.1), so that

(%) = —Aa{Tﬁ(gi) ~T9a?) + / T(51) dFa<y>}/2 ,

and so

KT 1) = = 32170 (0%, 0) + T(a,a) } /2 |

(6.11) A% = -3 N2 Z{T‘“ﬂa a) + Taﬂ(a?b,b)} /2,

b=a

E3P[F] = > (Aa—22) ZTW (a%h,0)/2 — Y A2 ZTQ’B (a®b, b)p—a /2
+ Ay {Z T%P(a®b, b) + TP(ab, ab) } /2,
2
LYPIF] =) (Aa/2-22) > T*%(d?, a)
2
+ Ak {Z T%P(a®b,b) + T*(ab, ab)} /2

2
-3 {Z T*5(a®b,b) + 2 T*F(ab, ab) — T*"(a, a)}

b=a
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For k =1, at a = b =1, this gives

2
0B _Z{Taﬁ(a?,a) + TP (a®, b)}/2,
(6.12) K3°[F] = T*F(ab,ab)/2 ,

covar(T,fjp(ﬁ), Tﬁp(ﬁ)) = n 1T a,a) + n~2T%(ab, ab) /2 + O(n~3)

which, remarkably, does not depend on T'(a?,a) or T(a?b,b) to this accuracy —
whereas L*P[F] does.

Example 6.1. Consider again Example 5.1, that is k =1, T(F) = g(u),
where now g may be a vector {g*}. By (A.17)—(A.20) at a=b=1
Klaﬂ(F) = Taﬁ(ava) = g?gf,u[i,j] )
T°5(ab,ab) = g2; gy, pli. K] plj, 1] ,
Taﬂ(a27 CL) = g;)j] 95 )u[Z?]’ k] 9
T%(a?b,b) = g%, 1, 91 uli, 5] k. 1] .
and K$P(F), L*A(F), KSP[F], L%F[F) are given by (6.3), (6.7), (6.10), (6.11),

(6.12). Note that L** depends only on the first and second moments of F, even
though K3’ # depends on the third moments!

Example 6.2. Consider Example 6.1 with g(p) = &’u/B8'n = N/ D, say,
— that is, Example 5.2. Since ¢ = 1 we drop suffixes «, 3. Define p[-] and §; as
in (5.1) and (5.3). Thenata=5b=1

K\(F) = T(a,a) = D™ ?uy[6,6] ,

(ab? ab) = 2/’52[57/6]2—’_2”2[575] M?[ﬂ7ﬂ] )
T(CLQ,CL) = _2D_3,u3[57 57 ﬁ] )
(

T(a®b,b) = 2D~*{2 uo[5, B + p2l6, 6] p2[B, B} ,

N

where (8, 3] = 0; B uli, j| and psle, B,7] = ;B vk plt, j, k]. In particular, for
g(p) = p1/p2, at a =b =1 setting v; ;.. = p(4, J, ...) ,ui_l,uj_lm, we have

(6.13) Ki(F) = T(a,a) = (/u//m)2 (V1,1 — 2712 + 72.2)

T(ab,ab) = 2(p1/p2)” (v1,1722 — 47127922 +2732) ,
(6.14) T(a® a) = —Q(Nl/ﬂ2)2 (V112 — 27122 +722:2) 5
2
T(a?b,b) = 2(pu1/p2)” (2972 — 52722 + 3752 + V1,172,2) -

Note that (6.13) is in agreement with equation (10.17) of Kendall and Stuart [15].
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Example 6.3. Consider Example 6.1 with g(u) = NP, where N = o/p,
that is, we consider Example 5.3. In the notation there, with a = b =1

K\(F) = T(a,a) = p’N*”ag) ,
2
T (ab,ab) = pQ(p— 1) N2pa%2) ,
T(a* a) =p*(p— 1) N?ag ,
T(a?b,b) = (p)sp N0,
In particular, for s = 1 and g(p) = pP, witha=5b=1

_ 2 _
T(a,a) = pp**2ps ,  T(ab,ab) = p*(p— 1) p* 45
b,

T(a?,a) = p*(p— 1) p®Pus ,  T(a®b,b) = (p)spp® 13 .

