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ABSTRACT:

e We deduce an exact expression that gives the mean number of the customers
served during a busy period in the M|M|% queueing system and conjecture an
upper bound of this quantity for other M|G| % systems, with service times not
exponential, based on the results of a Markov Renewal Process.
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REsumoO:

e Deduzimos uma expressdo exacta para o numero médio de clientes servidos
durante um periodo de ocupacdo no sistema de fila de espera M|M|® e
conjecturamos um extremo superior dessa quantidade para outros sistemas M|G|®°,
com tempos de servigo ndo exponenciais, com base nos resultados de um Processo
Markoviano de Renovamento
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In a M|GJeo queueing system A is the Poisson process arrival rate, O is the
mean service time, G([)] is the service time distribution function and there are infinite
servers.

In general we do not want necessarily the physical presence of infinite servers.
But we only guarantee that when a customer arrives at the system it always finds
immediately a server available.

Looking at the labour of the system as a sequence of idle and busy periods, it is
important to know the number of the customers served during a busy period in order
to manage the servers that are indicated to work in the system. We will give here some
results about the mean number of the customers served during a busy period in the

M|G| oo queue system. We will call it N .

Be v,, n=01,... the mean number of entries in state N between two entries
in state 0. We say that the system is in state n, n=0J1,...

customers being served in the queue.

when there are n

The number of customers served in a busy period is equal to number of arrivals
at the system in it. But, counting all entries in the various states during a busy period
we are counting the arrivals and the exits. The number of arrivals equals the number of
exits. And between two entries in state 0 there is only one busy period. So
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For the M|M| e system (exponential service time), see (Ramalhoto, 1986),

n-1

v, :(n+p)p n=0%1.. (2)

nt '’

where p = Ad is the traffic intensity.
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and

Ng' () =e” (3)

Note that NQ" (0)21, naturally, because when A — 0 or a - 0 it is difficult
to have more than one customer in the system.

F-1
The mean busy period length, for any M|G|o system, is , (see, for
. . e’ -1
instance, (Takacs, 1962)). Let us put o7 = A(p,)\). So
e
p_ p
- limE =lim—29 _ =jjim_9 =a, using I'Hospital's rule,
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Then

- with a constant A(p,)\) decreases with A varying between a and
0,

- with A constant A(p,)\) increases with a varying between 0 and %

For other M|G| oo systems, with service time distributions not exponentials, we
do not know Vv . But in (Ramalhoto, 1986) it is suggested to consider a Markov

Renewall Process as an approximation to those systems. For that Markov Renewall
Process we have

BBy o yo10 (4)

- An—l
U (1-AB,)...(L-2B,)

Where

d
Mmdt (5)

And of course,
Ve =1 (6)

But

- B, <=, n=12,... because a‘lf[l—G(x)]dxsl,
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241 W A-G(x dxd]
- B, <a¥s "2 n=12,.. because By < it A-e(H o dts
n+1 0 g a =
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1
< +1) =qa , Where Yy, is the service time
a" 2 (h+1) ~ n+1
variation coefficient, owing to
[P 2 ,\a" ona :
f; gt 3-6 (g dt (yS +1) ey MOIN. with

b,<2, n=01,... (see (Sathe, 1985)),

Vs 1
- n+1<)\ n>p(ys +1) 1.
So,if p< Vs iy
vns(n+1)m, n=12,... (7

n!

for the Markov Renewal Process.

Then Zvn —1+ Z (P((rs: ;"11)2)”_1 + Z (P( szn"!‘i)r_l —14erliu) 4 epp(i;z;l—ll _
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= g > 1(e0 ) using I'Hospital's rule.
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M, = ep(V3+1)(p(y52 +l)-l;l)+‘p(ys2 +1)—1 ®)
2ply? +1)

is an upper bound for N, for M|G|eo systems whose service times are not
exponential. Note that for exponential service times (4) is the same that (2).
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