For example, var{fi '} or (if Proposition 4.2 needs to be applied), var{z I (|| >1)},
where [ > 0 is a known lower bound for |u|, can be estimated by

~

Tz = (n—1)" i jiz — 60 2 13
or by
TooI(| >1)

with bias O(n=3), where (I, fiz) is (i, p2) at F = F. Alternatively, replacing n =2

in T, 2 by (n —1)72 and setting s> = fiy n/(n—1), the UE of us, we obtain
Tro=n"'n*s"—6n 20 %", w2 I(1>1)

as estimates with bias O(n=3).

7. ESTIMATING THE COVARIANCE OF AN ESTIMATE OF BIAS

The emphasis of this paper has been to reduce bias, not estimate it. How-
ever, a number of papers have given methods for estimating the variance of an es-
timate of bias for the case k =1. See, for example, Efron [7] and Davison et al. [6].
These papers provide bootstrap and jackknife methods of an order of magnitude
less efficient computationally than the Taylor series method (also called the delta
method or the infinitesimal jackknife when p = 2) used here.

Suppose then T(F) is a ¢ x 1 functional. Note that T/(F) has bias n B (F)/2
+ O(n=2), where B(F) = [2| = Y. A\, T(a?). Its estimate n~'B(F)/2 has covari-
ance n 2V (F)/4 + O(n=3), where

o) = S () -
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DL { [re(ae)To(s2) - 1) )

5 ) + e )

and dF,(z), dF,(y), dF,(z) are implicit in the integrals. Finally, n=2V(F)/4
estimates covar{n~'B(F)/2} with bias O(n™3).

The same is true if we replace B(ﬁ) by Bn,p(ﬁ). If desired, one could apply
Section 6 to reduce this bias to O(n=%).

In equation (2.6) of Davison et al. [6] and the following line a factor 1/2
should be inserted. So, the usual bootstrap and the usual jackknife estimates of
bias as well as our estimate n~'B(F)/2, all have bias O(n~2).

APPENDIX A

Here, we note and illustrate the following chain rule for the partial deriva-
tives of

(A.1) T(F) = g(S(F)) ,
where S(F') is ¢ x1 and g: R? — R.

First, suppose k =1, that is, F'is a single d.f. Given r >1, let s(y): R"—R?
be an arbitrary function. Set 9; = 9/dy;. Then

(A.2) Tr(X1y...nXp) = alma,ng(s(y)) )

evaluated with s(y) replaced by S(F'), and 0;---0,s(y) replaced by Sp(x1, ..., X;).
So, setting

TI,...,T = TF(Xlu "'7X7’) )

Sit,.r = Sip(X1,..,Xp)

with 9; = 0/0s; at s = S(F'), we have

(A3) Ty =¢Si1, T2 =9i;5152+3Si12,
3
(Ad)  Tios = gijkSi1Sj2Sks + gij > Si12593 + gi Sin23
6
T1234 = 9ijkiSi15j253514 + Gijk Z Si15j25k3.4

4 3
+ 9ij (Z Si1552,34 + Z Si2 Sj,3,4> + 9i 5i1,2,34 5

(A.5)
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where summation over repeated suffixes i, 7, ... is implicit, and by the multivariate
version of Faa de Bruno’s chain rule given in Withers [26], for r > 1,

T m(n)
(A.6) Th,.» = Zgzlzk (S(F)) Z Z Syt S s
k=1 n

where ™™ sums over all m(n) = r!/ [T;_, (@™ n;!) partitions (my,...,mg) of
1,...,r giving distinct terms with n; of the n’s of length ¢, and ), sums over
{neN" 3" nij=k > _ in;=r}. For example,

3
E Si12834 = 8i125j34+ 513524+ 5i1495523 -

The reader can derive T} 23 from 779 using equation (2.6) of Withers [25] to
appreciate the labor-saving this rule gives.

By equation [4c] of Comtet [5] the general term can be written in terms of
the multivariate exponential Bell polynomials, { B, 1(S)i,....q, }:

'
(A.7) T, » = Zguzk Bk (S)ir,..ix -
k=1

This is a much easier form to use than (A.6) as these polynomials are immedi-
ately derived from the univariate polynomials B;, (S) tabled on pages 307-308 of
Comtet [5]. For example, the table gives

By41(S) = Sy,

Byo(S) = 48153 +3853 ,
By3(S) = 6575,
Bua(8) = S,

SO
By1(S)i, = Siy1234

4 3
By2(S)iy i, = E Siy18iy234 + E Si11,2 565,34

6
Bus(S)irinis = > 8i1.155.2 Si5.34
Bya(S)ir,..ias = Siy1+ Siga s

and (A.7) for r < 4 reduces to (A.3)—-(A.5).

Now suppose F' consists of k d.f.s: the only change is to replace (xi, ..., X,)
by (x1::7%.) wherever it occurs. So, in the notation of (3.1), (A.3)—~(A.5) imply

(A.8)  T(a®) = gi;Sij(a,a)+ g;Si(a?),
(A.9)  T(a*) = gijx Sijk(a,a,a)+3g;Sij(a,a®) + g;Si(a®) ,
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T(a*) = gijriSijri(a,a,a,a) +6g;xSijrla,a,a?)
(A.10) ; s o .

+ i {4 Sij(a,a”) +38;;(a”,a )} + ¢ Si(a”),
T(a®,0%) = gijriSij(a,a)Ski(b,b)

o 9ik { S (0, @) Sy(b%) + Si5(b,b) Skl(a?) +4.54(ab,a,b)}

(A.11)
+ Gij {2 Si,j (a, abQ) +2 Si,j(b, a2b)
+ Si(a2) S;(b?) + 2 Si ;(ab, ab)}
+ g; Si(a2b2) ,
where

(A.12) ivj,,_(al,a‘], ) = /S,F<g§> S]F(gj> o dFy(x)

S
(A.13) (;ﬁ) = 9%  with [ columns ,

/ /SZF gﬁyz{f’“- S F(gﬁayL7“)dF( )de(y)7

and so on. Similarly, from (A.7) at r = 5 we obtain

(A.15) T(a?,b%) Zgzl, iy ATt

where

A" = Si(a®b’)

A% =28, i(a,ab®) + 3 S; (b, a*V?) + Si(a?) S;(b?)
+6 Sm’(ab, ab2) +3 Si’j(bQ, CLQb) s

AWR =8 (a,a) Sp(b*) + 3 S;jk(b, b,a®b)
+6 Si7j7k(a, b, ab2) +6 Si7j7k(a, ab, bZ)
+ 38 1(b,b%) S;(a®) + 6 S jx (b, ab, ab) ,

Ai7j7k7l = SZ (a2) Sj,k,l(ba b> b) +6 Si,j,k,l(a‘ba a, b7 b) +3 Si,l(b2> b)Sj,k‘(av CL) )
Alts = 11,02 (av a) Si37i4,i5 (ba b, b) )

and from (A.7) at r = 6 we obtain

(A.16) T(a®,b? ¢ Zg“’ i, Bt
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where
Bt = S;j(a*V*?)
BY = By + By + By’ |
Bi’j =2 zg:Sij (a,ab*c?) |
B;"j:ZS S;(b%c?) +4ZS”ab abc?)
Bé’j =2 ZS@j(aQb, bc?) + 4.8 ;j(abe, abe)
Bk — Bi’j’k +B§’j’k +B§,J’,k 7
Bi’j’k = isij (a,a) Sp(b*c®) + 4 iSijk (a,b,abc?) |
B;’j’k:2zszkaac (b2 +4ZSZJkaabbc)

+8ZS”ka be, abe)

Bé’j’k _ S?,( )S(b2 Sk _1_225’ ]k: bC bc)—}—SSZ]k(CLb bC CCL) 5

Bihjakul — Bi»jvkvl +B;9]7k7l ,
6
By7™ = 2378, i(a%b,b) Sku(c, ¢) + 8Sijralabe,a,b,c)

BLRL — i{si,j(a, a) Si(b%) Si(c?) + 2 Si j(a, a) Sy (be, be)
+45;;x(a,b,ab) Si(c?) +8 Sijki(a,b,ac, bc)} ,
3
Bt = 3L, (0%) iy (0,5) Siain (€36) + S iaia (ab, 0,8) Siy i e,0) |
Bie = G i (a,a) Sig.is(b,0) Sis g (¢, )

and > is interpreted in the obvious manner by permuting a, b, c. For example,

3
Z S; i(a,ab®c?) = S; j(a,ab*c®) + S; (b, bc*a®) + S j(c, ca®b?) .

Similarly, if we now allow T and g to be r-vectors with components {7} and
{g®}, then by (A.3), T*5(a,a) of (6.2) is given by

(A.17) 7% (a,a,..) = gf‘glﬁ Sij..(a,a,...)
and T%°(ab, ab) of (6.6) satisfies

2
T%5(ab, ab) = g5 gﬁl Sik(a,a)S;(b,b) + Z i gﬁk Si jk(ab,a,b)

A.18 a,p
( ) + gf‘gfsm(ab, ab) ,
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where

Sy n(aby a,b) / / 5or(58) (1) Sir(h) dFu(e) dEi()
Similarly, (6.4), (6.5) yield

(A19) 7% a) = {g7; Sizula,a,a) + g7 Sinla® 0) } g
and

T8 (a2b,b) = {gf"jyk Sij(a,a) Ska(b,b) + ¢ [Si(a?) S;1(b,b) + 2 Si ji(ab, a,b)]

(A.20)
+ g2 i,l(Qvab)}glﬁ-

Similarly,
«,3,0 _ «a aqQ. IS
T (aba a, b) - {giJ‘ Si,j,k,l(aa b, a, b) +9; Sl,k,l (aba a, b)} 991 -

We now consider the case, where S(F) is bivariate, that is ¢ =2. Since S; ;(a’ a”’) =
S;i(a’,al), (A.8)~(A.11) can be written as

(A.21) T(a*) = {91,1 S11+2912512+ 92,2 52,2}(%@) + {9151 + g2 52}(a2) )

T(a3) = {91,1,1 S111+391,125112+3G91,225122+ 92,22 527272}(a7a,a)
(A.22) +3 {9171 S11+ 91,2 (51,2 + 52,1) + 92,2 52,2} (a,a?)

+ {9151 + 9252} (a®),

4
T(a") = {91,1,1,1 S1111+4911,1251,12+609112251,1,2,2
+49122251222+ 92222 52,2,2,2} (a,a,a,a)

+6 {91,1,1 S111+ 91125112 +201,2,15 2,1
(A.23) + 92215221 +29122S5122+ 9222 52,2,2} (a,a,a?)

+ 4{9171 Sia+g12(S12 4+ S21) + 92,2 52,2} (a,a®)
+3 {91,1 S11+2012512+ 92,2 52,2} (a*,a®)

+ {9151 + 92 52} (a*),
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T(a®b%) = {9171,1,1 51,151,101 +291,1,1251,1512 + 91,122 51,1522
+20121,151,251,1 +49121251251,2 +291,22251,2 522

14ty

+ 92211522511 +26221,2522512+ 92222522 52,2} (a,a) (b,b)

+ {91,1,1 511514+ 2612151,251 + 922152251 + 91,12 51,152
+2g1225125 + 92,22 52,2 52} {(G, a)(b®) + (b, b)(GQ)}

+4 {91,1,1 S1,1,1+3091,1251,12+309122 5122+ 9222 52,2,2} (ab,a,b)
+ 2{g1,1 Si1 4 g12(S12+52,1) + 92,2 5272} {(a,ab2) + (b,azb)}
+{118181 + 912(515+ 5281) + 922 5252 } (0) (1)

+2 {g1,1 S11+20g12512+ g2,2 52,2} (ab, ab)

+ {9151 + 92 52} (a®b?) .

(A.24)

The convention here is that

(ng7T2 + ) (al,...) = ngﬂQ(aI,...) ,
(g1 Sy Sima =) (al, o) () = gy S (@) S (7,.) -

Similarly, for ¢ = 2, splitting the third term in (A.15), g; jx A%P*, into the six
components corresponding to Ai’j’k, the first is

Gijk Sijk = {91,1,k Stk +2912% 512k + 922,k S2,2,k}

at (a,a,b3) and similarly for the second and sixth components. Similarly, for the
three components of the fourth term, the first being

2
Girod Syl = { > " G Siggg + 39112 Si112 + gi122 Sz‘,l,m}
j=1

at (a?,b,b,b), and for the fifth term

it eonsis it s =
= (91,1-S1,1- +2g12-S12- + g2.2-S22-)
X (g-1,1,19-111 +39-1,125-112+39-1225-122+ 9—2225-222)

at (a,a,b,b,b), where gr_ Sx_ g_S_r is interpreted as g /Sy .

Similarly, for ¢ = 2, the term Bf in (A.16) has the component

2

49ijSig = 4 ng Sii +871,251,2
i—1
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at (abc, abc). The sixth component is

(911-S1,1— +2g12- S12- + g2,2- S22-) X
X (g-1,1-5—11- +29-12-S_12- +g-22-S_22-) X
X (g-1,15-11+29-125-12+ 9-225-22)

at (a,a,b,b,c,c), where gr,— Sr,— gy S—ry— §—my S—ry interpreted as g o s
Sty w73, and so on.

APPENDIX B

The nonparametric analogs of the terms for to and equation (D.1) of With-
ers [27] needed for To and T3 — apart from those given in (3.3)—(3.5) are as
follows. Summation over a, b, ¢ is implicit, where they occur. These terms are
listed both for the purpose of checking and for application to other problems.
Note that Tb requires

22 22
‘ 10 ‘ = |3 and ’20 ‘ = 22212,
and that T35 requires

23| [222] 5 4_22}
10’_'110‘_)‘“{T(“) T ey
20’——2)\QT(6L),
222 222

= |23, = 2)2\, T(a?1?) ,
100 200,
222 599 222

= —2X3T(a?,a?), 120‘: —2X3T(a®) for 1<i<3,
020, i 1210
222 2

= 4N T(a?), - /\S{T(a"‘) - 3T(a2,a2)},

10 a
220
32
oo | = 613l -
Also,
53 222 222
030 040
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since k4 (1, 2), being quadratic in F,, has functional derivatives higher than two
equal to zero. To illustrate the proof,

1,22 y1,y2 21,22
Y1,21 Rz K th175’527y2

222
210 |,

/)\ Moo dxUr(,, ) dyVi( 5, ) die(r, 20) T L0t )

where U(F) = k*1"2 = Kq(x1,22) and V(F) = kYY2 = Kp(y1, y2). Note that

VF<§2> -0

UF(Q?:;) =0

unless ¢ = b and

unless b = ¢ = a. Also

2

Ur(22,) = = 3 A1) Day(w2) |

1,22

and

VF(Z) = Az(y1 N y2) ZA (1) Fa(y2)

Y1,Y2

where Ay (z) = (Fu(2))y = I(y <z) — F,(z). Integrate first with respect to x =
(21, x2): since columns in TF( ) are interchangeable we may replace Z by 2.
Since

(B.1) [ re(ts,) dFa) = 0

for i = 1,2, and

T1,2L2

d{ I <) Iz S a2) | = 81 = y1) 3wz — 1) day dy

with § the Dirac delta function,

2
/d UF<y1 z1> TF(xf,’gé?yz) = _2TF(yﬁZZal7312> :
So,

‘ 222

10|, o /4d/£a(zl,zz)TF<y1 a Zl)d VF( )

Integrate with respect to y = (y1,y2): (B.1) implies the contribution from the
last two out of the three terms in Vp(g) is zero. Also,

AN ANy2) = 1(z<y1) [(z<y2) — Fa(y1 AN y2) »
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SO
dy AL (y1 N y2) = 6(y1— 2) 6(y2 — 2) dy1 dy2 — 5(y1 — y2) dy2 dFu(y2) -

So,

2
[ e ) avi(s) = me(one,) = [1e( s, ) b

Now integrate with respect to z = (z1, z2): by (B.1) the second out of two terms
from drq(z1, 22) contributes zero. So, putting

L= /dFa(ZQ)TF<yﬁ’y“1’flz2) — 0,

we obtain
222 3 2 a,a,a a,a,a
210 = —2 )\a dFa(Zl /\ 22) TF< zz,%27,z1) — TF< yly;’Jl’7z1) dFa(yl)
1

— 9 Ag{/Tp(zggﬂ> dF,(z) — /dFa(yl)L} = 23 7(d?) .

APPENDIX C

Here, we show how to estimate N, the number of simulated samples needed
to estimate the bias to within a given relative error e.

Note that Tn,p(ﬁ) has bias —n P T,(F) + O(n"P~!) and that Sn,p(ﬁ) has
bias —(n—1),15,(F)+0(n?~1) = —n"?S,(F)+O0(n"P!). Suppose we estimate
the bias of ¥ = S, ,(F) by Z =Y —T(F), where Y= N"' 3"V}, ¥} = S, (F})
and ﬁj is the empirical d.f. of the j* simulated sample. Then EZ = ESmp(ﬁ) —
T(F) is the true bias of Y and we can write Z = EZ+(v,/N)"/2{N(0,1)+0,(1))}
as N — oo, where v, = var Y] = Vpn=! + O(n=2) as n — oo, and Vp = Vp(F) =
> AT (a,a) with T(a,a) = [Tr(%)?dF,(z). So, if S, = S,(F) # 0, the relative
error in the estimate of bias,

(bias estimate — bias)/bias ~ —(v,/N)Y2N(0,1) nP S,(F)
~ —Vp(F)Y28,(F)~tnP~Y2N"12N(0,1)

is bounded by a given number € with probability greater than 0.975 + Op(n_l/ 2)
if

2V (F)2S,(F) tnP 2N"Y2 < ¢ |
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that is, if
N > Ne,p,n = ¢? n2p_1¢p )

where ¢, = 4V (F)S,(F)~2. This implies that for € = 0.1 and n large, say
n = 100, it is not practical to carry out enough simulations to give meaning-
ful estimates of bias unless p = 1. This is reflected by the poor estimates of bias
in the tables for the case p = 2 obtained for n = 100 using N = 10,000.

Consider the following one sample examples. Set 3, = i, 1o 22 For F=
N(0,1), pg =3, pg = 15, ug = 105 and for F = exp(1l), p2 =1, pug =2, g = 9,
ps = 44, pe = 305, ug = 14,833.

Example C.1. Consider T(F) = pz. Then Vp = puy — u%, S1= 2, o1 =
4(B4 — 1). So, for a normal sample ¢; = 8 and 12 = po(F') needs

80,000 n simulations for € = 0.01,

N>N,1, =8c?n=
” 800 n simulations for e=0.1.

For an exponential sample ¢; = 32, so one needs four times as many simulations.
Since S2(F') = 0, ¢2 is not defined.

Example C.2. Consider T(F) = p3. Then Vp =4pu3(us — p3) and by
Example 5.8, S1 = —p4 + pu3, So = —4p4+ 7u3 so for a unit normal, Vi =8,
Sp = -2, ¢1 =8, So = —29, ¢po = 0.1522 50 No.1,1,n = 80071 and No 12, = 152n3
and for exp(1), Vp = 14,048, S1 = 30, ¢1 = 62.44, Sy = 87, ¢ = 7.424, 50 No.1,1,n
=6,244n and Ng12, = 74.24 ns.

Example C.3. Consider T(F) = uy. Then Vp = ug — pu? — 8 us p3, and
by Example 5.6 or 5.10, S1=2(2us — 3 13), So = 3(4p4 — Tp3), so for a unit
normal, VT = 96, Sl = 6, ¢1 = 32/3, SQ = 15, (252 = 128/75, SO NO-LLR =1067n
and No.12,=171n3 and for exp(1), Vi = 14,048, S1 = 30, ¢y = 62.44, Sy = 87,
¢2 == 7424, SO N0.1717n == 6,24472 and NO.1,2,n =74.24 n3.

Example C.4. Consider T'(F) =0 = ,u%ﬂ. Then Vi = po(Bs — 1)/4, so

by Example 5.15, for a unit normal, Vi =1/2, S1 =3/4, ¢1 = 32/9, So = 1/32,
¢ = 2048, s0 No1.1.n=356n and Ny 12, = 204,800n> and for exp(1), Vr = 2,
S1=3/2, 1 = 32/9, Sy = 213/8 = 26.625, ¢y = 0.01129, 50 No.1 1.n = 3567 and
No,2,n =1.129n3.
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APPENDIX D

Here, we list the non-zero derivatives fi,.12. . p = pr,p(z1,...,2p) for 2<p <
r < 6. They are obtained from (5.4) in terms of h; = pu,, where pu, = x — p, the
first derivative of u:

p21 = hi—p2 ,
p212 = —2hihy,

piz1 = b} — pz — 3hips
pa12 = —3(hi—p2)hy —3hi(h3—pa)
p31,2,3 = 12hihahs

paa = hi—pa — 4hps

pare = 12hihaps —4(h3 — pug)ho — 4hy(h3 — p3) |

paa23 = 12(hf—p2)hahg + 12 hy(h3 — p2) hg + 12 hiho (h3 — p2) |
pa1234 = —72hihohshy ,

ps1 = hy — ps —5hips
ps1,2 = 20hihapus — 5(ht — pua)hy — 5ha(hy — pa) |
5123 = —60hihohs g + 20 (h3 — us)hahg + 20hy (h3 — u3)hs
+20h1ho (h3 —p3) |
51934 = —60(hT — p2)hohshy — 60hy(h3 — p2)hgha — 60hyha(hi — p2)hy
— 60h1hohs(h3 — p2)
p51,2,345 = 480hihahzhahs

pe1 = hS — pg — 6hyps
pig12 = 30hihgpg — 6(h] — ps)he — 6hy(hs — ps) |
pi6.1.23 = —120h1hahgus + 30 (A — pa)hahs + 30h1 (hs — pa) b3
+ 30hyha(hs—pua)
116.1.2.34/120 = 3hihohshyps — (B} — p3)hahshg — hy(hs — p3)hahy
—hyhy (h3 — p3)ha — hihohs(hi — p3)
116.1,2,3,4,5/360 = (R} — po)hohshyhs + hi(h3 — pio) hahahs + hiho (R — o) ha hs
+ hihahg(hi — p2) hs + hiha haha(hE — p2) -

Note that

.
prag.r = (=)= ] by
and =t

r—1

fra2,..r—1 = (—=1)"(r!/2) Z(h% — ) hg - he_1 |

where $2"! sums over all r — 1 like terms.
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